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ABSTRACT

The Impact of Consumption and Liquidity Constraints on Optimal Consumption and

Investment Decisions

Amit Vijay Bhandari

Both individual and institutional investors face a number of constraints in their con-
sumption and investment decisions. We look at well-motivated constraints on the con-
sumption process as well as liquidity constraints and study their impact on optimal con-

sumption and investment policies under a dynamic discrete time setting.
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CHAPTER 1

Introduction

The dynamic consumption and investment optimization problem has been well studied.

Merton [1969] and [Samuelson [1969] laid the foundations with their seminal papers that

dealt with this problem in the continuous-time and discrete-time settings respectively.
This thesis looks at the impact of consumption and liquidity restrictions on the optimal
consumption and investment policies.

Chapter Bl provides a solution to the discrete time dynamic consumption and invest-

ment problem where the agent’s consumption is constrained to be non-decreasing. The

continuous time version of this problem was solved by IDybvig [1995]. Motivation for such

a constraint comes from a couple of different sources. They are examined below, with a

focus on two factors in particular, viz. consumption requirements and trading frequencies.

e First, we can look at the case of a very long-term institutional investor such as
a university endowment, that might require quarterly or annual payouts from its
portfolio to maintain its operations and pay its employees. Typically, a university
endowment faces a large cost for decreases in these payouts, both in monetary
forms such as severance pay as well as in social terms such as loss of goodwill.

Moreover, it is now the norm for institutional investors such as university
endowments or pension funds to maintain investments in alternative assets such

as hedge funds since they offer the prospects of attractive returns (at least the
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ones that survive) vis-a-vis the market and also allow these institutional investors
to further diversify their holdings. However, investments in hedge funds bring
their own baggage - complications such as lock-out periods, advance notice re-
quirements for withdrawals, quarterly trade dates and the like. Even if the insti-
tutional investor has the resources and the manpower to execute multiple trades
on a daily or even hourly basis, the very nature of these alternative assets do not
allow for frequent changes in such a position.

We can also consider the case of a long-term individual investor with an in-
tolerance for a decline in standard of living. Most analytical consumption and
investment optimization models ignore the undesirability of fluctuations in con-
sumption patterns, especially downturns. If the individual investor is using such
a model to optimize the benefits of her wealth, clearly there is something amiss

when the model sends her on a lavish spending spree one month, only to preach

thrift for the next six. [Duesenberry [1949] equates the investor’s standard of liv-

ing to the consumption level, and discusses the preference for a rising standard
of living as one of the primary societal goals.

A more theoretical argument can be built from prospect theory as proposed

by IKahneman and Tversky [1979]. Once an agent has experienced a particular

consumption level, any drop in consumption will be perceived as a loss and
the marginal cost of this loss is high. Consequently, the agent would have a
strong preference for non-decreasing consumption - her current consumption level
being the reference point for the agent’s Kahneman-Tversky value function. The

non-decreasing consumption formulation represents an extreme case of prospect
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theory, where the value function below the reference point is —oo, or equivalently,
at each decision step, the utility of consumption lower than that at the previous
step is —oo.

Another theoretical conceptualization of this constraint is as an extreme ver-
sion of habit formation.

In terms of the frequency with which the investment decisions are imple-
mented, most individual investors are unlikely to trade on an daily or even weekly
basis - a quarterly or even annual readjustment of the investor’s portfolio seems

more probable.

Both the above settings motivate a solution to this consumption-constrained problem
in a discrete time setting. In addition, it is also important to examine the impact of the
time interval between decision epochs on the optimal consumption and investment policy.

In recent years, institutional investors’ holdings in hedge funds have increased signifi-
cantly. Chapter [3 discusses the case of an investor with CRRA utility, who can allocate
wealth to a bond, a stock and a hedge fund. If the investor chooses to trade continuously,
she will optimize allocations as per the Merton model, whereas if she chooses to rebalance
her portfolio at a lower frequency (e.g. monthly, quarterly or annually), the investor will
use the Samuelson model to obtain optimal allocations.

However, as mentioned earlier, hedge funds typically do not allow for continuous trad-
ing, and usually have specific lock-out periods or advance notice requirements. Given this
liquidity constraint on the hedge fund, what is the investor’s optimal investment strategy
if she wants to allocate some of her wealth to hedge funds (since they promise attractive

returns and diversification benefits), and also wants to take advantage of her ability to
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trade in and out of the stock and the bond on a continuous basis? What is the impact
of the length of the lock-out period? One would expect that the allocations to the hedge
fund would decrease as the length of the time interval increases. How does this impact
vary when the problem parameters such as the stock-hedge fund correlation, the expected

growth rates, the volatilities, the risk-free rate of return, etc. change?

This lockup requirement represents illiquidity of a very specific form. [Longstaff [2001]

studies the impact of illiquidity on optimal portfolio choice and the price of the asset.

However, the setting in [Longstafi [2001] is one with limited liquidity whereas in our

situation the trading opportunities for one out of the two risky assets are restricted to
specific points in time.

As part of this analysis, Chapter [3] examines the impact of including consumption
on the allocation to the hedge fund. The annual or quarterly payouts at institutional
investors such as pension funds and university endowments can be cast as consumption
streams. For proprietary trading desks or fund of funds, on the other hand, consumption
is not a consideration.

Chapter Bl also lays out a methodology to compute the premium associated with the

lockup restriction, termed the lockup premium - this allows potential investors to check

whether the lockup requirement is justified for a particular hedge fund. |Aragon [2007]

demonstrates that the excess returns for funds with lockup restrictions are significantly

higher than those for funds without these restrictions. [Derman [2007] and [Derman et al

[2007] represent recent attempts at computing this premium, but as discussed in Chapter

[3, there are several shortcomings in their approach. The analysis in Chapter [3] however,



does not consider survivorship among hedge funds, something that

Derman et al.

2007

] both do.
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The value of hedge fund share price information is important in analyzing the impact

of the typical secrecy that surrounds hedge fund performance reporting. Based on a

comparison of the case where the hedge fund price is available only just before a decision

has to be made on adjusting the position in the hedge fund to the default situation where

the hedge fund share price is always known, Chapter [3 describes a method to compute

the value of this information in the form of an information premium.

Chapter (] brings together the results obtained in Chapters 2l and Bl by addressing the

consumption and investment optimization problem for an agent facing a non-decreasing

consumption constraint, and having the ability to continuously trade in a bond and a

stock, and trade at pre-specified regular intervals in a hedge fund.
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CHAPTER 2

Discrete-Time Optimization of Consumption and Investment

Decisions given Intolerance for a Decline in Standard of Living

Abstract

We extend Samuelson’s (1969) discrete-time dynamic consumption and investment
optimization problem to the case where the investor is intolerant of any decline in her
standard of living. This constraint represents a strong form of habit formation such that
the consumption rate is non-decreasing over time. To achieve this objective, the investor
first guarantees a consumption perpetuity at the current consumption rate and then
allocates the remaining wealth under a state-dependent, adjusted coefficient of relative
risk aversion. We study the impact of the length of the time interval on the optimal
consumption and investment policies. This effect has implications for investors considering
investments in assets, such as hedge funds and private equity, that have restrictions on

trading intervals.
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2.1. Introduction

The lifetime consumption and investment optimization problem is well studied, both

in single- and multi-period settings. In their classic papers on lifetime portfolio selection

given continuous- and discrete-time settings respectively, both |Merton [1969] and Samuel-

son [1969] show that under a constant relative risk aversion (CRRA) utility assumption,

optimal consumption (rate for continuous-time, amount for discrete-time) at any instant
is of constant proportion to the then current wealth. Consequently, the consumption
pattern can vary drastically, and a significant loss of utility may result from losses on
investments in risky assets. This is equivalent to allowing the agent’s standard of living

to fluctuate considerably, which is not desirable.

Duesenberry [1949] makes the case for equating standard of living to consumption

levels, which is a reasonably accurate quantification. The net result is a characterization
of the problem as a search for optimal consumption and investment policies under the

constraint that the consumption rate is non-decreasing. Another argument in favor of this

constraint can be built from prospect theory as proposed by [Kahneman and Tversky [1979].

Once an agent has experienced a particular consumption level, any drop in consumption
will be perceived as a loss - even though the agent did not actually possess an equivalent
consumption perpetuity. The marginal cost of this loss is high, and consequently, the
agent would have a strong preference for avoiding a decrease in consumption - the current
consumption level being the reference point for the agent’s Kahneman-Tversky value func-
tion. The non-decreasing consumption constraint is an extreme application of prospect

theory, where the value function below the reference point is —oo, or equivalently, at each
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decision step, the utility of a consumption rate lower than that at the previous step is

—OQ.

Constantinides [1990] formalizes the inclusion of habit persistence by introducing time

dependence in the utility function to reflect a reference value depending on past consump-
tion. As Constantinides observes, this model provides a resolution of the equity premium
puzzle that empirical consumption levels appear too smooth relative to equity market
volatility. The model here can be viewed as an alternative representation of habit forma-
tion that is developed over discrete intervals of time.

The focus of our paper is to study the discrete-time optimization of consumption
and investment decisions given intolerance for a decline in standard of living, i.e., under
a non-decreasing consumption constraint. This constraint might seem very restrictive
but we show that it does not actually create significant utility losses relative to the no
habit formation case. Therefore, it serves as a useful alternative to other forms of habit

formation utilities.

Dybvig [1995] derives an analytical solution for the continuous-time version of this

problem. As noted by Dybvig, Black and Perold [1992] arrive at a solution similar to

that of Dybvig in a special case of their constant proportions portfolio insurance (CPPI)
strategy where consumption is restricted to be above some fixed minimum level and the
utility function is partly linear and partly in the more traditional CRRA form. The
structure of the utility function is derived based on the minimum subsistence level of
consumption; however, this derivation is not well motivated in economic terms but rather

comes across as a consequence of the (CPPI) strategy.
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The non-decreasing consumption requirement can be observed in the following set-

tings:

e A long-term individual investor with an intolerance for a decline in standard of
living, as measured by her expenditures;

e A very long-term institutional investor such as a university endowment that might
require quarterly or annual payouts from its portfolio to maintain its operations
and pay its employees and which faces a large monetary or social cost for decreases

in these payouts (e.g., severance pay, loss of goodwill).

In either of the above settings, how practical is the continuous-time setting? The
typical individual investor is unlikely to rebalance her portfolio or consumption targets
every day, or even every week. A typical institutional investor such as the university
endowment, or say a pension fund, invariably has investments in alternative assets such
as hedge funds. These usually give rise to complications such as lock-out periods, advance
notice requirements for withdrawals, quarterly trade dates and the like. So even if the
institutional investor has the resources and the manpower to execute multiple trades on
a daily or even an hourly basis, the regulations attached to these alternative assets would
not allow for this to happen.

One approach for the discrete-time setting is to use the continuous-time solution as an
approximation, but how good is this approximation? Do the optimal consumption and
allocation policies have exactly the same structure in both continuous-time and discrete-
time frameworks? What is the impact of the length of the time interval on these op-
timal policies? To answer these research questions, we need a solution method for the

discrete-time consumption and investment optimization problem with a non-decreasing
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consumption rate. Since discrete-time solutions are not analytically available as they are
in the continuous-time case, the complete structure of these solutions is unknown. In this
paper, we present a solution for the discrete-time problem in terms of the structure of the
optimal consumption and investment policies and a convergent numerical algorithm.

At each decision epoch, the agent must first decide whether or not to increase the
consumption rate. Then, a consumption perpetuity at the current consumption rate
must be guaranteed by investing an appropriate amount in the risk-free asset. The agent
now has to allocate the remaining wealth between the risky and risk-free assets. However,
this allocation must now be done under a pseudo-coefficient of relative risk aversion to
account for the amount already put into the perpetuity. In the continuous-time case, the
pseudo-coefficient is a constant, independent of the state variables. In the discrete-time
case, however, there is an added complication. As we will see, the agent derives value
from two sources - first from guaranteeing herself a steady consumption perpetuity, and
second from the chance that her wealth grows to a level where it is optimal for her to
increase the level of this steady consumption. Both the continuous-time and discrete-
time solutions call for an increase in consumption as soon as the wealth level hits a new
maximum. In the continuous-time case, it is possible to constantly monitor the wealth
level and change the consumption rate in an appropriate fashion exactly when the new
wealth maximum is achieved, so that optimal amounts of value are derived from both
the above sources. In the discrete-time case, however, the monitoring of wealth takes
place at discrete decision epochs and some of the value associated with an increase in
consumption may be lost due to a delayed implementation of this increase. Since there is

now a non-zero probability that we might not be able to take immediate advantage of an
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increase in the consumption level, we have to incorporate this into our analysis. We show
that in the discrete-time framework, the pseudo-coefficient is a non-constant function of
the ratio of two state variables - the previous consumption rate and the current wealth.

The solution is analytical to a large extent, but requires a (convergent) numerical
iteration scheme to determine the above function over the feasible state space. Because
the numerical scheme is fairly flexible, it is possible to extend this methodology to similar
problems with transaction costs or tax considerations.

It is also worth pointing out that although the continuous-time problem has an an-
alytical solution, the assumed geometric Brownian motion of prices implies a lognormal
distribution for the price of the risky asset; consequently, because of continuous monitor-
ing, the wealth at any future time is lognormally distributed. In the discrete-time case,
even with a normality assumption on the returns, the wealth at a future decision epoch
will not be lognormally distributed, since the portfolio growth factor is now a weighted

sum of two lognormally distributed growth factors, and hence is not lognormal. Under

this scenario, (Ohlson and Ziemba [1976] have demonstrated the use of a lognormal ap-
proximation to the weighted sum of lognormally distributed growth factors which could

be utilized: however. even normality of individual asset returns is not clear (e.g., Brooks

and Kat [2001] shows that hedge fund returns are not normally distributed and exhibit
both negative skewness and leptokurtosis).
Based on these observations, in solving the discrete-time case, we take advantage of

the versatility of the numerical scheme and avoid placing normality restrictions on the

distribution model for the risky asset’s returns, as done by [Dybvig |1995] in analytically

solving the continuous-time case, and utilize numerical optimization techniques instead
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of seeking analytical optima. The continuous-time solution only serves as an approximate

result when considering risky assets that have non-normal return distributions.

We conduct an analysis of the impact of the length of the time interval on the optimal

consumption and investment policy. A similar analysis is carried out by [Rogers [2001] for

the [Merton [1969] problem with no consumption constraints. Our results imply that the

combined effect of limited trading opportunities and consumption constraints or strong

habit formation has a greater impact on investor decisions than these two factors have

alone.

From a portfolio theory perspective, Table 2.1l shows the gap in research that we fill

with this work.

Continuous Time

Discrete Time

Unconstrained Merton Samuelson

(1969) (1969)
Non-Decreasing Dybvig ?
Consumption (1995)

Table 2.1. Research Gap

2.2. The Discrete Time Problem

First, we state the discrete-time problem in a fashion similar to the continuous-time

case. The notation we use is a little different from

preference.

Dybvig [1995], both by necessity and
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2.2.1. Setup for the Discrete Time Problem

Consider an agent who is intolerant of any decline in her standard of living, as measured
by the rate ¢, at which she consumes between decision epochs n and n+1 (n > 0, integer).
In other words, ¢, is non-decreasing for n > 0. The decision epochs arrive at an interval
of time 7. Conditioning on meeting the constraint of increasing consumption, the von

Neumann - Morgenstern utility function is given by

/t: e ulcr)dt = i (%) e~ "u(cy) (2.1)

n=0
where u(+) is the felicity function and the constant 6 > 0 is the pure rate of time preference.
We can interpret the increasing consumption requirement as a modification of the utility
that introduces strong habit formation and relaxes time separability. Effectively, the
assumed utility function follows from replacing v with @, which is a function of ¢; and its
time derivative ¢;, such that u(cq, ¢) = u(e)d(é > 0), where ¢ is an indicator function
that is 1 if ¢ > 0 and —oo otherwise.

The agent has an initial endowment of W}, an inherited consumption rate of ¢o_ and
can allocate unconsumed wealth to either a risk-free asset or a risky one. The one-period
growth factor for the riskless asset is R (constant), while R, represents the n'™ period
growth rate (stochastic) for the risky asset. We assume that { R,;n > 0} are independent
and identically distributed - we will often use R to represent the stochastic return of the
risky asset over any single period. We can also define a similar quantity A (constant) as

the growth factor corresponding to the time preference for utility.
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If r is the instantaneous riskless rate and § is the pure rate of time preference, then

we simply have

A =eT (2.3)

Note that we have not assumed a particular distribution for the returns on the risky
asset. If we operate in the Black-Scholes scheme and the risky asset provides lognormally

distributed returns, i.e.,
ds
< = pdt + odB (2.4)

where p and o > 0 are constants and B is a standard Wiener process, then we have

Ry~ elim 0?0 (B —Bur) (2.5)

or equivalently

R ~ eli—to?)rtoy/7z (2.6)

where Z ~ N(0,1).
As with consumption, the reallocation of the wealth after consumption can occur only

at the decision epochs, which are equispaced at 7. For a feasible solution that allows us
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to guarantee maintaining a non-decreasing consumption rate, we must have

Wo > — (2.7)

r

Operating in the domain of constant relative risk aversion (as implied by the assumed
scale independence of preferences), let the Arrow-Pratt coefficient of relative risk aversion
for the agent be 1 —~. If v = 0, then u(c) = log(c); otherwise, u(c) = ¢¥/v for v < 1,

7 #0.

2.2.2. Statement of the Discrete-Time Problem

Given the above setting, what is the optimal course of action for the agent in terms of
consumption and investment allocation at each decision epoch? We are looking for the
policy that allows us to determine the optimal values of the consumption rate ¢, and
the portion of the remaining wealth «,, allocated to the risky asset at any decision epoch

n > 0, integer. The problem can then be stated as follows:

Problem 1. (The Discrete-Time Problem)

Choose adapted {c,}>°, and {a,}5°, to mazimize E [ZOO (1_?6T> e“smu(cn)] sub-

n=0

ject to

Co 2 Co— (28)
Cn > Cm, VY n>m>0, n,m integers (2.9)

and W, >0 vV n>0 (2.10)
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where {W,}>° is given by

~ Cn,
Wy =W, |1-a,)R+a,R,| ——(R—-1) (2.11)

T
gien the initial wealth Wy. Again, if the instantaneous rate of return on the riskless asset
was r and the risky asset had lognormally distributed returns as specified by equation (2.4),

then equation (Z11) could be written as

“(R—1) (2.12)

1524 0(B _B
M/TL-i-l — M/n (1 — Oén)erT ane(u 27 )T+o( (n+1)T nr)
r

It is assumed that . —r, o and 0 are all positive.

Note that the growth factor in the above equation is not lognormally distributed and

this complicates the search for a purely analytical solution. |Samuelson [1969] uses the

concept of the util-prob mean as defined in [Samuelson and Merton [1969] whereas Ohlson

and Ziemba [1976] provide a lognormal approximation to this growth factor based on

a matching of the first two moments. The lognormal approximation gets worse as the

time interval between decision epochs increases. Given the ease with which numerical

integration can be performed, our approach will be similar to that adopted in [Samuelso

[1969] but we will avoid the util-prob terminology.

2.2.3. Issues in the Solution of the Discrete-Time Problem

In the continuous-time case, the agent is able to regulate the consumption rate level ¢ such
that it is bounded below by the optimal minimal consumption level which is a fraction

of the wealth level at that instant. Equivalently, the wealth w is bounded above by an



26

optimal (finite) multiple of the consumption rate as a result of this continuous monitoring.
The probability that the wealth w at any time will be greater than this optimal multiple
of the consumption rate is 0. However, in the discrete-time case, typical risky asset
return distributions (such as normal) do not limit the upside, and consequently, the
probability that the wealth level W increases past any finite level in a discrete interval of
time is mon-zero in such cases. Since this probability is adapted, we have to now account
for it in our computations. As we will see, this becomes important in the context of
finding the appropriate risk aversion level for the wealth remaining after guaranteeing
the consumption perpetuity, and consequently affects the optimal allocation of remaining

wealth between the risky and riskless assets.

2.2.4. Proposed Form of Solution

The state variables for our dynamic system are the current wealth W,, and the consump-

tion rate at the previous decision epoch ¢,,_;. Define a new state variable

X, =21 (2.13)

which will be of use later. We will refer to this as the Ratio of Previous Consumption to
Current Wealth, or simply Ratio. Clearly, once we know the values of two of these state
variables, the value of the third is immediately known.

