NORTHWESTERN UNIVERSITY

Large-scale Geometry of First Passage Percolation on Graphs of Polynomial

Growth

A DISSERTATION

SUBMITTED TO THE GRADUATE SCHOOL

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

for the degree

DOCTOR OF PHILOSOPHY

Field of Mathematics

By

Christian Gorski

EVANSTON, ILLINOIS

September 2023



© Copyright by Christian Gorski 2023

All Rights Reserved



ABSTRACT

Large-scale Geometry of First Passage Percolation on Graphs of Polynomial Growth

Christian Gorski

This dissertation proves several results for first passage percolation on graphs of polyno-
mial growth. The class of limit shapes for first passage percolation with stationary weights on
Cayley graphs of virtually nilpotent groups is characterized. Then strict monotonicity theo-
rems for independent first passage percolation on graphs of polynomial growth and quasi-trees
are given. Specifically, for such graphs, when we compare the expected passage time metrics
with respect to two different weight measures, strict stochastic domination of weight measures
implies (an analogue of) strict inequality of the associated “time constants” as long as the dom-
inating measure satisfies an appropriate subcriticality condition. This is proven by showing that
in the subcritical regime, long geodesics “use all possible weights linearly often in expectation,”
which is a result of independent interest. Moreover, a similar strict monotonicity theorem with
respect to variability of measures holds for such graphs if and only if the graphs satisfy a geo-
metric condition we call admitting detours. Lastly, we show that for Cayley graphs of virtually

nilpotent groups, in the supercritical regime, there is a nontrivial “percolation cone” where strict



monotonicity with respect to stochastic domination fails; that is, the subcriticality assumption

in our strict monotonicity theorems is necessary.
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CHAPTER 1

Introduction

This thesis exposits some results on the large scale geometry of first passage percolation
(FPP) on graphs more general than the “hypercubic lattice” (i.e. the standard Cayley graph
of Z4, or the “d-dimensional grid”), particularly graphs of polynomial growth. First-passage
percolation is a natural random metric on a graph which can be thought of as a perturbation of
the usual graph metric. Most of the work in FPP has been done on the standard Cayley graph of
Z4, which has polynomial growth of degree d; thus studying more general graphs of polynomial
growth is a natural generalization. If one wishes to study Cayley graphs of polynomial growth,
then by a famous theorem of Gromov [16] these are precisely the Cayley graphs of virtually
nilpotent groups, so these also form a natural class of graphs to study.

One way of understanding the large-scale geometry of this random metric is to consider
scaling limits. The famous “shape theorem” of Cox and Durett [10] tells us that the random
metric given by FPP on Z¢ has a deterministic scaling limit given by a norm on R?. Moreover, it
was shown in work of Benjamini-Tessera [S] and Cantrell-Furman [8] that many classes of ran-
dom stationary metrics on Cayley graphs of virtually nilpotent groups have deterministic scaling
limits given by Carnot-Carathéodory metrics on a nilpotent Lie group. (More information on
Carnot-Caratheéodory metrics is given in Section 3.8).

Existence of such scaling limits is guaranteed in rather general settings, but explicit de-
scriptions of the limit metrics remain elusive in almost all non-trivial cases. Many expected

qualitative aspects of the limit metric also remain unproven. For instance, it is conjectured that
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the unit ball of the limit norm associated to any independent FPP on Z¢ with a continuous weight
distribution is strictly convex, but this is not known. On the other hand, the limit metric for sta-
tionary FPP on Z? is essentially unrestrained; by a theorem of Higgstrom and Meester [20],
any norm on R? is the scaling limit of some FPP metric with stationary weights. Thus, the set
of norms attainable as scaling limits of FPP metrics on Z¢ is precisely the set of norms on R¢.

The first main theorem of this dissertation extends this theorem of Haggstrom and Meester to
the setting of arbitrary Cayley graphs of arbitrary virtually nilpotent groups, that is, the theorem
characterizes which Carnot-Carathéodory metrics (CC-metrics) on a nilpotent Lie group L.
actually arise as the scaling limit of some stationary FPP metric on a particular Cayley graph
of a finitely generated virtually nilpotent group I'. The answer is all CC-metrics if I' is itself
nilpotent. If I" is only virtually nilpotent, then the set consists of precisely those CC-metrics
which are conjugation-invariant. This is proven in Chapter 3. The work in this chapter is
adapted from [3] and is joint work with Antonio Auffinger.

Since limit shapes are hard to describe explicitly for a fixed weight measure, another way
one might try to understand them is by trying to understanding the relationship between dif-
ferent limit shapes as we vary the parameters of our FPP model. The theorems of Chapter 4
concern comparison of limit shapes in the setting of independent FPP. For two weight measures
v, v, if we have ¥ < v for some partial order on measures, can we conclude anything about the
corresponding limit metrics, e.g. some sort of strict inequality? Theorems to this effect were
proven by van den Berg and Kesten [36] in the classical case of the hypercubic lattice. The
theorems in Chapter 4 of this dissertation are of this type, but apply to general bounded degree
graphs which either have polynomial upper and lower growth bounds of the same degree, or

which are quasi-isometric to trees. In this coarse-geometric setting, in a subcritical regime we
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have “strict monotonicity” with respect to stochastic domination. “Strict monotonicity” with
respect to variability in the subcritical regime is shown to be equivalent to a fine-geometric
condition which we call “admitting detours.” We give sufficient conditions for a Cayley graph
of a group to admit detours. In particular, we find that for any Cayley graph of any virtually
nilpotent group, if the graph is not isomorphic to the standard Cayley graph of Z, then we
have strict monotonicity with respect to variability in the subcritical regime. The proof of the
strict monotonicity theorem for stochastic domination proves roughly that “the weight measure
is absolutely continuous with respect to the expected empirical measure,” that is, “all possi-
ble weights are used by the geodesic linearly often in expectation.” This chapter is adapted
from [14].

Lastly, in Chapter 5, we show that the subcriticality assumption in our strict monotonicity
theorems is necessary for Cayley graphs of virtually nilpotent groups, at least in the restricted
setting that our weight measures have an exponential moment. That is, if the weight measure
has an exponential moment but is supercritical, then there is some direction for which strict
monotonicity of the time constant with respect to stochastic domination fails. Failure of strict
monotonicity is related to the existence of “percolation cones,” roughly speaking, directions in

which there exist infinite edge-geodesics with all edges having minimal weight.



13

CHAPTER 2

Basics of first passage percolation

The purpose of this chapter is primarily to fix definitions and review basic facts related to

graphs, Cayley graphs, groups, and first passage percolation.

2.1. Graphs, Cayley graphs, virtually nilpotent groups

By a graph we mean a pair G = (V, E) of sets and an “endpoint” or “boundary” map from E
to the set of subsets of V of size 2. In particular, we allow more than one edge between each pair
of vertices but we do not allow self-loops. (Disallowing self-loops is simply a matter of conve-
nience; virtually all questions considered in this dissertation are easily seen to be equivalent for
a graph G with self-loops and the graph G obtained from G by deleting all self-loops). A graph
is called simple if there are no parallel edges, that is, each pair of vertices has at most one edge
between them. Throughout, the “ambient graph” G is tacitly assumed to be connected, locally
finite (i.e. each vertex has finite degree) and infinite (that is, V is countably infinite); we will
often however consider subgraphs of G which are finite and/or disconnected.

A path 7 in G is an alternating sequence of vertices and edges (starting and ending with a
vertex) such that the vertices immediately preceding and following an edge comprise the edge’s
boundary. If 7 starts at x € V and ends at y € V, we often write 7 : x — y. We will typically
abuse notation and use the same symbol 7 to refer to the set of edges appearing in the path 7 (so
nm C E). |S| denotes the cardinality of the set S, so in particular, if 7 is a path, |z| is the number

of edges appearing in the path (again abusing notation and considering r as a subset of E). If 7
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does not contain any repeated edges, then this agrees with the usual notion of length of a path.
In fact, we will mostly be concerned with paths which do not have any repeated vertices; we
call such paths self-avoiding (or vertex-self-avoiding).

One of the most important classes of graphs we will consider are Cayley graphs of finitely
generated groups. Given a finitely generated group I' and a finite generating set S, the Cayley
graph of I' with respect to S is the graph which has vertex set V = I' and which has an edge
connecting x,y € I whenever x = ys for some s € S.! For instance, the “hypercubic lattice”,
or standard Cayley graph of Z¢, is the Cayley graph associated to the standard generating set
{(1,0,...0),(0,1,0,...,), ..., (0, ...,0, 1)}. The triangular lattice is isomorphic to the Cayley graph
of Z? associated to the generating set {(1,0), (1, 1), (0, 1)}.

Cayley graphs are examples of transitive graphs. A graph is called (vertex)-transitive if the
group of automorphisms Aut(G) of G acts transitively on V, i.e. for any v,w € V, there is an
automorphism ¢ of G such that ¢(v) = ¢(w). In other words, the action of Aut(G) on V only
has one orbit. In transitive graphs “all points look the same.” We call a graph almost-transitive
if the action of Aut(G) on V has only finitely many orbits, that is, “there are only finitely many
types of points.” Some theorems in this dissertation are restricted to Cayley graphs, but others
apply to transitive graphs, almost transitive graphs, or even more general graphs of bounded
degree. (Recall that a graph has bounded degree if there is some D < oo such that each vertex

has degree at most D, i.e. the vertex is an endpoint of at most D edges).

IThere are actually two slightly different natural definitions of Cayley graph, depending on whether one wishes to
restrict to simple graphs or allow parallel edges, see Section 4.5. All the theorems in this dissertation apply to both
reduced and unreduced Cayley graphs, although Chapter 3 was written assuming all Cayley graphs are reduced,
for simplicity.
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A graph G gives a natural metric on V by

d(x,y) :=inf{ly| : v : x = y} = inf{|y| : y : x — y self-avoiding}.

We write B(x, R) for the ball {y € V : d(x,y) < R} in this metric and write S (x, R) for the
sphere {y € V : d(x,y) = R}. Note that if G has degree bounded by D, B(x,R) contains at
most DX vertices. An almost-transitive graph is said to have polynomial growth if the function
R — |B(x, R)| is bounded above by a polynomial in R. For example, the standard Cayley graph
of Z¢ has polynomial growth of degree d. In Chapter 4 we will also consider graphs which are
not necessarily almost-transitive but have strict polynomial growth, that is, uniform upper and
lower bounds on the volume growth by polynomials of the same degree.

A famous theorem of Gromov [16] says that a Cayley graph has polynomial growth if and
only if the underlying group is virtually nilpotent. A group I is nilpotent if I, = {1} for some
finite k, where I'y = I" and I';,; = [I,I;] is the lower central series for I'. (Here the notation
[H, K] denotes the subgroup generated by the set of all commutators [h, k] := hkh™'k~' with
h € H and k € K). Note that abelian groups have I'y = {1} and are thus nilpotent. The
simplest example of a nonabelian nilpotent group is the Heisenberg group, that is, the set of
upper triangular 3 X 3 matrices with integer coefficients and ones along the diagonal. A group
I" is virtually nilpotent if it contains a finite index subgroup I'"” which is nilpotent. (Recall that a
subgroup I'” < I has finite index if I' contains only finitely many cosets of I"’; equivalently, the
action of I'” on I by right multiplication has only finitely many orbits).

One feature of nilpotent groups that will be useful for many of our results is that they always

have nontrivial center. Recall that the center Z(I') of a group I is the set of elements that



16

commute with every other element (sometimes called central elements), i.e.
ZI')={zel':gz=zgforall g eT}.

A group I' is abelian if and only if I' = Z(I'). It will turn out that many geometric constructions
on the standard Cayley graph of Z¢ can be adapted to constructions on general Cayley graphs

of nilpotent group by using central elements of .

2.2. First-passage percolation

First passage percolation (FPP) was introduced by Hammersley and Welsh [22] in 1965 as a
model for the spread of a fluid through a porous medium. It is a random perturbation of a given
graph distance, where random lengths are assigned to edges of a fixed graph. For a survey on
this model, the reader is invited to read [2,26] and the references therein.

Mathematically, FPP is is simply a natural procedure for producing random metrics on a
fixed graph. Let G be a graph with vertex set V and edge set E. Given a random function
w: E — [0, ), we say that w(e) is the weight of the edge e, and for any path of edges m we

define its fotal weight or passage time to be

T(n) = Z we).

eenm

(Note that if w(e) = 1 for all e, we have that T = d, the usual graph metric).
The idea is that if w(e) is the amount of time it would take a stream of fluid to cross e, then

T () is the amount of time it would take to pass through the whole path . We further define
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the first passage percolation (FPP) (pseudo)metric T to be the (pseudo)metric on V given by

T(x,y) :=inf{T'(mr) : 7 : x — yis an edge path }.

So if fluid flows from a source at site x, 7'(x,y) is the first time it reaches site y. One readily
checks that T is symmetric and satisfies the triangle inequality. If P(w(e) = 0) > O for some
edge then T is a pseudometric, i.e. we have with positive probability that 7'(x,y) = 0 for some
x # y; otherwise T is a genuine metric.

The central focus of the study of first-passage percolation is studying 7', particularly its
large-scale geometry, and the behavior of T-geodesics, that is, paths 7 : x — y such that
T(m) =T(x,y).

Without restrictions on w, this problem is, of course, very underdetermined. The most com-
mon setting is independent first passage percolation, that is, the case that {w(e)}.c¢ is a family
of independent random variables sampled from some common probability measure v supported
on [0, c0). This is the setting of Chapter 4 and Chapter 5. If (as is the case for Chapter 4) we
are considering other possible weight measures, e.g. v, then the associated random weights are
denoted by W : E — [0, c0), and the induced FPP metric is denoted by T; we proceed similarly
for other diacritics.

More generally, one could simply require w to be stationary; that is, there may be correla-
tions between the weights w(e) of different edges, but the joint distribution of the w(e) must be
invariant under the action of some group I" which acts on G by graph isomorphisms. This is the
setting of Chapter 3. In fact, for that chapter, we restrict to the case that I" is a finitely generated

virtually nilpotent group and G is a Cayley graph for I'.
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CHAPTER 3

Asymptotic shapes for stationary first passage percolation on Cayley
graphs of virtually nilpotent groups

3.1. Introduction

3.1.1. Main result

Consider first-passage percolation on Z¢ where the edge weights are i.i.d. random variables.
Under suitable moment conditions on the weight distribution, one obtains the famous shape
theorem of Cox and Durrett (d = 2) [10] and Kesten (d > 2) [26]: there exists a norm u on
R¢ such that FPP on Z“ has almost surely a deterministic scaling limit given by the normed
vector space (R?, ). The limiting norm y depends on the distribution of the edge weights. It
is a famous open question to determine which possible metrics arise as FPP limits on Z¢ with
1.1.d. edge weights. In particular, it is expected that the limit unit ball should be strictly convex,
ruling out trivial metrics such as ¢; or £,,.

In 1995, Haggstrom and Meester [20] showed that if the assumption of i.i.d. edge weights
on Z¢ is relaxed, some of the expected restrictions on the limit norm disappear. Precisely, they
showed that for any norm p on R¢ there exist stationary edge weights on Z¢ which give a
FPP model whose scaling limit is (R?, p). In this chapter, we explore this direction for FPP in
different (non-abelian) graphs.

Benjamini and Tessera [S] explored i.i.d. FPP models on Cayley graphs of finitely generated

virtually nilpotent groups. This class of groups is precisely the class of groups with polynomial
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growth, due to a famous theorem of Gromov [16], and includes the classical example of Z.
The question of scaling limits of such groups was first answered in the deterministic setting by
Pansu [30], who proved that, for a large class of invariant metrics on such groups, the scaling
limit is given by a Carnot-Carathéodory metric on a certain nilpotent Lie group. (See Sections
3.1.2 and 3.8 for an explanation of Carnot-Carathéodory metrics).

Benjamini and Tessera prove that, under mild conditions, an i.i.d. FPP on a virtually nilpo-
tent Cayley graph also has a deterministic scaling limit given by a Carnot-Carathéodory metric
on a nilpotent Lie group. Later Cantrell and Furman [8] proved an analogous theorem for sta-
tionary edge weights. Again, in all these cases, the limit shape depends on the distribution of
the edge weights, and in the i.i.d. case, restrictions on realizable metrics are conjectured but
largely unproven.

A natural question then arises, in the spirit of Haggstrom and Meester [20] : for stationary
FPP on virtually nilpotent groups, are all possible limit shapes realizable? What are the required
symmetries for the limit metric? More explicitly, given a Cayley graph of some finitely gener-
ated virtually nilpotent group and a Carnot-Carathéodory metric on the associated nilpotent Lie
group, do there exist stationary edge weights which give a FPP with a scaling limit given by
that Carnot-Carathéodory metric? The goal of this chapter is to provide an affirmative answer to
this last question in the nilpotent case and to obtain a similar characterization of all limit shapes

of stationary FPPs in the virtually nilpotent case. Our main theorem is the following.

Theorem 3.1.1. Let I be a finitely generated virtually nilpotent group with generating set S,
and let E be the edge set of the corresponding Cayley graph. Let do be a Carnot-Carathéodory

metric on the associated graded Lie group L. If @ is conjugation invariant, then there exist
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Figure 3.1. A portion of the Cayley graph of H(Z) with respect to the generating
set {X, Y,Z}. Source: Wikipedia; image by Gabor Pete. Colors are for visual
contrast only.

stationary weights w : E — Ry such that the associated metric space (I', T') satisfies

(F, lT) — (Loo, d(;[))
n

n—0oo

in the sense of pointed Gromov-Hausdorff convergence.

To make the theorem more concrete, let us consider the example of the Heisenberg group,

the simplest nonabelian nilpotent group. The integer Heisenberg group H(Z) has presentation
X YZIX. Y] =ZI[X,Z] = [\.Z] = 1),

and can be realized as the subgroup

1 cl:a,b,ceZ
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of GL3(R). It sits as a cocompact lattice inside the real Heisenberg group H(R), the group of

real upper triangular matrices with 1s on the diagonal. Given any norm ® on the subspace
V= cl:a,ceR

of the Lie algebra of H(R), there exists a metric called the Carnot-Carathéodory metric do on
H(R) associated to @ (see Section 3.8). So in the special case of the Heisenberg group, our

theorem is as follows:

Theorem 3.1.2. Let ® be any norm on V, dy the associated Carnot-Carathéodory metric on
H(R). Then, given any Cayley graph of H(Z), there exist stationary edge weights w : E — Ry

(E the edge set of the Cayley graph) such that the resulting FPP metric T is such that

1
(H(Z), ;T) — > HR), do)

in the sense of pointed Gromov-Hausdorff convergence.

3.1.2. Definitions, notations, and background

We now provide the definitions and the setup for Theorem 3.1.1. Let I" be a finitely generated
virtually nilpotent group, and let S be a finite generating set. The Cayley graph associated to
(I', §) is the graph with vertex set I and edge set E := {{g,gs} : g € I, s € §}. For an element
gel, set

lg| ;= inf{n > 0: 3sy,...,s, €S US ' such that s, ---s, = g},
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and denote by d the word metric

d(x,y) =[xy

on I'. Note that d is a left-invariant metric on I'. If vy is an edge path in E, we will denote by |y

the number of edges in y. Thus we have
d(x,y) = inf{|y| : y is a path from x to y}.

Let w be a random function w : E — [0, 00). We call w(e) the weight of the edge e. The
collection of weights w is called stationary if the distribution is invariant under the left action of
I', that is, for every finite collection of edges fi, ..., fx € E and every g € I, the joint distributions
of W(f1), ... w(f)) and (w(g™ ' f1), ..., w(g™! f4)) are equal. The weights are called ergodic if the
underlying probability space is ergodic, that is, if all I'-invariant events have probability O or 1.

For an edge path vy = (fi, ..., fx), we define

k
T(y) = ) w(f)

i=1

and for two x,y € I' we define the passage time from x to y to be
T(x,y) :=1inf{T(y) : y is a path from x to y}.

T is a random pseudo-metric on I' and the pseudo-metric space (I', T) is called first passage
percolation or FPP on I'. Taking expectations we see that ET also gives a metric on I'; if w is
stationary, then this metric is left-invariant.

Let N be a finite index normal torsion-free nilpotent subgroup of I'. Such a subgroup is

constructed in Proposition 3.9.1 in Section 3.9. We denote the abelianization N/[N, N] of N by
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N“. This is a finitely generated abelian group, and so its torsion elements form a finite subgroup

N We define N

tor* free

.= Nab /Nab

tor*

There is a graded nilpotent Lie group L., associated to I" (via N), and a certain subalgebra of
its Lie algebra, which we denote by g*, is equipped with a natural isomorphism N** @ R = g®.
Each norm ¥ on g% determines a metric dy on L., which is called the Carnot-Carathéodory
metric associated to W; conversely, every Carnot-Carathéodory metric on L, comes from a
unique norm on g, More explicit descriptions and constructions of these objects can be found
in Section 3.8, as well as [8].

Lastly, there is a construction which plays a central role in our proof, which associates a
norm on g*” to a metric on I'. Since |-| is a symmetric subadditive function onT (i.e. |ab| < |a|+|b|
for all a,b € T'), and hence a symmetric subadditive function on N, it induces a symmetric

ab .
X = xfree'

=~ 74 via the quotient map N — N%

free®

.o . . b
subadditive function on N¢, |

W := inf x|,

ab _,,
X€EN, X Froe=Y

As a symmetric subadditive function on N =74 |.|,, is asymptotically equivalent to a unique

free

seminorm on R? = Nj‘ilr’ee ®R = N ® R. That is, there is a unique seminorm || - || on N> @ R

such that

VIl = [¥lar = 0(y)

where the in the little-o notation we may take any norm on N’ ® R to measure y. Similarly,
assuming our weights are integrable, ET'(1, -) is also subadditive, and hence it induces a subad-

ditive fuction 7 on N which is asymptotically equivalent to a unique seminorm ® on N ®R.

free
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The conjugation action of I' on N induces an action of I' on N** ® R, hence induces an
action on the set of norms on N> @ R. We call a norm on N ® R conjugation-invariant if it
is invariant under this action. The conjugation action is discussed further in Section 3.4, but in
the case that I' itself is already nilpotent, the action is trivial, and hence in this case all norms
on N> ® R are conjugation invariant. In Section 3.4 (see Proposition 3.4.2), we also show that
conjugation-invariance is a necessary restriction, that is, if @ is a norm associated to an invariant
metric (such as ET when each 7'(x, y) is integrable), then ® is necessarily conjugation-invariant.

In the notations above, it is known that (L., dj.) is the scaling limit of (I', d) [30] and that
(', T) almost surely has scaling limit (L., dp) for many choices of edge weights [5,8]. Theorem
3.1.1 above shows that any Carnot-Carathéodory dy as in (3.8.1) is the scaling limit of some

stationary FPP model on any Cayley graph of I, so long as ¥ is conjugation-invariant.

3.1.3. Proof strategy and organization of the chapter

The following theorem of Cantrell and Furman [8] provides a starting point for us:

Theorem 3.1.3. ( [8]) Let w be ergodic stationary weights such that T is bi-Lipschitz to d,

that is, there exist 0 < k < K < oo such that
kd(x,y) < T(x,y) < Kd(x,y)

for all x,y € T almost surely. Let ® be the norm on g°° associated to the metric ET on T, and

let dg be the Carnot-Carathéodory metric on L, associated to ®, as above. Then almost surely

(3.1.1) (r, %T) — (Lo, do)

n—oo



25

is the sense of pointed Gromov-Hausdorff convergence.