Note that the consumption rate must be positive. Moreover, the highest value of ¢,
for which we can guarantee that consumption rate is non-decreasing is rW,,, at which
point we must put all our wealth into the risk-free asset and consume the equivalent

perpetuity amount. Using some straightforward algebra, we see that ¢, = rW,, implies
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that ¢, = rW,, 11 because of the wealth dynamics in equation (ZI1]) and consequently, the
range of ¢,_1 is [0, 7W,,]. The advantage of inventing the new state variable X, is that its
range is [0, 7] - here the bounds on X,, are independent of the wealth W,,. This allows us

to define the state space S as

S =R, x[0,7] (2.14)
In the analysis conducted in Appendix [Al we use both

s=(w,x) €S (2.15)
and

y = (w,c_), where (w,%) €S (2.16)

in addition to the notation (w,x) and (w,c_) to denote feasible states for our problem.
Clarifications on the notation will be made as necessary.

We are trying to find the optimal consumption and investment policies ¢, (W,,, ¢,_1)
and «a, (W, c,_1) or equivalently c,(W,, X,) and «,(W,, X,,). For the sake of brevity,
we refer to these as ¢, and «,, respectively. We now propose a particular form for the

solution and show that it is a valid form for the optimal solution to Problem [Il

Theorem 1. (Form of the solution to the Discrete Time Problem) Let u(c) =
log(c) fory =0 and u(c) = % for~y <1, ~v#0. Then Problem 2 is feasible (in the sense
that the constraints (2.8), (2.9), and (210), can be satisfied) if and only if both co— < rW

and v > 0. Given feasibility, there exists a function v*(w,c_) such that for all feasible
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states (w,c_) (i.e. for c- < rw,w € R, ),

€(0,1) if v<0
7 (w,co) (2.17)

€(vl) if v=>0
which generates the value function V.« that solves the Bellman equation for our problem,

1— 6—67
Vi (w, c2) = mazx 5 u(c)
0<a<l

czc_ (218)

C

+ AT'Eg [VW* (w[(l —a)R + aR] r(R — 1),0) ‘w,c_}

The value function Vo«(-) for any feasible state (w,c_) is given by

Vi (w,c_) = %u(mam (c_,r"(w, c_)w))

T 1 1

3 <W - ;) T e e (@a9)

w 1 ¥ (w,e-)
(max(c_,r*(w,c_)w) a ;)

where

ri(w,cc) =r (M) (2.20)

L—n
The solution to Problem 2 is characterized at each decision epoch by the amount invested

in the risky asset,

(W, en1) Wi = &(Wi, co) (Wi — ‘37") (2.21)
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where

a(w,c_) = argmaz Ej [VV* ((w — E) [(1— &R+ aR] + ;, c) |w, C_} (2.22)

r

¢ =maz(c_,r"w) (2.23)

and a non-decreasing consumption rate process {c,} regulated to be no smaller than
{r* (W, cne1)Wy }

n

(V n) Z(Cl - T*(WZ‘, Ci—1>Wi)+(Ci - Ci—l) = 0 where C_1 = Cyp— (224)

i=0

(Vn) cp>r" Wy, cn1)W, (2.25)

and (V' n) Z(C" — Cp_1)” =0 where c_1 = ¢o_ (2.26)
i=0

Here, x™ (resp. =) denotes the positive part (resp. negative part) of x.

Proof: Proving this theorem requires several intermediate results. For the corre-

sponding lemmas, their proofs, and the proof of this theorem, see Appendix [Al O

Note that we can combine the original wealth dynamics in equation (ZIT]) with equa-

tion (Z.2I) and obtain a new variation of the wealth dynamics,

Wyt = (Wn - C—") [(1 — &(W, cn 1)) R+ &(W,, cn_l)Rn] + 07" (2.27)

r

We will use this version of the wealth dynamics in a subsequent proof. Also, this version

provides a more intuitive understanding of the consumption and investment process -
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essentially, the agent places an amount < into the risk-free asset as her consumption

perpetuity, which leaves her with an excess of (W, — <) to invest in either the risky
or the risk-free asset. &(W,,¢,_1) is the proportion of this amount that goes into the
risky asset, which gives us the growth factor [(1 —a(Wy, cp—1)) R+ a(W,, cn_l)}én] for
the excess amount (W, — ). Finally, over the next period, the consumption perpetuity
grows at arate <7 = ¢,, which is the same as the agent’s consumption rate. Consequently,
at the end of the period, the agent has consumed at the rate ¢, and still has an amount “*
left in the consumption perpetuity. In effect, the agent has guaranteed herself a perpetual
consumption rate of ¢,.

Over the rest of paper we use a more compact form of notation - v*, r*, a and & -

these still represent functions of the state variables and are not constants.

2.2.5. Implications of the Proposed Form

The above solution is still incomplete since we do not yet know how to determine some
of the parameters. However, before moving on to completing the solution, we try to get

a quick understanding of its key elements:

e the amount of wealth invested in the risky asset aW,,
e the consumption rate ¢,

e the value function V.« (W,,, ¢,—1)

The parameters, v* and r*, also have economic interpretations which can be derived
from our understanding of aW,,.
aW, as defined in equation (Z21]) is not the usual proportion of wealth invested in the

risky asset, but instead gives the actual amount of the investment. Examining the terms
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on the right hand side of the equation, we note that < is the exact amount invested in the
risk-free asset that guarantees a consumption perpetuity at the rate of ¢,. The remaining
amount can be invested either in the risky asset or the risk-free asset. The term &, based
on its definition in equation (2.22)), can be interpreted as the optimal proportion of wealth
invested in the risky asset when the agent has CRRA utility with a risk aversion of 1 —~*.

*

This in turn leads us to the conclusion that 1 — ~v* is the risk aversion of the agent for
the amount left over from her wealth after she has guaranteed the lifelong consumption
stream at the rate of ¢,. Clearly, the agent will be less risk averse with this amount, and
hence we can expect that v* > . 7%, as defined in equation ([Z20), can be interpreted as
a pseudo-interest rate corresponding to v*.

Consumption rate {c,} is non-decreasing and bounded below by 7*W,. It is also
bounded above by rW,,. If ¢, hits the rW,, level, the investor will put all of her current
wealth W, in the risk-free asset and thereby maintain a constant consumption perpetuity
at the rate of ¢,. The term max(c,_1,7*W,) as seen in the value function definition
(equation (2.19)) represents the consumption rate decision at decision epoch n, i.e., ¢,.

This expression also uniquely solves equations (2.24]), (2.28]) and ([2:26)). An informal way

of stating the consumption rate is

¢n = max(c,_1, 7" W,) (2.28)

or, in stationary form,

¢ =max(c_,r*w) (2.29)
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Examining the value function as defined in equation ([2ZI9)), the term

u (max(cp_1, 7" Wy))

is the utility rate corresponding to the consumption rate ¢, over the n* time period;

1
—u (maz(c,_1,7"W,))

o

thus gives us the present value of the perpetual utility stream that has been guaranteed
by guaranteeing the consumption rate ¢, = max(c,_1,7*W,). This term captures the
value derived by the agent by guaranteeing herself a perpetual consumption stream of
maz(c,_1,*W,). The remaining term on the right hand side of equation (2.19]) represents
the value derived from being able to invest in the risky asset, allowing for the possible
growth of the agent’s wealth to a level where it is feasible to increase her consumption

rate.

2.2.6. Completion of the Solution

Now that we have an understanding of the form of the solution, we return to the determi-
nation of the as-yet unknown parameters. We still do not have a clear way of evaluating
~v*, r*, and & However, from equations (2.20) and (2.22]), we see that r* is merely a
function of v*; & can also be determined once we know how to evaluate v* for all feasible
states (w, c_). Consequently, the key element that is missing is the function v*(-) in terms

of the state variables. The corresponding parameter in the continuous-time case can be

calculated analytically (Dybvig [1995]) - albeit restricted to the case of a lognormal return

distribution for the risky asset. Note that we do not assume that +* will turn out to be
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state independent (i.e., a constant) as in the continuous-time case. Unfortunately, an
analytical expression for v*(-) is not easy to obtain in the discrete-time case. However, we
can evaluate v* from having to satisfy the Bellman equation (ZI8]). We first show that,
for this problem, the Bellman equation can be expressed solely in terms of the new state

variable X, as defined in equation (2.I3]).

Theorem 2. Reduction of the Bellman Equation to One State Variable The
Bellman equation (Z18) can be expressed as an equation in a single state variable - the

Ratio of Previous Consumption to Current Wealth, x, as follows

11—e797

Uy (x) = (maz(xz,r"))" +

v o0 (2.30)
A'Eg [((1 —max(z,r7")) |(1 —a)R + a}é} )A/ Uy (z4)|w, [L’]

Also, the dynamics of x are independent of the wealth w and can be written as

1
Ty = ; (2.31)
1 1 A A 1
(ma:c(x,r*) B F) |:<1 B OK)R + OKR] + T
Proof: See Appendix [Al O

Consequently, v* purely depends on the value of the state variable X,,. We model v*
as a function of X, and use an iterative scheme to obtain the function numerically over
the domain [0,7] of X,, (n > 0, integer). This easily leads to a valuation of 7*. Equation
(222) allows us to evaluate & once * is known.
2.2.6.1. Iteration Scheme. Since an analytical solution for v*(+) is not easily obtained,
we use the following iterative scheme to numerically evaluate v*(-) over the domain [0, 7]

OfXE%Z
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e Fix wealth level W = w arbitrarily
e Divide the domain [0,7] of X = {7 into N intervals

ir

e At each ratio x = %, i = 0..N, being evaluated:

— Assign 7})(z) =1 - R’

1—

— Set rfy(z) =7
— Set apj(x) = argmax Ey, [V,Y[y <W+(w,x,&),max(:cw,rﬁ] (x)w)) ‘w,x]
e Set j =2
e Do until a stopping criterion is met:

— Loop i =0..N

ir

* For x = %, evaluate

Ew, [VV[Z_I] <W+(w,x,éz),max(xw,rf._l](:c)w» ‘w,x} numerically us-
ing the latest values of 7*(+)’s and of &(-)’s at each ratio

'\/[*j] ()=
1—y

* Find 7y (z) and r{j)(z) =r such that

Vﬁ} (w, zw) = u (maz (2w, 1] (z)w))

+ A 'Ey, [Vﬁ_” (Wi (w, z, &), max (Iw,T’E}_H (z)w)) ‘w,x}

where VJZ} (w, zw) is evaluated under +;(z) and r{;)(z)

* Set
v

apj(x) = argmax Ey, [V[Z_l] (Wi(w, z, &), max (:Ew,r[kj_l}(x)w)) ‘w, :)3}

— Increment j by 1

e Report the latest values of 7*(+)’s as result
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While the iterative scheme outlined above is fairly intuitive, it should be pointed

out that instead of using 7[*1}(-) = 0, which would correspond to the traditional starting

point of the value iteration algorithm (V.. = 0) as used in |Bertsekas and Shreve [1978,

reprinted 1996], we start with the continuous-time equivalent of v* (a constant) as our
initial guess to the solution. This is because we expect the value of the objective function
for the discrete-time problem to be reasonably close to its continuous-time counterpart
and therefore the above iterative scheme would converge significantly faster. Numerical
experiments with the two different starting points bear this out.

2.2.6.2. Iteration Results. The iterative scheme described above has reasonably quick
convergence. Of course, the time taken for the iterations to stop not only depends on the
number of ratios evaluated, but also on the stopping criterion used. In this section, we
discuss the convergence pattern of the v* and & curves over many iterations.

The following results are based on an implementation of the above algorithm in Matlab.
100 iterations were performed using parameter values r = 4%, u = 6%, o = 30%, 6 = 2%,
Co-=0,1—~=1.5,and 7 = 1 (annual decision epochs). The number of intervals was
set at N = 100. For the numerical optimization elements, the tolerance for change in
function value was set at 5 x 1072" and for search algorithms (to find new values of v*(-)
that satisfy the Bellman equation) the tolerance for change in variable value was set at
5 x 1071% In doing the following computations, we have used two enhancements to the
above algorithm. First, we use the optimal consumption policy ¢ = max(c_, r*(<)w) to
realize that if = < (%), then we will immediately raise our consumption ¢ to r*(%)w.
Writing this out in terms of x = =, we see that if we are in state x such that » < r*(x),

then the optimal consumption policy will immediately move us to the state & such that
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T =r*(Z). A direct consequence of this is that the functions we are seeking (v*(-), 7*(-),

&(+) and V,«(+)) will all be constant for z = [0, Z]. It is reasonably easy to find i such that

7 e [,

|; we can suitably code the algorithm to take advantage of this property of
the solution.

Secondly, in trying to find &(z), the algorithm is highly sensitive for values of x
close to r. The reason for this is straightforward - any value of v*(r) (remember the

*

interpretation of 1 — +* as a pseudo-coefficient of relative risk aversion) will satisfy the
Bellman equation for state x = r because in this state the agent’s entire wealth is put into
the consumption perpetuity, leaving nothing to be potentially invested in the risky asset.
Consequently, the exact value assigned to &(r) is also irrelevant, since it is a proportion of a
zero residual amount. To compute the expectation of the next-step value function, we use
numerical integration. For any ratio =, the value function V,«(x) is calculated using a v*(z)
value obtained by linear interpolation. Experimenting with the interpolation of the value
function between the last few (approximately 5—10 in number) ratios evaluated, we found
that the &(-) values vary in either direction from the otherwise flat behavior displayed
over the preceding values of z. After having studied several interpolation schemes over
the ending evaluated ratios, we decided to force &(-) values to stay constant over these
ratios and find appropriate *(-) values that satisfy the Bellman equation for those states.
The effects are negligible - after 10 iterations, the variations in v*(-) between different
schemes are of the order of 107° and the variations in the value function V.-(-) between
different schemes are of the order of 107* % - and these variations grow smaller with each

iteration.
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Returning to the results of the iteration scheme as shown in figure (21), the first

iteration is the initialization of the v* curve to its continuous-time counterpart and is

represented by the constant line at the bottom of figure ([2.I(a)). As we go through the
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iterations, the v* curve rises and takes on a particular shape, which we discuss below. The
convergence is fairly quick - by the tenth iteration, the change in the value of v* at each
evaluated ratio is smaller than 107, This corresponds to a change in the value function
of the order of 107 %. Figure (2II(b)) shows the final ten iterations - at this stage the
changes in the v* curve at each evaluated ratio are of the order of 10~° with the corre-
sponding change in the value function being of the order of 1073 %. Figure (21)c))shows
the v*(-) function after the hundredth iteration is completed. Figures [2IId)), [2I(e))
and (ZII(f)) show the corresponding evolution of the & curve over iterations 1 through
100, 91 through 100 and the final iteration respectively. Again, we see a quick convergence
rate with the last ten iterations showing very little change.

We will now attempt to explain the shape of the v*(-) and &(-) curves, as seen in
figures (2.1(c)) and (2.I(f)) respectively. The explanation is based on the following key
factor:

The probability Q(x), when the current state is x, that during the next time interval,
the agent’s wealth rises to a level where it would be optimal to increase the consumption
rate.

The corresponding intermediate state & would be lower in value than r*(Z). Since
this state £ would be achieved during the time interval and not at a decision epoch, the
agent would be unable to actually implement an increase in the consumption rate. In
some sense, this would be a lost opportunity and therefore the agent faces a potential
loss in value. This is the fundamental impact of switching to a discrete-time framework
from a continuous-time framework and drives all distinctions between the two. Since this

probability Q(z) is adapted, it impacts our optimal consumption and investment policy
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through the functions v*(), 7*(-) and &(-). The agent can counter this negative influence
in two ways - by consuming at a higher rate upfront and by reducing her level of risk
aversion for the amount left over once the consumption perpetuity is guaranteed. At
x = r, the consumption at each decision epoch is exactly rw and all of the agent’s wealth
is invested in the risk-free asset. Since % is the perpetuity factor, the wealth level will
remain constant at w for all subsequent decision epochs. Thus, Q(r) = 0. Also, as pointed
out earlier, the exact values of v*(r) and &(r) are irrelevant since the Bellman equation
for x = r will be satisfied by any value of v*(r), and &(r) is a proportion out of a zero
residual amount. In the above calculations, we have used a fourth order extrapolation
of the v*(-) function to determine its value at r, and we have assumed that &(-) stays
constant near r, as indicated by & values for preceding ratios. For v*(r), we could also
leave its value to be equal to the corresponding constant in the continuous time case.
This would be consistent with the fact that Q(r) = 0 - i.e. for x = r, the discrete-time
framework does not lead to any potential loss in value.

Q)(x) depends on three things - the amount left over after guaranteeing the consump-
tion perpetuity, the proportion of this invested in the risky asset (&) and the ideal fraction
of wealth to be consumed (7*). As we lower the value of x from 7, the amount left over
after guaranteeing the prevailing consumption rate increases. This increase dominates
any change in &(z) (which is more or less constant for this range of = values). As we see
in figure ([2Ic)), v*(x) increases as = decreases from r. Since r*(x) is a positive linear
transform of v*(x), r*(z) increases as x decreases. The net effect is that Q(z) increases

as x decreases from r, and the agent counters the increased potential loss in value by

e increasing the ideal fraction 7*(x) of wealth to be consumed;
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e taking on a riskier investment policy, i.e. lowering her risk aversion (1 — ~*(x))

for the wealth remaining once her consumption perpetuity is guaranteed.

The key to understanding the impact of shifting to the discrete-time framework lies in
the combined effect of the above actions - although the investment policy is riskier, it is
being applied to a lower residual amount after guaranteeing the consumption perpetuity,
and the net result is higher upfront consumption and a lower net proportion invested
in the risky asset. All else being equal, the agent, therefore, has a more conservative
approach to her situation in the discrete-time framework, as one would expect.

For values of = close to r, the ratio of consumption rate to wealth is close to the
maximum possible (7). We expect that the ideal ratio of consumption rate to wealth
r*(x) for these states will be lower than x since otherwise we would be forced to increase
x even further. So even though r*(z) is increasing, the agent is not able to achieve this
ideal consumption-to-wealth ratio right away. That begets the question - when can the
agent increase her consumption rate? It is reasonable to expect r* > 0 for all feasible
values of x - in fact, it is a direct consequence of equation (Z20) and v* >  (as established
in [A-9)). Therefore, given feasibility, we must have some x = Z > 0 such that z = r*(Z) -
this is exactly the value of x corresponding to the kink in the curves.

We now shift our attention to the portion of the curves where x < Z. For any state
x < I, the previous step consumption c_ is less than r*(z)w; hence, the consumption
must immediately be increased to r*(x)w, or alternatively, x must be increased to r*(x),
but = cannot be increased to any point y where y < r*(y), since the optimal policy would

immediately require an increase in x to a value higher than y. Therefore, x must be



increased to T since T = r*(z). A direct consequence of this is that

r(x)=r"(x)=z V =<2

and similarly

~

a(zr) = a(r)

V 1<Z
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(2.32)

(2.33)

(2.34)

and the corresponding curves are all flat for x € [0, z]. The final point of interest is with

respect to the & curve

Observation 3. The & curve seems to be converging to a constant value for all x €

(z,r].

This is certainly a plausible result under the CRRA utility scheme and bears similar-

ities to the solution in

Dvbvi

[1995

|, as well as in

Merto

[1969

| and

Samuelso

[1969

.

It might be possible to utilize this form of the & curve and add more structure into the

solution - this is something that warrants further investigation.

2.3. Computational Results

In this section we discuss the results of simulation runs. We use this to illustrate some

of the qualitative differences between three consumption and investment strategies:
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e Discrete Time Unconstrained (DT-U): This is the classic Samuelson policy, which
is optimal for the discrete-time consumption and investment problem without any
constraints on the consumption process;

e Discrete Time Constrained(DT-C): This is the policy derived in this paper, which
is optimal for the discrete-time consumption and investment problem when the
consumption process is required to be non-decreasing;

o Continuous Time Constrained (CT-C): This is an approximate solution to the
discrete-time problem based on the Dybvig policy, which is optimal for the

continuous-time version of the problem.

For CT-C, we are applying the continuous-time result in a discrete-time setting. To
do this, we assume that the consumption rate for this policy is fixed at each decision
epoch for the next time interval. This rate is fixed according to the policy that is optimal
for the continuous-time version of the problem. Clearly, CT-C is a non-optimal solution
to our problem. Moreover, the problem addressed in this paper can be thought of as the
Samuelson problem with an additional constraint. Consequently, we would expect that
the objective function values are (in an expected value or mean sense) the highest for
DT-U, smaller for DT-C and the lowest for CT-C when these policies are applied to a
discrete-time setting. We would also expect a strong correlation between the results for

the DT-C and CT-C strategies.

2.3.1. Results from Multiple Simulation Runs

Figure (2.2 shows a comparative histogram of 10,000 simulation runs. For each run,

the stock price is simulated over a period of 100 years, and each of the three strategies is
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applied over this time horizon. The histogram represents the distribution of the discounted

sum of utility - a proxy for the objective function.

Comparative histogram of discounted sums of utility (objective function)
3000 ‘ \ T I

DT-U
D mean = -41.74
std dev = 3.64
2500 DT-C -
. mean = -41.99
std dev = 3.46

CT-C
2000~ . mean = -42.31 | |
std dev = 3.64

1500~ N

1000~ —

500~ N

0 ’__ ’_' | L
-50

-45 -40 -35 -30
Discounted sums of utility (objective function)

Count

Figure 2.2. Results from 10,000 Sample Runs
r=4%, p = 6%, o0 = 30%, 6 = 2%, Co— =0, 1 —~v = 1.5, 7 = 1 yr,
N =100

The differences in utility among the three strategies can be characterized in terms of
the relative efficiency of the poorer strategy with respect to the better one. The relative
efficiency of the poorer strategy is the fraction of its initial wealth that the better strategy
would require to match the poorer strategy’s expected discounted sum of utility. In the
context of our current problem, we can also define relative efficiency to be the ratio of the
certainty equivalent consumption rate corresponding to the expected discounted sum of
utility for the poorer strategy to that of the better one. The two definitions are consistent

with each other and yield the same numerical results. This measure is used extensively
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in [Rogers [2001]], who considers the effect of time lags on the unconstrained consumption-
investment decision.

With parameter values set as in figure (22), the CE consumption rates for the DT-U,
DT-C and CT-C strategies are 5.72%, 5.656% and 5.57% of initial wealth respectively.
These correspond to relative efficiencies of 98.9% (DT-C relative to DT-U), 98.5% (CT-C
relative to DT-C) and 97.4% (CT-C relative to DT-U). As expected, the DT-U strategy
has the best performance, but it also has the highest volatility. While the DT-U strategy
can perform well compared to DT-C and CT-C, it can also perform poorly. The CT-C
and DT-C strategies have a smaller range of results. In essence, both are conservative
strategies - a direct result of the non-decreasing consumption constraint. The intuition
for these results is further developed in the following sub-section (Z3.2).

Similar results are obtained for parameter values as set in a particular example in
Rogers (r = 10%, p = 18%, 0 = 35%, 6 = 10%, Co— =0, 1 —~v =4, 7 = 0.6 yrs). The
CE consumption rates for the DT-U, DT-C and CT-C strategies are 10.61%, 10.23% and
10.03% of initial wealth respectively. These correspond to relative efficiencies of 96.4%
(DT-C relative to DT-U), 98.1% (CT-C relative to DT-C) and 94.5% (CT-C relative to
DT-U). In comparison, with the same parameter values Rogers reports a relative efficiency
of 96.4% when the unconstrained discrete-time solution is compared to the unconstrained
continuous-time solution.

Rogers observed that the utility loss from the time lag in the discrete time setting was
smaller than the potential loss from incorrect parameter estimates, but that the time lag

effect was much stronger for consumption investors than for wealth-only investors. Our
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results above indicate that habit formation in the form of a consumption constraint may

increase the value of frequent trading opportunities even further than consumption alone.

Similar analysis for parameter values set in [Dybvig [1995] was aborted because in

the continuous-time case those parameter values result in borrowing from the wealth set
aside for the consumption perpetuity which can create infeasibilities in the discrete-time
setting. Our discrete-time solution handles this by not allow borrowing due to the chance

of ruin over any non-zero period of time.

2.3.2. Results under Two Contrary Scenarios

Figures ([Z3(a)) and ([23(b)) show two different scenarios A and B where, over a period
of 100 years, the risky asset increased significantly in value and dropped significantly in
value respectively. Figures (2.4(a)), (Z35(a)), [Z.6(a)) and (24(b)), 3(b)), 26(b)) show
the total wealth, consumption and utility processes over these 100 years for each of the
two scenarios.

Under scenario A, where the risky asset value maintains an increasing trend, the
non-decreasing consumption constraint will frequently be non-binding in the sense that
the ideal consumption rate at any decision epoch will typically be higher than the rate
established at the previous decision epoch. Since DT-U is the optimal solution to the
unconstrained problem, its performance can be expected to be better than that of either
DT-C or CT-C. Under scenario B, the protection from the non-decreasing consumption
constraint kicks in - while the consumption rate under the DT-U strategy has significant
downside, both the DT-C and the CT-C avoid this pitfall and outperform the DT-U

strategy. The DT-C strategy calls for a higher fraction of the wealth to be consumed up



46

front and a lower fraction of the remaining wealth to be invested in the risky asset, as
compared to CT-C. In some sense, the CT-C approximation sacrifices some immediate
consumption for an increase in the potential for future gains - it does this by investing a
higher fraction of the higher amount left over (after guaranteeing the lower consumption
rate) in the risky asset. Consequently, it is feasible for CT-C to perform better than
DT-C. However, under most scenarios, DT-C will outperform CT-C, which we expect
since it is the optimal solution to the constrained problem. One can see that the DT-C
and CT-C strategies are conservative in nature when compared with the DT-U strategy,
the results of which vary significantly under these two opposing scenarios. In comparison
with CT-C, DT-C not only provides more upward potential for consumption (and hence
utility) but also provides better protection against downturns.

x 10
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Figure 2.3. Stock prices over 100 years
r=4%, up = 6%, o0 = 30%, 6 = 2%, Co— =0, 1 —~v = 1.5, 7 = 1 yr,
N =100
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2.3.3. Impact of the Length of the Time Interval between Decision Epochs

We now turn to examining the impact of the length of the time interval 7 on our optimal
policy. Using the iteration scheme of Section 2.2.6] we compute the v*(-), 7*(:) and &(+)
curves for four different values of 7 and compare them to the corresponding constants of
the continuous-time case. The parameter values used are r = 4%, u = 6%, o = 30%,

0 =2% and 1 — v = 1.5. 101 ratios were evaluated over 100 iterations. The results for

v*(+), r*(+) and &(-) are shown in figures (277(a)), (Z7(b)) and (2.8|(a)) respectively.

(a) Impact of 7 on v* (b) Impact of 7 on r*
- - -continuous - - -continuous
0.46 3 months | 3 months
- - -6 months - - -6 months
v lyear 0.0256 v lyear
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‘ ‘ ‘ 0.0254 : : ‘
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X=c /W X=c /W

Figure 2.7. Impact of the length of time interval 7 on v* and r*
r=4%, p = 6%, o = 30%, § = 2%, Co_ =0, 1 —~v = 1.5, N =100

What are the implications of these results? First, as 7 increases, the kink in the v*(-)
curve (and consequently in the 7*(-) and &(-) curves) shifts to the left - i.e.,  decreases
with an increase in 7. This implies that the ideal fraction of wealth to be consumed is
decreasing with an increase in 7.

For the same value of the ratio x, the value of v* increases with 7. At first this
seems odd - why would the risk aversion (1 — +*) of the agent for the wealth left after

guaranteeing consumption drop with a longer time interval between decision epochs? This
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can be understood by looking at the r* curve. For a given value of z, r*(x) increases with 7
since it is directly proportional to v*(z) (see equation (2.20])). Consequently, as the length
of the time interval increases, the minimum fraction of wealth being consumed increases as
well. The amount required to guarantee this higher rate of consumption also increases and
the amount left over for reinvestment is lower for higher values of 7. Now that the agent
has locked in a consumption stream at a particular rate (and thereby a utility stream at a
corresponding rate), the only way for the agent to increase the utility rate is to generate
enough wealth over the subsequent time periods to be able to increase the consumption
rate while maintaining the optimal balance between the current consumption rate and the
potential for future increases in it. The lower level of risk aversion provides the counter-
balance to the higher minimum consumption rate (per unit wealth) that comes with the
increase in the length of the time interval.

To complete the picture, we examine what this implies for the investment in the risky
asset. As can be seen from figure (Z.8|(a)), the &(-) curve is lowered with an increase in 7.
Thus, as expected, with an increase in the length of the time interval a lower fraction of
the wealth available for reinvestment is put into the risky asset. Since & is a proportion
of the total wealth that also includes the perpetuity to maintain previous consumption,
we also consider the fraction of wealth after setting aside the perpetuity in the riskfree
asset as the net proportion of wealth invested in the risky asset «(-) for varying lengths of

the time interval. «(-) can be evaluated using a single-state variant of equation (2.2T])

a(z) = a() (1 - w) (2.35)
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The above-mentioned comparison is performed in figures ([2.8(a)) and ([Z8(b)) - we see
that the net proportion invested in the risky asset decreases with an increase in the length
of the time interval for all feasible states, which is in line with our intuition. It is to be
noted that in the states where the previous step consumption is high relative to what we
would ideally prefer give our current wealth (i.e., for z > Z), the investment levels in the
risky asset are bunched closer together - however, even for these states the net proportion

in risky asset is lower as 7 increases.

(a) Impact of 7 on & (b) Impact of 7 on «
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Figure 2.8. Impact of the length of time interval 7 on & and «
r=4%, = 6%, o0 = 30%, 06 = 2%, Cy_ =0,1—~ =15, N = 100

Finally, as 7 decreases to 0, both the 7*(:) and &(-) curves flatten out and converge

to the corresponding constant values of the continuous-time case, as we would expect.
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2.3.4. Impact of Negative Skewness and Leptokurtosis

We now examine the possibility of the return distribution of our risky asset possessing neg-

ative skewness and leptokurtocity. As we discussed in the introduction, Brooks and Ka

[2001]] show that the distributions of hedge fund returns typically possess negative skew-

ness and excess kurtosis. If such was the case for the risky asset under our consideration,
one could still use the CT-C strategy as an approximation, but the approximation would
ignore both the time lag and the lack of normality. We conduct the following analysis
to ascertain whether the approximation performs worse than it did when the risky asset
returns were normally distributed as would be expected given the normality assumption
for the continuous-time result. To test this, we employ the Pearson Type IV distribution
as the distribution of the risky asset return. This allows us to compute probability density
function values for numerical integration as well as obtain random draws for simulation

purposes by simply specifying the mean, standard deviation, skewness and kurtosis of the

return distribution. [Heinrich [2004] provides an excellent guide to the details of using the

Pearson Type IV distribution in the above manner.

Table 2.2l summarizes our findings. To measure the performance of the approximation,
instead of looking at the expected discounted sum of utilities (our objective function), we
focus on the lower percentiles of the corresponding distribution of the discounted sums
of utilities. This provides us with a measure of the downside risk of using the CT-C
approximation.

As seen in the tabulated results, the magnitude of the decrease in the objective function
value is greater (both in absolute and relative terms) when the risky asset return has

negative skewness and excess kurtosis as compared to the case of normally distributed
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risky asset returns. This ties in with our intuition that the CT-C approximation would
afford us a lowered level of downside protection if the risky asset were to have a left-skewed

leptokurtic return distribution.



Return Distribution = Normal Return Distribution = Pearson Type IV

Certainty Equivalent Magnitude of Decrease Certainty Equivalent Magnitude of Decrease
Consumption Perpetuity Rate caused by Consumption Perpetuity Rate caused by

(% of Wy per yr) CT-C approximation (% of Wy per yr) CT-C approximation
DT-C CT-C Approx. Absolute Relative DT-C CT-C Approx. Absolute | Relative
1 %ile | 3.9372% 3.8258% 0.1114% 2.8307% | 3.9907% 3.8685% 0.1222% 3.0626%
2 %ile | 4.1051% 3.9928% 0.1123% 2.7361% | 4.1448% 4.0214% 0.1234% 2.9771%
5 %ile | 4.3570% 4.2452% 0.1118% 2.5654% | 4.3926% 4.2671% 0.1255% 2.8568%
10 %ile | 4.6080% 4.4943% 0.1136% 2.4658% | 4.6531% 4.5333% 0.1197% 2.5727%
20 %ile | 4.9321% 4.8301% 0.1020% 2.0678% | 4.9672% 4.8582% 0.1090% 2.1950%

Table 2.2. Impact of negative skewness and leptokurtosis in risky asset returns
r=4%, n=6%, 0 =30%, 0 =2%, Co_=0,1—~y=157=1yr, N =100
For the Pearson Type IV return distribution, v/3; = —0.25 and 3, = 4

The certainty equivalent consumption perpetuity rate is the fixed rate of perpetual consumption that
will give us a von Neumann - Morgenstern utility equal to the objective function of the optimal

solution. The above percentiles come from a simulated distribution.

[
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2.4. Conclusion

We have presented a solution method for the discrete-time consumption and invest-
ment optimization problem where the consumption rate process is constrained to be non-
decreasing. We first prove that the value function for our problem must have a specific
form that depends on an unknown function of a bounded state variable, and then use an
iterative procedure to complete the solution.

The key element of the solution is to find a function «*(-) where 1 — v*(+) represents
the risk aversion of the agent applied specifically to the wealth remaining after the current
consumption rate level has been guaranteed, given a particular state of our system. We
have proposed an iterative method to find v*(-), and, as part of the method, we also find
functions r*(-) and &(-), the values of which rely on the value of 7*(-) for the same state.

The structure of the solution is intuitive. Feasibility of the problem is easily checked -
does the agent have enough wealth to guarantee herself the current consumption rate by
putting all her wealth into the risk-free asset? Once we have feasibility, the agent achieves

an optimal outcome as follows:

e At each decision epoch, the agent decides on the current consumption rate based
on her current wealth and the consumption rate at the previous step (our state
variables). This is done by using the ratcheting formula (A-14]) which uses the
function r*(-).

e Next, the agent puts an amount in the risk-free asset that is equivalent to the
present value of a perpetuity stream with a payout at the current consumption

rate.
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e Now, based on the current state of the system, a proportion &(-) of the remaining
wealth is put in the risky asset, with the rest going into the risk-free asset. This

completes the optimal decision process at a particular decision epoch.

As we can see from the simulation runs, the non-decreasing consumption constraint
leads to a conservative approach being adopted by the agent which offers significant
downside protection without significant losses in certainty-equivalent consumption. The
continuous-time solution approximation provides good performance when risky asset val-
ues increase but may perform poorly with mediocre or poor risky asset returns. The result
is that the optimal discrete-time solution can obtain relatively large gains in certainty-
equivalent consumption over the continuous-time solution approximation. This observa-
tion implies that investors should beware of using continuous-time approximations for
investments that only have limited liquidity.

The impact of an increase in the time interval between decision epochs (7) is as
expected - an increase in the length of the time interval is seen to lower the ideal fraction
of wealth consumed as well as decrease the net proportion of wealth invested in the
risky asset for any feasible state. Note that because of the non-decreasing consumption
constraint, it is not always feasible to be at a state where this fraction is at the udeal
level. Also, with an increase in the length of the time interval, the performance of the
continuous-time solution as an approximation to the discrete-time case becomes worse.

Finally, for the case of negatively skewed leptokurtic risky asset return distributions,
we have demonstrated the lowered effectiveness of the continuous-time approximation in
providing protection against downside risk. In such cases, the ability of our methodology

to work with any reasonable asset return distribution proves very useful. This is especially
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of appeal to institutional investors in hedge funds that may have both limited trading
opportunities and non-normal returns.

We could consider some other form of habit formation but we anticipate results that
are very similar to those derived in this paper. As an example, the solution method
designed in this paper would also work when the consumption rate, at the beginning of a
new time interval, is allowed to decrease by a specific relative amount, say 10%. In this
case, we can still calculate the amount we need to set aside in a perpetuity to guarantee
such a consumption stream and the solution follows. But clearly, this is not as conservative
a strategy as non-decreasing consumption, thereby the loss of utility from this method of
smoothing consumption can not be more than that from forcing consumption to be non-

decreasing. Thus, a broader implication of this paper, when considered in conjunction

with [Rogerd [2001], is that the limitations on trading frequency can have a greater impact
in utility terms than smoothing of consumption.

From a technical standpoint, we have devised a novel method for solving dynamic
programming problems which have no closed-form solution. While we do not present the
method in a formal fashion, we anticipate that a similar approach could apply to a number
of dynamic programming problems where some intuition in regards to the structure of

the optimal solution is available but not fully exploited.
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CHAPTER 3

Hedge Funds: Optimal Portfolio Allocation, the Lockup

Premium and the Information Premium

Abstract

We present a systematic approach to the analysis of hedge funds as components of an
investor’s portfolio. The main differentiator for hedge funds as compared to equities is
that they typically require investor funds to be locked up for a pre-specified duration. In
this regard, investments in private equity also face similar restrictions. This is illiquidity
of a very specific form and has an impact on the attractiveness of the hedge funds as
investable assets.

We first provide a framework for the calculation of the hedge fund lockup premium
given the ability to calculate the optimal allocation to the hedge fund. Then we study
the optimal structure for a portfolio consisting of a bond, a stock and a hedge fund under
various settings. The hedge fund lockup premium can then be easily calculated under any
of these settings using the framework provided.

Additionally, we introduce the concept of an information premium, which can be
thought of as compensation required for a lack of continuously available hedge fund share
price information. We present a framework for the calculation of the information premium

as well.
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3.1. Introduction

In recent years, institutional investors’ holdings in hedge funds and private equity have
increased significantly. While promising high returns, they also typically impose several
restrictions on the investors. The most significant one requires investor funds to be locked

up for a pre-specified duration. This requirement represents illiquidity of a very specific

form. [Longstaff [2001] studies the impact of illiquidity on optimal portfolio choice and
the price of the asset. However, the setting is one with limited liquidity whereas we have
to deal with not being allowed to trade an asset at all except at specific points in time.

There are a couple of aspects that we would like to study with respect to the lockup
restriction. First, it is clear that this imposed illiquidity changes the allocation to the
hedge fund as part of an optimal portfolio structure. We will specifically examine a case
where we have three assets available to us for investment - a bond, a stock and a hedge
fund. The positions in the bond and the stock can be changed continuously, however the
position in the hedge fund can only be altered at pre-specified intervals of time.

Within this general setting we will examine the impact of including consumption, as
well as describe a method to calculate the value of hedge fund share price information.
Consumption is important in the context of institutional investors such as pension funds
and university endowments, whereas the no-consumption case is a better description of
the setting in which proprietary trading desks or fund of funds operate. The value of hedge
fund share price information is important in analyzing the impact of the typical secrecy
that surrounds hedge fund performance reporting. We will compare the case where the

hedge fund price is available only just before a decision has to be made on adjusting the
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position in the hedge fund to the default situation where the hedge fund share price is
always known.

The second aspect we want to study is the premium associated with the lockup restric-

tion, termed the lockup premium. |Aragon [2007] demonstrates that the excess returns for
funds with lockup restrictions are significantly higher than those for funds without these

restrictions. Calculating the lockup premium allows potential investors to check whether

the lockup_requirement is justified for a particular hedge fund. [Derman [2007] and Der-

man et al. [2007] represent recent attempts at computing this premium. However, there

are several issues in their approach. First, these papers rely on persistence among hedge
fund returns (the existence of which is quite controversial in nature). Second, they seek
to calculate the lockup premium only for extended lockup periods relative to the typical
one-year lockup requirement. Finally, they do not consider the presence of equities as an
alternative investment and by doing so they essentially restrict the applicability of their
approach to fund of funds. Our analysis includes a consideration of bonds and equities in
addition to hedge funds, which represents a more typical portfolio structure for pension

funds and endowments. We will not, however, consider survivorship among hedge funds,

something that [Derman [2007] and [Derman et all [2007] both consider.

In §3.2 we present a framework for computing the lockup premium for hedge funds,
as well as an easier-to-calculate alternative that we call the lockup penalty. In §3.3] and
§3.5, we present methods to obtain optimal hedge fund allocations under considerations
of the utility of terminal wealth and consumption respectively. In §3.4l a method for
computing the optimal allocation for the hedge fund to maximize terminal wealth utility

is presented, but this time with the hedge fund share price information being available
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only just before the decision epoch where adjustments to the hedge fund position can be
made. Juxtaposing this with §3.3] it is possible to determine the value of hedge fund
share price information being continuously available (dubbed the information premium),
or correspondingly the information penalty that should be assessed on hedge funds that
do not make this information readily available. This analysis is presented only for the non-
consumption case, which as mentioned before is the appropriate setting for fund of funds
and proprietary traders. However, it is easy to extend this concept to the consumption

case as well, making it applicable for pension funds and university endowments.

3.2. A Framework for Calculating the Hedge Fund Lockup Premium

In this section we present the basic framework for calculating the lockup premium
for the hedge fund. First, consider a scenario where there is no lockup restriction on the
hedge fund. In this case, the hedge fund is like a typical stock (except that one can not
take short positions in it) and the standard rules of portfolio optimization apply and the

hedge fund would receive an allocation of ay. An example of how to obtain ay would be

to utilize the Merton [1969] solution to the portfolio optimization problem.