Remark 3.1.1. The fact that the norm ® we describe above is the same norm constructed
in [8] is perhaps not obvious except in the case that I' = N is torsion-free with torsion-free

abelianization. A proof that the two constructions do give the same answer is given in Section

3.9.

Remark 3.1.2. We take the identity as the base point in the above pointed Gromov-Hausdorff

convergence. We omit the base point in our notation throughout.

Remark 3.1.3. Cantrell and Furman don’t require the random metric T to come from edge
weights but require it to be inner (see Section 3.9) in addition to being bi-Lipschitz to d. On
the other hand, if T comes from edge weights which are uniformly bounded above (implied by
the bi-Lipschitz condition on T), then T is inner, so the above statement is implied by the main
theorem of [8]. Thus our theorem shows that the collection of scaling limits of FPPs coming
from stationary edge weights on a fixed Cayley graph is no smaller than the collection of scaling

limits of stationary inner metrics which are bi-Lipschitz to d.

Remark 3.1.4. In Section 3.10 we provide a step that was omitted in the proof of Theorem
3.1.3in [8]. It guarantees that the convergence in (3.1.1) is indeed in Gromov-Hausdorff sense.

See Remark 3.10.1 for more details.

In view of Theorem 3.1.3 and the correspondence between Carnot-Carathéodory metrics

and norms on g, in order to prove Theorem 3.1.1, it suffices to prove:

Theorem 3.1.4. Let I be a finitely generated virtually nilpotent group with generating set

S, and let E be the edge set of the corresponding Cayley graph. Let ¥ be a norm on N* ® R
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which is conjugation-invariant. Then there exist ergodic stationary weights w : E — R such
that T is bi-Lipschitz to d, and such that the subadditive function on N induced by ET(1,")

free

is asymptotically equivalent to Y.

Proor oF THEOREM 3.1.1 Given THEOREM 3.1.4. Let dg be a Carnot-Carathéodory metric on
L., and suppose that the associated norm @ on g’ is conjugation-invariant. Given any Cayley
graph of I', use Theorem 3.1.4 to choose ergodic stationary weights w such that the resulting T
is bi-Lipschitz to d and such that the norm on g** associated to the metric ET on I is equal to
®. Applying Theorem 3.1.3 to w then gives

(F, lT) — (Loo, d(;[))
n

n—oo

in the sense of pointed Gromov-Hausdorff convergence, as desired. O

Thus, our main theorem is reduced to the problem of constructing stationary weights which
induce a given norm ¥ on g*. Haggstrom and Meester [20] give a construction for inducing
the correct norms in the Z¢ case, and in the simplest case, the core of our work is “lifting”
the Haggstrom-Meester construction from the abelianization of the finitely generated nilpotent
group to the group itself, and then checking that everything goes through. Therefore, to give
an idea of the construction we start by proving Theorem 3.1.4 in this simplest case—namely,
the case that I' = N is a torsion-free nilpotent group with torsion-free abelianization, and the
generating set S projects to the standard generating set of Z¢ = N* = I'*. As mentioned above,
in this case conjugation-invariance does not play a role, and any norm ¥ is attainable. This is

done in the next two sections.
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In Section 3.4, we discuss the restriction of conjugation-invariance and the nontrivial sub-
tleties that arise when treating the general virtually nilpotent case. The rest of the chapter is then
dedicated to proving Theorem 3.1.4 in full generality. In particular, this involves understanding
a virtually abelian “almost-abelianization” of I', and then again “lifting” a construction from
the “almost-abelianization” to I'. In order to accommodate all possible Cayley graphs as well
as the slightly non-abelian nature of the “almost-abelianization”, the general construction has a
“coarser” flavor than the original construction and requires some non-trivial modifications. This
completes the main body of the proof.

The last three sections give supplementary results and information (and formed the appendix
of [3]). Section 3.8 provides more background on the associated graded nilpotent Lie group and
Carnot-Carathéodory metrics. Section 3.9 shows that the construction at the end of Section
3.1.2 coincides with the construction in Cantrell-Furman’s theorem [8]. In Section 3.10, we
review the notion of Gromov-Hausdorff convergence and we also provide a missing step in

Cantrell-Furman’s theorem so that it guarantees Gromov-Hausdorff convergence.

3.2. Construction of the edge weights when I is nilpotent and torsion-free with torsion

free abelianization

Assume that I' = N is a finitely generated torsion-free nilpotent group with torsion-free
abelianization. Moreover, assume that S = {s,..., s;} 1s such that the image of S under the
quotient map I' — I'*? is a basis, and we choose an isomorphism I'”” = Z¢ such that S maps
to the standard basis for Z¢. In this and the next section we prove the result of Theorem 3.1.4'

1Techni(:ally we prove a weaker version of Theorem 3.1.4 which still implies the conclusion of Theorem 3.1.1; see
Remark 3.2.1 below.
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under these extra assumptions, which then implies the result of Theorem 3.1.1 under these extra
assumptions, as shown above.

First, let us note that since I is nilpotent, we cannot have d = 0, and if d = 1 then in fact
I' = Z. (For this latter fact, let a € I" be such that {(a)[I',I'] = I'; then also (a) = " by Theorem
16.2.5 in [25]). It is easy to induce any norm on Z no matter what the finite generating set is
using deterministic weights, so from here on we assume d > 2.

We are given a norm ® on I'* ® R = RY. We want to find weights w : E — Ry for T
such that the subadditive function T on I'*” = Z¢ induced by ET viaI' — I'® is asymptotically
equivalent to ®@. Let B ¢ R? = I'* ® R be the unit ball of ®. Note that B is a compact, convex,
and symmetric (i.e. x € B implies —x € B) subset of R which contains an open neighborhood
of 0. The construction below is a “lift” of the construction of Haggstrom and Meester [20].

We first recall the following geometrc result from [20].

Proposition 3.2.1. There is a constant Cy depending only on d such that, for any u € R, if
z is a point in Z% with minimal Euclidean distance to u, there exists a directed edge path y from

0 to z in the standard Cayley graph 7% with the following properties:

(1) Any point on vy is at Euclidean distance at most C from some point on the line through
0 and u in R?

(2) If a subpath of y starts at x € R? and ends at y € RY, then (y — x,u) > 0.

(3) The number of edges in vy is the least possible, i.e. Z?:] |m:(z)|, where mt; : RY — R is

projection onto the i"* coordinate.

We will use the Proposition above as follows. Let {b,} >, be a countable dense subset of the

boundary of B ¢ R?. For each n > 1, let z, be a point in Z¢ with minimum possible distance



29

to 2"”;% € R?, where || - ||, is the standard Euclidean norm on R“. Let vy, be the path in Z¢
associated to b, from Proposition 3.2.1. In short, these nice paths 7y, have the property that they
(1) stay close to the straight line through b,, and (2) they travel “monotonically forward” along
b,.

We lift each of these nice paths vy, to an edge path ¥, in the Cayley graph of I" that shares
similar properties. The quotient map I' — I'*? = Z¢ induces a covering map of Cayley graphs, so
just let ¥, be the unique lift of y, starting at 1 € I". Equivalently, paths in Cayley graphs starting
at the identity are naturally in correspondence with words in the generating sets. The path vy,
then corresponds to a word in ey, ..., ¢4, which we lift to a word in sy, ..., 54, which corresponds
to a path ¥, in our Cayley graph for I'.

For each n > 1, set E,, C E to be the set of edges of the Cayley graph of I' which share at
least one vertex in common with an edge of ¥,. Note that |E,| < 2", where the implied constant
depends on |S | but is independent of 7.

Now we define a configuration of edge weights n,, : E, — R.. First choose 4 > 0 sufficiently

small so that {x € R : ||x]|, < h} C B. Next, choose K < oo sufficiently large so that <h

1
K-2h"1-Cy

and K > h~'. We then define

W f € ¥, f labeled by s;,

n.(f) =

K, otherwise

where 7; is again the projection onto the i’ coordinate. If x € T, then we can also define the
translated configuration 7,1, : xE, — R, by T\n,(f) = 17,(x~' £). The reason for these choices
will hopefully become clearer later, but in short we want the weights along the paths ¥, to yield

fast passage times (with correct asymptotic speed) in the direction ﬁ. Moreover, E, \ ¥,
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forms a ““shell” of slow weight K edges around the fast “highway” ¥,; when we have defined
our weights, these “shells” will discourage paths from leaving the “highways.”

Let (Y,)er and (Z,).r be collections of i.i.d. random variables with distributions that satisfy
P(Y, =0) = %,P(Y)C =n) = 3" forn > 1, and Z, is uniformly distributed on [0, 1]. We also
assume that the collections (Y,).cr, (Z;).r are independent.

Finally, the weights w : E — R, are defined as follows: if Y, = n > 0, assign the edges in
xE, according to T,n,. If two configurations compete for the same edge, then the configuration
with the larger value of n wins; if both configurations have the same value of n, then the one
with the larger value of Z, wins. Any remaining edges with no assigned weight are given weight
K.

More formally: for each f € E, let X; := {x € I' : f € xEy,} be the set of starting points
of configurations competing for the edge f. Let ny := max{Y, : x € X} be the largest value
of n among these competing configurations, and let x; € I" be the element of X, which attains

the maximum (that is, Y

+ = ny) and has the largest value of Z, among such elements, that is,

Z,, =max{Z, : x € Xy, Y, = ng}. Then

Txfnnf(f) Xf # 0
w(f) =

K otherwise.

Note that x; is a.s. unique since all the Z, are uniform, and it exists since |X;| < oo a.s. by

the calculation

BIX/| = ) B(f € xEy) = i 2 Lo P =) < i EJ37 s [i 2. 3—n) < co.

xell n=1 xel n=1
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Here we used that I' acts freely on E and so #{x € I' : x' f € E,} < |E,|. Hence the weights are
well-defined. They are also evidently stationary and a.s. bounded above by K < co. The weights
are also ergodic, since we can take our probability space Q to be (N x [0, 1])', corresponding
to the outcomes of Y, and Z,, which is clearly ergodic as a direct product of probability spaces

overI.

Remark 3.2.1. These weights do not give a metric which is bi-Lipschitz to a word metric,
since m;(b,) will typically cluster around 0 and a uniform lower bound on the edge weights is

not available.

By the remark above, this construction does not suffice to prove Theorem 3.1.4. There are
two ways around this. In Section 3.5, we provide a different construction in the general virtually
nilpotent case which is bi-Lipschitz to the word metric, and implies Theorem 3.1.4 as stated.
Secondly, the weights constructed above do satisfy a weaker condition which one might call
“bi-Lipschitz away from the diagonal.” That is, we have a uniform upper bound K on the edge
weights, and there exist some constants 0 < C < oo and k > 0 such that for any x,y € I' with

d(x,y) > C, we have

(3.2.1) T(x,y) > kd(x,y)

almost surely. This fact follows from Lemma 3.7.2 proven in Section 3.7 below. Taking M and
k" as in Lemma 3.7.2, and doing a similar analysis as in the next section, one sees that if a path y

with |y| > M contains no edges of weight K, then it (or its reverse) is a subpath of a “highway”
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xy, (Y, = n) and hence has passage time

1 b 1
T(y) = <D( ), — >z (inf—)k’l .
AR TN AT TAY Bl V- AT At

On the other hand, if a path y with M < |y| < 2M does contain an edge of weight K, then

T(y)>2K > %Iyl. One then concludes (3.2.1) with £ := min ((infbeg m) k', ﬁ) and C := M.
Under this weaker assumption, the proof of Theorem 3.1.3 given in [8] goes through un-
changed. Thus, although we prove a weaker version of Theorem 3.1.4 in the next section,
namely Theorem 3.1.4 with the conclusion “T is bi-Lipschitz to d” replaced by the conclu-
sion “T is bi-Lipschitz to d away from the diagonal”, we can then use the stronger version of

Theorem 3.1.3 to still conclude the result of Theorem 3.1.1 in this restricted setting.

3.3. Proof of Theorem 3.1.4 when I’ is nilpotent and torsion-free with torsion free

abelianization

Using the weights w defined in the previous section, let T be the metric associated to w
as defined in Section 3.1.2. Let T be the subadditive function on I'“” induced by ET via the
abelianization map I' — I'“” as above. In order to prove our version of Theorem 3.1.4, all that

remains is to show that as x € I'“” tends to infinity,
T(x) - ®(x) = o(x),

where in the little o notation we may use any norm on R¢ to measure x. We use the following
proposition which is used in [20] (where they take Q = [-1/2, +1/2]¢ ¢ R?, but the exact form

that Q takes does not matter):

Proposition 3.3.1. To show that T(x) — ®(x) = o(x), it suffices to show the following
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(1) Forally ¢ B, y ¢ %B(t)for all sufficiently large t.
(2) For all y in the interior of B, y € %B(t) for all sufficiently large t.

Here we define

B() := U x+0,

{xel: T(x)<t)

where Q C a® is a compact connected neighborhood of 0 such that the quotient map Q —

g% /T is surjective.

First, we prove (1). To do this, we must establish some facts about the relationship between
the T-lengths of paths in E and their “displacements” in I'*’. In proving these we will repeatedly

use the following easily verifiable lemma from [20]:

Lemma 3.3.1. Let B be a convex subset of R? and let xi, ..., x,, € R%, ay, ..., @, > 0 be such

that each ;' x; € B. Then 2=~ ¢ B,

j+tay

Let us call an edge f € E “slow” if w(f) = K and “fast” otherwise. Let us also call an edge
path in E “fast” if all its edges are fast and “slow” if all its edges are slow. For an edge path y in
E from x € I to y € I" denote by D(y) its “displacement” y** — x® € R, Note that displacement

is preserved by left translations:
D(zy) = (@) = @) = @ +y") = @ + x7) =y = x = D(y).

Let us first consider fast paths y. Note that by construction of the weights, each fast path is
a subpath of xy, for some x € I',n > 1 (because of the “shell” of slow edges surrounding each

fast xy,). We can then decompose D(y) as

D(y) = Dy(y) + D.(y),
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where D) is the orthogonal projection of D(y) onto the line passing through 0 and b,, and D, (y)
is orthogonal to that line. Note that the construction of the edge weights guarantees precisely
that if f is a fast edge in x¥, labeled by s; then

b, b,
Dy(f) <iei’ W> Toull

= =+b,€B
|7t (b))l n ’
W 1613
Then by Lemma 3.3.1 we have
D) _ Ly DI _ o

T Y T

We also know by Proposition 3.2.1 that

DL (W2 < 2C,

and hence
D
h_%(;éo € {xeR’: |lxl, <h} c B.
So again by Lemma 3.3.1,
Diy)  _ D»+D.(y)

€ B.

T(y)+2h'Cy T(y)+h'-2C,
On the other hand, if f is a slow edge, then by our choice of K

D(f)

A R? : <hCB
T(f)—2h—1C0€{xe llxll, < h} C B,
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and so for a slow path y, by Lemma 3.3.1 we have

D(y)
T(y) =2lylh~'Cy

Now, a general path in E is an alternating concatenation of fast and slow paths. That is,
Yy = 731731, ++¥yY}, where the ¥/, are fast, the ¥ are slow, and we may take yil or '} to be empty,
but all the . consist of at least one edge. Then by our previous arguments and Lemma 3.3.1 we

have
LoDy + 3L D))
SE Ty +2871Co) + S (T () = 2lyi ' Co)

The numerator in the above expression is D(y), and the denominator is at most T'(y) + 2h~'Cy,

€ B.

so we have

D(y)
T(y) +2h~'C,

€B
for any path y in E.

Finally, lety ¢ B. Since B is closed, there is some € > 0 such that for any ¢ > 0, ¢cB(y, e)NB #
0 implies that £ > 1 + e. Now for any 7 > 0 let z € I be such that ty € z* + Q, where Q is the
fixed compact set in Proposition 3.3.1. If we choose y to be a 7-minimal path from 1 to zin I,
by our above arguments we have that

i _tly = 7@ - 1) .
T(y)+2h'Cy  T(1,2) +2h"'Cy

diam(Q)

Therefore, whenever p

< €, we have 1]|z*” — 1y|l, < € and hence

T(1 2h7!
(1,2) +2h C0>

1+e¢
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-1
and so whenever also @ < €/2, we have

T
Lo € ’
t 2
and then taking expectation gives
ET(1
L) € :
t 2

since this argument did not depend on our choice of z, we conclude that, for all ¢ sufficiently

large, T(z**) > (1 + £) whenever ty € z* + Q, and hence

B(?)
YETT

Now we prove (2).

It is sufficient to prove that for every € > 0, for all but finitely many n,

16T @) _
2n

+ €.

Fix € > 0. We give an upper bound on the 7-distance from 0 to z, by constructing a path y
from 1 to a lift of z, in I'. The lift we choose is the endpoint of the path ¥,,, which we denote by
Z,. Note that although the path we construct is random, the endpoints 1 and z,, are not.

Denote by Z the center of I', and fix a total ordering < on Z such that if d(1, xo) < d(1, xy),
then xy < x; (recall that here d denotes the word metric on I" with respect to §). Then choose x
to be the least element of Z with respect to this ordering such that Y, = n. Note that x is then a

well-defined Z-valued random variable with minimal distance from 1, and that

(x=x0) © (Yy, =nand Y,, # nforall x; < xp).
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That is, x is the nearest central starting point of a “highway” in the b, direction.

Now, to construct our path v, first, take a path of minimal d-length from 1 to x in I'. Then,
travel along xy, (even if some of the edges are overwritten by slow edges) to xZ,. Finally, travel
back to xZ,x~! = Z, by traveling backwards along a translate of the path you took from 1 to x.
Note that we have used the fact that x is central to conclude that xZ,x~! = Z, and in particular
that the d-distance from xZ, to 7, is no larger than the d-distance from 1 to x.

If xy, was not overwritten by any slow edges, the passage time of the path would be equal

to

(D(f),bn) _ {D(F¥n),by) _ (zn bw)
Znn(f)zz b2 = b2 = bz'
e S bl IBaE 1Bl
(Here we have used the fact that, by construction, all edges f in y have positive inner product

Nd
2

bn

n_
from 2 T

with b,.) Since z, is less than distance the above is bounded above by

n bn
(25 bo) bl y[l«@)

+ = +
[16all3 [1Ball3 1Dl 2n+

Taking into account the travel from 1 to x and from xZ, to Z,,, as well as the fact that some of the

edges of xy, may be overwritten by slow edges, we have

2" d
(3.3.1) ET(y) < K[2Ed(1, x) + E#{e € xy, : e is slow}] + B (1 + 2:/:1]

To bound the first term, we calculate

Ed(1, x) = Z P(d(1,x) > i) = Z P(Y; # n for all £ € By(i) N Z).
i=0 i=0
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Since we have assumed that I' # Z, the growth of the center is at least 2-dimensional, that is,

we have some C > 0 depending only on I" and S such that
|B4(i) N Z| > Ci

for all i > 0. This is proved in Lemma 3.3.3 below, but for now we take it for granted.

Then, since the Y; are iid, we continue the above computation to get

sl € D1 =3 < 1 [ -3 s
i=0 0

In(1-37")
In(1-37T)

~ _ A-m\Cs? _ ln(1_3—n) i ~ _ a-1\Ca?
I)(l 37 ds_[—ln(1—3‘1)] I)(l 377 do,

which is to say that

. oL 1/2
Using the substitution o = [ ] s, we get

Ed(1,x) < 1+ C'[-1In(1 =37)]'/?

for some C” > 0 independent of n. By convexity, —In(1 — s) > s for all s < 1, and so
[—In(1 — 3712 < (3712 = 32,

thus

(3.3.2) Ed(1,x) 5 3",

the implied constant of course independent of 7.
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Now, we bound

E#{e € xy, : eis slow } = Z P(xe is slow);

eey,

since xe will only be slow if another T,Ey_ with Y, > n competes for it, the above quantity is

bounded above by

Z P(xe € zEy, and Y, > n for some x # z € I)

€€Yn

SZZ Z iP(X:XO,X()eEZEi,Yz:i)

ecyy, xo€el zel\xy i=n

SN S Bm k=i

€¥n X0€l' i=n zelxy!zecE;

we claim that for i > nand xy # z, P(x = xo,Y, = i) < %P(x = xo)P(Y, = i), and hence we

continue

E#{e € x7, : eisslow } < i > %P(x = x0)P(Y, = i)

e€yy xo€l’ i=n zel":xalzeeE,-

< % Z Z i |E|P(x = x0)P(Y, = i) = % Z i |Ei|P(Y; = 1)

ecy, xoel i=n ey, i=n
DIDIIEIEDIE (%) = 35l (%)
ey, i=n ecyy 3 3
(3.3.3) < (4—1)"
. S 3 .

To prove the claim, note that for xy # z,i > n,

P(x=x0,Y.=1) =P(Y,, #nforall x; <xo, Y, =n,Y,=1);
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if xy < z, then all these events are independent, and hence P(x = x(, Y, = i) = P(x = xo)P(Y, =
i). Otherwise z < xp, and then
P(x =xp,Y,=10) = [ l—[ P(Y,, # n)] P(Y,, =n)P(Y, #n,Y, =i).
X1<X0,X1#2

If i = n, then this is equal to 0. Otherwise, i > n, and

Mn¢mnzazmn:o:%%Egmn¢msgmnzamn¢m,

where we used that P(Y, #n) =1 -37" > % Hence

W

P(x = xp,Y, = )< E[ 1_[ P(Y)q * n)] P(Yxo = n)P(Yz # H)P(Yz =1

X1<X0,X1#2Z

(98]

= EP(X = x0)P(Y; =),

as desired.

Hence, applying (3.3.1), (3.3.2), and (3.3.3),

bn T " bn BT 31/2 n 2 n %
st 10 () ol

which is less than 1 + € for sufficiently large n, as desired.
To tie up the final loose end, we prove that the volume growth of the center of I is at least
2-dimensional. This is a simple corollary of the following lemma from the notes of Drutu and

Kapovich [11]:

Lemma 3.3.2 (Lemma 14.15 from [11]). Let I be a finitely generated nilpotent group of

class k and let C*T be the last nontrivial term in its lower central series. If S is a generating set
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forT, and g € C*T, then there exists a constant A = A(S, g) such that for all m > 0,
ds(1,g™ < am'/*,

Lemma 3.3.3. Let I be a nontrivial finitely generated torsion-free nilpotent group which is
not isomorphic to Z, S a finite generating set for I. Denote the center of I by Z. Then, there

exists a constant C > 0 depending only on T and S such that
#zeZ:d(l,2) <i} > Ci

foralli> 0.

Proor. We know that Z is a nontrivial finitely generated free abelian group. First, assume
that Z # Z. Then Z = Z* for some k > 2. Then the lemma follows, since the quantity in question
grows at least as fast as Z does as a finitely generated group. More explicitly, if S’ is a finite

generating set for Z = Z*, we know that there exists C’ > 0 depending only on S’ such that
#zeZ:dsy(l,2) <i} > C'i".

Take m = max,s- d(1, s) < co. Then forall z € Z, d(1, z) < mds.(1,z), and hence

’

] C
#zeZ:d(l,2) <i} 2#{z€Z tdsi(1,2) < i} > —kik.
m m

Now, suppose Z = Z. Then I' is not abelian (otherwise we would have I' = Z = Z, con-
tradicting our assumption). So I is nilpotent of step k for some k > 2, and C*T is a nontrivial

subgroup of Z. Take a generator g for C*T. By Lemma 3.3.2, we get 1 = A(g,S) > 0 such that
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d(1,g™) < Am'’* for all m > 0. Therefore

1
(zeZ:d(l,2)<i}>{m>0:d(1,g"<i}>{m>0:am"* <i} > bik| > Ci

for some C > 0. O

3.4. Restrictions in the virtually nilpotent case

Any finitely generated virtually nilpotent group I' will contain a finite index subgroup H
which is finitely generated, nilpotent, torsion free, and which has torsion-free abelianization

(see Section 3.9). We often think of the H and I" as having the same coarse geometry; indeed:

Proposition 3.4.1. Let I be a group endowed with a metric T, let H be a finite index sub-
group, and let (X, D) be a metric space. If T < d (d the word metric) and (H, %(TIH)) ﬁ’i (X, D),

then also (T', 1T) LN (X, D).

Proor. Since (H, }TIH) is a metric subspace of (I, %T), the Gromov-Hausdorff distance

between the two spaces is bounded—up to an absolute constant—by
infle >0:T(g,H) <eforall g eI},
which is itself bounded up to a constant by
1
;[F : H]l = O(1/1).

Thus (T, %T) and (H, %T) must tend to the same limit. O

Thus, it might seem trivial to pass from the simplified case we just proved to the general

case. However, perhaps surprisingly, the answer to the question we consider is not the same for
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Figure 3.2. A portion of the Cayley graph of {p) =< Z[i] with respect to the gen-
erating set {p, 1 + 0i}. Edges labeled by p are red, while edges labeled by 1 + 0i
are blue.

I' and H. In general, there may be some limit shapes for stationary FPPs on H which are not
attained by stationary FPPs on I'. Consider the following example.

Let I' := (p) = Z[i], the semidirect product of the Gaussian integers with a cyclic group of
order four, the generator of the cyclic group acting by multiplication by i. I" contains the abelian
(hence nilpotent) group Z[i] = Z> =: H as a subgroup of index 4. We know from our work
above (and from [20]) that any norm on R? is attainable as a limit shape for H. However, we
claim that the scaling limit of any invariant metric on I which is < d (such as ET for a stationary
FPP T with integrable weights) must be a norm on R? which has 7 rotational symmetry. Take

any (x + iy) € Z[i]. Then

ET(1,i(x +iy)) = ET(1,p” ' (x + iy)p)
<ET(1,p)+ET(p ", p ' (x+iy) + ET (0" (x + iy),p”' (x + iy)p)

=ET(1,p") + ET(1, (x + iy)) + ET(1, p) < ET(1, (x + iy)) + 2(const.).
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Iterating this inequality four times and taking a scaling limit gives

. ET(,n(x+1iy))
lim

n—oco n
_ im ET (1, ni(x + iy)) _ im ET(1, —n(x + iy)) _ lim ET(1, —ni(x + ly)),

n—oo n n—oo n n—oo n

which is precisely the statement that the limit norm has quarter-turn symmetry.

A similar restriction arises in any virtually nilpotent group. As in Section 3.1.2, let " be a
finitely generated virtually nilpotent group, and let N be a torsion-free nilpotent normal sub-
group of finite index (for the construction of such a subgroup see Section 3.9). The conjugation
action of I' on N induces an action of I'/N =: Q on N]‘ifee. It will be convenient later to phrase
things in terms of the right conjugation action, and so we think of the action as a homomorphism
¢:0— Aut(N?fee)"” . This further induces a right action of Q on N @ R = N]”ifee QR = g%,

which, by abuse of notation, we also denote by ¢ : Q — Aut(g*’)°’. We say that a norm on ®

on g% is conjugation-invariant if it is ¢-invariant, that is,
q)(x¢(q)) = O(x)

forallxeN”th)R,qe 0.

Proposition 3.4.2. Let I', N, ¢ be as above. If T is a stationary integrable FPP on I" such
that the scaling limit of ET is a Carnot-Carathéodory metric on a nilpotent Lie group L., then

the norm on g associated to this metric is ¢-invariant.

Proor. The proof is very similar to our example. First, let O be a finite set of coset rep-
resentatives of N, that is, a finite subset O c T such that the quotient map I' — Q induces a

bijection O < Q; Since Q is finite and the FPP is integrable, there exists some constant C < oo
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such that ET(1,3), ET(1,5™") < C for all § € Q. Then, for any x € N and any g € O,
ET(1,x7) <ET(1,§ ")+ ET(1,x) + ET(1,§) < ET(1,x) + 2C
where we have used the fact that ET is left-invariant. Similarly, we have
ET(1,x) = ET(1,(x)7 ") < ET(1, x%) + 2C,

and thus

IET(1, x) — ET(1, x9)| < 2C.

Since ¢ respects the quotient map N — N?fee, taking infima over x € N such that x;lfjee = z for

some fixed z € N¥

Free B1VES

1T (z) - T(z"?)| < 2C = 0(2);

that is, 7 is asymptotically equivalent to 7% for all ¢ € Q, and hence the norm ® it induces on
a® is ¢(g)-invariant. Pansu’s theorem [30] tells us that @ is the norm in the Carnot-Carathéodory

construction of the scaling limit of (I', ET), so we are done. O

Although there is certainly more work to be done in exploring necessary conditions for the
existence of a limit shape, in all cases which we know how to prove ( [5], [8]), the scaling limit
of the random space (I', T') coincides with the scaling limit of its mean (I', ET), so this tells us
that conjugation invariance is a necessary feature of a limit shape at least in all cases in which
we can prove there is a scaling limit.

Theorem 3.1.1 then states that this is the only obstruction to a Carnot-Carathéodory metric

on L, being the limit shape of a stationary FPP on I'; that is, as long as the Carnot-Carathéodory
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metric comes from a norm which is conjugation-invariant, it is the scaling limit of some FPP

with stationary weights.

3.5. Construction of the edge weights in the virtually nilpotent case

Transferring our theorem to the general virtually nilpotent case is far from automatic, es-
sentially since our Cayley graph may not be nice with respect to the the finite index subgroups
we wish to pass to. Recall that N is a finite-index torsion-free nilpotent normal subgroup of
I'. Instead of keeping track of “displacements” of paths by looking at the projection to I'*’, we

want to instead look at N;‘Zi’ee, and there is typically no nice homomorphism from I' to N%® . Nor

free®
is there a nice embedding N — I'*’; the natural map can have very large kernel (e.g. in our
example I := {p) = Z[i] above, I'*’ is finite, while N = N“* = Z[i]). Ultimately, we resolve this
by looking at a slightly nonabelian notion of “displacement” via the projection I' — I'/ [N, N,
where we define [m] to be the kernel of the projection N — N;fee' Note that [N,\JV] is indeed
normal in I': an element x € I' is in [WV] if and only if x € N and for some 1 < k < oo,

x* € [N, NJ; since N is normal in T, both these properties are preserved under conjugation by

any element g € I'. Note also that I'/ [WV] contains N%

e A8 a subgroup of finite index.

In spite of these complications, the spirit of the proof exactly the same. Heuristically, we
want to ensure that every direction has the correct “speed” at large scales, and we do this by
sprinkling long “fast” paths throughout the graph which travel at a certain speed in a certain
direction; the rest of the edges are “slow” so that any long geodesic must largely avoid them.

It is clear from our above proof that the weight K of the slow edges can be as large as we

like, as long as it is finite. We use the slowness of the edges to account for any error in the fast
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paths—that is, to guard against the fact that a subpath of a fast path might not go in exactly the
right direction or exactly at the right speed.

In our first proof, we used the existence of nice paths (Proposition 3.2.1) which had the
property that they (1) stayed close to the straight line through b,, and (2) traveled “monotoni-
cally forward” along b,. In the general case, we will want to find nice paths in I'/ [N, N] which
satisfy these properties in a certain “coarse” sense to be described below.

Let us now go into more detail understanding the group I'/[N,N], especially considering
it as a finite extension of N]ifee. First, take a finite set of coset representatives Q cTI/ []/V,\]\/f]
for N/ [N,\ZV]; we assume for convenience that O contains the identity. The quotient map
F/[W] - Q = (F/[N/,\ZJV])/(N/[]/\?]\/]]) = I'/N induces a bijection 0 — 0, and we de-
note its inverse by s : Q — Q. If s were a homomorphism, we would have a semidirect product,
but this is not always possible in general. In general, define a functionn : Q X Q0 — N;Z’jee
satisfying

s(q1)s(q2) = 5(q192)n1(q1, q2)

This then allows us to understand I'/ [N/,\ZJV ] more explicitly thus: note that QXN ?fee - I/ [WN 1
(g,n) — s(g)n is a bijection. Pulling back the multiplication from I'/ [N,\JV] to the set Q x N

free

then gives the multiplication

(QX N&,) X (QX N,) = QX N&,,

(q1,11) - (g2, 1m2) := (q192,1(q1, q2) + nT(qZ) + no).

Thus, I'/[N, N] looks like a semidirect product up to the “finite error” introduced by 7.
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Remark 3.5.1. n is in fact a cocycle; the cocycle condition comes precisely from the as-
sociativity of the above multiplication. However, we will not use this fact. Rather, we will
repeatedly use the simple fact that n is a map from the finite set Q X Q, and thus has finite image

and hence uniformly bounded image.

Remark 3.5.2. The cocycle n of course depends on our choice of Q, and the choice is

non-unique.

We will now introduce two modified notions of displacement which will be convenient for

us. Let y be a path in E (the Cayley graph of I') starting at x € I and ending at y € I". We define
D(y):=x"'y € I/[NN],

where X, y are the images of x, y under the projection”" — I'/ [N, N]. Note that D is invariant with
respect to the action of I on paths in E by left multiplication. Note also that for concatenations
of paths y = a * 8 we have

D(y) = D(@)D(p).

It will also be helpful for us to have a notion of displacement which lives in N]‘ifee rather than

I/ [W ]; for this, we take a particular choice of point in N;‘Z’r’ee

nearby (in the Cayley graph of
I/IN,N]) to D(y):

D(y) := D(y)g(y)™" € N,
where §(y) is the image of D(y) under the composition I'/ [N,N] — 0 N Q; put another way,

using the identification T/[N,N] & Q x N% . if D(y) = (q,n), then D(y) = (g,n)(g"",0) =

n?@™" Note also that if D(y) € N‘;fee, then D(y) = D(y).
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D(y) is convenient because it always lands in N% | the space we are trying to induce the

free’

correct norm on; however, instead of being additive on paths, using the definition and the con-

catenation property for D, we instead get the slightly more complicated equation
(3.5.1) D(epB) = D(@) + D(B)*® + n(a, IB)qb(aﬁ)‘]’

where in an abuse of notation, we define n(a, 8) := n(q(@), g¢(B)), (@) := ¢(g(a)), where g() is
the image of D(a) under the quotient map I'/[N, N] — Q. Iterating the above fact easily gives

the following by induction:

Proposition 3.5.1. For any paths ay, ..., ay in E, we have

N-1
D(a; ---ay) = D(a;) + Z (D(a,-+1) + 77(0'1 e, am)"’("f“)*l

i=1

)¢(t¥1 ;)™

Thus, although the displacements do not add, besides the twisting of ¢ we only accumulated
at most one uniformly bounded error term per path concatenated, which will end up being
enough later.

From now on we fix an isomorphism g = R? such that N{”  is identified with Z¢ c R’ via
the map N¢?,, — N’ ®R = g* = R?. We will often thus identify D(y) with its image in R.

We are now ready to state the properties we want for our “nice” paths in E (which will

become “fast” paths).

Lemma 3.5.1. There exists a constant C(, > 0 depending only on I, S, N, and Q such that,
for any vector u € R? and any n € Z there exists a simple path y in E such that
(1) y starts at 1 € I and ||D(y) — 2"ull, < Cj.

(2) yl < 1D < 27 |ull>.
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(3) y stays near the line through u: If « is a subpath of y starting at 1, then ||D(a) —
proj, D(a)ll, < CJ.

(4) v is a finite concatenation of paths 3; where for each i, |Bi| < C, ID(B' ) D], < C, for
all g € Q and every subpath ' of B;, and

<D(,30"'ﬂi+1)—D(,30"‘ﬁi),L> !

> E,
leel|2 0

that is, vy is “coarsely monotone.”

We also assume that maxg, 4, s,c0 I11(q1, ¢2)" |, < Cj.

This lemma will be proven in Section 3.7.

For now, we define the edge weights, very similarly to the first construction. First, given a
Carnot-Carathéodory metric with associated norm ® on g*°, let B c g» = R be the unit ball of
®. Let {b,},>0 be a countable dense subset of the boundary of B. For each n, let y, be the path
given in Lemma 3.5.1 associated to the vector b, and the natural number n. Let E,, be the set of
edges in E which share at least one vertex with the path vy,.

Pick i > 0 small enough so that B,(0, #) C B and then choose K > 0 large enough so that

IDU* Pl + ling1, )"l _

< h.
1€5.4.91.92.93€Q K- 9C6h‘1

Then define 7, : E, — R, by

(Do-p-D 00, 1)
b To1Bi] 1 e

n(f) =

K, otherwise.
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where the 3; are the subpaths of y = y, alluded to in Lemma 3.5.1 (the dependence of 5; on n is
suppressed in the notation).

Lastly, we superimpose randomly sprinkled translated copies of the 7, exactly as in the first
construction; that is, define {Z,}er, {Y\}xer, Xy, X7, and ny exactly as above and then define
w:E, >R,

Tanﬂf(f ) Xp#0
w(f) =

K otherwise.
By the same arguments as above, these weights are well-defined, ergodic, and uniformly bounded
above. Moreover, the monotonicity condition in Lemma 3.5.1 implies that each edge has weight

at least

, 1
min ——— >
bes CirlIDll2

’

which is to say that 7 is bi-Lipschitz to the word metric, and we can apply Theorem 3.1.3.

3.6. Proof of Theorem 3.1.4 in the general case

Once again, the proof that the correct norm is induced on g*” can be reduced to showing
the conditions in Proposition 3.3.1. The proof of the second condition is the same argument
as in the simplified case. (We construct the desired paths by traveling along the center of N
until we reach the first fast path that goes in the correct direction, and then we travel back along
the center of N. We have the same volume growth estimates that we used above as long as we
assume I is not virtually Z. In the virtually Z case, our limit shapes are norms on R, and since
all norms on R are scalar multiples of each other, we can achieve any desired norm we like by
appropriately scaling the weights of, say, the deterministic FPP which assigns weight 1 to each

edge and gives T = d.)
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For the first condition of Proposition 3.3.1, the spirit of the proof is the same, but we have
to deal with more error terms.

First, we consider a fast subpath vy of E (that is, a path which does not contain any edges of
length K), and again we note that it is (up to translation) a subpath of some vy,. First consider

the case that y travels forward rather than backward along y,. Then we write

Y = a/ﬂ] o 'ﬁiw’

where the §; are the subpaths alluded to in Lemma 3.5.1 and « and w are subpaths of 8;_; and
Bi+1 respectively.

Now, by Equation (3.5.1), we know that

D(B; - By PP = DBy -+ ;) — DBo -+ B-1)] = 1(Bo -+ Bj-15 j...lgi)zﬁ(ﬁo---ﬂi)*‘_

We can further decompose [D(By - - - 8;) — D(By - - - Bj-1)] into its components parallel to b, and

perpendicular to b,,:

[DBo---Bi) —DPBo---Bj-1)] =[DWBo---Bi) —DPBo---Bi-)y+ [DBo---Bi) = DPBo---Bj-1)].-

Now, by our definition of 7, we have

1 n
T(ﬁj"'ﬁi): M<D(ﬁ0""g")_D(ﬁo"'ﬁj_l)’m>’

where we have used coarse monotonicity of y. Thus, we have

[DBo---Bi) — D(Bo---Bj-1] _

b, € B.
T;F) )




Moreover, since vy stays near to the line through b, we have

[DBo---Bi) —DBo- - Bj-1)]L

o= € B,(0,h) C B,
0
and by assumptions on C; we have
— . 3. ot 3.Y0BoBi)
Mo -B J‘Cl,’fjl A € By(0.h) C B.
0
Hence by Lemma 3.3.1
D@, - - B;)PBo-Bi-v)
' € B,
T(ﬁj . ﬁ[) + 3C6h_1
and then by conjugation-invariance of B we have
D@B;---B;
B, F) € B.

T(ﬁj .. ﬁl) + 3C6h_1

Now, since « and w are subpaths of 5;_; and ;,;, we have

D(a) D(w)
O Ot € B»(0,h) C B,
0 0
and hence by Lemma 3.3.1
D(aB; - Biw) _ D(a) + DB; - - .’gi)tb(-) + (-, )0 4+ D(w)?O + (-, )P0

TB;--B)+TC,h™" — Coh™ ' + T (B, B) + 3CHh™ + CHh™' + Cyh' + C)h™!

where we have again used conjugation-invariance of B.

€ B,

53
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Now, if y travels backwards rather than forwards along y,,, we apply the above argument to
¥ (the reverse of ) to obtain

D(y) _ D(y)

= B.
TG +1Ch  T(y) + 7Coh"

Since we chose O to contain 1, D(yy) = 0 and so by Equation (3.5.1) we have that

D(y) = =D@)" = n(y, 7).

So again using symmetry and conjugation invariance of B, together with assumptions on C; and

Lemma 3.3.1, we conclude

D(y)

———___¢B
T(y) + 8C)h!

Now, for slow edges f, by choice of K we have

D(f) + n(, )
T(f) - 9C)h~!

€ By(0,h) C B.

Writing an arbitrary path y as a concatenation of fast paths and slow edges and using

Propositon 3.5.1 gives
D)= ), DA+ (D) ),
7 slow edges y fast paths

and so using the above and Lemma 3.3.1 gives

D(y)

€ B,
2 s slow edges(T(f) —9Coh ™) + 2. fast paths(T(V’) +9Coh™")
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and since there is at most one more fast path than there are slow edges, we conclude

D(y)

__W___cp
T(y) +9Ch" -

The rest of the proof is just as in the above argument.

3.7. Proof of Lemma 3.5.1

To prove the existence of “nice paths” we want to approximate the nice paths in Z¢ = N

free

from Proposition 3.2.1 and prove that our approximation retains the nice properties “coarsely”.

First, we prove a lemma which will help control error terms:

Lemma 3.7.1. There exists a constant K’ such that for any paths «, 3 in E, we have
ID(aB) - D(@)|: < K'|B.
Proor. By Equation (3.5.1), we know that
D(ap) = D(a) = DB + (e, B)"*".

First, since the image of Q in Aut(N%

tree) = S L3(Z) is a finite family of bounded operators on

R?, there is some constant M < oo such that
IVl < Ml

for all g € Q,v € R%. Thus we have [|[D(B)*®|l, < M|IDB)|]».
Next, since N;fee is finite index in I'/ [N,\]-V/], it is undistorted, which is to say that any word

metric on N‘;fee is bi-Lipschitz to the restriction to N]‘ifee of any word metric on I'/ [N/,\ZJV ]. (This



56

can be seen using Schreier generators for N

free’

see e.g. Theorem 14.3.1 in [25]). In particular,

this means that the Euclidean norm || - ||, on N%

ree is bi-Lipschitz to the metric induced by the

Cayley graph on I'/ [N, N]. Hence

IDB)Il> < K"IDB)| = K"1DB)FB™' < K" (18] + max gD
ge

Lastly, since Q is finite, we have a uniform bound on the norm of the second term, that is,

max_|In(qi, g2)" ™|l < co.
q1,92,93€Q

Putting everything together gives
ID(ef) — D(@)|l, < MK”|B| + const.,

and since every nonempty S has |8| > 1 we can easily adjust to get a finite K" which satisfies the

desired inequality. O

Now, we construct the paths. Given u and n, first consider the path vy, in 74 ~ Nab

Free USING

the standard generators e; of Z¢ given by Proposition 3.2.1. Next, for each edge e of the path in
the standard generators, choose a path g8’ in the Cayley graph for I'/ [N, N] induced by the image
of S which starts one vertex of e and ends at the other; pick these paths to satisfy

(3.7.1) 18] < {rllaxdd'(l,e,-) =:C
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where @’ is the word metric on I'/[N, N] induced by the image of S. We then lift to a path

,B’O e B;v— , in E. Note that by the properties guaranteed by Proposition 3.2.1 we have that:

D’ D’ \/E
(3.7.2) ||D(BO .- ~,6’N_1) =2"u)|, < 7,
(3.7.3) By - By_il < 2" llull2,
and
(3.7.4) ID@By - -+ B;) — proj, DBy - - Bl < Co

for all i. If @ is a general subpath of BZ) e B;\,_l starting at 1, it is of the form a = Bf) . -B;O/

where @’ is a subpath of [3: and hence combining Lemma 3.7.1 together with Equations (3.7.1)

+1°

and (3.7.4) gives
(3.7.5) ID(@) — proj,D(@)|l» < Co + K'C.

Thus, ,@6 e E;V_] satisfies many of the properties we desire. However, it may contain loops,
and it may not satisfy coarse monotonicity. So first erase loops to get a simple path Sy - - - Byr_; .
The particular manner in which loops are erased does not matter, so long as the resulting path
is a simple path with the same starting and ending point which is obtained from the original
path by deleting subpaths. If entire segments ﬁl’ are deleted, the number N’ of new segments
Bos ..., Byr—1 need not be the same as N the number of original segments, and some reindexing

may be required so that we don’t skip indices; however, every f; is composed of subpaths of a
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Br

Figure 3.3. Construction of “nice paths”. (The “lifting” step is omitted here to

aid visualization).
single B;, j depending on i. Thus, each segment 3; of the new path still consists of at most C
edges.

Moreover, since the set of displacements of subpaths of the loop-erased path is a subset of
the set of displacements of subpaths of the original path, Equation (3.7.5) holds for the new path
as well. Equations (3.7.2) and (3.7.3) also clearly pass to the loop-erased path as well.