The next step would be to solve for the optimal allocation to the hedge fund &y when
the lockup requirement is in place. Clearly, the hedge fund is no longer as attractive
an asset as it was without the restriction, and therefore &y < apy, keeping the problem
parameters the same across the two scenarios.

Once we can obtain values for ay and apy, to compute the lockup premium we pose
the following question: at what value p}; of the expected hedge fund return py would the

optimal allocation to the hedge fund be ag in spite of the lockup being enforced? Or in
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other words, what is the value p}; such that when py = pf;, we have &g = ay, where
&y is obtained by whatever method is used to solve the restricted problem?

Upon calculating this value, the lockup premium for the hedge fund is given by

Pl = hi — Hu (3.1)

Since ay < ag, we expect that puj; > pg and thus pj; > 0.

The process for finding &y might not be in of itself a problem, but it is likely (as we
will see in subsequent sections), it is probably not something that is amenable to easily
find u}; given a specific value that is required of dy (o). However, we expect that in
most problem setups this would require a simple iterative process, along the lines of a line
search algorithm.

An alternative approach is to compute a lockup penalty instead of a lockup premium.
The lockup penalty can be thought of as a deduction to be applied to the expected return
for the hedge fund to account for its lockup restrictions. Once we can obtain values for
ap and ap, we pose the following question: at what value pj; of the expected hedge
fund return pgy would the optimal allocation to the hedge fund be &y under the non-
restricted setting? Or in other words, what is the value pj; such that when pg = py,
we have oy = G, where ay is obtained by the Merton solution or an equivalent (i.e.
non-restricted) method?

Upon calculating this value, the lockup penalty for the hedge fund is given by

S e (3.2)

Since &y < ap, we expect that p; < pg and thus p; < 0.
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Finding i is relatively straightforward for the Merton framework, or equivalently the
mean-variance framework with risk aversion. Because of this, some practitioners might

find it easier to deal with the lockup penalty rather than the lockup premium.

3.3. Problem I: Maximizing the Utility of Terminal Wealth with Hedge Fund

Price Information Available

In this section, we consider the problem of maximizing the utility of terminal wealth.
Initial wealth can be invested in a bond, a stock or a hedge fund, with the hedge fund
requiring a lockup period of 1. Hedge fund share price information is assumed to be
continuously available.

Let X (t) : t > 0 be the wealth process and H(t) : ¢ > 0 be the hedge fund investment
value process. Let r be the risk-free rate, pug and gy the expected rates of return on the
stock and the hedge fund and og and oy the stock and hedge fund volatilities. Define
vs = pg—rand vy = puyg—r. h(t) = % (h in brief) is the fraction of total wealth in the
hedge fund at time ¢ and [s(t) (5 in brief) is the fraction of total wealth invested in the
stock at time ¢. (3 is a decision variable at all times t > 0, whereas h is a decision variable
only at time ¢ = 0. Correspondingly, an alternative notation for A(0) is ay. Finally, our

planning horizon is T, the same as the duration of the lockup period.

The stochastic differential equations for our problem are
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and
dX = (rX + fvsX +vgH)dt + 056X dWs + oy HdWy (3.4)

where Wy and Wy are Wiener processes with dWydWg = pdt. We want to maximize

E [%X(T)”Y} .

Using a result in §8.5 of |Arnold [1974], it can be shown that this system of stochastic

differential equations have no closed-form solution. Equation (B.3]) does however have a

closed-form solution by itself.

Now we proceed in a fashion similar to that in [Kahl et all [2003]. Since X and H
form a joint Markov process, the value-to-go function J(X, H,t) satisfies the following

Hamilton-Jacobi-Bellman (HJB) equation

1(020°X? + 2posonBXH + of H?) Jx x

max | +Lo% H2 Iy + (posouBXH + oy H?) Jxp =0 (3.5)

+(rX + pvsX +vygH)Jx + (r+vyg)HJg + J;

The first order optimality condition is 02 X?Jxx+posog X HIxx+posou X H Jxpg+

vg X Jx =0, thus

—vs Jx  osuHJxp osp H
O'g, XJXX O'g, XJXX O'g, X

g = (3.6)

Note that this expression for 3* is the same as that for ¢* in Appendix A of [Kahl et al

[2003], even though they consider consumption. Although it may lead one to conclude that

including consumption has no impact on the optimal portfolio strategy, this is incorrect

- the value functions J will be different in the two cases.
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We conjecture that value-to-go function is of the form

ﬂXJiozé;wmo (3.7)

We can verify the validity of this conjecture by rewriting the HJB equation in terms
of this function V'(h,t) and checking that the boundary and terminal conditions are free
of X.

We first compute the partial derivatives Jx, Jxx and Jxpg in terms of h and the

function V'(h,t) and its partial derivatives V;, and V;, as

1
JX — ;Xﬂ/—l(_hvh + fyv) (3’8>
1
Ixx = §X7_2(h2vhh +2(1 = y)hVy + (v = 1)V) (3.9)
1
Ixg = §X7_2(_hvhh + (7 - 1>Vh) (310>

We can now write §* in terms of these quantities

TR Vin + (4 + (1= ) %4 ) WV; = 75V

2
s

) (3.11)

e TSR R s A s g o

Note that the equivalent formula in [Kahl et al! [2003] contains a small typographical

erTor.
Our next step is to convert the HJB into a form that uses h and the partial derivatives

of the function V' (h,t). To do this we also need Jy, Jyy and J; in terms of V' (h,t) and
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its partial derivatives

X1
Jg = Vi, (3.12)
X2
T = Vi (3.13)
X'Y
J, ="V (3.14)
Y

Substituting the partial derivatives of J(X, H,t) into the HJB gives us

5(030°X?% + 2poson X H + U%H2)%X7_2
(R?Vin + 2(1 = 1AV, — y(1 = 7)V)

+30% H? X:Q Vi + (posopBXH + o H?) 2 X7
max =0

(=hVhn — (1 =7)Va)
‘l‘(TX + ﬁl/sX + VHH)%X’Y_I(—th + ’yV)

+(r + I/H)HXW{1 W+ %VQ
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Dividing through by % and rearranging the terms gives us the HJB equation in terms

of the function V'(h,t)

max

%(0%62}12 + QO'SHﬂhg + O'%{h4)
hh
+20%h? — (osuBh* + o4 h?)

(1 — 7)(0%52}1, + 20’51{6}112 + U%{hg)

+ 1 —(1 =) (osuBh+ o4h?) Vi
—(rh + Bvsh + vgh?) + (rh + vgh)
—7(1 = 7)5(055 v

+V, +

+20suh + o3 h?) + y(r + Brs + vgh) |

=0 (3.15)

It is easy to confirm the validity of equation(3.I1]) by checking it against the value of

(3* that would be implied by equation (3IH), thereby confirming the typographical error

in the formula in [Kahl et al) [2003].

The maximum in equation (B3] holds when § = 3* and therefore

%(O’%(ﬂ*)2h2 + 20’51{6*}13 + O'%{h4)
hh
+20%h? — (osu*h* + o3 h?)

(1 — 7)(0%(5*)2}1 + 20’51{6*}12 + U%{hg)

+ 1 —(1 =) (osuB*h+ o4h?) Vi
—(rh + B*vsh + vgh?) + (rh + vgh)
—v(1 — )2 (02(8*)? + 2055 B3 h + % h?
I T e R IO

+7y(r + B*vs + vgh)

(3.16)
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We write this in brief as

f1(h, B*)Vin + fo(h, B)Viu + Vi + f3(h, 35)V =0 (3.17)
where
fi(h, p*) = %(U%(ﬂ*)th + 2055 8*h3 + 0% ht) (3.18)
+30hh? — (osuf*h* + o h®)
fa(h, B%) = (1 = )(0&(8)*h + 2051 *h* + o h?)
(1= ) osnBh+ o) (3.19)
—(rh + B*vsh + vgh?) + (rh + vyh)
and
filh, %) = —y(1 =) 5(0%(8%)* + 205u5*h + o h?) (3.20)

+v(r 4+ f*vs + vyh)

We now set up an implicit finite difference scheme to evaluate the function V'(h,t).

Instead of plugging in the expression for 5* into equation (B.I€]), we follow [Kahl et al

[2003] in linearizing the HJB equation by evaluating the values of 5* using the estimated

values of the function V (h.t) and its derivatives at the subsequent time step. As in Kahl

et al. [2003], we ensure the accuracy of the scheme by using extremely small time steps.

We use the following central difference estimates for the partial derivatives of V in h

1
Vi (hiy t) = A—hz[V(hiH,tj) — 2V (hi, t;) + V(hi—1, t))] (3.21)
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1

Vi(hi, t;) = AR

[V (his1,t5) = V(hi—1,t;)] (3.22)

and a forward difference estimate for V;

Vi(hi tj) = V(hi, tiv1) — V(hi,t))] (3.23)

1
Al
Inserting these estimates into equation ([BI7) and rearranging terms gives us the fol-

lowing set of equations for the interior points of our grid

PG+ B Vi, t) + |2 2G5 — 4 fa(h 89| V(i)

h,B* h,3*

As seen later, we know the terminal value of V(h,t), i.e. V(h,T) is known for all
values of h. Consequently, we will perform a backward recursion to evaluate V'(h,t) for
all (h,t) combinations. In the above equation, the single term on the right hand side of
the equation is indexed at time ¢;,; and is known. However, the three terms on the left
hand side of the equation are indexed at time t;, are evaluated at different values of h
and are unknown, thus making this an implicit scheme.

We now need to determine the terminal and boundary conditions. At t =T, we have
X'Y
J(X,H,T)="-L (3.25)
Y
or equivalently

V(h,T)=1 (3.26)
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So at t =T, we can use

V(hi,tn,) =1 (3.27)

At hy = 0, the entire wealth of the investor is in the stock and the bond. Since these

two can be traded continuously, the optimal portfolio is obtained using the Merton (1969)

solution, i.e. by maintaining a proportion 3}, = — ("15_7) in the stock. Consequently, the
S

value function at time ¢ for Ay = 0 is found as follows

o) i | X oy [ 70 P = 3 PRT < .
i +7Byos(Ws(T') — Ws(t))
and thus
1 2 2
V(0.0 = exp (304 )T =) = 5201 = )53 Po3(T — 1)) (3.20)

So at hy = 0, we can use

Vi) = exp (30 + Bs)(T =) = (L= DGEPAT —1)) (330

Similarly, at hy, = 1, the entire wealth of the investor is in the hedge fund and stays
there until time 7. Consequently, the value function at time t for hy = 0 is found as

follows

) Y(r+vi = 505)(T — 1)

J(X, X, t)=E X exp (3.31)
+you (W (1) — Wi(t))
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and thus

VL) = exp (304 ) (T =) = 331 = 9)o4(T —1)) (32)

So at hy, =1, we can use

Vit ) = esp (T —1) = 320 = (T - 1)) (3.33)

3.4. Problem II: Maximizing the Utility of Terminal Wealth with Hedge

Fund Price Information Restricted to Decision Epochs

In this section, we consider the problem of maximizing the utility of terminal wealth.
Initial wealth can be invested in a bond, a stock or a hedge fund, with the hedge fund
requiring a lockup period of 1. Hedge fund share price information is assumed to be
continuously available.

Let X(t) : t > 0 be the wealth process, H(t) :t > 0 be the hedge fund price process,
as defined in section [33]. Their values are unknown for 0 < ¢ < T. Let H(t):t >0
be the estimated hedge fund price, where our estimation process is simply to take the
expected value given all the information at time ¢ in terms of the SBM’s Wg and Wy. At
time ¢ (0 < t < T') we know the exact value of Wg(t) but know nothing about the value
of Wy(s) for 0 < s <t.

The stochastic differential equation for H(t) is:
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or alternatively

dH = ,LLHHdt —+ pO'HHdWS + \/ 1-— pzaHHdWI (3 35)

= (VH+T)Hdt+pUHHdWS+ \/1 —p2O'HHdW]

where W is defined to be orthogonal to Wg such that Wy = pWg 4+ /1 — p?W;. The
solution of this stochastic differential equation is readily available, and H (t) can be written

out as

H(t) = H(0) exp KMH - %U?{) t+ pouyWs + MUHW]] (3.36)

The estimated value of the hedge fund price at time ¢ can be calculated as follows

() =E [H(O) exp K“H - %Uz) t+ poaWs(t) + /1 — pPogWi(t) | Ws(t)H

1 1
= H(0) exp [(,UH — 501%1) t+ pogWs(t) + 5(1 - ,02)01%115]

Thus

110 = 1) exp | (1 = 36707 ) £+ pruis(o) (3.37)

Let X (t) : t > 0 be the corresponding estimated total wealth process. Then

>
Il
ol

(3.38)
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is the estimated fraction of total wealth in the hedge fund at time ¢ with 2(0) = h(0) = ay
and (s(t) (6 in brief) is the fraction of estimated total wealth invested in the stock at
time t. [ is a decision variable at all times ¢t > 0, whereas h is a decision variable only at
time ¢t = 0. Correspondingly, an alternative notation for h(0) is ay. Finally, our planning
horizon is 7', i.e. at time ¢t = T, the investor is allowed to adjust the investment in the
hedge fund, and essentially faces the same problem again as at time ¢ = 0.

The stochastic differential equations for our problem are
dH = pyHdt + pog HAWg = (v + r)Hdt + pog HAWg (3.39)
and
dX = (rX + BvsX + vy H)dt + (056X + poy H)dWy (3.40)

where Wy is a Wiener process. We want to maximize [E [lX 7).
L T

Now we proceed in a fashion similar to that in Kahl et all [2003]. Since X and H form

a joint Markov process, the value-to-go function J (X H ,t) satisfies the following HJB

equation
L0282 X2 + 2po50uBX H + pPoy H?) J ¢ ¢
max | +1p%0% 12Ty + (posouBXH + p*o H?)Jgg | =0 (3.41)

—l—(rX —I—ﬁl/sX + VHlfI)JX + (r+ VH)lfIJﬁ + J;
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The first order optimality condition is S0 X2J ¢ ¢ +posou X HJ ¢ ¢ +posou X HJ ¢+

VsXJX =0, thus

—UVg JX _USHEJXI?_USHE
2 2 9 2 O
05 XJerx 05 XJxx 05 X

3 = (3.42)

Note that this expression for §* is similar to that for §* in §3.3] except that X and

H have been replaced by X and H respectively. It is also similar to the expression for ¢*

in Appendix A of [Kahl et al! [2003], even though they consider consumption. Again, it is

incorrect to conclude that including consumption has no impact on the optimal portfolio
strategy - in addition to the substitution of X and H for X and H respectively, the value
functions J will be different in the two cases.

Unfortunately, for this problem there is no clear way of establishing whether the value

function J is in either of the following forms:

o X7 .
J(X,H,t) = —V(h,t)
v
or
o ‘A
J(X,H,t)zTV(h,t)

We are therefore unable to reduce the dimensionality of the HJB equation (B.41]).

Now, the maximum in equation (341]) holds when 8 = #*. Thus

Ho2B2X? + 2p050u 3 X H + p?o 4 H?) I 4
+3020y H2 g + (poson B X H + pPok H?) gy (3.43)

+(rX + BvsX +vgH)Jg + (r+vg)HJ; + J, =0
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In this case, we have to solve for J (X H, t) by building a grid on a 2-dimensional state

space. Ideally, we would like to use the Alternating Direction Implicit (ADI) scheme (due

to Peaceman and Rachford) in a fashion similar to that described in |Brandimarte [2006].

The basic idea is to introduce an intermediate time layer ¢, _ 1 when stepping from
to tx_1 as part of the backward recursion. The approximation scheme for the partial
derivatives is implicit with respect to one space dimension and explicit with respect to
the other when going from ¢ to t,_ 1 and the roles get reversed when going from ¢, _ 1 to
tr—1. The net effect is to solve the 2-D problem as a series of 1-D problems. This scheme
allows us to bypass the difficulties inherent in implementing implicit schemes in higher
dimensions.

However, the major difference in our problem with respect to the two-dimensional heat
equation example demonstrated in Brandimarte is that here we have a mixed second-order
derivative Jg . Unfortunately, this can not be eliminated. A second, smaller issue is the
following: the amount estimated to be in the hedge fund H can not be larger than the total
estimated wealth X. Thus, one of the boundaries for our problem is H=X , leading us to
implement a rectangular grid on a two-dimensional feasible state space that is triangular
in shape. To resolve this second issue, we replace H by h as a state variable. Clearly,
we lose no information by making this change, but the feasible state space now becomes
rectangular, with the bounds on both state variables becoming independent of each other.

Since

J:
%:f (3.44)



_ Jii
Tnn = %3
Jos
Tei ="

equation ([3.42) becomes

g = —vs Jy  osui Jgn osH j
- 2 2 % 2
0s XJgg 0s XJgyg s

and equation (343]) changes to
L(02B** + 2posonBth + p*oh?) X2 ¢
+%p20%{il2<]ﬁ;l + (pO’s'O'Hﬁ* + sz%IiL)X}AZJX;Z
+(r+ Brvs + VHB)XJX + (r+ VH)}AI,J;L +J,=0

which we write in brief as

~

+94(X 1, 3) g + g5(X, b, B5) Ty + Jp = 0

where

2
s
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)



and

77

A A

g3(X, b, 3°) = (posouB* + pPoyh) Xh (3.52)
91(X, b, %) = (r + Bvs + vgh) X (3.53)
95(X, 1, B7) = (r + vir)h (3.54)

We continue with setting up the ADI finite difference scheme to evaluate the function

J(X,h,t). Instead of plugging in the expression for §* into equation B43), we follow

Kahl et all [2003] in linearizing the HJB equation by evaluating the values of 5* using the

estimated values of the function V'(h,t) and its derivatives at the subsequent time step.

As in

Kahl et all [2003], we ensure the accuracy of the scheme by using extremely small

time steps.

In going from t; to t)_1, We use the following approximations for the derivatives

A o~ 1 JXZ ,}Al',t _1 —2J Xi,il',t _1
T x (Xishjytr) = —— ( le ]A -4) ( i2he-y) (3.55)
AXEN L (Xir byt )

J}ALA (XZ, hj, tk) — A}Aﬂ [J(XZ, hj+1, tk) - 2J(XZ, hj, tk) + J(XZ, hj—1> tk)] (356)

A ~ A ~

o 1 J(Xigr, by tr) = J(Xiga, b1, te) (3.57)

AAXAN | (R by ) + J(Xier, By )
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P 1 A

‘]X (Xi’ hj’ tk) = E[‘](Xi-i-b ﬁj’ tk—%) - J(Xi—la }Al]ﬁ tk—%)] (3'58)
. 1 . o

‘]B(Xia hj’ tk) = 2Ail [‘](Xi’ hj-i-la tk) - J(Xi’ hj—l’ tk)] (3'59)
o 1 . o

Jo(Xis by t) = [T (X hy, t) = J(Xi Byt )] (3.60)

Accordingly, for the half-step from ¢ to t,_ 1, equation B:49)) becomes

g1 (X h, ) 1% T(Xipn, by, tyo) = 20 (X hysty 1) + J(Xioa, oty )
+g2(X h ﬁ )AhZ[ (Xi’ ilj-i—btk) - 2J(Xi> iLj’tk) + J(Xi’ }Alj—l’tk)]

J(Xiﬂ, hj+1>tk) - J(Xz'+1> iLj—lj tk)

+95(X, Hk)m;mﬁ . A
—J(Xic1, g, te) + J(Xooa, by, ty)

+gu(X, B, ﬁ*)%[t](j(iﬂ, ilj, tk_l) — J(X;1, ﬁj, tk_%)]
+g5(X h, 3* ) [ (Xw hg+1, te) — J(Xi, ilj—h tr)]
+E[J(Xi’ hj>tk) - J(Xi’ hjatk—%)] =0



79

Rearranging the terms gives us

%4 i) 1o i
[QI(AXf ) 4 g‘*(m; )] J(Xig1, hy b 1)

X,h,8 ¢
_ Q%jtﬁ] J(Xiahjatk—%)

X ,h," Xh8] 1%
+ _gl(AXZ ) _ 94(2AX )- J(Xi—hhj’tk—%)

= —7%()215’@*)!]()21'“, hj1,te) + wXL BRI (X1, hyo, t)

AAX AR AAX AR (3.61)
_ 92(92:25 ) | 95()2(;2[3 )_ J(Xiahj—l-latk)

(220 - L) (X by t)

[ (XD X, o
+ _ 92(Ah25 ) + 95(2Ah’6 )] J(Xiahj—btk)

+QZ§XhA€L)J(XZ vhyite) = SR (X by )

Note that all unknowns J(-, -, ,_ %) are to be evaluated at }Al,j. This allows us to solve
a system of equations for each izj individually, effectively making this a series of one-
dimensional problems.