Now we obtain coarse monotonicity. First we prove the following version of coarse mono-

tonicity for the original Euclidean paths:

Lemma 3.7.2. There exists some k' > 0 and M < oo such that any subpath y of v, (v, the
path in the standard Cayley graph of Z¢ from Proposition 3.2.1 associated to u = b,) of length

at least M satisfies

<D<y>, L> > K.

lJull2
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Proor. First, we claim that there is a constant C depending only on d such that for any
subpath of any vy, of edge-length at least C, at least one edge f of the path satisfies

u 1
<D(f>m>2 Va

Heuristically, this is because the path cannot travel too long in directions perpendicular to u
while staying close to the line through O and u. More rigorously, for some coordinate iy €
{1, ...,d} we have

u
|, ()] = w

Vd

For notational convenience, let’s replace some of the standard basis vectors with their opposites
to ensure that (u,e;) = |m(u)] > O for all i, and further, let’s reindex so that ey, ..., ¢; satisfy
ci = <e,~, ﬁ) < «/LE and ey, q, ..., eg satisfy ¢; > % forsome 0 <[ <d.
Now let y be a subpath of 1y, starting at x € Z¢ and ending at y € Z¢, and assume that for
every edge fin vy,
u > - 1
lulla/ — vd

By Proposition 3.2.1, x and y must be within Euclidean distance C of the line L passing through

<D(f )s

0 and b, in R". Moreover, since we only travel in directions with low weights, we have y =

X+ nye; + - - - + ne; for some positive integers n;. Now, the distance from y to L is

. u u
dist(y,L) = ||x + nje; + -+ + nje; — <x+nlel +-~+nlel,—>—
lleello [ leall2 ],
u u )
> ||ne +---+nlel—<nlel +---+nlel,—>— —dist(x, L),

lull / leel 2

2
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so, since both distances are less than C,, we have

u u
2C() > |[n1eq +"'+I’l1€1—<l’l1€1 +"'+I’ll€1,—>—
lleallo [ [luall2

d
= (|ney + - -me; — (nycy + - - - nycy) [Z Ciei]
i=1

I

2

JZ (ni —(ncy +--- + ﬂlcl)Ci)
i=1

> C’ Z (I’l,' — (l’l]C] + -+ nlcl)ci)

2

2

v

To go from the third to the fourth line, we used that the Euclidean norm is equivalent to the ¢;
norm on R?, to go from the fourth to the fifth line, we used that 0 < ¢; < % fori =1,...[, and

to get to the final line we used that / < d — 1.

2Cy

Thus, any subpath of y, which consists of at least C := | =5

1+ 1 edges contains at least one
edge with displacement at least 1/ Vd in the u direction.
Finally, this implies that, for any subpath y of y,, with length at least 2C we have

k
<D(y), L> > kL%J > 2l

llull>

That is, we have the lemma with M = 2C and k' = 5=.
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Now take M’ = max(M, [ZKkﬁ-l) We then define a new segmentation py, ..., B|y//m’j-1 Of

the path by
Bi= ,éM/i,éM/iH e 'BM’H(M/—I)
ifi <|N'/M'| -1 and
Bi= BM’i o 'BN’—I

ifi = |N'/M’| — 1. Note that we have
|Bil <2M'C.

To show that this segmentation of the path gives coarse monotonicity, we have to compare with
the original path before erasing loops. To this end, for a given i < [N'/M’] — 1, let I be such
that B(Mq_l)i is a subpath of B}, that is, the index such that the next edge in S, - - - Bn//mr -1 after
the segment g; lies in ﬁ; Fori = |N'/M’| -1, we set I = N. We also set J to be such that the
last edge in the path B;_; lies in 3); that is, B_1)w—1 is a subpath of 3). If i = 0, we set J = 0.

Now note that there exists some (possibly empty) subpath « of B’J such that

DBy Bira) = DBy -+ )

and there exists some subpath w of B:, such that

DB - - - Biw) = D(Bé"',é})-
Hence, by Lemma 3.7.1 and Equation (3.7.1), we have that

(3.7.6) IDBo -~ Bi) = DBy - Bpllas 1D Bo - Bi-1) = DBy - - B)ll2 < K'C,
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which then implies that

<D(,30'“ﬁi)—D(ﬂo -Bi-1), i ”> <D(/30 -B) — DBy - B, T ”2> 2K'C.

Now, by construction each D(B} - -+ B;) € N, and hence we have

free’
D(,g'o o ':g/[) - D(Bo ﬂj) - D(BJH :81

and then since D(B’] RREE B;) is the displacement of a subpath of the path y, (in the standard

Cayley graph of Z?) with edge length at least I — (J + 1) > M’ > M, Lemma 3.7.2 then gives

<D(BE>---B})—D(BO B T >2k’M’ >2K'C + 1,
2

and so combining with Equation (3.7.6) gives

<D(ﬁo--',3i)—D(,80 Bit), >22K’C+1—2K’C:1.

Thus, taking

C) = max(\/Zl/z, Co+ K'C,2M'C,1, max n(qi,q»)"“

q1,92,43€Q

and y := By - - - Bivmr -1 gives the Lemma as desired. O

3.8. Carnot-Carathéodory metrics and the associated graded Lie group

In this section we explain the construction needed to describe continuum limits of nilpotent
groups, i.e. the associated graded nilpotent Lie group associated to a finitely generated virtually

nilpotent group, and Carnot-Carathéodory metrics on this group. As above, let I' be a finitely
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generated virtually nilpotent group, and let N be a torsion-free nilpotent group of finite index.
A theorem of Mal’cev ( [27], see also Theorem 2.18 in [31]) says that there exists a simply
connected nilpotent Lie group L such that N is (isomorphic to) a cocompact lattice in L. Let g
be the Lie algebra of L. Let g., be the associated graded nilpotent Lie algebra, that is
00 = P a'/0",
i>1

where g' := g, g’*! := [¢', g] is the descending central series for g. Let L, be the unique simply
connected Lie group which has g, as its Lie algebra. We will refer to L., as the graded nilpotent
Lie group associated to T'.

The map

N L— L/[L, L] = g/[s,g] = g

induces an inclusion N}‘fee — g%’ and an isomorphism N* ® R — g®. Now consider a norm ¥
on N* @R = g, Note that g¢°> = g/[g, g] = g'/g° is a vector subspace of g.,. By left translation
in L, the subspace g* C g., gives a left-invariant distribution on T L., and we can extend the
norm to any vector in the distribution. Let us call a path & : [a,b] — L. admissible if it is
differentiable a.e. and a.e. & belongs to the support of the distribution. We can then define the

Y-length of & to be

b
¥() = f Y& ()t

and this gives a metric on L, by

(3.8.1) dy(x,y) := inf{¥(£) : £ is an admissible path from x to y}.
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The metric dy is called the Carnot-Carathéodory metric on L, associated to ¥. Since g* gener-
ates g as a Lie algebra, by Chow’s theorem [17], the topology induced on L, by dy coincides
with the usual topology on L.

The above information is sufficient to understand the statement of the main theorem. The
following further data is required to understand Section 3.10. The Lie algebra g, has a one-

parameter family of automorphisms ¢, : g — 9, > 0 given by setting

5,(X) =1'X

if X € g'/g"*! and extending by linearity. This of course integrates to a 1-parameter family of
automorphisms of L., which we also denote by d,. We refer to ¢, as dilations.

Note that dy is homogeneous in the sense that dy(6,(x), 6,(y)) = tdy. In the abelian case,
I' =74 L, =RY the dilations are scalar multiplication by ¢, and dy is the usual metric induced
by the norm ¥ on R¢.

We now describe a sequence of maps I' — L., which will be Gromov-Hausdorff approxima-
tions (see Section 3.10) when I" and L., are endowed with the appropriate metrics. First, choose

a collection of linear subspaces Vi, ..., V. of g such that for each i

g=V,d---aV,®gt.

Note that for each i, V; C g and the natural map V; — g'/ g™ lisin isomorphism of vector spaces.

Let

M:g=Vi&- -0V, > &g/¢"" =g
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be the associated linear isomorphism. Then we define a family of maps

log M O; exp
scl, :T > L—g— go = Goo — Leo-
(Here log is the inverse of exp : ¢ — L, which is a diffeomorphism, since L is a simply

connected nilpotent Lie group).

3.9. Understanding the limit norm ® via N ;ﬁfee

Our description of the construction of the limit norm @ on g* differs slightly from the de-
scription in [8]. The two descriptions certainly coincide in the case that ' = N is a torsion-free
finitely generated nilpotent group with torsion-free abelianization. However, it’s not immedi-
ately obvious that their description matches ours in the general virtually nilpotent case. This
section is primarily intended to show how our statement of Theorem 3.1.3 follows from the

following:

Theorem 3.9.1. /8] Let H be a finitely generated nilpotent group which is torsion-free and
has torsion-free abelianization. Let T be a stationary random metric on H which is inner (see
below) and bi-Lipschitz to a word metric on H. Let do be the Carnot-Carathéodory metric on

L., associated to the metric ET, as in Section 3.1.2 (withT' = N = H). Then almost surely
1
(H, _T’ 1) _— (Loo’ d(D’ 1)
n n—oo
is the sense of pointed Gromov-Hausdorff convergence.

First let us construct relevant finite-index subgroups.
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Proposition 3.9.1. Let T be a finitely generated virtually nilpotent group. Then there exists a

finite index subgroup H of I which is nilpotent, torsion-free, and has torsion-free abelianization.

Proor. By definition, I" contains a nilpotent subgroup I"” of finite index, and this is also
finitely generated by Schreier’s lemma (see e.g. [25] Theorem 14.3.1). Thus I"” contains a
torsion-free subgroup I’ of finite index (see [25], Theorem 17.2.2).

Take N to be the kernel of the map I' — Sym(I'/T"””) given by the action of I" on the cosets
of I'” by left multiplication. Since N < I'”, N is nilpotent and torsion free, and since N is the
kernel of a map to a finite subgroup, it is a finite index normal subgroup of I'.

Now we extract a finite index subgroup H of I' which is nilpotent, torsion-free, and has
torsion-free abelianization as follows. One explicit construction is given by Yves Cornulier in
the MathOverflow post [24]; this construction also has the advantage that that the natural map
H — N% induced by the inclusion H < N is itself an inclusion (also of finite index).

Here is the construction: recall that we have a projection map N — N — N%/N% =:

Nji‘.fee. Take a basis of d generators ey, ..., eq for Z¢ = N}l-fge’ and lift them to sy, ..., s; € N; then
we claim that H := (s1, ..., s4) < N is a finite index subgroup with torsion free abelianization.

To see that H has torsion-free abelianization, consider the natural map HY® — N]”i’r’ee induced

by the map H < N — N% . We claim this is an injection. For if n,5; + --- + ny3, is in the

free®
kernel of this map, by the choice of sy, ..., s, this means that n;e; + - - - + nge; = 0, which implies
that ny, ...,n; = 0, since ey, ..., e, is a basis. The map is also clearly surjective by construction,
so H* = N  and so H has torsion-free abelianization.

To see that H is finite index and finish the proof of Proposition 3.9.1, first note that, from
the above, H> < N is finite index. We then use the following lemma below; the proof is taken

from Cornulier’s argument in [24].
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Lemma 3.9.1. Let N be a finitely generated nilpotent group, and let H be subgroup of N
such that H[N, N] is finite index in N (equivalently, H® — N has finite-index image in N*°).

Then H is finite index in N.

Proor. We proceed by induction on the nilpotency degree of N. If N is abelian, then the
statement is immediate.

Suppose the statement holds for all nilpotent groups of degree k— 1, and suppose N is degree
k. Let N* be the k" subgroup in the descending central series for N. By our inductive hypothesis
applied to N/N*, HN* is a finite index subgroup of N. So all that remains is to show that H is
finite index in HN¥.

For this, first note that since all (k + 1)-fold commutators vanish, the k-fold commutator map

N X ---x N = NFis “multilinear” in the sense that

lar, -, xy, - ,ar]l =lar, -+, %, ,a] - [ar, -y, -, ael;

we also see that the output only depends on the abelianizations of ay, ..., a;, and thus the k-fold
commutator map induces a surjective homomorphism from the tensor product N¥®- - -@ N* —
N¥. We claim that the map Q" H® — X" N induced by the finite index inclusion H — N
has image which is finite index in ®k N . Once we know this, since H* is precisely the
composition of the map (X H* — X' N — Nt H* is finite index in N, and hence H is
finite index in HN*.

Now, to see that the image of R H® — (X N is finite index, we use the following

general fact: If A is a finitely generated abelian group and B < A is a subgroup of finite index,
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then for any i > 1, ®i B < ®iA is finite index. For i = 1, this is immediate. Now, inductively
assume 7" is a finite set such that 7" + ®i B = ®iA, and let S’ be a finite generating set for
®i B. Also let T be a finite set such that 7 + B = A and let S be a finite generating set for B.
We claim that the set

{Z ZU®0'+Z[IT®T+ZS®I;T]:t(r,tTET,t;’TET'}

oeS’ Tel’ seS

. . i+1 . i+1
forms a finite set of coset representatives for '™ Bin (X" A.

. . i+1 .
To see this, first consider a general element of (X)) A. It is a sum of elements of the form
(Z mgs+1)® (Z mys +1')
seS s'eS”’
wheret € T, € T', my,my € Z, and hence, by expansion, equal to
Z(Z MysS +1,) Q0 + Z(Z MegS+1)RT
oeS’ seS Tel’ se§
for some my s, m.s € Z, ty,t; € T. Since every s® o € ®**1 B, the element
ZIU®O'+Z[IT®T+ZS®mmT]
oeS’ Tel”’ seS
represents the same coset of ®*!B. For each s, 7, by the inductive hypothesis, we have

s®mmT:s®[Z

s'eS’

Ny .8 +1, T]
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for some ny, € Z and ¢, . € T’, and this is equivalent modulo & B to

Zs@t’

$,T°
s'eS’

That is, an arbitrary element is equivalent to one in the set provided, as desired. O

In sum, by Proposition 3.9.1, we have H < N dT finite index inclusions, where N is torsion-
free and H is torsion-free with torsion-free abelianization.

Now, let T be a stationary random metric on I which is almost surely inner and bi-Lipschitz
to a word metric on I'. Recall that a metric space is called inner if for all € > 0, there exists
0 < R < oo such that for any x,y € I', there exists an (e, R)-coarse geodesic from x to y, that is,

a sequence x = po, p1, ..., pm = y in I" such that each d(x;_1, x;) < R and

M
D d(pi1,p) < (1+ €)d(x,y).
i=1

(Note that, in Chapter 3, we consider T an FPP with edge weights w uniformly bounded above;

such T is automatically inner). We want to show that
1
I, =T) = (L, do).
n
By Proposition 3.4.1, it suffices to show that
1
(H, ;TlH) = (Lo, do)-

Thus, we want to apply Theorem 3.1.3 to H, so first we must check that the hypotheses are

satisfied.
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Proposition 3.9.2. Let ', H, T be as above. Then T|y is bi-Lipschitz to a word metric on H

and Ty is inner.

Proor. T|y is bi-Lipschitz to d|y, and since H < I is finite index, any word metric on H is
bi-Lipschitz to d|y (this can be seen using Schreier generators for H, see e.g. Theorem 14.3.1
in [25]), so we have the first claim.

Next, we show innerness. Let € > 0. First, using the innerness of 7 on I', choose r > 0 so
that any x, y € I' can be joined by an (5, r)-coarse geodesic. Next, note that since H < I'is finite

index and T < Kd a.s. for some K < oo, we have
max T(g, H) < Kmaxd(g,H) =: C
gel’ gel’

for some non-random constant 0 < C < co. Now choose 0 < R < oo sufficiently large so that
0< I%Cr < 5. We claim that any h, i’ € H can be joined by an (€, R + 2C)-coarse geodesic in H.
To construct such a coarse geodesic, first take an (£, r)-coarse geodesic h = p(, p}, ..., Py, =

k" inT'. By deleting points, we can construct a (5, R)-coarse geodesic h = py, ..., py = h’ with

M <

T(hK)] _ 200 H)
R-r |~ R-r "~

where the last inequality only holds for T(h,h") > R — r, but if T(h,h’) < R + 2C then py =

h, py = I’ trivially gives an (€, R+2C)-coarse geodesic, so we may assume this inequality holds.
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Lastly, for each p;, choose ¢; € H with T'(p;, g;) < C (and of course qo = po = h,qu = py =

h'). Then each T(q;_1,q;) < T(pi_1, pi) + 2C < R+ 2C and

M M
D T(@1.0) < Y T(pit. p) + 2CM < (1+ )T (k) +2CM

i=1 i=1
2T (h,h")

<+ g)T(h, W) +2C -

<(1+e)T(hh),
SO qo, .., g 18 an (€, R + 2C)-coarse geodesic in H, as desired. O

Now, note that the Malcev completions of H and N coincide; if N is a cocompact lattice in
G, then as a finite-index subgroup of N, H is also cocompact in G. Therefore H and N have the

same associated graded nilpotent Lie group L, as well. Thus, Theorem 3.1.3 tells us that
1
(Ha ZTlH) - (L(XJ’ d(DH),

where we define @y to be the unique norm on g* asymptotically equivalent to the subadditive
function

Ty(h) := inf ET(1,1)

teH:19b=h
on H%. (Recall that we can relate functions on H% and g“°, since we have a map H* — g%

and an isomorphism H> ® R = g* induced by the composition
H < G - G/IG,G] = g/[g,6] =: ¢")

Thus, to deduce our statement of Theorem 3.1.3, it only remains to show that &y = @,

where recall that we define ® to be the unique norm on g* which is asymptotically equivalent
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to the subadditive function

T(n):= inf E(l,7)

€Nt =p
free

on N .
free

Proposition 3.9.3. &, = ©.

Proor. Note that H*” and N, are identified with the same subgroup of g* since the in-
clusion H* — g is exactly equal to the composition of the isomorphism H* = N¢’  and the
inclusion N}‘ifee — g%. Using the isomorphism H® = NJ‘i’r’ee to consider Ty as a subadditive
function on N;‘Z’r’ee, we have

Ty(n) = inf ET(1,7).

1eH:1), =n
From this it is clear that 7 < Ty.

To show a lower bound, first note that since H is finite index in N, H N [K/,\I/\/ ] is finite-index
in []/\77\1 ]. Let R be a finite set of right coset representatives for H N [WV ] in []/\77\1], that is,
NN [ﬁ,\f\f/] =U,r HN [ﬁ,\l_\f/]r. Set C := max, ||, where | - | = d(1,-) is, as always, the word
length in I with respect to the generating set S. Then we have

T(n)y= inf ET(,tr)> inf  ET(,f) -ET(,r) > dy(n) - KC,

teH reR:t1% =p teH,reR:1%? =n
free free

where we have used that T < Kd. Thus |T(n)—Tx(n)| < KC = o(n) and ® = &y, as desired. O

3.10. Gromov-Hausdorff convergence to the limit shape

Recall the notion of pointed Gromov-Hausdorff convergence ( [18]). There are many equiv-
alent conditions for this convergence, but here we use a particular sufficient condition. Let

(X, dy, 0,), (Xo, do, 09) be metric spaces with distinguished basepoints 0,,09. A sequence of
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maps f, : X, — Xy is called a sequence of of pointed Gromov-Hausdorff approximations if for

every € > 0, for all sufficiently large n we have

(1) do(fa(0n, 00)) <€,
(2) every point of B(0y, 1/€) is within distance € of f,(B(o,, 1/¢€)),
(3) (1 = e)dy(x,y) — € < do(fu(x), u(y)) < (1 + €)du(x,y)e for all x,y € B(oy,, 1/6).
If f, : X, = Xj is a sequence of pointed Gromov-Hausdorff approximations, then X,, pointed
Gromov-Hausdorff converges to X,. Here, our metric spaces are groups with various metrics,
and the basepoint will always be the identity element.
In [8], Section 4.4, Cantrell and Furman prove the following: for any fixed g,g¢" € G,

almost surely

(3.10.1)
. . 1 ’ ’ ’ ’
lim lim sup sup {;IT(%V ) —do(g. 8N 1 v,y € L. dyy(scliy, 8), dyy(scliy’, g') < e} =0,

0 1o

where T', L, T, do, d) are all as defined in Section 3.1.2, and the maps scl: : N — L, are as
defined in Section 3.8. In particular, (L., dj) is the scaling limit of I' endowed with the word

metric as given by Pansu’s theorem:
Theorem 3.10.1. (Pansu, [30])
1
SCI% . (F, ;d) - (Loo,d”.”)
is a sequence of Gromov-Hausdor{f approximations.

To prove that scl% (T, %T) — (L, dg) 1s a sequence of Gromov-Hausdorff approximations,

by homogeneity of the norm dy, it suffices to show that, for any € > 0, there exists R > 0 such
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that for any |y|, |y'| > R,

IT(y,y") = do(scli(y), scli(y) < e max(lyl, [y']).

The rest of this section is devoted to proving this fact.

Remark 3.10.1. In [8], it is shown that the event of failure of Gromov-Hausdorff conver-
gence is contained in an uncountable union of null-sets. More specifically, they show that failure
of Gromov-Hausdorff convergence entails the existence of some pair g, g’ € L, for which Equa-
tion (3.10.1) fails, but a priori (g, g") ranges over the uncountable set L., X L. It is necessary

to show that it is contained in a countable union of null-sets.

Now, let {(g,, g,,)} be a countable dense subset of L., X L. With probability 1, Equation
(3.10.1) holds for all (g,, g,) simultaneously. We show that on this probability 1 subset Gromov-
Hausdorff convergence holds.

Suppose that Gromov-Hausdorff convergence fails, that is, there exists ¢y > 0 and some

sequence (y,,¥,) € I' x I with min(|y,|, |y,|) — oo such that
1 ’ 7’
t—|T(%7 ) — do(scli(y), scli ()] > e,
where we define 7, := max(|y,l, |y,|). By homogeneity of dy, this is equivalent to

1
(3.10.2) t—T()/, v - do(scl LYy, Scl%y;) > €.

n
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Since the sequence (scl1y,, scl1y,) lies in the product of the unit dj balls of L, by compact-

ness we may pass to a subsequence and assume that

(sclLyn, scliy;) = (80, &)

for some (go, g(,) € Lo X L. Convergence holds in the d metric as well as the dg metric.

Now choose N sufficiently large so that

€0

(3.10.3) lda(sclLyn, sclry,) = do(go, 8o)l < 5

for all n > N. Combining Equations (3.10.2) and (3.10.3) gives

1 , , €
(3.10.4) =T 7,) = do(g0. 81 = 5

n

Fix 6" > 0 (to be chosen later). Now choose (g, &,,,) from our countable dense set such that

max (). (&my» £0)> )1 (&y» £0)> A0 (Gmo» 80)» (&> 80)) < 0.

For each k > 1 define 7;’510 to be the v € I' such that scl 1 has minimal distance to g,,,, and

similarly define y;,’fo. Then by Equation (3.10.1) we have

— 0
k—oo

2

1 , ,
LT Ok V) = ol )
and so we can choose N also sufficiently large that for all n > N,

In

1 7 ’ /
Z—T(Vmo,ni';) — do(8my» &y)| S 6
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By Theorem 3.10.1 we can also choose N so that for alln > N,

1 /4
—d (Vs i) — d14(80 &my)| £ 6,

In

1 o r
t_d(yna ’yn?(l)) - d||’||(g0’ gm())

n

<d.

Thus we have (again taking k = max(|y,|, [y,|))

T yl) = T (Vi v
I,

<

1 ’ 4
t—T(vn,n) — do(go, &)

n

un

1 ,
+ l—T(yi;;o, Vo) = Ao (&mys &)

+ |d(1>(gm0’ g:‘no) - d(D(g()a g(/))l

By our choice of (g, g,’no), we have that the last term is bounded by 26. If n > N, we have that
the second term is bounded by 6. To bound the first term, recall that by assumption, 7 < Kd

and hence

1T V) = T Wi Yol S T Vs Vi) + T vi) < K@y, Vi) + Ay i),

and so

In

n

'T(Vn, Y2) = T Vs Vo)

1 1 ,
< K(t—d(%z,?’fflo) + t—d(?’n»%f{é))

< K (i(80+ o) + 6 + (80 8loy) + 6) < 4KG.

All in all we have

1 , ,
t_T(Vn, ?’n) - d(l)(g()a go) < 4K6 + 36,



77

and for a sufficiently small choice of ¢, this contradicts Equation (3.10.4), and so we are done.
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CHAPTER 4

Strict monotonicity for independent first passage percolation

4.1. Introduction

Recall from the last chapter that if 7 is an independent FPP metric on G = (V, E) a Cayley
graph of a virtually nilpotent group, then under mild assumptions, the random metric space
(V,T) has a deterministic scaling limit (L, dg), Which coincides with the scaling limit of the
deterministic metric space (V,ET). However, it is very difficult to understand the relationship
between the weight measure v and the limit metric d¢ for nontrivial v, since the proofs of
existence of such scaling limits depend on ergodic theorems and are not constructive. Therefore,
instead of trying to determine dg explicitly for a given v, in this chapter we try to understand
the map v — dg by asking whether it is in some sense strictly monotonic.

In the classical case of the standard Cayley graph of Z¢, recall that the limiting space is
(R4, ), where u is a norm defined by the “time constants”

. T@O,nv) . ET(,nv)
Wy = lim ——— = lim ———.

n—oo n n—oo n

In this setting, van den Berg and Kesten [36] proved a strict monotonicity theorem. That is, they
proved that if a probability measure v is “strictly more variable” than a probability measure v,
both have finite mean, and v is subcritical (in a sense to be described later), then for G the

standard Cayley graph of Z¢, d > 2, we have a strict inequality of time constants /i, < u, for all
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v # 0. In fact, their proof shows that

.. EBT(x,y)—ET(x,y)
lim inf

>0,
d(x,y)—00 d(x,y)

where d(x,y) := Zle |x; — yi| is the graph distance between the vertices x,y € Z¢ in the standard
Cayley graph of Z¢. If one showed this inequality above for Cayley graphs of virtually nilpotent
groups, it would translate to an analogous strict inequality of CC-metrics dg(&) < do(€) for all
¢ # 1. But note that this inequality also makes sense for any graph; one does not require the

»1 We will often abbreviate the above

existence of any scaling limits or even “time constants.
inequality as ET < ET. This naturally raises the question: for which other graphs G does the
same conclusion hold?

More explicitly, we call a measure v exponential-subcritical if the mass it assigns to the
infimum of its support is less than a certain threshold, as defined in Section 4.2.> A measure 7 is
strictly more variable than v if ¥ # v and f fdv < f fdv for any concave nondecreasing f such
that both integrals converge absolutely. We say that a graph has the van den Berg-Kesten (vdBK)
property if the following holds: For any v, ¥ with finite mean, if v is exponential subcritical and
¥ is strictly more variable than v, then ET < ET. The main theorem of [36] is precisely the
statement that the standard Cayley graph of Z,d > 2 is vdBK. In this chapter we explore the
question of which other graphs are vdBK.

The first main theorem of this chapter extends the strict monotonicity theorem of van den

Berg and Kesten to the setting of Cayley graphs of virtually nilpotent groups:

Note for future reference that lim inf ) se0 = MR inf(yyev2.gxy)=r. In particular, neither x nor y is fixed,
which is a relevant point when considering inhomogeneous graphs.

’The extent to which such an assumption on v is necessary for strict monotonicity is discussed in Section 4.2.1 as
well as Chapter S.
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Theorem 4.1.1. Let G be any Cayley graph of a finitely generated virtually nilpotent group

which is not isomorphic as a graph to the standard Cayley graph of Z. Then G has the vdBK

property.

A way of rephrasing this result (using Gromov’s theorem [16]) is that any Cayley graph
which has polynomial growth is either isomorphic to the standard Cayley graph of Z or has the
vdBK property. Moreover, a theorem of Trofimov [35] establishes a close relationship between
transitive graphs (graphs G such that Aut(G) acts transitively on the vertex set V') of polynomial
growth and virtually nilpotent Cayley graphs, so this result goes a long way towards resolving
the question of which transitive graphs of polynomial growth are vdBK.

One might wonder if all graphs have the vdBK property. This is not true; the easiest coun-

terexample is when the graph G is a tree. In this case, since there is only one self-avoiding path

ET(x.y)

between any two points, we have that d(xy)

is a constant equal to the mean of v. It is easy to
produce two different probability measures v, ¥ with the same mean such that ¥ is more variable
than v (see the proof of Theorem 4.4.1). This is, of course, why the standard Cayley graph of Z
had to be excluded from the above theorem.

However, trees are not the only counterexample. Consider the Cayley graph of the free
group F(a,b) on the two letters a,b which is associated to the [redundant] generating set
{a, b, ab} (see Figure 4.1). It is not hard to see that, although there is more than one self-avoiding
path between any two points, each self-avoiding path between two points must pass through ev-

ery vertex of the edge-geodesic path between those two points, and that each step, one only has

the choice to travel along the edge lying in the geodesic, or to take a particular path of length

ET(x.y)

two. Hence, in this case
d(x,y)

is a constant given by E min(wy, w, + w3), where wy, w,, wy are

independent variables with distribution v. One can again produce two distinct distributions, one
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Figure 4.1. The Cayley graph of the free group F(a, b) with respect to the gen-
erating set {a,b,ab}. In green is the unique edge-geodesic path from 1 to ab~'ab.
Every self-avoiding path from 1 to ab~'ab in this graph must visit all the vertices
of the green path and can only use green or black edges.

more variable than the other, such that their “time constants” are equal, contradicting the vdBK
property.

It turns out that the crucial property for determining whether a graph is vdBK is a property
of the graph which we call “admitting detours” (defined in Section 4.4). If a bounded degree
graph does not admit detours, then it is not vdBK, by Theorem 4.4.1 below. (One should
note, however, that if the graph in question has few symmetries, the vdBK property is quite a
strong property; this is discussed in more detail in Section 4.4.1). On the other hand, our main
theorems prove that given one of two quite different “large scale” assumptions on the geometry
of G, admitting detours implies the vdBK property.

For the first coarse-geometric setting, we say that a graph has strict polynomial growth if
the number of vertices in a ball of radius R in the graph metric is bounded above and below by

polynomials in R of the same degree. We have:
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Theorem 4.1.2. Let G be a graph of strict polynomial growth. Then G is vdBK if and only

if G admits detours.

To explain the second setting, we say that a (set) map f : X — Y between metric spaces
is a quasi-isometry if there exists 0 < C < oo such that %dx(a, b) — C < dy(f(a), f(b)) <
Cdx(a,b) + C for all a,b € X and dy(y, f(X)) < C forall y € Y. If a quasi-isometry f : X —» Y
exists, then X and Y are said to be quasi-isometric; this is an equivalence relation on metric
spaces. When we say that two graphs are quasi-isometric, we mean that the graph metrics on

their vertex sets are. We then have:

Theorem 4.1.3. Let G be a bounded degree graph which is quasi-isometric to a tree. Then
G is vdBK if and only if G admits detours. In fact, if G admits detours, then even if v is not

exponential-subcritical, whenever v is strictly more variable than v, we have ET < ET.

Theorem 4.1.2 is used to prove Theorem 4.1.1: the latter follows from the former once
we prove that all Cayley graphs of virtually nilpotent groups which are not isomorphic to the
standard Cayley graph of Z admit detours, which is proven in Section 4.5. Theorem 4.1.3 can
be combined with results proved in Section 4.5 to give many examples of Cayley graphs which

are quasi-isometric to trees and are vdBK:

Theorem 4.1.4. Let F; be the free group on k > 1 letters, and let F be a nontrivial finite
group. If T contains F X F as a finite-index subgroup or if U is a semidirect product F = F},
then any Cayley graph of T is vdBK. More generally, if " has a finite-index free subgroup, is not
isomorphic to Z or Z]2 « Z/2, and either contains a finite index subgroup with nontrivial center

or contains a nontrivial finite normal subgroup, then any Cayley graph of I is vdBK.
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Finally, as noted in [36], the question of strict monotonicity with respect to stochastic dom-
ination is related to “absolute continuity with respect to the expected empirical measure.” What
precisely we mean by this is explained in Section 4.8; note that this condition does not imply
existence of a limiting expected empirical measure. In any case, the methods of our chapter eas-
ily prove absolute continuity of the weight distribution with respect to the expected empirical

measure under the same “large-scale” assumptions:

Theorem 4.1.5. Let G be a bounded degree graph which is quasi-isometric to a tree. Then
for any probability measure v on [0, 00) with finite mean, v is absolutely continuous with respect
to the expected empirical measure of the associated first passage percolation T. Moreover, if v

strictly stochastically dominates a measure ¥, then ET < ET.

Theorem 4.1.6. Let G be a graph of strict polynomial growth. Suppose that v has finite
mean and is exponential-subcritical. Then v is absolutely continuous with respect to the ex-
pected empirical measure of the associated first passage percolation T. Moreover, if v strictly

stochastically dominates a measure v, then ET < ET.

Note that these strict monotonicity theorems for stochastic domination hold whether or not
the graph in question admits detours.

The layout of the chapter is as follows: in Section 4.2 we establish definitions and notations.
In Section 4.3 we collect various lemmata, most of which are essentially proven in [36], which
we will need to prove our main theorems. The key conclusion of this section is that, in order
to prove that ET < ET, it suffices to show that the expected number of times the T-geodesic
between two points x and y passes through a certain type of configuration called a “feasible

pair” is linear in d(x,y). In Section 4.4 we introduce the concept of “admitting detours” and



84

show that this is a necessary condition for a graph to be vdBK (although we note that the vdBK
property is quite a strong one in the inhomogeneous case). We also give examples of graphs
which admit detours. In Section 4.5 we prove sufficient conditions for Cayley graphs to admit
detours, particularly those that we will need to prove Theorem 4.1.1. This section is entirely
group-theoretical and combinatorial, so some readers may choose to skip it on first reading. In
Section 4.6 we prove Theorem 4.1.3, which will follow almost immediately from the results of
Section 4.3 combined with a characterization of graphs quasi-isometric to trees. Because paths
are so constrained in this setting, it is not hard to produce local events which imply that the
T-geodesic from x to y passes through a feasible pair, and this makes the proof quite simple.
We also prove Theorem 4.1.4 as corollary.

In Section 4.7 we prove Theorem 4.1.2, which is much more involved. The three key com-
ponents are a Peierls-type lemma, a resampling argument, and a “geometric construction” (a
construction of a set of weights suitable for use in the resampling argument). Although this
general strategy is the same as in [36], the methods given here apply to general graphs of strict
polynomial growth which are not necessarily almost-transitive. The geometric constructions
in particular are rather different from those of [36] and are quite intricate, since we are given
the task of manipulating the geodesic while remaining largely agnostic to the fine geometry
of the graph. By far, these geometric constructions are the most involved part of the proof of
Theorem 4.1.2. At the end of this section we give some examples of graphs which are not
almost-transitive to which our results apply.

Lastly, in Section 4.8 we prove absolute continuity with respect to the expected empiri-
cal measure for graphs of strict polynomial growth and for graphs quasi-isometric to trees,

which implies a strict monotonicity theorem with respect to stochastic domination, regardless
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of whether the graph in question admits detours. The proofs are just easier versions of the proofs

of the main theorems of this chapter.

4.2. Variability, subcriticality, and the van den Berg—Kesten property

Let v and ¥ be two probability measures on [0, co). We say that ¥ is more variable than v if

for every concave nondecreasing function f : R — R we have

ffdf/sffdv

as long as both integrals converge absolutely. We say that v is strictly more variable than v if ¥
is more variable than v and v # v.

We now define some percolation thresholds associated to a graph G. For p € [0, 1], denote
by G, the random subgraph of G given by including each edge e € E(G) in G, independently
with probability p, excluding with probability 1 — p. We define the exponential percolation
threshold for G to be

1
P 1= sup {p € [0, 1] : lim sup sup R log P(G, contains an edge path from o to B;(o, R)") < 0}

R—o0  0€V

and we define the exponential geodesic percolation threshold for G to be

1 G, contains an edge path from o to
P 1= sup pe[O,l]:limsupsupﬁlogP <0;.

— Roco o€V Bg(0, R)° which is edge-geodesic in G

Below the exponential percolation thresholds, we have uniform exponential upper bounds on
connection events. We call a measure v exponential-subcritical if either inf := inf suppv = 0

and v({0}) < p or inf > 0 and v({inf}) < p_*c
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Definition 1. We say that an infinite graph G has the van den Berg—Kesten (vdBK) property
if for every v,V with finite mean such that v is exponential-subcritical and v is strictly more

variable than v, we have

ET(x,y) — ET(x,
4.2.1) lim inf LY ~ ET (%))

> 0.
d(xy)—e d(x,y)

We will often abbreviate the “asymptotic strict inequality” (4.2.1) as ET < ET. The main

theorems of this chapter give sufficient or necessary conditions for a graph to be vdBK.

4.2.1. Remarks on the condition of exponential subcriticality

Here are some remarks which, while not necessary to the proofs below, are worth noting, on the
condition of exponential subcriticality, its relationship to various other percolation thresholds,
and the extent to which it is a necessary assumption to get a strict monotonicity result.

First, it is clear from the definitions that for any graph, p_f; > pe, and a simple union bound
(counting self-avoiding paths from a fixed vertex) shows that if G has degree at most D, then
Pe 2 1/D > 0. Itis also clear that for any connected graph, p. < p., where p. is the percolation

threshold as usually defined:
pc = inf{p € [0, 1] : P(G, contains an infinite edge path from o) > 0}.

For almost-transitive graphs, the sharpness of the percolation threshold [12] shown by Duminil-
Copin and Tassion implies that p. = p.. (The proof of sharpness in [12] is stated for transitive
graphs, but is not hard to generalize to almost-transitive graphs; here by almost-transitive graph

we mean a graph G such that the action of Aut(G) on V has finitely many orbits.)
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Furthermore, on amenable almost-transitive graphs (in particular graphs of polynomial growth),

the original argument of Burton-Keane ( [7], see also [19] for an explicitly general proof) shows

that p. = p,, where p, is the uniqueness threshold

pu :=1inf{p € [0, 1] : P(G, contains a unique infinite connected component ) = 1}.

ET(x,y)

If v({0}) > p,, then one expects that limg ) Ty

= 0 (although this has only been proven
in certain cases, see e.g. Theorem 6.1 of [26]). In that case, it is impossible that ET < ET,
so for polynomial growth almost-transitive graphs, the assumption on the atom at O is really as
weak as one could hope for.

In the case of the standard Cayley graph of Z¢, @ is the classical oriented percolation
threshold p; this is because of the nature of edge-geodesics in this graph, combined with
the sharpness results of Aizenman and Barsky [1]. In fact, if G is the standard Cayley graph
of Z¢, the condition here of being exponential-subcritical is precisely the condition of being
“useful” in [36]. Furthermore, in this case, if inf suppv =: inf > 0 and v({inf}) > p., then
lim,, e w = inf [13,29]. So if v # iy, We can take ¥ = 9;,¢ to get ¥ strictly more
variable than v but ET <« ET. Thus, the assumption v({inf}) < p_‘i in the definition of the vdBK

property is also necessary at least in this setting.’

In fact, similar behavior happens more generally, i.e. if G is transitive graph of polynomial

ET(x.y)

growth, one has liminfy e <055

= inf whenever inf > 0 and v({inf}) > p. This shows that
the subcriticality assumption on v is needed for strict monotonicity in the exact same way as

above. This is proven in Chapter 5.

30f course, this is because ET' < ET is equivalent to a strict inequality of time constants in all directions simul-
taneously; if one instead only cares about strict inequality of a time constant in a fixed direction, the assumption
v(a) < p. may not be necessary; for instance Marchand [29] proved that for G the standard Cayley graph of Z2, we
get strict inequality in the e; direction without that assumption (as long as still v({0}) < p.).
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On the other hand, for graphs quasi-isometric to a tree, we will see in Theorem 4.1.3 that
exponential subcriticality as defined here is not necessary at all. In fact, in this setting, if G
admits detours (see Section 4.4), then ET < ET whenever 7 is strictly more variable than v,
with no further assumptions needed on either measure. This is consistent with the perspective
that generally the uniqueness threshold, rather than p., is the correct threshold to consider for
the atom at 0, since almost-transitive graphs quasi-isometric to trees can have p. < 1 but always
have p, = 1 (since they have more than one end, see page 86 of [21]). The proper “uniqueness”
analogue of p_”c outside of the amenable case is unclear.

Finally, percolation on graphs which are not almost-transitive is poorly understood, and
so it is entirely unclear how close exponential subcriticality is to the “right” condition on v
to consider in this general setting. However, if G has degree at most D then the inequalities
@ > pc 2 1/D > 0 tell us that our main theorems are never vacuous for bounded degree
graphs; in particular, we get sufficient conditions to conclude strict monotonicity (e.g. that v is

atomless), even if the parameters p. and p, are quite mysterious.

4.3. Reduction to a lower bound on expected number of traversed “feasible pairs”

In this section, we reduce the task of deducing a strict inequality ET < ET to the task of
showing that the 7T-geodesic traverses linearly many “feasible pairs” in expectation. Most of
the argument from this section can be transferred directly from [36], with the main difference
being that we define a weaker notion of “feasible pair.” Proofs are given where the necessary
modifications from [36] are not obvious. Note that the arguments of this section allow us to
stop considering W or T and simply focus on understanding the T-geodesic.

First, note that we have the following theorem of van den Berg and Kesten:
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Theorem 4.3.1 ( [36], Theorem 2.9a). Let v and v be probability measures on [0, 00) with

finite mean such that v is more variable than v. Then for all x,y € V

ET (x,y) < ET(x,y).

Although the proof in [36] is stated only for G = Z¢, it easily extends to all locally finite graphs.

We also have

Theorem 4.3.2 ( [32,37]). Let v and v be probability measures on [0, 0o) with finite mean
such that v is strictly more variable than v. Then there exists a coupling (w(e), w(e)) such that

w(e) is v-distributed, w(e) is V-distributed, and

Epw(e)lw(e)] < w(e)

almost surely.
Another lemma from [36] which we will need is the following:

Lemma 4.3.1 ( [36], Lemma 4.5). We may assume without loss of generality that in our

coupling

(4.3.1) P(w(e) > w(e)) > 0.

Explicitly, either this holds, or there exists some Ww(e) such that ET(x,y) < ET(x,y) for all
X,y € V, the distribution of w(e) is strictly more variable than v, and such that (4.3.1) holds

with w replaced by w, i.e. P(w(e) > w(e)) > 0.

A key technical lemma we will use is the following:
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Lemma 4.3.2 ( [36], Lemma 4.8). Let v, v be probability measures with finite mean such
that v is more variable than v and such that (4.3.1) holds. Then there exist € > 0, a > 0, b > 0,

g > 0, and a bounded Borel set I, C [0, o) and y, € Iy with the following properties:

e Forall 6 >0, V(Io N (y() - 5,)10 + 5)) > 0.
e Forally € I,

P(w(e) >y + alw(e) =y) = b.

e Forany k > 1 and any yi, ..., y, ¥}, ...,y[(lﬂ)kj € Iy, we have

k L(1+e)k]
dita)- > Vi>kgxg
i=1 i=1

Proor. The proof is essentially the same as that given in [36], but simpler since we do not

actually need as many conditions. By (4.3.1), for some sufficiently small a, b > 0 there is some

Borel set B C [0, o) such that v(B) > 0 and for all y € B,
P(W(e) >y + alw(e) =y) > b.

Let yy be a point of support for B, that is, a point such that v(B N (yp — 9,y + 6)) > O for all
0 > 0. Choose € > 0 sufficiently small such that ey, < a. Then choose 6, > 0 sufficiently small
that

€yo + 20p + €y < a,

and choose

0<g<a-—(eyy+ 20+ €dy).
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Then we can take Iy := BN (y—3dy,y+0p). The first two conditions clearly hold by construction;
let us show the last condition:

k L(1+€)k]
Ditay= > vz k(o -6+ a) - k(1 +€)(yo + &)
i=1

i=1

= k(a — 26¢ — €y — €69) > kg > g.

Definition 2. Let n, " be a pair of paths with the same starting and ending point such that

n # 1’ (as edge sets). We say that n’ is a e-detour for 7 if
7'\ x| < (1 +e)n\ x|

Here, " and rt are identified with the sets of edges they contain, \ denotes set difference, and |- |

is the cardinality of a set.

Note that the condition that n” # & implies that |7 \ 7’| > 1. For otherwise we would have
that |7’ \ 7| < (1 +e)lr\ 7’| =1 +€)-0 =0, thatis, |7’ \ n|] = |7 \ 7’| = 0 and hence " = 7.
Intuitively, one should think of 7" as an “alternate path” which misses a fair number of edges of
the original path but is not much longer than the original path. A simple but useful observation

1s:

Proposition 4.3.1. 7’ is an e-detour for n if and only if m and 1’ have the same endpoints,
m# 7', and

7’| — |7| < €|\ 7.
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Proor. This follows immediately from the facts that |7 \ 7’| = |7| — [t N 7’| and |7’ \ 7| =

|n’| — |m N 7’|, together with some algebraic manipulation. O

Definition 3. Let € and Iy all be as in Lemma 4.3.2, and let C be a constant. We call (a,y) a
feasible pair with respect to the T-geodesic* it from x to y if both a and vy are self-avoiding, y is
an e-detour for a of length at most C(1 + €), a is a subpath of m, and for all e € (¢ Uy)\ (@ Ny),

w(e) € I.

This notion of course depends on C, €, and [ even though this is suppressed in the notation.
Here C is an unspecified constant, but in practice there will be one particular C = C(e) that
we end up using. These detours turn out to be key to proving the strict inequalities we want to
show, as we shall see in the next lemma.

The following lemma is essentially contained within Lemma 5.19 and the proof of Theorem
2.9(b) from Proposition 5.22 in [36], but we write it here to be explicit about what the necessary

modifications are.

Lemma 4.3.3. Let v,V have finite mean and be such that v is strictly more variable than v
and (4.3.1) holds. Let € and I be given as in Lemma 4.3.2 and let C be fixed. Then there exists

some constant ¢y > 0 such that if G = (V,E) is a graph and {B;}ic; C E is a family of disjoint

A T-geodesic from x to y is a path 7 : x — y with T(r) = T(x,y). In general there may be more than one
T-geodesic; we implicitly fix an arbitrary well-ordering on self-avoiding paths in G and define “the” T-geodesic &
from x to y to be the T-geodesic which is least in this ordering. On the other hand, it is not a priori obvious that a
T-geodesic exists. If v({0}) < p.(G) and G is locally finite, then it is easily shown (see Proposition 4.4 in [2]) that
all pairs of points x,y € V admit a T-geodesic; in particular, if v is exponential-subcritical, T-geodesics exist. In
Section 4.6 we do not assume that v is exponential-subcritical, but the arguments are easily modified to avoid the
assumption that 7-geodesics exist, by considering paths 7 : x — y with T'() < T'(x,y) + € and letting € — 0.
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subsets, for any x,y € V we have

ET(x,y) — BT (x,y) > co Z P(B; contains a feasible pair for the T-geodesic w: x — ).

iel

Proor. Asin [36],let w : E — [0, o) be given by
w(e) := Lgeg=ow(e) + Lge)=1W(e),

where {£(e)}ecr 1s a family of i.i.d. Unif({0, 1}) variables, also independent of w, w. As shown
in Lemma 5.19 of [36], ET(x,y) < ET(x, y) for all x,y € V, so it suffices to show the desired
inequality with T replaced by 7.