In going from ¢, _ 1 10 fg—1, We use the following approximations for the derivatives

1| (K, by tyo1) = 20(Xi, By, )

‘]XX(X iL k—f): 5 (3.62)
) N ~
AXE i1, hyy t_1)
A 1 J(Xiailj—i-latk—l)_QJ(XiaiLjatk—l)
Jin(Xis hy ty 1) = (3.63)

— o
Ah +J (X, b1, te-1)
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~ ~

J(Xig1, hjg, tk_%)

A ~

A 1 —J (X1, hjo1,t,_1)
JXFL(Xi’hm k 5) = 4AXA}AI, R ~ ? (364)
—J (X1, hj-‘rlatk—%)
+J (X1, hyat )
A A 1 A ~ A ~
S (Xis by ty_1) = ﬂ[J(XHlu hjstr1) = J(Xi1, by ty_1)] (3.65)
A A 1 PN PN
Ji (X, byt 1) = QAE[J(XZ" hjrrsth) = J (X By, B (3.66)
. 1 . o
Jt(Xia hj, tk—%) — Kt[J(X“ hj, tk—%) - J(XZ, hj, tk—l)] (367)

Accordingly, for the half-step from ¢, 1 to tr—1, equation ([B.49) becomes

J(Xiga, bty 1) = 2J(X, by, ty 1)

gl(Xaila/B*)Aiivz R .
+J(XZ—17 h,], tk—%)

~

. J(X;, ilj—l—latk—l) —2J(X;, }Aljatk—ﬁ
+g2(X7 hv ﬁ*>ﬁ

+J(Xi, ilj—l, th—1)

A A ~ ~

J(Xig1, hjia, tk—%) — J (X1, hj-1, tk—%)

AAXAh N A 5 2
—J(Xi1, hjga, tk—%) + J(Xi-1, hj1, tk—%)

+91(X, b, B4) 2 [T (X, by t1) — J(X; 1, by, tr_1)l

+95(X, h, 5*)ﬁ[a](f(i, hjsrtiot) — J(Xi by, tiey)]

~

+a: (X, ilmtk—%) — J(Xi, hj, ti1)] = 0
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Rearranging the terms gives us

[92()2;276*) _i_gs(;(Ahéﬁ*)] '](Xi;ilj+1,tk_1)

. 2% —+ ﬁ] J(Xi,ilj,tk—l)

+ gz(X{lﬂ ) _ 95(5{’;5’[3*)_ J(XZ ilj—l tk—l)

Ah? 2AD
X ,h,pB* 5 ~
- _%J(‘Xﬂb hj-l—latk—%)
[91(X hB%) | ga(X,h,B%)] - -
_ _ IAX2 + 42AX ] '](Xi'i'l?hjvtk_%) (3 68)
X,k
+%J(Xz+h hj-1,t,_1)

X b 5op
+ 2% t] J(Xis by 1)

X, -
+%J(Xi—lv hjia, tk—%)

I Xk X h 0 j
+ gl(AXf ) 1 g4(2AXﬁ )] J(Xi—lahhtk—%)

X ,h,B 5
_%J(Xi_h hj-h tk—%)

Again, note that all unknowns J(-,-,t;_1) are to be evaluated at X,. This allows us to
solve a system of equations for each X, individually, effectively making this a series of
one-dimensional problems.

We now need to determine the terminal and boundary conditions for our problem. At

t="T, XT — fIT is the amount in the stock and the bond and we have

A X7
J(X,hT) = { T \XT,hT]
Y
.,
1| Xr—Hyp A
= EWH(T) - | XT) hT

+Hoexp (g — 205)T + ouWy(T))



Using

Hy = Hyexp (— <uH - %pza?{) T — pO’HWS(T)>
and

Wi(T) = pWs(T) + /1 — p?Wi(T)
we get

J(X,h,T) =
1— hy
Ew, (1) % . —3(1 = p*)oT | X7, hr
+hexp
+4/1— p2O'HW[(T)

which must be evaluated numerically.

For X = 0, the HJB equation (3248) reduces to
Jt - 0
Consequently, at X, = 0, we can use

J(le iz’]v tk) = '](le }Az'ﬁ tk-i—l)

82

(3.69)

(3.70)

(3.71)

At the grid’s upper bound for X (large but finite), we simply assign the utility of this

wealth (at time T') to the value function. We are basically assuming that the wealth is

already large enough that any growth will have minimal incremental impact on the utility
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derived at T

% 5 X
J(Xgridmaz, h t) = —2dmes
5

So at Xn, = Xgridmaz, We have

For h = 0, the entire portfolio is in the stock and the bond, and we are essentially
back in the Merton world with two assets. Note that in this case, X (t) = X(t), i.e. the

total wealth is known at all times. Thus, the value function for h=0is

A

. X7 . 1 .
J%.0.0) = 2 exp (24 BT = 1) = o(1 = (G ad(T )
where (7, = % Consequently, at hy = 0, we can use
AA X;{ % 1 * \2 2
J(Xi, b,y ) = oo Y+ Bpvs) (T = t) — 57(1 — ) (Bu) o5(T — ty)

Similarly, for h = 1, the entire wealth of the investor is in the hedge fund and stays

there until time 7. The corresponding value function is
5 X' o4 - H). @ .
J(X,1,t) =E [—T |Xt:Ht} =E l—T |Xt:Ht}
g v

1 1 T .
= Ew, (1) {; (Ho exp ((,UH - 50%)T + UHWH(T))> | X = Ht:|
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Now, if we have X, = H, for some time ¢, then equation (337) gives us

. 1
Hy = X, exp <— (,uH — ipzo%) t— paHWS(t))

Then, using pWg = Wy — /1 — p?>W; and the independence of W; and Wy over non-
overlapping time intervals, we get

Y

R 1 Xeexp (= (uu — 3p%0%) t — pouWs(t)) . X
JXLD =By | S | X, = A,

exp ((py — 303)T + oy Wy(T))

X7 yur(T —t) = 5705 (T — p*t)
= —EWH(T) exXp
v —vpouWs(t) + yogWy(T)

) (T —t) = 5705(T — p*t)
X'Y
= TtEWI(t)va(T)—WH(t) exXp +vv/ 1 — pQUHWI(t)

+yor(Wa(T) — Wx (1))

= exp (yun(T — 1) — 3103 (T - 1))
Ew, @ [GXP (7 1- pzaHWI(t))]

Ewy () -wr@ lexp (yvou (W (L) — Wh(t)))]
Thus

Y

. X 1
I 10 = 2 e (wH@ 1) = (1 - o - p%))

So at hy, = 1, we can use
3

~

Y

A X, 1
Idnt) = 2o (T = 0) - S0 - eb(T - pr)) (T
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3.4.1. A Framework for Calculating the Hedge Fund Information Premium

In §3.3] and the initial part of §3.4 above, we have the methodology to compute the
allocations to the hedge fund that maximize the utility of terminal wealth under two
scenarios - one in which the hedge fund price information is readily available, and the
other in which the hedge fund price information is only available just before the decision
epochs. Armed with this, we can use the framework outlined in §?? to obtain the lockup
premiums p;"(A) and p; (R) under the above two scenarios. A and R denote available
and restricted respectively, in reference to the hedge fund share price information.

Then, the information premium for the hedge fund is given by

p; =p (R) —p/(4) (3.73)

We expect that p;"(R) > p/ (A) and thus p; > 0.

An alternative approach is to compute the information penalty which we define as

pi =p (A) —p (R) (3.74)

where p; (A) and p; (R) are the lockup penalties associated with the information available
and restricted information scenarios respectively. We expect that p; (A) < p; (R) and thus

p; <0.

3.5. Problem III: Maximizing the Utility of Consumption with Hedge Fund

Price Information Available

In this section, we consider the problem of maximizing the utility of consumption.

Initial wealth can be invested in a bond, a stock or a hedge fund, with the hedge fund
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requiring a lockup period of T. Hedge fund share price information is assumed to be
continuously available.
Assume the notation as laid out in §3.31 The investor now consumes at a rate C', which

is a decision made at time 0. c¢(t) ¢ in brief) is correspondingly the consumption

= % (
rate as a fraction of the total wealth. Note that while C' is fixed over the time period
under analysis, ¢(t) is a function of time due to the changes in wealth.

As before, our planning horizon is T, i.e. at T, the investor is allowed to rebalance
the investment in the hedge fund, and essentially faces the same problem again as at time

t=0.

The stochastic differential equations for our problem are
dH = pgHdt + oy HAWy = (vy +r)Hdt + oy HAW g (3.75)
and
dX = (rX + fvsX +vyH — C)dt + 05X dWs + oy HiW g (3.76)

where Wy and Wy are Wiener processes with dWydWg = pdt. We want to maximize

J(X(0), H*(0),C"(0),0)
—E [ S e te th] (3.77)

= fo e 2(C*(0))dt + e TE[J(X(T), H*(T),C*(T),T)]

where ¢ is the discount rate for utility and H*(0), C*(0) and H*(T"), C*(T') are determined

according to our resulting optimal policy.
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Kahl et all [2003]. Since X and H

Now we proceed in a fashion similar to that in

form a joint Markov process, the value-to-go function J(X, H,t) satisfies the following

Hamilton-Jacobi-Bellman (HJB) equation

(022 X? + 2posouBXH + of H?) Jx x

+20% H* Jyy + (posouBXH + o3 H?) Jxp Ly (3.78)

max
rX +ﬂI/SX + VHH — C)JX

+(
H(r +vp)Hy + Jy + e 207

The first order optimality conditions for /3 is

ﬂU§X2JXX +p0'5(7HXHJXX —|—p(750'HXHJXH+V5XJX =0

Thus

—vs Jx  osuHJIxmp osp H (3.79)

ﬂ - O'g, XJXX O'g, XJXX O'g, X

Note that this expression for 5* is the same as that for 8* in §3.3 as well as that for ¢* in

Appendix A of [Kahl et all [2003].

We conjecture that value-to-go function is of the form

(3.80)

X7
JXH,C.t) = ==V (et

We can verify the validity of this conjecture by rewriting the HJB equation in terms of

this function V(h,c,t) and checking that the boundary and terminal conditions are free

of X.
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We first compute the partial derivatives Jy, Jxx and Jxp in terms of h, ¢ and the

function V'(h, ¢, t) and its partial derivatives Vj,, Vi, V. and V., as

X1
Jx = 5 (=hV} — Vo + V)
y—2
Txx = (h2Vin + Vio + 2(1 — 1)AV3 +2(1 = )V — 7(1 = 3)V)
X2
Jxg = (—thh + Vie — (1 — ’)/)Vh)

We can now write 3* in terms of these quantities

J—fSQEhQth—J—fSQEthC+<(1—'y)J—USSQE+§%>th—i-ggS—ch—%«/V

h2Vp+c2Vee+2(1—y)hVy, +2(1—7)cVe—y(1—7)V

B =

_osH
oZ h

(3.81)

(3.82)

(3.83)

(3.84)

In this case, comparing this formula with that in [Kahl et all [2003], we see that the

formulae are significantly different. This is because in [Kahl et all [2003], consumption is

a decision at all points in time. In our case however, consumption is a decision only at

time 0 and later shows up through the state variable c.

Also, assuming that we do not allow borrowing, it is easy to show that given values for

h and ¢, the maximum allowed value for 3 at any time ¢ is 3,,42(t) = 1 —h—£(1—

e—r(T—t).

Depending on the values for the problem parameters, it might be necessary to enforce

this restriction. However, we will concentrate on cases where the stock is not an overly

attractive investment and its allocation is well below this bound.
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Our next step is to convert the HJB into a form that uses h and the partial derivatives
of the function V' (h, ¢, t). To do this we also need the Jy, Jyy and J; in terms of V' (h, ¢, t)

and its partial derivatives

X!
Jy = Vi, (3.85)
¥
X2
Jun = Vi (3.86)
X’Y

Substituting the partial derivatives of J(X, H, C,t) into the HJB gives us

L0332 X? + 2posouBX H + o—gfﬂ)%”

W2V, + 2V, + 2(1 — v)th

+ %U?{Hsz;Q th
+2(1 = 7y)eVe — (1 =)V
max =0

+(posouBX H + U%,Hz)%i2 (=hVin + Vie = (L = )V)

+(rX + fvsX +vgH — )X (—hV}, — V. +4V)

5

+(r+ VH)HXi,il n+ %Vi + 6_&%CV
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Dividing through by % and rearranging the terms gives us the HJB equation in terms of

the function V' (h,c,t)

%(520%}12 + 260’5‘]{}13 -+ O'%{h4)
+20%h? — (Bosuh® + o4 h?)
+(BO'5H}L + quhQ)th

+%(ﬂ2a§cz + 2B0sghc® + o4 h*c*) Ve

+ | —(rh+ Brsh + vgh® — he)

max

—(re+ Brsc + vighe — )

_l_

+v(r 4+ Bvs + vyh — ¢)

+V, 4 e~ %Y

th

(1 —)(B%02h + 2B0sgh® + 0% h?)

—(1 = v)(Bosuh + c4h?) + (rh + vgh)

1 —7)(B?0%c+ 205 8hc + 0% h’c
5 H

(1 =7)5(8%0% + 280suh + o h?)

Vi,

=0

(3.88)
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The maximum in equation (B.88)) holds when 5 = 5* and therefore

L(B*)20%h? + 23 0sih® + o4 ht) Vi
+505h? — (B*osuh® + ofh?)
+(B*osuh + 03 h?)Vie
+1(0)20%¢ + 20" 0suhe + o4 h2 ) Vi
(1 (5 Fokh + 25 osuah? + o)
+ | —(rh+ B*vsh + vgh? — he) v
(3.89)
—(1 =) (B*osuh + o} h?) + (rh + vgh)
(1 =((6*)?0%c + 2058 he + o h*c)
et Bruse-t vighe — )
(= ) L(§)0% + 25 sl + o)

+v(r + f*vs + vgh — ¢)

+

+V, +e %" =0

As in the case of Problem II (§3.4), we have to solve for the value function by building a
grid on a 2-dimensional state space. Again, we would like to use the Alternating Direction
Implicit (ADI) scheme but we are faced with the same issues as before. First, we have a
mixed second-order derivative V. which can not be eliminated. The second issue is the
following: the maximum allowed consumption rate depends on the amount invested in
the hedge fund. We enforce this condition at time 0, and then assume that an appropriate
amount is invested in the bond to meet the consumption requirements. This ties in with
the earlier condition on the maximum allowed value of 3. Once the consumption rate
TT)

is fixed at C', to guarantee this consumption stream we require to put %(1 —e” in
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the bond. Clearly this amount increases with an increase in C. Then, given an initial
investment H(0) in the hedge fund, the maximum allowed consumption rate C,,,, would

satisfy the following equation

(1—e) + H(0) (3.90)

Dividing by X (0), we get an expression for the maximum initial value for ¢,,,,, which is

the consumption rate expressed as a fraction of the total wealth

r

(i) (3.91)

Crmaxz =

Thus, one of the boundaries for our problem is ¢ = ==+ (1 —h), leading us to implement
a rectangular grid on a two-dimensional feasible state space that is triangular in shape.

To resolve this issue, we replace ¢ by d as a state variable, where

(3.92)

d can be interpreted as the consumption rate as a fraction of the liguid wealth. Then

r

Amaz = [ (3.93)

Clearly, we lose no information by making this change, but the feasible state space now
becomes rectangular, with the bounds on both state variables becoming independent of

each other. Since

Ve= Va (3.94)



th -

1
1—nh

Vha

equation (3.84) becomes

/8*

and equation (3.89) changes to

1((8*)20%h2 + 23 0 h® + % h)

+30hh? — (B*osuh® + o h®)

%((/6 ) d2 + 26 0’5th2 + aHh2d2)Vdd

+

(1 =((B")?08h + 26 0syh® + o h%)
—(rh + B*ush + virh® — h(1 — h)d)

—(1 —y)(B*osuh + o%h*) + (rh+ vyh)
(1 =)((8*)*0dd + 2051 3*hd + oF;h*d)

—(rd + B*vsd + vighd — (1 — h)d?)
—(1 = 7)5((6)%0% + 26*0suh + o3 h?)

+7y(r + f*vs +vgh — (1 — h)d)

+V; +e (1 —h)d =0

Vi

Va

. S;IhQth US;I Vhd+<(1 ’y) g‘ % hV,+ ded_o_ YV
h2Vin+d?Vaa+2(1—)hVy +2(1—7)dVg—y(1— V)V
USHh
o%

th + (6*051{ + U%h)ﬁvhd

93

(3.95)

(3.96)

(3.97)

(3.98)
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or in brief as

fi(h, d, 3)YWan + fo(h,d, B*)Vha + f3(h, d, 3*)Vaa + fa(h,d, 3*)V,

(3.99)
+f5(h, d, 3 )Va + Vi + fo(h,d, 3)V + fz(h,d) =0
where
filh,d, 3*) = 5((8%)°08h® + 2B%osuh® + o h*) (3.100)
‘|‘%O’%{h2 - (ﬁ*O'SHh2 + U%Ih3)
fg(h, d, 6*) = (6*051{ + U?{h)% (3101)
fo(hd, B) = %((5*)%@& + 28 rguhd? + 0% h2d?) (3.102)
fa(h,d, %) = (1 =)((8*)?0%h + 23*0suh® + oFh?)
—(rh + B*vsh + vgh® — h(1 — h)d) (3.103)
—(1 =) (B*osgh + o%h?) + (rh + vgh)
fs(h,d, %) = (1 =)((8*)*0%d + 205 5*hd + o h*d) (3.104)
—(rd + B*vsd + vighd — (1 — h)d?)
fo(h,d, 5*) = —y(1—7)5((8%)°0% + 206 0suh + o7;h?) (3.105)
+y(r + B*vs + vgh — (1 — h)d)
and

fr(h,d) = e (1 — h)'d” (3.106)
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We continue with setting up the ADI finite difference scheme to evaluate the function

V(h,d,t). Instead of plugging in the expression for §* into equation (B.89), we follow

Kahl et all [2003] in linearizing the HJB equation by evaluating the values of 5* using

the estimated values of the function V'(h,d,t) and its derivatives at the subsequent time

step. As in [Kahl et all [2003], we ensure the accuracy of the scheme by using extremely
small time steps.
In going from t; to tk_%, we use the following approximations for the derivatives

1 Vi(hior,dit, 1) — 2V (hs,di t,_ 21
th(hi,dj,tk)_ (it g 2) ( 7ok 2) (3.107)

T AR2
Ah +V(hi_1,dj,tk_%)
1 V(hiz1, djs1, ti) — V(hig1, dj_1, ty)
Via(hi, dj, te) = TALAd (3.108)
—V(hic1,djs1,te) + V(hiz1, dj1, ty)
1
Vialhsyds, t4) = 551V (i dien, ) = 2V (hi, s ) + V(hisdy i, t)] - (3109)
1
Vi(hi, dj, tr) = m[v(hi—i-lvdj?tk—%) = V(hi1,dj, t_1)] (3.110)
1
Va(hi, dj, ty) = m[v(hhdjﬂatk) = V(hi,dj-1, 1)) (3.111)
1
Vi(hi,dj, ty) = E[V(hi,dj,tk) — V(hi,dj,tk_%)] (3.112)
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Accordingly, for the half-step from t; to ¢, _ 1 equation (3.99) becomes

fi(h,d, B7) gz [V (higa, dy, 1) = 2V (hiydj b 1) + Vi(hica, dj, )]

+folhy d, B sxie V(hisr, djyrste) = V(higr, dj-1, )
—V(hiz1,djia,te) + V(hic, djq, tr)

+fa(hd, 3%) z@ [V (hiy dj i) — 2V (hi, dj ty) + V (hiy djoa s )]

+fa(h, d, %) 527

+f5(h, d, 3%) g5 [V (hay dj, 1) — V(hiy dja, )]

[V (hiy dj, t) = V(hiy dj, ty,_1)]

+f6(h7 d7 ﬁ*)V(h,Z’ dj, tk) + f?(h, d) =0

[V(h'i—l—l’ d], tk—l) - V(hi—17 dJ’ tk—%ﬂ

Rearranging the terms gives us

Lfi(hyd, %) g + fallod, %) g5z ] Vhisr, djs ty, 1)

= [2f1(h,d, )z + 2] V(hindj ty_y)

+ [filh,d, 8%) 5 — falh, d, B%)gn5 ] V(Ricr, dj 1)
— [fa(h,d, %) 1mm3]) V (his1s djga,s )

+ [ fo(h,d, 5%) 4AhAd] V(his1,dj—1,t)

falh,d, 3%) xgz + fs(h, d. B*)gxq] V (hiy djsr t)

2f3(h,d, %) W — E — fo(h,d, ﬁ*)} V(hi, dj, ty)

: (3.113)
ol

[2f

— [fs(h,d, %) 5z — fs(h,d, ") gaz5] V (hir dj—1, tr)

[

-

_|_

+ f2 h d ﬁ 4AhAd] V(hi—ladj—i-latk)
f2 h d ﬁ 4AhAd} V(hi—ladj—latk) - f7(h'7 d)
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Note that all unknowns (V(-, ~,tk_%) are to be evaluated at d;. This allows us to solve

a system of equations for each d; individually, effectively making this a series of one-

dimensional problems.

In going from tk_% to tx_1, we use the following approximations for the derivatives

th(hi,dj,tk_%) N

+V(hi_1, dj, tk—%)

1

Vhd(hi,dj,tk_%) = IALAd

1 V(hi,djs1,ti—1) — 2V (hs, dj, tp—1)

Vdd(hi> dja tk—%) - m

1

Vilhi, dj t,_1) = o7

Va(hi, dj, t,_1) = SAd

1
‘/t(hiudj7tk_l) == _[v(h’lvd.ﬁtk—l) -
2 At 2

V(hisy, dja, 1)
—V (his1,dj, tk—%)
—V(hi_lg dj+l> tk—%)

+V(h27 dj—la tk—l)

1 V(hi-i-bdj’tk—%) - 2V(hiadj>tk—%)

[V (hisr,dj ty_1) = Vihioy, dj, t_1)]

V(hiydjs1,ti—1) — V(hi, dj1,te—1)]

v(hzu djv tk—l)]

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)
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Accordingly, for the half-step from ¢, 1 to tr—1, equation (B.99) becomes

Fulh,d, 87) gV (R, st ) = 2V (his iyt y) + V (hior, ity )
V(hit1, djq, tk—%) — V(his1, dj1, tk—%)

—V(h,i_l, dj+17 tk—%) + v(hi—17 dj—lv tk—%)

+f2(h= d, ﬁ*) 4Ailed

+f3(h,d, %) 5z [V (hi, djsr, tr1) — 2V (hyy dj, teor) + V(hi, dj_q, te))]
+fa(hyd, B7) gag [V (hign dys ty 1) = V(hioa,dj by 1))

+f5(hy d, 3%) gag [V (hiy djgas trer) = V(i djoy, i)

[V iy dj 1) =V (his dj 1y )]

+f6(h7 d7 ﬁ*)V(hZ, dj; tk_%> + f7(h, d) =0

Rearranging the terms gives us

h,d,* 5 (h,d,B*
(U2 o O Yy dyr, )

— 225420 4 L1V (hy, dj, i)

[ f3(h,d,B3* h,d,3*
+ fS(Ad26 : - fS(ZAdﬁ )_ v(h'iudj—lvtk—l)

h,d,B"
= _fzzl(AhAﬁd)V(hi-i-la djt1, tk_%)

[ fi(hdB7) | fa(h,d,B*)
- 1Ah2 + 42Ah _V(hz’+1adj>tk—%) (3120>

hod, 3"
+ fi(AhAﬁd WV (hig, dja, tr_1)

(220 — L~ fo(h,d, 57| V (Rt y)
BRIV (i, dy ty_y)

h,d,3* h,d,3*
— [2G — BCL Y (1 dy )

2Ah

_fi(z}flf;) V(hi—l’ dj—b tk—%) - f7(h> d)
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Again, note that all unknowns (V(-,-,tx_;) are to be evaluated at h;. This allows us to
solve a system of equations for each h; individually, effectively making this a series of
one-dimensional problems.

We now need to determine the terminal and boundary conditions for our problem. At
t =T, we are able to rebalance our entire portfolio. Essentially, we face the same problem

as at time 0, except that our wealth level is now X (7) instead of X (0). So we must have

J(X, H*(X,T),C*(X,T),T) = J*(X, H*(X,0), C*(X,0),0) (3.121)

where H*(X,0) denotes the optimal value of H if the wealth at time 0 were to be X.

Note that this boundary condition is different from that in [Kahl et all [2003] because of

the problem context. So at ¢t =T, we could use

V(h,d, T) = V*(h*(0),d*(0),0) = V* (3.122)

This however, is problematic. We obviously do not know the value V* until we solve for
the function V' (h, d, t) by completing the backward recursion, and we can not perform the
backward recursion until we have the terminal and boundary conditions. As it were, even
the boundary conditions are reliant on V*.

One option is an iterative procedure based on an initial guess of V* and then updated
estimates based on the outcome of the backward recursion. But we prefer an alternative
route to the solution. Let us consider N time periods of this problem, and assume that
we are dealing with the last one. Assuming that after the N** period is over, the investor

immediately consumes the left-over wealth. If so, for this time period, the terminal
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condition is

X7
JN(X,H,C,T)ZT (3.123)
and therefore

Assuming we are able to then solve the n'* period problem, then we can use V*, the
optimal value function for the n'* period problem, as the terminal condition for the
(n — 1) problem. Then, as n — oo, the solution to the first period problem converges
to the solution to our problem.

Now, we set up the boundary conditions for the generic n'” problem with the terminal

condition

V(h,d, T) =V} (3.125)

At ty, =T, we can use

Vi(hi,dj, tn,) =V, (3.126)

n
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At d = 0, the consumption rate is 0 and therefore the value function at time t is the

expected value of the value function at time T'

V(h,0,t) =TV E[(32)]

X(t)
— e—é(T—t) V:
gl
H(t)e(ﬂH—%U%{)(T_t)‘i'oH(WH(T)_WH (®))
E | L
X(t)7 . Lo R R
+(X (t) — H(t))ePlus—z08)+A=A)r)(T=t)+os(Ws(T)-Ws (1))
where 3 = —+. Note tha is is an approximation that assumes that we will keep 3
here 3 = 2. Note that th th hat 11 keep f3

constant, but in reality we have (3 as a function of h, and h itself varies over time. However,

we expect this approximation to be quite close. Thus

V(h,0,t) = e TV

n

gl

h(t)e(uH—%U%)(T—t)*-JH(WH(T)—WH(t)) (3.127)
E
+(1 = h(t))eBls 3o +A=B)r)T=t)+Bos (Ws(T)=Ws (1))
which has to be evaluated numerically. So at d; = 0, we can use
V(hg, dy, ) = e 0Tty
”

hi (b, ) el =20 i) (T—ti)tom (Wi (T) =W (ir)) (3.128)

(1 = Ry(tg))eBlus=308)+(1=B)r)(T—tu)+Bos (Ws (1)~ Ws (1)

At d = dyae, we use the facts that the consumption rate (as a fraction of wealth) is

at its maximum ¢y, = 7—=r(1 — h) and 3 is 0 since all the liquid wealth is being used
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to guarantee the consumption stream. Therefore

(T—t) X(T) Y
V(h, dpaest) = / e e ds+ e TV R K—) }
( b= X(0)

() (550w

LTy | [hv (ewH—%asz—th(WH(T>—WH<t>>)q

Thus
V(h, dpmaz, t) = r_ v (1—@*6(T—t)> 1—h)
( )= (=57) 5 (1—h) (3.129)
e dT-DY B e(ris =57 (1=7)03)(T—t)
So at dy, = dyaes, We can use
v h’i7 dN 7tk - _eT;r ! (1_676(T7tk)) (]- - hz)fy
(i o ) = - (=) R (3.130)

He 0Tt h;fe(WH—%V(l—’Y)J%)(T—tk)

At h = 0, the entire wealth of the investor is in the stock or the bond, and therefore

(T—t) X(T Y
V(0,d,t) = / e % dVds + e TV E Kﬁ) }
0

X(t)
_ (1 - e:(T—t)) .

Fe 0Ty | [(€<r+ﬁus—d—%ﬁ%ng—mﬁos(Ws(T>—Ws(t>>)”]

Thus

vo,dn = (=550

He ATV s =)= br(1-y)8203) ()

(3.131)
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So at hy = 0, we can use

V(hy,dj, t) = <71‘5"”T’””) d!
’ ’ ’ (3.132)
_‘_6_5(T_tk)V; e(Vr+Brs —dj)— 57 (1=7)B202)(T~ty,)

At h =1, the entire wealth is in the hedge fund, hence there is no liquid wealth that

can be consumed. Therefore

V(1,0,t) = e 0TDy* Omr—g7(0-7)05)(T~1) (3.133)

n

So at hy, =1, we can use
V(hy,,dj, ty) = e 2Ty e =37 (=)o) (T 1) (3.134)

3.6. Summary

We have presented a systematic framework for the analysis of hedge funds as investable
assets. We have looked at the impact of illiquidity of a very specific form - where investor
funds are required to be locked up in the hedge fund for a pre-specified duration - on two
fronts.

First, we have provided a framework for the calculation of the hedge fund lockup
premium as well as an alternative measure of the impact of the lockup requirement that
we call the lockup penalty. Second, we have studied the optimal structure for a portfolio
consisting of a bond, a stock and a hedge fund under both terminal wealth and consump-
tion utility considerations. These two scenarios apply to different types of institutional

investors, with fund of funds and proprietary traders falling under the no-consumption
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setting and pension funds and university endowments falling under the utility of con-
sumption setting. Under both scenarios, we account for the availability of equities as
an alternative risky investment. While fund of funds do not usually maintain equity
positions, that is not a restriction imposed on them due to the hedge fund lockup require-
ment. Consequently, in computing the lockup premium it is appropriate to account for
the presence of equities even if they are not part of the investor’s portfolio.

An interesting aside is the following - the positions in the bond and the stock can be
changed continuously, however the position in the hedge fund can only be altered at pre-
specified intervals of time. Thus, this setting falls neither under the Merton continuous-
time framework, nor under the Samuelson discrete-time framework. We take blatant
advantage of our first-mover status and christen this the mixed continuous-discrete time
framework problem.

We have also introduced the concept of an information premium, as well as a frame-
work to calculate this premium and an alternative measure of the value of hedge fund
price information that we call the information penalty. The value of hedge fund share
price information is important in analyzing the impact of the typical secrecy (although in
most cases this is simply a result of a lack of market price information for highly illiquid
investments made by the private equity or hedge funds) that surrounds hedge fund per-
formance reporting - often hedge fund share prices are available only just before a decision

has to be made on adjusting the position in the hedge fund.
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CHAPTER 4

Consumption and Equity-Hedge Fund Portfolio Optimization

given an Intolerance for a Decline in Standard of Living
Abstract

Institutional portfolios of today are more complex than ever. Pension funds and
university endowments require steady payout streams and must try and avoid major
declines in these payouts. Moreover, their portfolios typically also include significant
exposure to alternative assets such as hedge funds. The major complication that arises
from the inclusion of hedge funds in the investor’s portfolio is that they often have a
lockup requirement, where the investor is restricted from withdrawing funds from the
hedge fund for a pre-specified duration of time.

Considering a situation where the investor has an intolerance for a decline in standard
of living, or in other words, where the investor seeks guaranteed non-decreasing consump-
tion, we provide a framework for obtaining the optimal consumption and investment
policies. The investor is allowed to invest in a bond, a stock or a hedge fund, with the
bond and the stock being continuously tradeable and the hedge fund requiring a lockup

period of given duration.
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4.1. Introduction

In their classic papers on lifetime portfolio selection given continuous- and discrete-

time settings respectively, Merton [1969] and [Samuelson [1969] both show that under a

constant relative risk aversion (CRRA) utility assumption, optimal consumption (rate for
continuous-time, amount for discrete-time) at any point in time is in direct proportion to
the then current wealth. The consumption pattern can therefore vary significantly, and
given losses on investments in risky assets, a significant loss of utility may result.

Long-term institutional investors such as pension funds and university endowments
that might require quarterly or annual payouts from their portfolios would want to
avoid major downturns in these payouts. Since the classical optimal consumption and
investment policies would not help achieve these goals, in Chapter [2] we looked at a sce-
nario where these institutional investors impose a constraint that their payouts be non-
decreasing. Note that since we impose a constraint on the classical problem, we expect a
decrease in the overall value to be gained.

Clearly, this is about as conservative as one can get in regard to downturns in con-
sumption and not a policy one would expect to be implemented. However, by study-
ing this scenario we analyze a worst-case scenario of sorts. Weaker restrictions on the
consumption pattern would yield results that are somewhere in between those from the
classical problem and those from the non-decreasing consumption problem, and the de-
crease in value relative to the classical case would consequently be lower than that in the
non-decreasing consumption problem. If desired, this solution framework can easily be
extended to other forms of habit formation, as long as they can be specified as a constraint

on the consumption process.
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In Chapter Bl we analyze the inclusion of hedge funds in institutional investors’ port-
folios. Specifically, one of the things we study is the impact that the lockup restrictions
imposed by the hedge fund have on the allocation to the hedge fund as part of the optimal
portfolio where we have three assets available to us for investment - a bond, a stock and
a hedge fund. The positions in the bond and the stock can be changed continuously,
however the position in the hedge fund can only be altered at pre-specified intervals of
time.

Here we combine these two restrictions and lay out a framework to determine the op-
timal consumption and investment policies when we have the three assets to invest in, the

hedge fund imposes a lockup period and the investor desires non-decreasing consumption.

4.2. Problem IV: Maximizing the Utility of Non-Decreasing Consumption

with Hedge Fund Price Information Available

In this section, we consider the problem of maximizing the utility of consumption,
which is restricted to be non-decreasing. Initial wealth can be invested in a bond, a stock
or a hedge fund, with the hedge fund requiring a lockup period of T'. Hedge fund share
price information is assumed to be continuously available.

Assume the notation as laid out in §3.3l The investor decides to consume at a rate
C', which is a decision made at time 0. c(t) = % (¢ in brief) is correspondingly the
consumption rate as a fraction of the total wealth. Note that while C' is fixed over the
time period under analysis, ¢(t) is a function of time due to the changes in wealth.

Assume that the inherited consumption rate is C'_ and therefore we must have C' >

C

C_. Equivalently, define c¢_(f) = x5 (c- in brief). Once we set C(0) = C_(0), we
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automatically have that ¢(t) > c_(t) for all 0 < ¢ < T. This is an important fact and we
will utilize this in our solution framework.

As before, our planning horizon is 7', i.e. at T, the investor is allowed to rebalance
the investment in the hedge fund, and essentially faces the same problem again as at time
t = 0, except that the wealth and the inherited consumption rate have now changed.

The stochastic differential equations for our problem are
dH = pgHdt + oy HiWy = (vyg + r)Hdt + oy HdWy (4.1)
and
dX = (rX + fvsX +vgH — C)dt + 056X dWs + og HIWy (4.2)

where Wy and Wg are Wiener processes with dWydWs = pdt. We want to maximize

J(X(0), H*(0),C*(0),C_,0)
—E [ [ e“st%C(t)’Ydt] (4.3)

= [y e H(CH0)dt + e TR (X (T), H(T), C*(T),C*(0),T)]

subject to the constraint that C*(0) > C_. ¢ is the discount rate for utility and
H*(0),C*(0) and H*(T),C*(T) are determined according to our resulting optimal policy.
Note that although C_ is a state variable, it influences the value function only through

the restriction it imposes on C'.

Now we proceed in a fashion similar to that in [Kahl et al! [2003]. Since X and H form

a joint Markov process, the value-to-go function J(X, H,C,C_,t) satisfies the following
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Hamilton-Jacobi-Bellman (HJB) equation

Lo302 X%+ 2posouBXH + o} H?) Jx x

+%0'12LIH2JHH + (pUsUHﬂXH + U%Hz)JXH
max =0 (4.4)

+(7‘X +ﬂI/SX + VHH— C)JX

H(r +vg)H g + Jy + e 207

The first order optimality conditions for /3 is
ﬂU%ijxx + pagaHXHJXX + pUsO’HXHJXH + VsXJX =0

Thus

—vs  Jx osag H Jxn USHE

O'g XJXX B O'g }JXX O'g X

g = (4.5)

Note that this expression for 5* is the same as that for 5* in §3.3 as well as that for ¢* in

Appendix A of [Kahl et al) [2003].

We conjecture that value-to-go function is of the form

)
J(X,H,C,C_ ) = XTV(h, ce ) (4.6)

We can verify the validity of this conjecture by rewriting the HJB equation in terms of this
function V(h,c,c_,t) and checking that the boundary and terminal conditions are free
of X. Also, similar to the relationship between J(X, H,C,C_ t) and C_, ¢_ influences

V(h,c,c_,t) only through the restriction it imposes on c.
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We first compute the partial derivatives Jy, Jxx and Jxpy in terms of h, ¢ and the

function V'(h, ¢, c_,t) and its partial derivatives V},, Vi, V. and V. as

X1
Jx = 5 (—th —cV.+ ”)/V) (47)
y—2
Jxx = (R*Vip, + Ve + 2(1 = )RV}, 4+ 2(1 = 7)cVe — v(1 = 4)V) (4.8)
X2
Ixuo = (=hVin + Vie — (1 = 4)V3) (4.9)

We can now write 3* in terms of these quantities

"—fsgmvhh—"—f%ﬂhvhc+<(1—»y)"—fszﬂ+§§>hVﬁ%ch—%w

h2Vhn+c2Veet2(1=7) AV +2(1=y)cVe =y (1=7)V (4.10)

B =

_osH
oZ h

Assuming that we do not allow borrowing, it is easy to show that given values for h
and ¢, the maximum allowed value for 3 at any time ¢ is B0, (t) =1 —h— £(1 —e "0,
Depending on the values for the problem parameters, it might be necessary to enforce
this restriction. However, we will concentrate on cases where the stock is not an overly
attractive investment and its allocation is well below this bound.

Our next step is to convert the HJB into a form that uses h and the partial derivatives

of the function V'(h,c,c_,t). To do this we also need the Jy, Jyy and J; in terms of

V(h,c,c_,t) and its partial derivatives

X1
Ju =
5

Vi (4.11)
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X2
==V (4.12)

~

Substituting the partial derivatives of J(X, H,C,C_,t) into the HJB gives us

L0332 X? + 2p050uBX H + o} H?) X~

W2V, + 2V, + 2(1 — v)th

+2(1 = 7)eVe —v(1 =)V
max =0
+(posoaBXH + 02 H*) X — (=hVip, + Vie — (1 — 7) V)

-2
Y

1 92 rr2X772
+§UHH thh

+(rX + fvsX +vgH — )X (—hV}, — ¢V, +4V)

~

+(r + v ) HE=V, + 2V, 4 e L
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Dividing through by % and rearranging the terms gives us the HJB equation in terms of

the function V' (h,c,c_,t)

%(520%}12 + 260’5‘]{}13 -+ O'%{h4)
+20%h? — (Bosuh® + o4 h?)
+(BO'5H}L + quhQ)th

+%(ﬂ2a§cz + 2B0sghc® + o4 h*c*) Ve

+ | —(rh+ Brsh + vgh® — he)

max

—(re+ Brsc + vighe — )

_l_

+v(r 4+ Bvs + vyh — ¢)

+V, 4 e~ %Y

th

(1 —)(B%02h + 2B0sgh® + 0% h?)

—(1 = v)(Bosuh + c4h?) + (rh + vgh)

1 —7)(B?0%c+ 205 8hc + 0% h’c
5 H

(1 =7)5(8%0% + 280suh + o h?)

Vi,

=0

(4.14)
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The maximum in equation (4I4]) holds when § = 5* and therefore

L(B*)20%h? + 23 0sih® + o4 hY) Vi
+505h? — (B*osuh® + ofh?)
+(B*osuh + 03 h?)Vie
+1(0)20%¢ + 20" 0suhe + o4 h2 ) Vi
(1 (5 Fokh + 25 osuah? + o)
+ | —(rh+ B*vsh + vgh? — he) v
(4.15)
—(1 =) (B*osuh + o} h?) + (rh + vgh)
(1 =((6*)?0%c + 2058 he + o h*c)
et Bruse-t vighe — )
(= ) L(§)0% + 25 sl + o)

+v(r + f*vs + vgh — ¢)

+

+V, +e %" =0

As in the case of Problem II (§3.4), we have to solve for the value function by building
a grid on a 2-dimensional state space (h,c). Again, we would like to use the Alternating
Direction Implicit (ADI) scheme but we are faced with the same issues as before. First, we
have a mixed second-order derivative V}. which can not be eliminated. The second issue
is the following: in addition to the maximum allowed consumption rate depending on the
amount invested in the hedge fund, the minimum allowed consumption rate depends on the
inherited consumption rate. We enforce these condition at time 0, and then assume that
an appropriate amount is invested in the bond to meet the consumption requirements.