We will call a pair (@, y) advantageous for the T-geodesic m : x — y if it is feasible for «
and furthermore £(e) = O foralle € y \ @, é(e) = 1 for all e in a subset S C a \ y of size at least
S| > ﬁly \ a|, and if for all e € S we have W(e) > w(e) + a, where a > 0 is as given in Lemma

4.3.2. Note that, by Lemma 4.3.2, if (e, y) is advantageous then
T@-Ty)=Tw@\»-To\a)2T(S)-Ty\a) 2 g,
where g > 0 is as in the lemma. Furthermore, for any pair (@, y) we have

E[1 ] > 2Carr ey,

{(ay) 1s advantageous) (ay) 18 feasible}-

(Here we have used that |y| < C(1 + €)).
Therefore, consider a T-geodesic m from x to y. Construct another (random) path 7’ by
starting with 7 and, for each B;, if B; contains an advantageous pair («;,y;) for «, replacing the

subsegment «; with ;. (If B; contains more than one advantageous pair, choose the least one in
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some arbitrary ordering). We then have

I(m)-T() =g Z L, contains an advantageous pair for -

Since, as shown in Lemma 5.19 of [36], ET () > ET (), we have

ET(x,y) — ET (x, y) = ET(n) - ET (') > g Z P(B; contains an advantageous pair for ).

iel

But (again using some fixed ordering on pairs inside B;) we have

P(B; contains an advantageous pair for )

Z Z E I:I[{(a,y) is the least pair in 8, which is feasible}ﬂ{(a,y) 18 advantageouS}]

(@,y)CB;

Z E [ﬂ{m,y) is the least pair in 8, which is feasible}E[]l{(a,y) 18 advantageouS}lw]]
(a,y)CB;

>0~(C+e+0)pC Z E []1

(@, y)CB;

{(ay) 1s the least pair in B; which is feasible}]

=2~ (C+9+OCP(B; contains a feasible pair for 7).

Thus we have the lemma with ¢ := g - 27C1+9+OpC > (), |

Inequalities up to a constant factor will appear many times in this chapter, so from here we
fix the following notation. For two functions f and g of a parameter ¢, we will write f(¢) < g(7)
or g(t) 2 f(¢) if there is some constant ¢ > 0 and 7, < oo such that f(¢) < cg(¢) forall t > #y. In
this chapter our parameter ¢ is typically either d(x, y) or R, and which it is should be clear from

context.
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Finally, we can weaken the disjointness assumption on the {B;} in Lemma 4.3.3 and obtain
the following key lemma (where the same hypotheses on v and ¥ are assumed as in Lemma

4.3.3):

Lemma 4.3.4. Let {B;}ic; be a family of subgraphs of G and suppose that

sup#{jel:B;NB; # 0} <o

iel

Then, if

Z P(B; contains a feasible pair for the T-geodesic m: x — y) 2 d(x,y)
i€l

for all x,y € V with d(x,y) sufficiently large, then

ET(x,y) — ET(x,y)
d(x,y)—00 d(x,y)

> 0.

Proor. First, consider the graph whose vertex set is / and whose edges are {i, j} such that
B; N Bj # 0. Our first assumption states precisely that this graph has degree bounded by some
constant, let’s call it D’ < co. Then this graph can be colored by D’ + 1 colors using a greedy
coloring. Hence we get a decomposition / = |_|’,7) 11, such that for each fixed ¢, for all i, j € I,,

if i # j then B; N B; = (. Moreover, we have

max Z P(B; contains a feasible pair for the geodesic 7 : x — y)

lEI[

Z P(B; contains a feasible pair for the geodesic 7 : x — y) = d(x,y).

iel

D'+1
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Thus we will have our lemma once we show that for each ¢

ET(x,y) — BT (x,y) > Z P(B; contains a feasible pair for the geodesic w : x — ).

ielp

But since the {B;};¢;, are disjoint families, this follows immediately from Lemma 4.3.3. O

In light of the previous lemma, our strategy for proving our main theorems will be to find
suitable subgraphs B; of G and then prove that the expected number of B; containing a feasible

pair for the 7T'-geodesic from x to y is at least a constant times d(x, y).

4.4. Graphs that admit detours

Here we introduce and prove facts about the key fine-geometric condition on our graphs.
Recall (Definition 2) that we call n’ an e-detour for wif 7 # n’, m and 7’ have the same endpoints,

and |7’ \ 7| < (1 + e)lm \ 7'|.

Definition 4. We say that a graph G admits detours if for every € > 0, there exists some C
such that for every self-avoiding path n in G of length C, there exists a self-avoiding e-detour

n’ for m.

Note that this is equivalent to the (a priori stronger) condition that any self-avoiding path of
length at least C admits a self-avoiding e-detour; given a self-avoiding path & of length greater
than C, replace some subpath 7; of length C with an e-detour 7| for 7y, and we obtain an e-
detour n* for 7. n’ can be made into a self-avoiding e-detour for 7 simply by loop-erasing if
necessary.

Our main theorems say that at least in certain coarse-geometric settings, this fine-geometric

condition on the graph is equivalent to the vdBK property. We first give an equivalent condition
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and show that this condition is necessary for a graph to have the vdBK property. We then
discuss a subtlety in interpreting the negation of the vdBK property for inhomogeneous graphs.

We then give examples of graphs which admit detours.

4.4.1. vdBK graphs admit detours

Recall that a path 7 from v to w is called an edge-geodesic if for all paths 7’ from v to w,

|| < |n’|. mis called a unique (edge)-geodesic if for all i’ # x from v to w, || < |7’|.

Proposition 4.4.1. G admits detours if and only if G admits detours along unique geodesics
in the following sense: for all € > 0, there exists C < oo such that for every unique edge-geodesic

n of length C, there exists an e-detour n’ for m.

Proor. The forward implication is clear. Now assume that G admits detours along unique
geodesics. Note that the e-detour 7’ for a unique geodesic r can be made self-avoiding simply
by loop erasing; the resulting path is still an e-detour for 7w because the process of loop erasing
cannot increase |7’ \ x| and cannot decrease |7 \ 7’| > 1. So it only remains to construct self-
avoiding e-detours for self-avoiding paths which are not unique geodesics. Let 7 be a self-
avoiding path which is not a unique geodesic, and let 7’ be an edge-geodesic connecting the

endpoints of 7 which is not equal to 7. Since 7’ is a geodesic, we have

O0<|nl =]l =|n\ 7’| = |n" \ nl,

so that

7'\ 7l < |\ 7| < (1 +e)lm\ |

for all e > 0. O
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We can now easily prove that admitting detours is a necessary condition for a graph to be

vdBK.

Theorem 4.4.1. Let G be a graph which does not admit detours. Then there exists a se-
quence of pairs (x,,y,) € V* with d(x,,y,) —® and a pair of atomless measures v,V with
finite mean which are supported away from O and such that v is strictly more variable than v
but

ET(X,,, yn) = ET(Xn, yn)

for all n. In particular, if G has bounded degree, then G does not satisfy the vdBK property.

Proor. Since G does not admit detours, by Proposition 4.4.1 there exists € > 0 such that
for each n we have a unique geodesic r, of length n which does not admit a €-detour, which
is to say that, if x, and y, are the endpoints of r,, then any other self-avoiding 7, from x, to y,
satisfies

I, \ 7l = (1 + &)l \ .

Note that, canceling a term of 7'(w, N 71,), we always have
T(m)—T(m,) =T(m,\ m,) —T(m, \ ).
Now assume v is supported on [1, 1 + &]. Then for any n, # 7, we have

Ty \m) = T(my \ ) 2 1+ |, \ 7| = (1 + &)l \ 7,

> (1 + e)lm, \ 7| — (1 + €)lm, \ 7| = 0.
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That is, when v is supported on [1, 1 + €], 7, is almost surely has optimal passage time, that is,
T(x,,y,) = T(m,) a.s.

But then

ET (x,,y,) = ET(m,) = Ew)d(x,, y,).

In particular, if both v and ¥ are supported on [1, 1 + ] and Ew = Ew, we get
ET (x,, yn) = (EW)d()Cn, yn) = (EW)d(Xn, yn) = ET(xmyn),

so to complete our proof we just need to find two such v, ¥ such that ¥ is strictly more variable
than v. For example, we can take ¥ to be the uniform measure on [1,1 + €] and v to be the
uniform measure on [1 + (€/4),1 + (3€/4)] (see Example 2.17 in [36]). Finally, if G has
bounded degree, then v({1 + (¢/4)}) = 0 < 1/D < p_”c, so v is exponential-subcritical and the

pair v, ¥ contradicts the vdBK property. O

Although this theorem applies to any bounded degree graph, one should note that the vdBK
is quite a strong property to ask of an inhomogeneous graph. That is, the condition ET < ET,

or

T —ET
lim inf ZL5Y) ~ BT (xy)

> 0,
d(x,y)—o0 d(x,y)

requires that we have a discrepancy of linear order for any pair of points x,y € V which are
sufficiently far apart. This implies, but is in general stronger than, another natural condition:
fixing a basepoint o0 € V, we may ask that

.. .ET(0,x)—ET(0,x)
lim inf >0
e d(o, %)
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Note that by the triangle inequality, when v, ¥ have finite mean, the above limit is actually inde-
pendent of the choice of basepoint o. This is the relevant strict inequality if one is considering
scaling limits based at o.

The difference in these two notions means that the negation of the vdBK property is not as
strong of a property as we would like it to be. For instance (see Section 4.7.6), supercritical
percolation clusters in Z¢ almost surely do not satisfy the vdBK property, but it seems very
likely that they should satisfy “the vdBK property with one endpoint fixed.”

On the other hand, it should be emphasized that if G is almost-transitive (i.e. the action
of Aut(G) on V has finitely many orbits), then the two above notions of strict inequality are
equivalent. This is because if we take a finite fundamental domain F C V for the action of

Aut(G) on V, using Aut(G)-invariance of ET, ET, and d, we have that

ET (u, x) — ET (u, x)

lim inf = lim min inf
d(x,y)—c0 d(_x, y) R—oo ueF d(lf,chZR d(u, x)
.. BT x)—ET(u,x)
= min lim inf
ueF  x—o0 d(u, x)
liminf ET (o, x) — ET (0, x)
= limin
x—00 d(o, x)

Thus, while the vdBK property may be “too strong” for general inhomogeneous graphs, it is
“the right” property for almost-transitive graphs. Moreover, there are several inhomogeneous

graphs which are nonetheless vdBK; see Section 4.7.6.
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4.4.2. Examples of graphs which admit detours

Proposition 4.4.1 gives us an easy way to produce graphs which admit detours, namely by
“doubling” edges. Simply take any graph G and create a new graph G’ by taking the edge set of
G and adding an extra edge between each v, w € V which are connected by an edge in G. Since
every edge has a “parallel” edge, G’ has no unique geodesics, and hence by Proposition 4.4.1
admits detours.

This is a rather “cheap” way to get a graph that admits detours, especially since in first-
passage percolation often the graphs one is interested in are simple, i.e. contain no parallel
edges. However, this is a simple way to see that the property of admitting detours is not a
quasi-isometry invariant; every graph G is quasi-isometric to a graph G’ which admits detours,
so admitting detours is a “fine” rather than a “coarse” geometric property.

The property is not group-theoretic either; that is, for some groups I', some Cayley graphs
of I' admit detours and others do not. This can be seen using the same technique as above if
one allows Cayley graphs to have double edges (for discussion on what exactly is meant by
“Cayley graph” see Section 4.5). But even if one restricts to simple Cayley graphs, there are
counterexamples. The standard Cayley graph of Z does not admit detours (since it is a tree), but
every Cayley graph of Z not isomorphic to this one does. Similarly, Cayley graphs of Z/2 xZ/2
which are isomorphic to the standard Cayley graph of Z do not admit detours, but all others do.
This is proven in Section 4.5.

On the other hand, there are several properties of groups which ensure that all of their

Cayley graphs admit detours. For instance, we have



102

Proposition 4.5.1. Let T be a finitely generated group, and suppose that I contains F <1 a

nontrivial finite normal subgroup. Then any Cayley graph of I admits detours.

Proposition 4.5.4. Let I be a finitely generated group not isomorphic to Z or Z|2 « Z]2 =
Z = Z/2 with a finite index subgroup H such that H has nontrivial center. Then any Cayley

graph G of T admits detours.

These allow us to conclude:

Theorem 4.5.1. Let G be a Cayley graph of a virtually nilpotent group. If G is not isomor-

phic as a graph to the standard Cayley graph of Z, then G admits detours.

The proofs of all of these facts are entirely combinatorial and group-theoretic and are given
in Section 4.5. There may be many weaker group-theoretic conditions which ensure that every
Cayley graph of a group admits detours; the ones proven here were mostly chosen in order to
prove Theorem 4.5.1, since this is needed to prove Theorem 4.1.1. Of course, they readily apply

to many groups which are not virtually nilpotent.

4.5. Cayley graphs which admit detours

In this section we prove sufficient conditions for a Cayley graph of a group to admit detours,
and in particular Theorem 4.5.1, which will allow us to conclude Theorem 4.1.1 from Theorem
4.1.2. The arguments here involve no probability, only combinatorics and group theory. They
are independent of the rest of the chapter, so some readers may choose to skip this section upon

first reading.
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4.5.1. Paths in Cayley graphs

We begin by defining two slightly different notions of Cayley graph. Both definitions are natu-
ral, and the distinction between the two does not make a difference to geometric group theorists
(i.e., the two constructions produce quasi-isometric graphs, and the metric induced on the group
is the same) but it will make a slight difference in the study of FPP.

Let I" be a finitely generated group, S a finite set, and f : S — I' \ {1} a map whose
image generates I'. We define the unreduced Cayley graph associated to (I', S) to be the graph
G = (V,E) with vertex set V = I and edge set E = I' X §, where the boundary of the edge
e = (g,5) is {g,gf(s)} € V. We define the reduced Cayley graph associated to (I', S) to be
the graph G = (V, E) whose vertex set is V = I, whose edge set is the set £ = {{x,y} Cc I :
x#y,ds €S US~ st y=xf(s)} and the boundary map is the natural inclusion. The reduced
Cayley graph is the simple graph obtained from the unreduced Cayley graph by deleting parallel
edges. Typically the two graphs are isomorphic unless some f(s) € I' is of order two, but the
two graphs may also be nonisomorphic if one takes f : § — I to be a “redundant” generating
set, containing repeated elements or inverses of elements already included. We call a graph a
Cayley graph it is a reduced or unreduced Cayley graph.

Note that the action of I on itself by left multiplication induces an action of I" on G by graph
isomorphisms whenever G is a Cayley graph. So I acts on the set of vertices of G, the set of
edges of G, the set of geodesics of G, the set of unique geodesics of G, etc. The action of I" on
the vertex set V = I is transitive, and so any path and in particular any unique geodesic is the
translate of some path (unique geodesic) startingat 1 e ' = V.

Finite paths in the unreduced Cayley graph associated to (I', S) starting from the identity

vertex are in one-to-one correspondence with finite words in S U S, (Here, S is considered
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"where s € S). In the case of

as an abstract set, and S ! consists of symbols of the form s~
a reduced Cayley graph, there is a bijection between finite paths starting at the identity and
elements of (£(S) U £(S)™1)* (i.e. finite words in the subset £(S) U f(S)™! c T'). We use A to
denote S LI S~! in the case that G is the unreduced Cayley graph associated to (I, S) and we
use A to denote f(S) U f(S)™! c I in the case that G is the reduced Cayley graph associated
to (I, §). So in either case, paths starting from 1 € V = T correspond to finite words in A; we
denote the set of finite words in A by A*.

A” together with the operation of concatenation is the free monoid on A. Since A has a
natural “formal inverse” map A — A,a — a~' in both cases, this induces a “formal inverse”

-1

map on A* given by (a; ---a,)”" := a,'---a;'. Note that @' is not a true inverse of @; the word

I € A* represents the concatenation of the path represented by « with its reverse, which is

aa”
in particular not equal to the trivial path (consisting of no edges) represented by the empty word
inA*.

We have an “evaluation map” p : (S US™")* — I'induced by f : § — I given by

p(st oo sg) = fls)® -+ flso)®,

where the 5; € S, € € {+1,—1}. We also have an evaluation map p : (f(S) U f(S)™!)* — I' just
given by group multiplication in I'; p(g; - - - gx) 1s the product g; * --- * g € I'. (Typically the
group multiplication in I" is denoted in the same way as concatenation in A*; we only write it
with * here to emphasize that p : A* — I is not the identity map).

Note that in either case p : A* — I' is a homomorphism of monoids which respects the
inverse operation, i.e. p(aB) = p(@)p(B), p(a™) = p(a)~! for all a,B € A*. Geometrically, if

a € A" represents a path in G starting from 1 € V =T, p(a) € I' = V is the endpoint of that
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path. If @, 8 € A*, then the path represented by af is the concatenation of the path represented
by a with the left-translate by p(«a) of the path represented by 3. The path represented by o' is
the left-translate by p(a)~' of the reverse of the path represented by a.

The condition that 7 € A* corresponds to a geodesic in G is exactly the condition that for
any n’ € A* such that p(n’) = p(rr) we have |n’| > |n| (where here | - | is the length of a word).
The condition that 7 € A* corresponds to a unique geodesic is precisely the condition that &
corresponds to a geodesic, and for any n” such that p(n’) = p(r) and |n’| = |n| we have m = n’.
Recall also that the properties of being geodesic and uniquely geodesic pass to subpaths and are
invariant under translations, and so the above properties pass to subwords. In what follows we
will use the same symbol to denote a word in A* and the path in G starting from the identity
which it corresponds to. For instance, for a, € A*, p(a)B is the left-translate by p(a) € I of
the path in G represented by 8; p(@)B is a path in G starting at p(@) and ending at p(ef3), and the

path af is the concatenation of the paths a and p(a)g.

4.5.2. Sufficient conditions for a Cayley graph to admit detours

In many groups, there are relatively explicit constructions for constructing an e-detour for a
given unique geodesic. All the constructions given in this section are very similar, and come
from intuition from Z9, d > 2. In the standard Cayley graph of Z¢, unique geodesics are just
long straight lines; one can construct a path with the same endpoints which is totally edge-
disjoint from the original and only two edges longer by simply first taking a step perpendicular
to the original path, following a translated version of the original path, and then taking a step
back. Our basic strategy will be: given a unique geodesic with some nice properties, find two

words of bounded length which when appended to the beginning and end of this path give a path
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which has the same endpoints but misses a positive proportion of the edges in the original path;
this constructs detours for “nice” unique geodesics. Then, if every unique geodesic contains a
subpath with nice properties with length at least a positive proportion of the original length, we
can now construct a detour for a general unique geodesic simply by replacing the nice subpath
with its detour.

The first large class of groups for which we prove that all Cayley graphs admit detours is

the following:

Proposition 4.5.1. Let I be a finitely generated group, and suppose that I contains F <T a

nontrivial finite normal subgroup. Then any Cayley graph of I admits detours.

Proor. Set £ := maxyer |f| (Where |f] is the minimum length of a word w € A* with p(w) =
f). Let m € A* be a uniquely geodesic word. We first claim that there exists a subword n’ of
m with |7’| > % such that no nonempty subword v of 7’ has p(v) € F. To see this, consider
the path in the Cayley graph of I'/F corresponding to 7. A subword v of 7 with p(v) € F
corresponds exactly to a loop in the path in I'/F. We then loop-erase; that is, we can find a
collection of disjoint subwords Sy, ..., B; of &, corresponding to loops in the path in I'/F, such
that if we take the word n”” obtained from 7 by removing these subwords, we get a pathin I'/F
with the same endpoints (that is, p(n”") and p(r) have the same image under the map I' — I'/F)

and this path does not have any loops (that is, for all nonempty subwords v of n”, we have

p(v) ¢ F). Note that since n represents a geodesic path in the Cayley graph of I', we have

k
() = Inl = 7”1 + > IBi,
i=1
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but on the other hand, since p(r) and p(n”") have the same image in I'/ F, there exists f € F such

that fp(n””) = p(r), and therefore

lo(@I < 1f1+ o) < € + I”),

whence we conclude that

k
INEY:

i=1

and hence (assuming without loss of generality that the §; are nonempty) also that k < £. Since
7’ was obtained from 7 by deleting k£ subwords from 7, it is equal to the concatenation of at
most k + 1 subwords of . Thus, by the pigeonhole principle, there exists a subword n” of 7 with

A I

> .
|7T|_I<+1_ (+1°

and such that no nonempty subword v of " has p(v) € F, as desired.
Now, we construct a detour for 7’. Let f € F\{1}. Since F is normal, f** := (o(7’))~! fp(n’) €

F. Taking geodesics v, € A* from 1 to f and y, € A* from 1 to (f**?)~! and setting

~/ .__ /7
T =Y Y2

gives a path with p(') = fo(x')(f*™))~! = p(n’) (that is, #’ has the same endpoints as 7’), and

7| = 17"l + Iyil + lyal < |7'] + 2¢€.

We now show that if 7’ intersects n’ it only does so in the first £ or the last £ edges of n’. Note
that it suffices to show that the vertex sets V(n’) and V(7’) only intersect in the first £ + 1 or the

last £ + 1 vertices of V(n’). (Recall that if § C E, then V(S) C V is the set of vertices which are
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endpoints of some edge ¢ € §.) Note also that intersections of V(x’) and V(i) correspond to
initial subwords of 7" and #* which have the same image underp : A* — I
So first, suppose that for some initial subword v of y; and some initial subword 7, of 7" we

have that

p(v) = p(m1);

geodesicity of 7’ implies that || < |[v| < ¢; that is, the intersection of V(n) and V(&) has
happened in the first £ + 1 vertices of V(n’). Similarly, if for some initial subword v of y, and

some initial subword 7; of 77 we have

p(y1n'v) = p(my);

taking the v’ to be the subword of y, such that y, = vv" we get

p(') = p(y1'ys) = p(r)p(v'),

and taking m; to be the subword of n” such that n’ = mym, we get

p(m)p(m) = p(r') = p(r)p(V') = p(r2) = p(v')

by cancellation, and so by geodesicity of 7” we conclude that |m,| < [V'| < ¢; that is, the intersec-
tion of V()" and V(7’) has happened in the last £ + 1 vertices. The only remaining case is that

there exist initial subwords 7y and , of 7 such that

pyimy) = p(m2),
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and hence

fp@ry) = p(m) f/ = p(my) = 7 = p(ry) ' p(ra) € F\ {1}

But since m; and 7, are both initial subwords of 7/, there exists some subword 73 of 7 such that
p(m) " p(my) = p(m3)*, but then 73 is a subword of 7 with p(r3) € F \ {1}, which contradicts our
construction of z’, so this case cannot occur. Thus we have proven that V(z’) and V(ir") only
intersect in the first £+ 1 or the last £+ 1 vertices of V(x"), and so in particular 7"\ 7’| > |n'| —2¢.