This ties in with the earlier condition on the maximum allowed value of 3. Once the
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consumption rate is fixed at C' > C'_, to guarantee this consumption stream we require to
put £(1—e~"7) in the bond. Clearly this amount increases with an increase in C. Then,
given an initial investment H(0) in the hedge fund, the maximum allowed consumption
rate C,,q, would satisfy the following equation

Cma:c

r

X(0) = (1—e™) + H(0) (4.16)

Dividing by X (0), we get an expression for the maximum initial value for ¢,,,,, which is

the consumption rate expressed as a fraction of the total wealth

r

maxzil_h .
¢ (L= h) (4.17)

Thus, one of the boundaries for our problem is ¢ = ==+ (1 —h), leading us to implement

a rectangular grid on a two-dimensional feasible state space that is triangular in shape.

To resolve this issue, we replace ¢ by d as a state variable, where

(4.18)

d can be interpreted as the consumption rate as a fraction of the liguid wealth. Then

r
Aoy = —— .
——— (4.19)
Similarly
dpin = ——— = d_ (4.20)
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Clearly, we lose no information by making this change, but the feasible state space now

becomes rectangular, with the bounds on both state variables becoming independent of

each other. Since

1
Ve=q3 Y
1
‘/;c_ Vi
1—h)y dd
1
Vie = 1_thd

equation (AI0) becomes

B =

. ;LV}Ld‘i‘((l 77 hVy,+ ded_
g

h2Vpp+d?Vag+2(1—y)hVy,+

—gSH])
Us

(4.21)

(4.22)

(4.23)

(4.24)
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and equation (£I5]) changes to

L(5*)202h2 + 28 asuh® + 0% hY)
i " Vih + (B 0sm + 03 h) L Via
+505h? — (B*osuh® + ofh?)
+3((5°)20%d? + 26 0suhd® + 0 h*d*) Vaa
(1 =7)((6*)20%h + 2B*osuh® + o, h*)
+ | —(rh+ Bvsh + vgh? — h(1 — h)d) Vi
—(1 =)(Bosuh + o5h®) + (rh +vgh) (4.25)
(1 =((8*)?0%d + 205 3*hd + o3 h*d)
+ Va
—(rd + B*vsd + vighd — (1 — h)d?)

N —y(1 = )5((6*)%0% + 26*0sgh + o} h?)

—l—’)/(T + B*vs + vgh — (1 — h)d)

+V, 4+ e %1 — h)'d" =0
or in brief as

fi(h, d, B)YWan + fo(h,d, B3*)Vha + f3(h, d, 3*)Vaa + fa(h,d, 3*)V,

(4.26)
+fs(h,d, 3)WVa+ Vi + fo(h,d, 3)V + fz(h,d) =0
where
fi(h,d, p*) = %((6*)2@%}12 +2B*0sgh® + 0% h?) (4.27)
‘|‘%O’%{h2 — (ﬁ*O'SHh2 + U?{h3)
fa(h,d, 3*) = (BFosy + a?{h)i (4.28)

1—h
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fo(h,d, B) = %((ﬁ*)%gcﬂ + 28 osuhd® + 0% h2d?) (4.29)

f4(ha d> ﬁ*) =

(1 =)((B")%0%h + 26" 0suh® + o3, 1?)

—(rh + B*vsh 4+ vgh® — h(1 — h)d) (4.30)

_(1

— ) (B*osgh + o%h?) + (rh + vih)

folh,d, 8 = (1= )((8")20%d + 20513 hd + 0% h2d) (4.31)
—(rd + B*vsd + vghd — (1 — h)d?) |
fo(h,d, 37) = =y(1 = 9)5((8°)?0% + 28 0suh + o3, h?) (4.32)
+y(r+ Bvs +vygh — (1= h)d)
and
f7(h,’ d) _ 6_5t(1 _ h)*yd’y (433)

We continue with setting up the ADI finite difference scheme to evaluate the function

V(h,d,t). Instead of plugging in the expression for §* into equation (AI3]), we follow

Kahl et all [2003] in linearizing the HJB equation by evaluating the values of 5* using

the estimated values of the function V'(h,d,t) and its derivatives at the subsequent time

step. As in [Kahl et al.

2003

], we ensure the accuracy of the scheme by using extremely

small time steps.



118

In going from t; to t)_1, we use the following approximations for the derivatives

1| V(hiprsdyotyos) =2V (hi dj s
Vin(hi, dj, ) = (hivs, djy 2) (hi, dj, Ty 2)

T AR2
AN +V(hica, djity_1)
1 V(hi+17dj+1atk) - V(hi'i‘l’dj_l’tk)
Vha(hi, dj, te) = AALAd

=V (hi—1,djia,te) + V(hic, djoa, ty)

1
Vaa(hi, dj, ty) = A—dQ[V(hi, dip1,te) — 2V (b, dj, te) + V(hi, dj_q, tr)]

1

Vi(hi, dj, ty) = AT

[V hisr, djsty 1) = V(hioy, dj 1))

Va(hi, dj, t) = ﬁ[v(hhdjﬂatk) — V(hi, dj—1,th)]

1
Vt(hiv djv tk) = E[v(hiv djv tk) - V(hiv dj? tk—%)]

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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Accordingly, for the half-step from t; to ¢, _ 1 equation (£.26) becomes

fi(h,d, B7) gz [V (higa, dy, 1) = 2V (hiydj b 1) + Vi(hica, dj, )]

+folhy d, B sxie V(hisr, djyrste) = V(higr, dj-1, )
—V(hiz1,djia,te) + V(hic, djq, tr)

+fa(hd, 3%) z@ [V (hiy dj i) — 2V (hi, dj ty) + V (hiy djoa s )]

+fa(h, d, %) 527

+f5(h, d, 3%) g5 [V (hay dj, 1) — V(hiy dja, )]

[V (hiy dj, t) = V(hiy dj, ty,_1)]

+f6(h7 d7 ﬁ*)V(h,Z’ dj, tk) + f?(h, d) =0

[V(h'i—l—l’ d], tk—l) - V(hi—17 dJ’ tk—%ﬂ

Rearranging the terms gives us

Lfi(hyd, %) g + fallod, %) g5z ] Vhisr, djs ty, 1)

= [2f1(h,d, )z + 2] V(hindj ty_y)

+ [filh,d, 8%) 5 — falh, d, B%)gn5 ] V(Ricr, dj 1)
— [fa(h,d, %) 1mm3]) V (his1s djga,s )

+ [ fo(h,d, 5%) 4AhAd] V(his1,dj—1,t)

falh,d, 3%) xgz + fs(h, d. B*)gxq] V (hiy djsr t)

2f3(h,d, %) W — E — fo(h,d, ﬁ*)} V(hi, dj, ty)

: (4.40)
ol

[2f

— [fs(h,d, %) 5z — fs(h,d, ") gaz5] V (hir dj—1, tr)

[

-

_|_

+ f2 h d ﬁ 4AhAd] V(hi—ladj—i-latk)
f2 h d ﬁ 4AhAd} V(hi—ladj—latk) - f7(h'7 d)
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Note that all unknowns (V(-, ~,tk_%) are to be evaluated at d;. This allows us to solve

a system of equations for each d; individually, effectively making this a series of one-

dimensional problems.

In going from tk_% to tx_1, we use the following approximations for the derivatives

+V(hi_1, dj, tk—%)

1
th(hi,dj,tk_%) N
1
Vhd(hi,dj,tk_%) = IALAd

1 V(hi,djs1,ti—1) — 2V (hs, dj, tp—1)

Vdd(hi> dja tk—%) - m

1

Vilhi, dj t,_1) = o7

Va(hi, dj, t,_1) = SAd

1
‘/t(hiudj7tk_l) == _[v(h’lvd.ﬁtk—l) -
2 At 2

V(hisy, dja, 1)
—V (his1,dj, tk—%)
—V(hi_lg dj+l> tk—%)

+V(h27 dj—la tk—l)

V(hiy1,d;, tk—%) — 2V (h;, dj, tk—%)

[V (hisr,dj ty_1) = Vihioy, dj, t_1)]

V(hiydjs1,ti—1) — V(hi, dj1,te—1)]

v(hzu djv tk—l)]

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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Accordingly, for the half-step from ¢, 1 to tr_1, equation ([A26]) becomes

Fulh,d, 87) gV (R, st ) = 2V (his iyt y) + V (hior, ity )
V(hit1, djq, tk—%) — V(his1, dj1, tk—%)

—V(h,i_l, dj+17 tk—%) + v(hi—17 dj—lv tk—%)

+f2(h= d, ﬁ*) 4Ailed

+f3(h,d, %) 5z [V (hi, djsr, tr1) — 2V (hyy dj, teor) + V(hi, dj_q, te))]
+fa(hyd, B7) gag [V (hign dys ty 1) = V(hioa,dj by 1))

+f5(hy d, 3%) gag [V (hiy djgas trer) = V(i djoy, i)

[V iy dj 1) =V (his dj 1y )]

+f6(h7 d7 ﬁ*)V(hZ, dj; tk_%> + f7(h, d) =0

Rearranging the terms gives us

h,d,* 5 (h,d,B*
(U2 o O Yy dyr, )

— 225420 4 L1V (hy, dj, i)

[ f3(h,d,B3* h,d,3*
+ fS(Ad26 : - fS(ZAdﬁ )_ v(h'iudj—lvtk—l)

h,d,B"
= _fzzl(AhAﬁd)V(hi-i-la djt1, tk_%)

[ f1(h,d,B* h,d,B"
- fl(Ahz L 4 f4(2Ah )_ V(h”l’dj’tk—%) (4.47)

hod, 3"
+ fi(AhAﬁd WV (hig, dja, tr_1)

(220 — L~ fo(h,d, 57| V (Rt y)
BRIV (i, dy ty_y)

h,d,3* h,d,3*
— [2G — BCL Y (1 dy )

2Ah

_fi(z}flf;) V(hi—l’ dj—b tk—%) - f7(h> d)
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Again, note that all unknowns (V(-,-,tx_;) are to be evaluated at h;. This allows us to
solve a system of equations for each h; individually, effectively making this a series of
one-dimensional problems.

We now need to determine the terminal and boundary conditions for our problem. At
t =T, we are able to rebalance our entire portfolio. Essentially, we face the same problem
as at time 0, except that our wealth level is now X (7) instead of X (0). So we must have

J(X, H*(X,C*(X,C_,0),T),C*(X,C*(X,C_,0),T),T) (4.48)

= J(X,H*(X,C_,0),C*(X,C_,0),0)

where H*(X,C_,0) and C*(X,C_,0) denote the optimal value of H and C'if the wealth

at time 0 were to be X and the inherited consumption rate was C'_. Note that this

boundary condition is different from that in [Kahl et all [2003] because of the problem

context. So at t =T, we could use

V(h,d,T) = V*(h*(d,0),d"(d,0),0) = V* (4.49)

where h*(d,0) and d*(d, 0) denote optimal values determined using d as the inherited con-
sumption rate as a fraction of liquid wealth. This however, is problematic. We obviously
do not know the value V* until we solve for the function V'(h,d,t) by completing the
backward recursion, and we can not perform the backward recursion until we have the
terminal and boundary conditions. As it were, even the boundary conditions are reliant
on V*.

One option is an iterative procedure based on an initial guess of V* and then updated

estimates based on the outcome of the backward recursion. But we prefer an alternative
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route to the solution. Let us consider N time periods of this problem, and assume that
we are dealing with the last one. Assuming that after the N** period is over, the investor
immediately consumes the left-over wealth. If so, for this time period, the terminal

condition is

X7

J(X,H,C,C’_,T):T (4.50)
and therefore

V(h,d, T)=1 (4.51)

Assuming we are able to then solve the n'* period problem, then we can use V*, the
optimal value function for the n'® period problem, as the terminal condition for the
(n — 1) problem. Then, as n — oo, the solution to the first period problem converges
to the solution to our problem.

The other complication in this process is the handling of the inherited consumption
rate in its various forms (C_,c_,d_). For the n'® problem, when we are performing a
backward recursion there is obviously no way of knowing what the inherited consumption
rate is going to be. Luckily, d_ is bounded below at 0 and above at the same bound that d
has, i.e. d,4:. So we will solve the two-dimensional finite difference problem for different
values of d_ and store the optimal solutions for each of these values at every n, essentially
introducing a third dimension into our problem, albeit without bringing it into the finite
difference grid. Then, when we solve the (n — 1) problem, the consumption rate d,_;
we decide on will determine the terminal value of a certain amount of wealth, this value

being generated by an interpolation of the stored values of V*(d_).
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Now, we set up the boundary conditions for the generic n'* problem with the terminal

condition
V(h,d, T)=V> (4.52)
At ty, =T, we can use

V(hiodg, tn,) = Vi (4.53)

At d = d_, the consumption rate is ¢_ and therefore

V(h, d_,t) _ O(T—t) 6_5801615 + 6—5(T—t)V72< E [(%)7}

_ (71—6’2”’”) (d_(1 = b)) + e~ ST-DY*

v
H(t)e(uH—%U%)(T—t)-I-UH(WH(T)—WH ®))

1
D X () . o . .
(X (E) — H(t))eBlos—5od)+1-An(T—t)+hos (Ws(T)-Ws (1)

where B = % Note that this is an approximation that assumes that we will keep ﬁ

constant, but in reality we have 3 as a function of h, and h itself varies over time. However,

we expect this approximation to be quite close. Thus

V(h,d_,t) = (I‘%QT)) (d_(1 = h))" + e=5T=D Y
ol

h(t) e =303 (T (Wi (1)~ Wi (1) (4.54)
E
(1 = h(t))eBls—3oR)+A=B)r)(T=)+Bos (Ws(T)=Ws (1))
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which has to be evaluated numerically. So at d; = d_, we can use

V(h,dy, ty) = <%M) (di(1— hy))" + e—é(T—tk)v;:

)
By (b, ) el =20 i) (T—ti)tom (Wi (T) =W (r)) (4.55)
E
(1 = hy(tg))eBlus=303)+(A=B)r)(T—tu)+Bos (Ws (1)~ Ws (1)

)

At d = d,pq., we use the facts that the consumption rate (as a fraction of wealth) is
at its maximum ¢y, = 7—=r(1 — h) and 3 is 0 since all the liquid wealth is being used

to guarantee the consumption stream. Therefore

= X(T)\"
V(h,dmaz,t) = / e %) ds+e TV | K—) }
(e )= ) X(0)

() (25

fe Ty | {m (eom—éo%I)(T—moH<WH(T>—WH<t>>)q

Thus

V(h, dpas, t) = (1_;7@)7 (1—e*§(T7t)> (1—h)

(4.56)
Fe 0Ty premn—31(1=ef) (T )
So at dy, = dyez, We can use
v hi, dN ,tk — _67;7. v (1—6*5(T7tk)> (1 . hl)fy

+e 0Tty p ey = 37(1=7)o ) (T—ty)
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At h = 0, the entire wealth of the investor is in the stock or the bond, and therefore

(T—t) X(T)\"”
V(0,d,t) = / e BdVds + e T VYV R K—( )) }
0

X(t)
_ (1 — e;(T—t)) .

Fe Ty | [(e(T’-i-ﬁ*Vs—d—%(5*)20’%)(T—t)+ﬁ*Us(Ws(T)—Ws(t)))q

Thus

O e

(4.58)
LS T=0Y s (8 s —d)~(1=) (8)03)(T=)

So at hy = 0, we can use

Vi(h,dj, ty) = (%M) dj

(4.59)
Lo ATt x4 —dy) = §3(1-7)(3°)203) (T 1)

At h =1, the entire wealth is in the hedge fund, hence there is no liquid wealth that

can be consumed. Therefore
V(1,0,t) = €—5(T—t)V7;k e —57(1=7)oF)(T—t) (4.60)
So at hy, = 1, we can use

V(hn,,dj, ty) = e 0Tty s =57 (=)o F) (T —ty,) (4.61)
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4.3. Summary

We have analyzed the situation of an investor who is allowed to invest in a bond, a stock
or a hedge fund, with the bond and the stock being continuously tradeable and the hedge
fund requiring a lockup period of given duration. The investor wants to guarantee that
consumption is non-decreasing - an extreme form of habit formation. We have provided
a framework for obtaining the optimal consumption and investment policies under such
a scenario.

It is not expected that such a conservative restriction would ever be implemented.
However, by studying this scenario, we essentially have performed a worst-case analysis
in that weaker restrictions on consumption patterns would result in a decrease in value
relative to the classical case that is lower than that in the non-decreasing consumption
problem.

Pension funds and university endowments require steady payout streams and must try
and avoid major declines in these payouts. Moreover, their portfolios typically also include
significant exposure to alternative assets such as hedge funds. The major complication
that arises from the inclusion of hedge funds in the investor’s portfolio is that they often
have a lockup requirement, where the investor is restricted from withdrawing funds from
the hedge fund for a pre-specified duration of time. Consequently, the approach laid out
here is of immense importance to these institutional investors, whose portfolio structures

must account for more complications than ever before.
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CHAPTER 5

Summary

In Chapter 2], we have presented a solution method for the discrete-time consumption
and investment optimization problem where the consumption rate process is constrained
to be non-decreasing.

We first prove that the value function for our problem must have a specific form that
depends on an unknown function of a bounded state variable, and then use an iterative
procedure to complete the solution.

The structure of the solution is intuitive. Feasibility of the problem is easily checked -
does the agent have enough wealth to guarantee herself the current consumption rate by
putting all her wealth into the risk-free asset? Once we have feasibility, the agent achieves

an optimal outcome as follows:

e At each decision epoch, the agent decides on the current consumption rate based
on her current wealth and the consumption rate at the previous step.

e Next, the agent puts an amount in the risk-free asset that is equivalent to the
present value of a perpetuity stream with a payout at the current consumption
rate.

e Now, based on the current state of the system, a proportion of the remaining

wealth is put in the risky asset, with the rest going into the risk-free asset.
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The non-decreasing consumption constraint leads to a conservative approach being
adopted by the agent which offers significant downside protection without significant
losses in certainty-equivalent consumption. The impact of an increase in the time interval
between decision epochs (7) is as expected - an increase in the length of the time interval is
seen to lower the ideal fraction of wealth consumed as well as decrease the net proportion
of wealth invested in the risky asset for any feasible state.

Continuous-time approximations do not work well for investments that only have
limited liquidity or for increased lengths of the time interval. This is also true of assets
that have negatively skewed leptokurtic risky return distributions. In such cases, the
ability of our methodology to work with any reasonable asset return distribution proves
very useful. This is especially of appeal to institutional investors in hedge funds that may
have both limited trading opportunities and non-normal returns.

We could consider some other form of habit formation but we anticipate results that
are very similar to those derived in this paper. Other restrictions that are implemented to
smooth consumption are not as conservative a strategy as non-decreasing consumption,
thereby the loss of utility from other methods of smoothing consumption can not be more

than that from forcing consumption to be non-decreasing. Thus, a broader implication

of this paper, when considered in conjunction with [Rogerd [2001], is that the limitations
on trading frequency can have a greater impact in utility terms than smoothing of con-
sumption.

In Chapter Blwe first provide a framework for the calculation of the hedge fund lockup
premium and an alternative measure that we refer to as the lockup penalty. Second, we

have studied the optimal structure for a portfolio consisting of a bond, a stock and a
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hedge fund under both terminal wealth and consumption utility considerations. These
two scenarios apply to different types of institutional investors, with fund of funds and
proprietary traders falling under the no-consumption setting and pension funds and uni-
versity endowments falling under the utility of consumption setting. Under both scenarios,
we account for the availability of equities as an alternative risky investment. While fund
of funds do not usually maintain equity positions, that is not a restriction imposed on
them due to the hedge fund lockup requirement. Consequently, in computing the lockup
premium it is appropriate to account for the presence of equities even if they are not part
of the investor’s portfolio.

Chapter B also introduces the concept of an information premium, as well as a frame-
work to calculate this premium and an alternative measure of the value of hedge fund
price information that we refer to as the information penalty. Often hedge fund share
prices are available only just before a decision has to be made on adjusting the position
in the hedge fund - our framework essentially allows the investor to determine the fair
value for obtaining access to the share price information on a continuous basis.

In Chapter @ we combine the restrictions on consumption and liquidity from Chapters
and [3 and provide a framework for obtaining the optimal consumption and investment
policies under such a scenario.

Pension funds and university endowments require steady payout streams and must try
and avoid major declines in these payouts. Moreover, their portfolios typically also include
significant exposure to alternative assets such as hedge funds. The major complication
that arises from the inclusion of hedge funds in the investor’s portfolio is that they often

have a lockup requirement, where the investor is restricted from withdrawing funds from
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the hedge fund for a pre-specified duration of time. Consequently, the approach described
in Chapter [lis of significant use to these institutional investors, whose portfolio structures

must account for more complications than ever before.
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APPENDIX A

Proofs of Results in Chapter

To prove Theorem[I], we first need to establish some required results. We will return to
this proof once we have done so. We continue to use v*, r*, a and & as a briefer notation
for v*(W,,, Cp1), 7 (W, Cr1), a(W,, C,—1) and &(W,,, C,,_1) respectively. These still
represent functions of the state variables and are not constants.

In some of the following lemmas. we will utilize results from Chapter 5 of Bertsekas

and Shreve [1978, reprinted 1996] as well as from Chapters 1 and 3 (Vol. II) of Bertsekas

[1995]. The results in these chapters are for a minimization problem - but the problem

can be interpreted as a minimization of the negative of its objective function, which is the

expected discounted present value of the utility stream. We use the prefix [BS5] to refer

to results obtained in [Bertsekas and Shreve [1978, reprinted 1996] and the prefix [B1] and

[B3] for those obtained in Chapters 1 and 3 of [Bertsekas [1995] respectively.

Lemma A-1. The value function V*(-) corresponding to the optimal solution to our

problem must satisfy the following optimality equation,

_ =0T
V(Wa, Coo1) = maz =5"u(c,)
0<an<1

cp>cp (A_l)

+ATIE, [V(Wn[(l — an) R+ apRy] — (R — 1), ¢)| Wi, cn_l}

where u(-), A, R and R are as defined before.
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Proof: The reward function in this case (written in the style of [BS5]) is

1 —e 97 1—e971
5 ulen) = ——5—={ea)? (A-2)

9([Wh, en-1l, [Cn,an],é) - _

Thus, since the consumption ¢, will always be positive, g([Wi, ¢a_1], [cn, an], R) is positive
(negative) if v is negative (positive). Remember that v < 1.

Assume for now that ¢y > 0. Then, for all feasible states and actions, we have either
9(Wa, ena], [en, an], R) <0V >0 if v>0 (A-3)

or
9(Wh, ool [enman), R) >0 ¥ n>0  if <0 (A-4)

Note that the above relationships hold for ¢y = 0 in the limit.

By proposition ([BS5].5.12), if equation (A-3) holds, then assumptions ([BS5].D),
([BS5].D1) and ([BS5].D2) hold, with the scalar in ([BS5].D2) equal to A~!. Similarly,
if equation (A=) holds, then assumptions ([BS5].I), ([BS5].11) and ([BS5].12) hold, with
the scalar in ([BS5].I2) equal to A~'. In either case, all results in ([BS5]) apply to our
problem.

Using either proposition ([BS5].5.2) (if v < 0) or proposition ([BS5].5.3) (if v > 0),

there exists a function V* that satisfies the optimality equation

vV =T(V") (A-5)
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where

T(V)([Wh,cn-1]) = max  H([Why, cn-1l, [cn, an], V) (A-6)

cn>cp_1
and in turn

H(Wh, cnaal, [en, o), V) =Eg [9([Wha, cnzil, [cn, anl, Ji’)
(A-7)
+ A_1V(Wn+1(cn,ozn,f%),cn)‘Wn,cn_l]

Note that the above equations incorporate the reversal from the minimization form of

[BS5] to our maximization form. Putting equations (A-2)), (A-H), (A-6) and (A-7) to-

gether, we obtain

1_6757'
. 5 u(cn)
V*(Wh, cn1) = maz Ep )
0<an<1 ATV (Waga (Cn, iy R), )| W, an

cn2cn_1

(A-8)

Using the independence of u(c,) from the behavior of the risky asset during the (n + 1)

time interval (as characterized by R), and the wealth dynamics in equation [2.I1]), we

conclude that the optimality equation (A=I]) holds. O

Examining equation (A-Il), we can expect that the optimal policies ¢, and «,, will
be stationary - i.e., the history H,, = {Wy, co, ao, W1, c1, a1, ... W, } impacts the optimal
policies only through the current states W,, and ¢,_;. However, since we are dealing with
uncountable state and action spaces and generalizations of dynamic programming results

are tricky in these settings, it is prudent to formalize this expected result.
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Once we have established the existence of a stationary solution in the following lemma,
we switch our notation to the stationary form as well - from here on, w, ¢, x, o will repre-
sent the current wealth, current consumption rate, current ratio and current investment
in risky asset respectively, and the suffixes + and — will be used to denote the next-step
and previous-step values of these variables. Note that our state variables are w, c¢_ and

x, whereas ¢ and « are our optimal stationary policies, should they exist.

Lemma A-2. There exists an optimal stationary policy [c(w,c_), a(w,c_)] defined
for all feasible states (w,c_). Moreover, the optimality equation (A=1]) can be rewritten in
stationary form as

%U(C)

Vi) = — +ATE, [V (w[(l —a)R+aR] - £(R—1), C) [w, C‘}

c>c

(A-9)

where (w,c_) is any feasible state. The value function Vi(-) generated by the optimal
stationary policy satisfies the optimality equation (A-9) and consequently, also equation

(A=1). We therefore have Vi(-) = V*()

Proof: For all feasible states (w, c_), there is an optimal policy in the continuous-time
framework; with finite time intervals between decision epochs, we can only do worse. Also,
the action space is bounded. So for all feasible states, there exists an optimal policy. Hence
proposition [BS5].5.4 applies. When v < 0, we know that assumptions ([BS5].I), ([BS5].11)
and ([BS5].12) hold and we can use proposition ([BS5].5.4) to state that some stationary

policy [c(w, c_), a(w, c_)] defined for all feasible states (w, c_) achieves optimality.
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An equivalent general result is not available under assumptions ([BS5].D), ([BS5].D1)
and ([BS5].D2). Fortunately, we need not get bogged down in the details, and a brief
explanation will suffice - in the equivalent general problem we would be minimizing un-
bounded negative rewards (or maximizing unbounded positive rewards, as is the case in
our problem for v > 0) and counterexamples exist to show that an equivalent general
result proving the existence of optimal stationary solutions cannot be obtained. Conse-
quently, we need to obtain the desired result for our problem in a somewhat convoluted
manner.

The basic idea is to convert the problem from one that maximizes the discounted
sum of positive rewards to one that maximizes the discounted sum of negative rewards.
We know that the continuous-time solution would obtain a higher value for any state.
Therefore, if we define the discrete-time rewards as the excess over those in continuous-
time for any given state, we are now trying to maximize negative rewards.

To make this a little more formal, given state vy, = [W,, ¢,—1], the continuous-time
value is V.(y,). We look at each sample path w that goes from time n to n + 1. If we
follow the continuous-time policy, suppose we earn 7.(y,,w) and land in state y.(y,,w).

Let

fc(yn> = Ew [Tc(ym w) + A_l[‘/c(yc(ym w)) - ‘/c(yn—l—l ‘ym II"L:L):I:| (A—lO)

where g7 is the optimal policy for the discrete-time problem at time n. We know that we
cannot do better than earning this reward in the discrete-time case before the next re-
balancing because, if we did, we would then exceed the continuous-time optimal value in

the limit. The discrete-time problem is equivalent to a problem to maximize V' (y) — V.(y).
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Now, the rewards are all negative, and we are trying to maximize their discounted sum.
Assumptions ([BS5].I), ([BS5].11) and ([BS5].12) now hold, and again we use proposition
([BS5].5.4) to state that some stationary policy [c(w, c_), a(w, c_)] defined for all feasible
states (w, c_) achieves optimality.

Thus, for both cases we have an optimal stationary policy - consequently, the value
function Vi(-) generated by this stationary policy must satisfy equation ([A-Il). Conse-
quently, Vi(-) = V"(:).

Finally, equation ([A=9) is clearly the stationary form of the optimality equation (A=)

and holds because of the existence of an optimal stationary policy. U

In general, it is not necessary that there will be a unique fixed point of the operator T’
(see Example [B1].1.2), so we need to formally establish its uniqueness. This would allow
us to declare any stationary policy that generates a fixed point of the operator T' to be

an optimal policy.

Lemma A-3. If the value function Vi(-) corresponding to an optimal stationary policy
is of the form Vi(c_,w) = Uy(S)wY where Uy(+) is a bounded function for all feasible
values of =, then Vi(-) is a unique solution of the optimality equation (A=9) - i.e., Vi(-) is
a unique fixed point of the operator T'. Consequently, any stationary policy that generates

a value function that is of the above form and is a fixed point of T must be an optimal

stationary policy.

Proof: In lemma[A-2] we have shown that the problem under assumptions ([BS5].D),

([BS5].D1) and ([BS5].D2) can be converted to a problem under assumptions ([BS5].1),
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([BS5].11) and ([BS5].12). Consequently, we only show the uniqueness of the solution V*(+)
when assumptions ([BS5].1), ([BS5].11) and ([BS5].12) hold.
In this case, proposition [B1].1.2.3 tells us that a stationary policy [cf, o] is optimal

if and only if it solves TV, = Tjcx 4]V, where T 4+ is defined as

Tieg 03 (V) ([w; c-])
_ g, | e b e ait el B (A1)
FATV (w (i (w, e-), al(w, e2), R), e(w, ) w, e

;From lemma [A-T] we know that a solution V* to TV = V exists. We now need to show
that V* is also the V; that solves TV = Tj.: o-jV'. Suppose Vi(c_,w) = U,(%)w?, and we
have a solution V*(c_,w) = U*(<)w? = TV* where U*(%) is bounded. Now, we can

use Exercise [B3].3.5.
U* being bounded implies that there exists 0 < A < oo such that Uy(5) + A > U*(%).

Now, we also have

where

T ((U (C—‘> + A) uﬂ) =V, + A

w

Doing this n times yields

Vi + A" " > VF
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or, in the limit, V; > V*. Therefore, V* = V,. Consequently, T" has a unique fixed point,
and if the value function generated by a stationary policy solves TV = V', then that

stationary policy must be optimal. 0

Lemma A-4. V*(-) is continuous in the current state variables (w,c_) if the con-

sumption policy ¢, is continuous in (W, C,_1).

Proof: The continuity of the function V* follows from its representation as the ex-
pected discounted present value at decision epoch 0 of the utility stream under the optimal
policy

o0

Z(A_l)"u (cn(wn, €a-1))

n=0

V*(w,c_) =EX

Wy = W, C_g = C_] (A—12)

Clearly, if u(-) is continuous in ¢, and the consumption policy ¢, is itself continuous in

(wp, ¢n_1), we have that V*(-) is continuous in the current state variables (w,c_). O

Lemma A-5. The function V* that solves [A=9) takes values in (ll(rw)V, O) if v <0

5y

and in (%%(rw)“’,oo) if 0 <~y <1.

Proof: V* is real valued. Given any feasible state, any policy that:

e produces a feasible consumption stream, and,
e for which one can explicitly calculate the value of the right hand side of the
optimality equation, ([A-9)
immediately gives us a lower bound on the actual value of V* for that state.
Given any feasible state (w, z) € S, if the agent puts all her wealth into a consumption

perpetuity, then the resulting consumption stream of rw at every decision epoch is feasible;
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we can explicitly calculate the value of the right hand side of equation ([A=9) as the present
value of the utility perpetuity, since that is the only source of value. This present value
is su(rw) = %%(rw)y. Therefore, %%(rw)“’ is a lower bound on the value function V* for
any feasible state (w,z) € S.

Moreover, this lower bound is not achievable if the risky asset is attractive enough -
the precise condition being p > 0. To see this, consider the scenario where A > 0 (small)
is put into the risky asset at the current decision epoch, and the rest is put into the

consumption perpetuity. At the next decision epoch, the entire wealth is moved into the

consumption perpetuity. Then, the value obtained from this strategy will be
p perp Y gy

Vi(w,c_) =

AN (r(w — N —1 r(AR—i—w—)\)ﬁ{
(12 oo &ty %( 7 )

Then we have

OV (w,c_) _ (

Y >r”’w )71

LAaloR, {(R 1) (w+ AR~ 1))”_1}

and, for A\ close to 0

OV (w, c_ 1—- A1 A ~ _
7)\(8)\ ) ~— <75 ) rTw T TTVER [(R - Dw” 1}

For % to be positive (thereby implying increasing value with an increase in A from

0), we end up with the simple condition that p > 0. Intuitively, the risky asset needs
to have an expected return rate greater than the pure rate of time preference for it to

be attractive enough to warrant investment. We will assume this to be the case, since
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otherwise the problem is trivial and the optimal strategy is to put everything into the
consumption perpetuity.

Now we move to the upper bound - V* represents the objective function of our opti-
mization problem, which is a discounted sum of utility obtained at each decision epoch.
If v < 0 then the utility at each step will be negative, and consequently so will V*. This
automatically places an upper bound of 0 on V*. If 0 < v < 1 then the utility at each
step will be positive and the upper bound on V* stays at +o0o. Note that the lower bound
is also positive in this case. In either case, to achieve the upper bound, the consumption
rate will have to be infinite, which is infeasible given a finite initial wealth.

Therefore, given state (w,z) € S, V* must take some real value in (%%(rw)“’,O) if

v < 0 and in <%%(rw)”,oo) if 0 <~y <1 O

Lemma A-6. The function

Ve, e) = sule) + - (i - 1) o (9 - 1)7 (A-13)

reooor [ r

where v* € (v,1) is an appropriate form for the value function at any feasible state (w,c_)
given a stationary policy [c(w, c_), a(w,c_)].

Consequently, the function Vo-(w,c_) as defined in equation (2.19) is an appropriate
form of the value function for the policy defined in equations (2.21), (2.23), (2.29), (2.23)
and (2.20).

Proof: Given any stationary policy [c¢(w,c_), a(w,c_)]|, we know that every feasible

solution guarantees a consumption stream of at least ¢. This gives us an immediate
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lower bound on the value function as ju(c), which is the first term in the definition of
Vo (w,eo).

The only other source of value in our problem is the potential for an increase in the
guaranteed consumption amount. The contribution from this source can only be posi-
tive. It can easily be shown that the term % (& — %)1_7* (e — %)7 is always positive.
Moreover, for any value increment in (0, 00), we can find a v* € (-, 1) such that this term
exactly matches the increment. Therefore, V.5 (w, c_) as defined in equation (A-13) is
a legitimate representation of the value function corresponding to any stationary policy
[e(w, ), a(w, c_)].

The consumption is modeled in equations (224, [2.20) and ([226]) as a regulated

process. This is equivalent to the consumption rule
¢ =max(c_,r*w) (A-14)

as utilized in the function V,«(w, c_). Plugging in the above (equation (A=I4])) consump-
tion policy into the definition of V.2 (w,c_) (equation ([A-13)), we see that the function

Vo«(w,c_) as defined in equation (ZI9)) is an appropriate form of the value function for

the policy defined in equations (2.21), (2.22)), (224), (225) and (2.20). O

Lemma A-7. The function Vo«(w,c_) as defined in equation (219) can be restated

in terms of the wealth w and a function U.«(x) of the ratio state variable x.
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Proof: Rewriting equation (2.19), we see that

Vi (w, co) =wTu (max (%,r*))

1—v* 7
7’(1 1) N\ 1 1
(2T (o)) (o
o\rc r w max(j,r*) r

Using equation (2.I3)), we have

Vo (w, c2) = Viu(w, z) = wUy () (A-15)
where
Uy () =5 (maz (z, )
1— y (A-16)
rf(1 1 o\ 1 1
+5 (F — ;) (max (x,r")) (max D) r)
U

Lemma A-8. For any given feasible state (w,c_) (or equivalently, (w,z) € S), the
function V«(w,c_) as defined in equation (2.19) is monotonically decreasing in v* for

ve (v, 1).
Proof: We know that we can rewrite V.- (w,c_) as
Vi (w, o) = Vae (W, 2) = w Uy ()

where U.-(z) is obtained from the definition (A-I6). Assuming we started with the non-
trivial case of Wy > 0, we will have w > 0 and consequently w? > 0 (constant, since

we are given a particular state). To show that V.. (w,c_) is monotonic decreasing in v*
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for v* € [v,1], it is enough to show that this property holds for U,-(z). We know that

€ [0,7]. Consider the case where z € [0, 7*]. Then

Using equation (2.20), we have

U _lﬂl_ I=y (A _ A1
w*(x)—M( Y)Y (Y =)

Taking the partial derivative of U,«(z) with respect to 7*, we obtain

U ()

A %T"’(l =) =T =) (A-17)

which is strictly negative for v* € (v, 1). Now consider the case where x € (r*,r]. Then

Using equation (2.20), we have

11 1=\ e
Ul = 507 [f (=) G- ]

Taking the partial derivative of U,«(z) with respect to 7*, we obtain

OUy(x) 1 (1= "7 r N7 (E—1) (o
e =57 P ( 1) In —-e (A-18)
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Now, since = € (r*,r]

x\ 1-7* *
lﬁ(l—v) (Z-1)
0 v — T

is strictly positive for v* € (v,1), and

s | G| g [ ) :_< -4 )

20| (=) (=) =
=y =
which is strictly negative for v* € (v, 1). Thus, for all z € (r*, r] we have alg;fx) < 0 where

v* € (v, 1) and consequently, both U,-(z) and V,«(w, c_) are monotonically decreasing in

v* for v* € (v, 1) O

Lemma A-9. Ifvy < 0, for any possible value of V* in (%%(rw)ﬂ 0) , there is a unique
v* € (0,1) such that the proposed form of the value function V..(w,c_) takes the same
value as V*.

If 0 < ~v < 1, for any possible value of V* in (%%(rw)”,oo), there is a unique
v € (v,1) such that the proposed form of the value function Vi«(w,c_) takes the same
value as V*.

Moreover, v*(w, c_) is continuous in the current state variables (w,c_).

Proof: ;jFrom equation (2I9), we can see that for a given feasible state (w,c_),
Vo« (w, c_) is continuous in v* for v* € (v, 1).
We have also shown (Lemma [A-§) that for any feasible state (w,c_), Vy»(w,c_) is

monotonically decreasing in v* for v* € (v, 1).
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Finally, we have

lim Vi-(w,c_) =400 (A-19)
7l
lim Vo(w,c_) = ll(rw)“/ (A-20)
v TN T Gy

and
limo Vi(w,c2) =0 (A-21)
V=

These limits are the same as the bounds established on V* in Lemma for the cases
0<y<1land~y<O.
The continuity and monotonicity of V,«(w, c_) in v* along with the above limits give
us the existence of a unique v* that matches V* and V.« for every possible value of V*.
The consumption rule ([A-T4]) is in a continuous form. The continuity of v*(w,c_)
follows from the resulting continuity of V*(w,c_) (as shown in Lemma [A-4]), and the

continuity of V- in ~*. U

Proof of Theorem [ In LemmalA-6] we have shown that V.- (w, c_) is a legitimate
form of the value function. Lemma [A-2] and Lemma [A-9] together show the existence of a
function *(-) that satisfies the Bellman equation (Z2.I8]). This specific form of the Bellman

equation is obtained in Lemma [A-2l The range of values taken by ~*(-) are established

in Lemma ([A-9)).
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As noted in Lemma [A=G] the consumption is modeled in equations ([2.24)), (Z.25) and

([2:26]) as a regulated process. This is equivalent to the consumption rule,
¢ = max(cp—1,7 W) (A-22)

as utilized in the value function. Once we have computed the v*(-) function, equations
(Z20) and ([Z22) provides us with the equivalent 7*(-) and &(+) functions over the feasible
values of {X,}, i.e., [0,7].

Given a particular value of X, at a particular decision epoch, we can obtain the
appropriate values of v*, r* and & for that decision epoch. Equation (Z2I) then allows
to obtain the corresponding value of a.

Thus, the solution to the discrete-time problem (Problem [I]) is of the form proposed

in Theorem [11 O

Proof of Theorem 2k Using equations (2.I8)) and ([A-T3]), the Bellman equation can

be written as

B 11—e07

WU, (z) = V (maz(c_,r*w))” + AT E; [wl Uy (z4) |w, 7]

Since w is known, dividing the above equation by w” gives us

Uy (x) = %? <ma:5 (%,r*))w +A'Ej [(%)7 Uy*(:)er)‘w,x} (A-23)

Also, from equation ([ZII) and ¢ = maz(c_, r*w) = wmaz (<, r*), we obtain

Yy _ <1 — max <%, r*)) [(1 —a)R+ a}é} (A-24)

w
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Putting equations (A=23)) and (A=24)) together and using x = =, we can write the Bellman

equation as

AT'Ep [((1 — max(z, ")) |(1 —a)R + odﬂ)y Uy (x+)}w,x]

Finally, we show that the dynamics of x are independent of the wealth w .

equation (227 to the state (w,c_) we obtain

wy = <w — E) [(1 —a(w,c )R+ d(w,c_)f% + ;

,
Dividing by ¢, and using ¢ = max(c_,r*w), x = =, we obtain
w

B 1
U G — ) [t - )R+ aR] + 1

max(z,r*) r

(A-25)

Applying

(A-26)

(A-27)

We see that the Bellman equation can be stated purely in terms of z as in equation (A=27]),

and the dynamics of x are independent of the wealth process.

U
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