Finally, if 7 = an’w, set T = ai’w. We then have that p(r) = p(7), that is, m and & have the
same endpoints, and

7| = Il = 7| = In'] < 2¢,

while

y - , || - ¢

T\ 7| > |7’ \#'| > |7'| —2¢ > - 2¢.
{+1
-1
Thus, given € > 0, if we choose C large enough that (2¢) % - 25) < €, then for any unique
geodesic r with || > C, we have that
7l = |nr| < €l \ 7,

that is, 7 is an e-detour for 7. m]

For other classes of groups, we will need to treat two cases separately: either we can con-
struct a detour for our unique geodesic with a simple construction, or our unique geodesic has
a very special form. This is made precise in the following lemma, which we use several times

below:
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Lemma 4.5.1. Let T be a finitely generated group and let H < I be a subgroup of finite
index. Let G be a Cayley graph associated to a generating set S for I, A be the relevant

alphabet. Suppose that there exists some z € H \ {1} such that for all h € H

2" := ™" zh| = I2l.

Fix w € A* a geodesic from 1 to z, and for each H-conjugate 7" of z fix w" € A* a geodesic from
1 to 7" (note the property of 7 ensures that \w| = |W"| for all h € H). Let 1 € A* be a unique

geodesic in G such that p(r) € H. Then:

(1) If there exist a,w € A*, h € H such that p(a),p(w) € H and n = aw’w, then r is an
initial subpath of W)Y for some h' € H, N < co. If 1 = aW")™'w then & is an initial
subpath of (W)™ )N for some h' € H,N < co.

(2) Suppose that the condition above fails, that is, for all choices of «,w € A* and h € H

with p(@), p(w) € H, we have © # aw"w and n # a(W")'w. Then the path

7 = wa(w?™)!

has the same endpoints as n and satisfies

V(x") N V(x) N H| <2(lw| + 1),

and hence

[V \ V@) = [(V(m) \ V(@) N Hl = |V(m) N H - [V(x' NN H)|

> V()N H|=2(w| + 1)
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so that

1 1
I\ 7'l > SV V()| = SV 0 H| = |w] = 1.
Before proving the lemma, we give context by proving the implications we need it for.

Proposition 4.5.2. Let G be a Cayley graph of Z. Either A = {a,a”"'} for some a € A, in

which case G is isomorphic to the standard Cayley graph of Z, or G admits detours.

Proor. If A = {a,a™'}, then clearly G is isomorphic to the standard Cayley graph of Z.
Assume that there exists s € A \ {a,a”"'} for some a € A. Letting H =T’ = Z, w = a, we see that
the assumptions of the lemma are satisfied, since Z is abelian and hence the conjugation action
is trivial (we also set w" = a for all h € H). Therefore, if 7 is any unique geodesic in I', either

1

n=a",n=(a"H", or m does not contain a or a~!. By part (2) of the lemma, in the latter case,

setting 7’ := ana™' gives a path with the same endpoints such that®
, o1
7\ n'| > 5|7r|—2.

Now consider the former case, i.e. 7 = a” orm = (a™")". Note that taking H =T = Zand w = s
also satisfies the hypotheses of the lemma, and since s, s~' do not appear in 7, by part (2) of the

lemma, taking 7’ := sms™! gives a path with the same endpoints as  and

1
|7\ 7’| > §|7T| - 2.

5By looking more closely at the paths, one can see that the prefactor of % is not necessary; the crude bound
T\ 7’| > %IV(n) \ V(n’)| from which it comes could be avoided by a more careful argument, but this is not
necessary for our purposes.
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Thus, for any € > 0, if C is sufficiently large that 2 < e(% — 2) then we have that if 7 is a unique

geodesic with || > C then with the above construction of 7/ we have
7’| = Inl = 2 < €lm \ 7],
as desired. O

Proposition 4.5.3. Let G be a Cayley graph of T := Z/2+Z/2. Either G is a reduced Cayley
graph associated to a generating set S such that f(S) consists of exactly two elements of order

2, in which case G is isomorphic to the standard Cayley graph of Z, or G admits detours.

Proor. If G is a reduced Cayley graph with A = f(S) consisting of exactly two elements of
order 2, then G is a connected regular infinite graph of degree 2, and so it is isomorphic to the
standard Cayley graph of Z. We want to show that in any other case, G admits detours.

Recall that all nonidentity elements of I' = Z/2 « Z/2 = 7Z =< Z/2 have either infinite order
or order two. Hence, the remaining cases to check are (1): f(S) contains an element of infinite
order; (2): f(S) contains only elements of order 2 but G is an unreduced Cayley graph; (3):
f(S) contains only elements of order 2, G is a reduced Cayley graph, and |f(S)| > 3. Also
recall that any product of two distinct elements of order 2 is an element of infinite order, and
that for any element x € I of infinite order, for any g € I' we have g~'xg = x~! if g has order 2
and g~'xg = x otherwise.

So assume that for some z € A, p(z) has infinite order. Then for any g € I' we have
p(2)% = p(z) or p(z)¢ = p(2)~! = p(z7"). Therefore if we take H = I' and w = z, the hypotheses
of the lemma are satisfied, and for each 4 € H we can choose w”" to be either z or z7!. Let 7 be

a unique geodesic in G. By the lemma, either 7 = zV, 7 = (z7')" or 7 does not contain z or 77!
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In the latter case, by the lemma, taking 7’ := zzz~' gives a path with the same endpoints and
T\ '] = %Inl — 2. In the former cases, take a € A with p(a) of order 2 (any generating set of I"
must contain such an element). Taking 7’ := an'a then gives a path with the same endpoints
as m, and V() N V(x') is equal to the endpoints of 7 and n’, since for any 0 < n,m < N,
p(az™) # p(z*™), since the two elements lie in distinct cosets of (o(z)) < I'. Hence in fact
T\ 7’| = |nl.

Next, assume that (S ) contains only elements order 2, but G is an unreduced Cayley graph.
In this case, every edge of G is a double edge, so there are no unique geodesics, and so G admits
detours.

Lastly, assume that f(S) contains only elements of order 2, G is a reduced Cayley graph,
and |f(S)| = 3. Pick a, b, ¢ € A such that p(a), p(b), p(c) are all distinct. Since p(ab) has infinite
order, again taking w = ab, H = T satisfies the hypotheses of the lemma, and we can choose
for each h € H either w" = ab or w" = ba. Hence, letting 7 be a unique geodesic in G, we have
that either 7 does not contain ab or ba as a subword, or that 7 is a subword of (ab)" for some
N. In the first case, by the lemma, we have that taking 7" := (ab)n(ba)™"" gives a path with the
same endpoints as 77 with |7 \ 7’| > 1|z — 3. In the second case, take 7’ := (ac)n(ca)~"". Then
m and 7" have the same endpoints, and we claim that |[V(z") N V()| is contained in the union of
the first two and last two vertices of V(x’), implying that |7 \ 7’| > |r| — 3. To see this, suppose

to the contrary that for some initial subpaths 7y, 7, of 7 we had

p((ac)my) = p(my).
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We have p((ac)r;) = p(mi(ac)™""™"). Moreover, there is some subpath # of 7 such that either

myft = my or m & = m,. Then in the first case, by cancellation we have

p((ae) "™ = p(R).

As a subpath of 7, 7 is uniquely geodesic, but (ac) and (ca) are both geodesics, since f(S) only
contains elements of order 2 and hence any path to an element of infinite order has length at
least 2. Hence we have that 7 = (ac)™""™", contradicting our assumption that 7 is a subpath of
(ab)". In the case that m% = 7, we similarly conclude that # = (ac)™"™"", which is similarly
a contradiction.

Thus, in any of these three cases, given a unique geodesic rr, we can produce a path 7’ with
the same endpoints such that |7\ 7’| > %|7T| —3and 7’| < |n|+4. Thus, given € > 0, if we choose
C sufficiently large that 4 < e(%C — 3), then for any self avoiding path 7 of length at least C
have have 7’ with

7’| — 7| < 4 < €ln \ 7|,

as desired. O

IR

Proposition 4.5.4. Let I be a finitely generated group not isomorphic to Z or 22 + Z./2
Z = Z/2 with a finite index subgroup H such that H has nontrivial center. Then any Cayley

graph G of T admits detours.

Proor. First, we show that we can assume without loss of generality that H is not cyclic.
Suppose that H were cyclic; then I would be virtually Z, and therefore (see Lemma 11.4 on
page 102 of [23]) there is a finite normal subgroup F' <T" such that I'/F is isomorphic to either Z

or Z/2+7Z/2. If F is not trivial, then Proposition 4.5.1 tells us that any Cayey graph of I admits
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detours. If F is trivial, then I itself is isomorphic to either Z or Z/2 = 7Z/2, and these cases are
excluded by assumption.

So assume that H is a non-cyclic finite index subgroup of I' with nontrivial center. Fix z # 1
a nontrivial central element of H of minimal distance to 1 and consider a geodesic path w € A*
from 1 to z. Since by definition 7" = z for all 4 € H, this choice of w and H satisfy the conditions
of the lemma; we also set w" = wforall h € H.

Take a unique geodesic 7 in G. By the pigeon-hole principle, there is some ¢ € I' such that at
least ﬁlV(n)l of the vertices in V() lie in the coset tH. Denote by n; the subpath of 7 starting
at the i such vertex and ending at the (i + 1) such vertex. Set 7 := 1, - - - 74, the subpath of 7
from the first such vertex to the last such. Note that each p(1;) € H, p(r) € H, and that the n;
are minimal in the sense that if « is a proper initial or final subword of some 7;, then p(a) ¢ H.

Now, by the lemma, either 7 is an initial subpath of w" or (w™")" for some N < oo or there

are no a, w € A* with p(a), p(w) € H and either 7 = aww or 1 = aw™'w. In the latter case, the

lemma also tells us that taking 7’ := waw™! gives a path with the same endpoints as 7 and
L1
lm\ 7’| > §|V(7T)ﬂH| —|w| - 1.

So consider the case that 7 is an initial subpath of w¥ (the case that 7 is an initial subpath of
(w™H" is exactly analogous). First note that as long as |r| > |w|, this implies that all the 7, are

equal. For suppose that i7; - - - 17; = w; then we have

o) = pwnier ) = POcaWn2 -+ ) = POy = Qi =+ = M)

so unique geodesicity, together with the fact that the decomposition w = 1 - - - 7, is uniquely

specified by w and H, implies that n; = n;,; foralli = 1,...,[— 1, so w = i\, and hence 7 = n’.
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Now take a geodesic path @ from 1 to some element of H \ {p(17;)) (which is possible since H
is not cyclic) with minimal distance to 1. Let O < r < [ be minimal such that M + r is a multiple

of . Then we set

’._ M+r _—1_-r
Ti=an @ on .

Since p(n’l‘l ) is a power of p(n’l) = p(w) = z, it is central in H, and hence we see that 7 and 7’

have the same endpoints. We further claim that
V(@) N V(m) N H C V(a) U plamgy V(e "'n"),

which implies that

[V(7") N V() N H| < 2|a| + W] + 2,

hence |V(r \ ') > |V(m) N H| — 2|a| + |w| + 2) and
/ 1 / 1
m\ ] 2 SV \ V)l 2 ZIV(m) 0 H = la] = w] - 1.
To see this, suppose to the contrary that for some 0 <i < M +r,0 < j < M we had
plarfh) = p(n).

Then cancellation gives us

p(@) = p(m)~" € p(m)),

contradicting our choice of a.

Thus, in either case, given 7, we get n” with the same endpoints satisfying

'] < |7l + 2(al + wl)



and

1
lm\ 7’| > EW(”) NH|—|a| - |w|-1.

If 7 = mynm,, set ' := myn’m,. Then we again have
7| = 17| = 7’| = || < 2(le] + [w))
and

~ ~/ /7 1
T\ 7| =|m\ 7’| > EIV(ﬂ)ﬂHl—Ial—IWI—l

1
= Z|V@E NtH| - o] — W] - 1 >
2| (1) | =lal=Iwl-12= ST H]

Note that [w| = |z] is a constant independent of the path 7. Moreover,

o] < sup inf |A'|=:K < oo,
heH /’VEH\(/’!}

V@) = lal = wl - 1.
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where K is a constant also independent of the path 7. To see that K is finite, take a finite

generating set S’ for H (H is finitely generated by Schreier’s lemma, as a finite index subgroup

of the finitely generated group I'.) Since H is not cyclic, for every h € H, there is some s € S’

such that s ¢ (), and so K < sup,y |s| < oo, as desired.

Thus, given € > 0, if we choose C > |w| sufficiently large that

2AK+w) <e (#C -K—|wl- 1), then for any unique geodesic 7 in G of length at least C

2[T:H]

we have 7/ with the same endpoints such that

'] = 171 < el \ 7,
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as desired. m|

Remark 4.5.1. The preceding three propositions are in some sense as far as we can push
the lemma. If there exists 7 # 1 such |7"| = |z| for all h € H, in particular the H-orbit of z under
the conjugation action is finite; hence by the orbit stabilizer theorem, Staby(z) < H is a finite
index subgroup of H with nontrivial center (the center contains z). Thus if H is itself finite index
in T, T has a finite index subgroup with nontrivial center, and one of the preceding propositions
apply. The lemma still holds if H is not finite index, but in that case it is not clear how to use it

to construct detours for G.

Now to prove the lemma.

Proor or LEMMa 4.5.1. Let 7 be a unique geodesic with p(rr) € H and suppose that for some
a,w € A*,h € H, we have p(a),p(w) € H and 1 = aw"w. (The case that 7 = a(W")'w is

exactly analogous). Note that since p(a), p(W"), p(w) € H, we have decompositions

where each p(¢;), p(n;), p(k;) € H and if y is an initial or final proper subpath of some ¢;, 1;, or «;,
then p(y) # H. Note that this property also uniquely specifies the decomposition.

Now we will show that « is a final subword of some (w")" and that w is an initial subword

of some (w")". First, suppose that j < [. We have that

hp(a)™!

-1
plan - ) = plaw™) = pW" @ @) = p(WF @ ¢ o)
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where [w"@| = |w"|; hence by unique geodesicity we have that the above paths are equal. By
the uniqueness of the decomposition, we then have that ¢; = n;,,_; fori = 1,..., j, that is, a is a

final subword of w If j > [, we have
h ho(tigsr-ti)~!
Py W) = plog -+ oW ),

so that by unique geodesicity, ¢; 11 - --¢; = w', that is @ = ’w for some @’ of shorter length.

Thus, by induction, « is a final subword of (w")" for some N. The argument that w is an initial

subword of some (w")" is exactly analogous.

Thus, 7 = aww is a subword of some (wW")"; even more than that, a starts with 7; for some
i, so we see that x is an initial subword of some w™V, W' := nnis1 -+ 1 - --1ni—1. Note that
pW) = pwhypar-m-D = pyhem-n-0) and w' is a subword of &, so by unique geodesicity
w = whetn=ni-1) g0 we have proven (1).

Now to prove (2). Let  be a unique geodesic with p(rr) € H and such that no decomposition
of the form 7 = a(w")*'w holds for any p(a), p(w), h € H. Then take 7’ := waw~!. We claim

that

V()N V(r) N H c V(w)Upwr)V(iw™),

which then clearly implies that |V(n") N V() N H| < 2(|w| + 1).
To prove our claim, suppose that to the contrary there were two initial subpaths 7y, 7, of 7

with p(7y), p(m2) € H such that

p(wmy) = p(m2).

Then we have

p(wmy) = p(mw”™) = p(my).
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There is some subpath 7 of & such that p(7) € H and either 7, = 7,7 or m, = m 7. In the second

case, cancellation and unique geodesicity give
pW™) = p(7) = W = 7

which contradicts our assumption on =, since 7 = mfiw for some p(w) € H and the above
equation says that 7 is a geodesic from 1 to z°™. The first case gives p(7) = p(W*™)~!, which
is similarly a contradiction. So we are done.

The final inequalities are consequences of straightforward algebraic manipulations, together
with the inequality

1
T\ 72 SIVm A\ VL,

which follows from the fact that we can construct a map V(r) \ V(n') — n \ n’ with fibers of
size at most 2 as follows: take each v € V() \ V(n’) and associate to it an edge e € & such that

v is an endpoint of e; such an edge exists since v € V() and e ¢ 7’ because v ¢ V(x'). |

Theorem 4.5.1. Let G be a Cayley graph of a virtually nilpotent group. If G is not isomor-

phic as a graph to the standard Cayley graph of Z, then G admits detours.

Proor. If G is a Cayley graph of a group which is not isomorphic to Z or Z/2 x Z/2, this
follows from Proposition 4.5.4, since nilpotent groups have nontrivial center. If G is a Cayley
graph of Z, this follows from Proposition 4.5.2. If G is a Cayley graph of Z/2 +Z /2, this follows

from Proposition 4.5.3. O

4.6. Proof of Theorem 4.1.3

In this section, we prove the following:
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Theorem 4.1.3. Let G be a bounded degree graph which is quasi-isometric to a tree. Then
G is vdBK if and only if G admits detours. In fact, if G admits detours, then even if v is not

exponential-subcritical, whenever v is strictly more variable than v, we have ET < ET.

A metric space which is quasi-isometric to a tree (where the tree is given the usual graph
metric) is called a quasi-tree. The following is a well-known equivalent condition for a geodesic
metric space to be a quasi-tree (the original, slightly weaker condition is due to Manning [28];

the following extension is a well-known consequence, see e.g. [6]):

Theorem 4.6.1 (Manning’s bottleneck criterion). A geodesic metric space X is a quasi-tree
if and only if there exists some A < oo such that for every x,y € X, for every geodesic | x,y] from

X toy, for every z € [x,y], any path & from x to y intersects B(z, A).

Corollary 4.6.1. Let G = (V, E) be a graph which is a quasi-tree. Then there exists R < oo
such that for any x,y € V, for any edge geodesic [x,y] from x to y and any z € V([x,y]), every

path r from x to y intersects E(B(z, R)).

Here (and later in this chapter), if S C V, then E(S) C E is defined to be the set of edges of
G which have both endpoints lying in S, and if S C E, then V(§) C V is defined to be the set of

vertices which are an endpoint of an edge in §.

Proor. (V,d) is naturally a subspace of the geodesic metric space (G, d) given by the geo-
metric realization of G (i.e. the 1-dimensional metric cell complex where each e € E corre-
sponds to 1-cell in G isometric to [0, 1], joining O-cells corresponding to the endpoints of e).
The combinatorial edge-geodesics we study here correspond to geodesics in (G, d), and one

quickly sees that the corollary holds with R = A + 1. O
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Proor or THEOREM 4.1.3. We only need to prove that, if G admits detours, then we have
ET < ET whenever 7 is strictly more variable than v, since the other direction is given by
Theorem 4.4.1.

To this end, let v, ¥ have finite mean with ¥ strictly more variable than v and first assume that
(4.3.1) holds. Then let € > 0, /) be given as in Lemma 4.3.2. Since G admits detours, there is
some C such that every self-avoiding path 7 of length C admits a self-avoiding e-detour (which
is necessarily of length at most (1 + €)C). Since G is a quasi-tree, take R < oo such that for all
x,y € V, for any geodesic [x,y] from x to y, any path 7 : x — y intersects E(B(z, R)) for all

ze€ V(x,yD.

Now, define the family {B, := B(v,R + C(2 + €)) : v € V}. First we claim that for any v,

P(B, contains a feasible pair for the geodesic 7 : x — y)

>P(r visits B(v, R) and leaves B,, w(e) € I, for all e € E(B,)).

To see this, note that if & visits B(v, R) and exits B,, there is a segment a of 7 of length at
least C contained in B(v, R + C); this segment admits a self-avoiding e-detour vy contained in
B(v,R + C(2 + €)). Then, if also w(e) € I, for all e € E(B,), (a,y) forms a feasible pair.

Next note that if v € V([x,y]) \ B, then any path from x to y visits B(v, R) and exits B,, and

so for such v we have

P(B, contains a feasible pair for the geodesic 7 : x — y)

>P(w(e) € I, for all e € E(B,)) = v(Io) E®) > (v(I,)) P+ 7" =
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where D is the maximum degree of G. Therefore for d(x, y) sufficiently large we have

Z P(B, contains a feasible pair for the geodesic 7 : x — y)
veV

> > P(we) € Iy forall e € E(B,))
veV([x,yD\By

>|V([x,y]D) \ Byl > cd(x,y) — c(D + DF 9 2 d(x, y).
Moreover, we have that
. 2(R+C(2+¢€))
sup#Hw : B, N B, #0} <sup|Bw,2(R+C2+¢€)|<(D+1) < oo,

and so by Lemma 4.3.4 we have that

. . ET(-X’ y) - ET(X?)})
lim inf

> 0,
d(x,y)—c0 d(x,y)

as desired.
On the other hand, if w and W do not satisfy (4.3.1), then take w as in Lemma 4.3.1; applying

our above argument to w gives

ET(x,y) — ET(x,y) o i e BTO0Y) —ET(x,y)

lim inf > liminf >0,
d(x,y)—c0 d(_x, y) d(x,y)—co0 d(_x, y)
and so we are done. O

As a corollary we also obtain Theorem 4.1.4:

Proor or THEOREM 4.1.4. Let I" be a virtually free group (i.e. I contains a finite index free

subgroup). Since free groups have Cayley graphs which are regular trees, any Cayley graph of
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I' is quasi-isometric to a regular tree, and so by Theorem 4.1.3 a Cayley graph of I is vdBK if
and only if it admits detours. If I" has a finite index subgroup with nontrivial center and is not
isomorphic to Z or Z/2 = Z/2, then by Proposition 4.5.4, all its Cayley graphs admit detours. If
I" has a finite normal subgroup, then by Proposition 4.5.1, all its Cayley graphs admit detours;
hence under either condition all Cayley graphs of I" are vdBK.

If T is a semidirect product F > F} then F is a nontrivial finite normal subgroup, and hence its
Cayley graphs are vdBK by the above. If I" contains F' X F; as a finite index subgroup, let A < F
be a nontrivial cyclic (hence abelian) subgroup; then A X F; has nontrivial center (containing

A % {1}) and A X F is finite index in I', and so the Cayley graphs of I" are vdBK by above. 0O

4.7. Proof of Theorem 4.1.2
We say that a graph has strict polynomial growth if there exists some 0 < d < co and some
0<c; £C; <oosuchthatforallR > 1,

ciRY < inf |B(v, R)| < sup |B(v, R)| < CiR‘.
ve vevV

(Note that this in particular entails that G has bounded degree). It is well known that Cayley
graphs of finitely generated virtually nilpotent groups are of strict polynomial growth; in fact,
|B(R)|/R? converges to a constant as R — oo [30]. Moreover, it is clear that half-planes, sectors,
and many other subgraphs of the standard Cayley graph of Z¢ have strict polynomial growth.

The goal of this section is to prove the following:

Theorem 4.1.2. Let G be a graph of strict polynomial growth. Then G is vdBK if and only

if G admits detours.

Given Theorem 4.1.2, we can quickly prove Theorem 4.1.1 as follows:
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Proor oF THEOREM 4.1.1 GiveN THEOREM 4.1.2. Let I' be a virtually nilpotent group. Then
any Cayley graph for I' has strict polynomial growth [30]. If a Cayley graph G of I' is not
isomorphic as a graph to the standard Cayley graph of Z, then G admits detours, by Theorem

4.5.1. So Theorem 4.1.2 implies that G is vdBK. O

4.7.1. A Peierls argument for graphs of strict polynomial growth

In the previous case, where G was quasi-isometric to a tree, we benefitted from the fact that we
could find areas which the geodesic visited with probability 1, and hence for such an area A and
any event C, P({r visits A} N C) = P(C). Here we have to deal with graphs which may have
many paths with mostly disjoint support between each pair of points, and so a generic event C
will not have P({rr visits A} N C) = P(C). In fact, there are very few events C for which we can
get nontrivial inequalities for P({r visits A} N C). Therefore, a key tool will be Lemma 4.7.1
below, which ensures that, for certain types of local events, the geodesic will in expectation
visit > d(x,y) many regions where the prescribed events hold. This is a Peierls-type argument,
similar to the one used in [36], but with a different choice of coarse-graining.

Before we can state the lemma, we must describe a specific coarse-graining construction
which has desirable properties if our graph G has strict polynomial growth. First, for each
R, choose a maximal subset {of}i C V which is R-separated, that is, such that if i # j, then
d(of,of) > R. (From here on we will suppress the dependence on R and write o; for of).
Maximality implies that for each vertex v € V, there exists some i such that d(o;,v) < R.

Also fix an arbitrary well-ordering on the indices i, and for each i, let BX be the “Voronoi tile”
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containing o;, that is, set
Bf ={veV:d(o;,v) <d(oj,v)forall j <i,d(o;,v) <d(oj,v)forall j > i}.

(Bf consists of the vertices which are closer to o; than any other o;, but we “break ties” when
v is equidistant from o; and o; using the ordering on indices). We see that V = | |; Bf and that
sup; diamBF < 2R (since each BY c B(o;,R)). That is, {BF} forms a partition of V, and the
partition elements have bounded diameter.

Next, we fix 0 < £ < oo (a scaling parameter that will be chosen to suit our separate
constructions below). The following proposition says that the vertex sets B and the edge sets

E(B(0;, ZR)) have “degree” uniformly bounded in R if G has strict polynomial growth:

Proposition 4.7.1. Suppose that G has strict polynomial growth. Then there exists D < oo
independent of R such that the following holds. For each R let GR be the simple graph whose
vertex set is {0;} and is such that o; ~ o; if and only if there is an edge in G with one endpoint in
BE and the other endpoint in Bf. Let GR be the simple graph whose vertex set is {0;} and such
that o; ~ o; if and only if E(B(0;, ZR)) N E(B(0;, ZR)) # 0. Then for all sufficiently large R, both

G® and G® have degree at most D.

Proor. Fixing some o;, we have
{j:oj~o0;inG"} C{j:d(o,05) <2R+1}C{j: B CB(o,3R+1)},
as well as

{j:oj~o0;inG"} C{j:d(o,0;) < 2ZR} C{j: B} C B(0;,(2Z + )R}
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Thus in order to bound both degrees it suffices to show that, given any constant ¥’, the quantity
#{j : BY C B(0;,X'R)}

is uniformly bounded in both i and R. To this end, note that, since o; is R-separated, it follows

that B(o;,(R/2) — 1) C Bf . So using our volume bounds and the fact that the Bf are disjoint we

have
. R / R d R ’ r pN\d
#jiBY C B ERIa|3-1) < Y Bl <IBO,ZRI< CERY,
chB(o,-,E/R)
so that
. Ci1(Z'R)! Ci d
#j: B% c B(o;,X'R)} < —(x),
{j: B (0 )} IR/ 11 7o o (2%7)
so we are done. m|

Remark 4.7.1. This is actually the only point in the proof where we use strict polynomial
growth. In every other part of the proof, we will only use that G has a uniform strictly subexpo-
nential volume bound and bounded degree (which is equivalent to a uniform bound on |B(v, 1)|).
If one could find a suitable coarse-graining for more general subexponential growth graphs, the
methods in this chapter would immediately show that such graphs are vdBK if and only if they
admit detours. However, constructing such a coarse-graining would take some ingenuity; if
for instance we attempt to do the Voronoi construction for a graph with growth of order e VR

the degree bounds we get from the above analysis are superpolynomial in R, and the proof of

Lemma 4.7.1 does not go through.

Now we can state and prove the Peierls lemma:
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Lemma 4.7.1. Let G = (V, E) be a graph of strict polynomial growth. Suppose that for each
sufficiently large R < oo we have a family of events {AR} which depend only on the edges in
E(B(0;,2R)). Suppose also that

p(R) := supP ((4F)’) — 0.

R—oo

Then, for all sufficiently large R, there exist c;(R), &(R) > 0 such that for all x,y € V with

d(x,y) sufficiently large,

dy : x — y visiting at most c,d(x,y) distinct
< pgmedxy)

BE such that A® holds

Proor. Recall the graphs G® and G defined in Proposition 4.7.1. Let y be a path from x
to y in G. This induces a path ¥ in G¥ in a natural way: ¥ starts at the o;, corresponding to the
unique Bﬁ containing x, and each time y crosses an edge from a vertex in some B to a vertex
in some distinct Bff, ¥ crosses an edge from o; to 0. Note that since the diameter of the Bf 18
bounded uniformly in i, there exists n(R) > 0 such thatif y : x — y, then ¥ visits at least nd(x, y)
distinct Bf . We want to bound the probability that (for some c,(R) to be chosen later) some such
¥ visits at most c,d(x, y) o; such that Af holds. First, note that if ¥ visits at most c,d(x, y) o; such
that AR holds, a self-avoiding path obtained from ¥ from erasing loops has the same property.
So if Bfl is the unique tile containing x and Bi the unique tile containing y, it suffices to bound
the probability that some self-avoiding path ¥ in G® which starts at 0;, and ends at o;, visits at

most ¢,d(x, y) o; such that AF holds; to reduce clutter, let us write A; instead of A¥.
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Now, for a fixed self-avoiding path ¥ visiting k distinct 0;, we have

¥ visits at most c,d(x, y)

< P [ﬂ Af] .
o0; such that A; holds ScV@).IS|=k-cad(xy)  \oi€S

Since G* has degree bounded by D (where D is as in Proposition 4.7.1) each such § C {o0;};
contains a subset S’ which is independent in G¥ (that is, no two elements of S’ are joined by an
edge of G*) and which has size at least |S’| > 5|S|. From the definition of G* we see that if

S’ is an independent set in GR then the collection of events {Afe Jo;ess 18 independent. Hence the

above is bounded by

2 P[ﬂAf): 2. HP(A’?)S(czdu,y))”

Scv®@), 0;€S’ ScV(@), oiES’
S |=k—cad(x,y) IS |=k—cod(x.y)

On the other hand, the number of self-avoiding paths of length k in G starting at o;, is at most

DF (since G® has degree at most D). Thus we have

1 \k—c2d(x,y)
D+1 )

Jdy : x — y visiting at most c,d(x, y) distinct i k ) (

{
BR such that AR holds ey \C2d(%)

< S —c2d(x,y) i 2D S k;
( ) k=fnd(x,y)1( g )

for R sufficiently large we have 2Dpﬁ < 1, and then the right hand side above is equal to

1 \—cad(xy) 1 \Mmdey) 1
(Dlﬂ) g y(ZDleﬂ)n Y -m.
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If we choose ¢, > 0 sufficiently small that
—cy log(p'/P*Y) 4+ nlog(2Dp' Py > 0

then our upper bound decays exponentially in d(x, y), and so we are done. O

Remark 4.7.2. If we assume that p(R) < Ce R (as will be the case in the proof of Theorem

4.1.2), then Lemma 4.7.1 holds for slightly larger class of graphs, i.e. those which have
R < inf|B(v,R)| < sup |B(v,R)| < R

for some d,d" with d —d’ < 1. This is because for such graphs, the proof of Proposition 4.7.1
shows that GR and G® have degree bounded by D(R) = o(R), and then the proof of Lemma 4.7.1
goes through. This allows us to extend Theorem 4.1.2 to such graphs. However, it is difficult
to come up with a natural example of a graph which has such a property but is not already of

strict polynomial growth.

Lastly, let us use Lemma 4.7.1 to prove the following, which will be very important to our

later constructions.

Lemma 4.7.2. Let G be a graph with strict polynomial growth, and suppose that v is
exponential-subcritical. Then, there exist q,c > 0 such that, for all x,y € V with d(x,y) suffi-
ciently large,

P(T(x,y) < (inf +q)d(x,y)) < e /=),
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Remark 4.7.3. The conclusion of the above lemma also holds for any graph G of degree
at most D if one assumes v({inf}) < 1/D; this is proved in the course of proving Lemma A.l

in [34].

Proor. First, suppose inf = 0; since v is exponential-subcritical, v({0}) < Pe> and we can
pick ¢’ > 0 sufficiently small that if v([inf, inf +4']) < p.. Then, by the definition of p., there is

some ¢’ > 0 such that for any R sufficiently large, forany v € V,

P(v is connected to B(v, R)° by a path of edges which each have weight < inf +¢’) < e %,

In particular, for any £ > 2, we have that

P(dp € S(v,ZR),x € B(v,R), path @ : p — xin B(v,XR) s.t. w(e) < inf +¢’ for all e € @)
<P(@x € BW,R),p’ € S(x,(Z—1)R), patha : x = p’ s.t. w(e) < inf +¢’ for all e € @)

< |B(V, R)le—c'(Z—l)R < Clee—C'(Z—l)R 0.

R—oo

In particular,

all paths from S (v, £R) to B(v, R)
inf P — 1,

veV R— oo

contain at least one edge of weight > inf +¢’



132

and so by Lemma 4.7.1, for all sufficiently large R, there exist c,(R) > 0, &(R) > 0 such that for

all sufficiently large d(x, y),

Fy : x — y visiting at most c,d(x, y) distinct B; such that
P| all paths from S (o0;, ZR) to B(o;, R) contain at least one | < ¢~ %™,

edge of weight > inf +¢’

Now, each B(o;, ZR) intersects at most D" other B(o}, ZR) by Proposition 4.7.1, and so if a path
v visits at least c,d(x,y) B; such that all paths from S (0;, ZR) to B(o;, R) contain at least edge
with weight at least inf +¢’, there is some collection of at least ﬁczd(x, y) disjoint B(o;,ZR)
with this property such that y visits B;. If x ¢ B(o;, XR) then in particular v starts outside of
B(0;,2R) and so since vy visits B; C B(o0;, R), some subpath of y joins S (0;, ZR) to B(o;, R) and

so some edge of y N E(B(0;, XR)) has weight at least inf +¢’. So by disjointness we conclude

(&)

that y has at least DT

d(x,y) — 1 edges of length at least inf +¢’, and so

&)
D +1

T(y) > (inf)d(x, y) + q’( d(x,y) 1)

in this case. So taking g := ¢’c,/(2(D’ + 1)), we see that whenever d(x,y) > 2(D" + 1)/c, we
have

P(T(’)’) < (inf +q)d(x, y)) < e—fzd(x,y)’

and the lemma follows.
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Now, suppose that inf > 0. Then choose ¢’ > 0 such that v([inf, inf +¢4’]) < @ to obtain

¢’ > 0 such that for any R sufficiently large, for any v € V we have

v is connected to B(v, R)° by an edge-geodesic path R
<e "

of edges which each have weight < inf +¢’

Then arguing similarly as above, by Lemma 4.7.1, for all sufficiently large R, there exist c,(R) >

0, &(R) > 0 such that for all sufficiently large d(x, y),

Jdy : x — y visiting at most c,d(x, y) distinct B; such that
P| all edge-geodesic paths from S (0, ZR) to B(o;, R) contain | < ™.

at least one edge of weight > inf +¢’

Similar to above, we then see that (except on an exponentially small event) every path y from

x to y contains at least 527d(x,y) — 1 disjoint subpaths which are either not edge-geodesic,
or contain an edge of weight at least inf +¢q’. Each such subpath y; has passage time T(y;) >
(inf)|y;| + min(inf, ¢"). So taking ¢ := min(q’, inf)c,/(2(D’ + 1)) > 0 and ¢ = ¢, gives the lemma.

O

Remark 4.7.4. This is the only part of the proof where we use the exponential subcriticality

of v.

Remark 4.7.5. This lemma implies in particular that if G is a Cayley graph of a finitely
generated virtually nilpotent group and if v({0}) < p., then there exists a > 0 such that for
all x,y € V, ET(x,y) > ad(x,y). This means, for instance, that the results of [5] giving the
existence of a scaling limit apply when v has an exponential moment and v({0}) < p. (a weaker

condition than the condition v({0}) < 1/D quoted in that paper).
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4.7.2. Proof strategy: a resampling scheme

Note that if we have any family of events AX as in Lemma 4.7.1, for fixed R sufficiently large,

we have that in particular
Z P({the geodesic 7 : x — y visits Bf N Af)

=E[#BF such that 7 visits BX and ARholds]
>(cod(x, y))P(mr visits at least c,d(x, y) Bf such that Af.'e holds)
>(cod(x, y))(1 — e 21) 2 d(x, y).
We will say that 7 crosses B(o;, 2R) if m starts at a vertex outside B(o;, XR), ends at a vertex

outside B(o;, ZR), and visits B;. Since the number of o; such that x € B(o;,ZR) or y € B(0;, ZR)

is bounded independent of x and y, we see also from the above that
Z P({the geodesic 7 : x — y crosses B(o;, ZR)} N Af) > d(x,y).

Thus, if we find a family of events {Af} such that for each i, P(B(0;, XR) contains a feasible pair)
is at least a positive constant (independent of x, y, i, but possibly depending on R) times

P({r crosses B(o;, ZR)} N AX), we will have
Z P(B(0;, XR) contains a feasible pair forr : x = y) > d(x,y),

and hence by Lemma 4.3.4 we will have our theorem. (Note that here the role of the B; from

Lemma 4.3.4 is played by B(o;, 2R), not the Voronoi tiles Bf we defined in the last section).
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We will obtain a bound of the form
P(B(0;, ZR) contains a feasible pair) > c(R)P({rr crosses B(o;, ZR)} N AF)

by introducing a resampling scheme, as in [36]. Explicitly, fix some o;; throughout the rest
of the chapter, we abbreviate B(s) := B(o;, s). Define new random weights w* : E — [0, o)
as follows: W*lgpsry: = WlE®Er), but the w*(e),e € E(B(XR) are 1.1.d. v-distributed random
variables, also independent of w. (Recall that for § c V, we define E(S) C E to be the set of
edges of G with endpoints lying in S'). Note that w and w* are equal in distribution. For each R

we will define a w-measurable random set of configurations E,, C [0, 00)EBER) guch that
(4.7.1) {m crosses B(ZR)} N AR N (w*|pser)) € Ew} C {B(ZR) contains a feasible pair for 7*},

where 7 is the T-geodesic from x to y and 7" is the T*-geodesic from x to y. To reduce clutter,
let us abbreviate the event {W*|gpzr) € E\} by {w* € E,}. If in addition we ensure that the
conditional probability P(w* € E, |w) > c(R) > 0 on the event {r crosses B(XR)} N Af (where

c(R) is some non-random constant), we get

P(B(ZR) contains a feasible pair for 7) = P(B(XR) contains a feasible pair for %)
> P({r crosses B(o;, ZR)} N AR n{w* € E,;})
=E [ﬂ{n Crosses B(o,-,ZR)}nAf}E[ﬂ{w*eEW}|W]]

> c¢(R)P({r crosses B(o;, ZR)} N AF),

as desired. The discussion in this section is summarized in following proposition:
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Proposition 4.7.2. Suppose there exist w-measurable events AR satisfying the conditions of
Lemma4.7.1 and w-measurable random sets of configurations E,, such that for sufficiently large
R (4.7.1) holds and P(w* € E,,|w) > c(R) on the event {r crosses B(ZR)} N AIR, where ¢(R) > 0

is a constant depending only on R,v, v, and G. Then

lim inf > 0.
d(x.y)—eo d(x,y)

Thus the meat of the proof of Theorem 4.1.2 consists of performing a “geometric” construc-

tion to obtain suitable AX and E,.

4.7.3. Geometric construction: bounded case

First, suppose that v has bounded support. We want to construct AX and E,, satisfying the
hypotheses of Proposition 4.7.2. Denote by inf the infimum of the support of v and denote by
sup the supremum of the support of v. Assume that (4.3.1) holds, and then choose € > 0, yy, Iy
as in Lemma 4.3.2. Assuming that G admits detours, let C be such that every self-avoiding path
of length C admits a self-avoiding e-detour. Set C’ := C(3 + 2¢). Assume that v is exponential-
subcritical, and then let ¢ > 0 be the parameter given by Lemma 4.7.2. Denote by D the
maximum degree of G.

First, let us consider the case that y, = sup; in fact this allows us to do a much simpler
construction. In this case, choose £ > 2 large enough that (inf +q)( — %) > inf and choose

0 > 0 such that inf +¢ < (inf +¢) (1 — %) Choose a sequence 0, (R) 2 0 such that for each

R v([sup —6sup(R), sup]) > 0 but limg_,., v([inf, sup —6sup(R)])DC1(ZR)d = 1. Thenlet AX := A;NA,
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w(e) € [inf,inf +6)

w(e) € Iy N [sup —6gup. sup]

Figure 4.2. A schematic diagram of the prescribed set of configurations E,, in
the case that v has bounded support and y, = sup.

where A; and A, are as follows:

For all vertices v, w € B(ZR) with d(v,w) > R,
A] =
all paths y from v to w in B(ZR) have T(y) > (inf +¢q)d(v, w)

Ay = {w(e) < sup —dgp forall e € E(B(ZR))} .

We see that both events only depend on the weights of edges in B(XR), by choice of 4,,(R) we

have P(A;) = 1, and by Lemma 4.7.2 we have that for sufficiently large R

P(A]) < Z P(T (v, w) < (inf +q)d(v, w)) < (C,R?)*e" =R o 0

—00
v,weB(XR),
d(v,w)>=R

uniformly in 7, so the hypotheses of Lemma 4.7.1 are satisfied.

Now in this case set of configurations E,, does not actually depend on w; we simply set

[inf, inf +6) ife € E(BER - C")),
E, :={w € [0,c00)EBER) - y(e) €

[sup, sup —dsup] N 1o otherwise
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Let us show that, for sufficiently large R, on the event {r crosses B(XR)}NA|NA,N{w* € E, },
B(XR) contains a feasible pair for any 7*-geodesic.

For a subset S C E, denote by Ts(p,q) the infimal weight of a path from p to ¢ which
only uses edges lying in §. First, let a and b be points of S (XR) such that Tgpxr):(x,a) and
TRy (b, y) are infimal. Fix a T-geodesic @ C E(B(XR))‘ from x to a, an edge geodesic [a, o;]
from a to o;, an edge-geodesic [o;, b] from o; to b, and a T-geodesic 8 C E(B(XR))‘ from b to y,
and define 7’ := a * [a, 0;] * [0;, b] * 5. We claim that T*(n") < T'(r) when R is sufficiently large.

To see this, first note that, if v and w are the first and last vertices of & lying on S (XR), we have
T*(ﬂ;,a) + T*(ﬂ;77}') = T(ﬂ-;’a) + T(ﬂ;77y) S T(T[X,V) + T(ﬂ'w,y)7

where here and elsewhere, for a path y and vertices p,q € V(y), y,, denotes the subpath of y
starting at p and ending at g.
Next, since & crosses B;, m,,, contains at least two subsegments connecting S (XR) and S (R),

and so since A; holds we have
T(m,,,) = 2(inf +¢g)(X — 1)R = (inf +q) (1 - %) 2¥R,
while if w* € E,,, we have
T*(r,;,) < 2ZR(inf +6) + (sup)C’.

Since by construction inf +6 < (inf +q) (1 — %) and (sup)C’ = o(R), for sufficiently large R we

have T*(n’) < T (m).
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Now, consider a T*-geodesic 7* from x to y. On our event, we have w* > w on E(B(ZR —
)¢, so if n* did not intersect E(B(ZR — C’)), we would have T*(7*) > T(m) > T*(n'), a
contradiction. Thus, 7* must visit B(XR — C’). In particular, it contains a subpath connecting
S(ZR) and S (XR - ("), and so a subpath connecting S(ZR—-C(1 +¢€)) and S(ZR—-C’'+C(1 +¢)),
which must have length at least C’ — 2C(1 + €) = C. Choose a self-avoiding e-detour y for such
a segment. Since y has length at most C(1 + €), it is contained in E(B(ZR)) \ E(B(XR —C")). But
since w* € E,,, this means that all the edges of both y and the subsegment of 7* have weights in
Iy. Hence B(ZR) contains a feasible pair for *.

Furthermore, since y, = sup, by the construction of /, we have

)DC1 (ZR)

P(w* € E,) > min (v([inf, inf +06)), v([sup —0sup, Supl N 1o) >0

independent of 0;, so both hypotheses of Proposition 4.7.2 hold.
Now we suppose that y, < sup and do a different construction of the AX and E,,. Again take

€, Y0, Iy, C,C’, q as above. Then take some large ¥, > 2 such that

1
inf < (1 - —) (inf +g) < sup;
2

then take some ¢y > 0 sufficiently small that

1
inf +6( < (1 - 2—) (inf +g) < sup,
0

sup —Ew — 26, > 0,

and

sup —yo — 20p > 0.
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(Note that Ew < sup since in the case that v is Dirac, yo = sup). Next, fix some 0 < s <

(1 - l) (nf+9) such that

2o sup
1
(inf +6¢) + ssup < (1 - E_) (inf +¢).
0
Then fix some X > ¥, such that s > 1. Also fix some some 0 < k < %s.

The event Af will be defined as the intersection of three events A; N A, N A;. We set

A For all vertices v, w € B(XR) with d(v,w) > R,
1= )
all paths y from v to w in B(ZR) have T(y) > (inf +¢q)d(v, w)

just as in the first case. We set

s For all vertices v,w € B(ZR) with dgzr)(v,w) > R,
2=

TE(B():R))(V, w) < (Ew + 6O)dE(B(ZR))(Va w)

For this, note that for each fixed pair of points v, w with dgpsr) (v, w) > R, fixing an edge-

minimal path y : v — w in B(ZR), we have

P(Tepcr)(v, w) > (Ew + 60)depery (v, w) < P(T(y) > (Ew + do)lyl),

which, since T'(y) is just a sum of |y| i.i.d. v-distributed random variables, decays exponentially
in |y|, (hence R), by a standard Chernoft bound (v has bounded support and hence exponential
moments). Since the number of pairs of such (v,w) is strictly subexponential in R, we have

P(AS) = 0, as desired. Clearly also A, only depends on the weights of edges in B(XR).
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Lastly we choose for each R some 0 < 64,,(R) < 0p such that v([sup —dp, sup]) > 0 and

v([inf, sup —(5sup(R)])DC1(ZR)d — 1, and then set
Az = {w(e) < sup =0 forall e € E(B(ZR))}.

Clearly A3 only depends on edges in B(XR) and by our construction of 6,,,(R), we have P(A3) R_)—oo>
1 uniformly in i, as desired.

Now, leta’, b’ € S (ZR) be such that Tggsr).(x, a’) and Tgpir) (D', y) are minimal. Choose
edge geodesics [a’, 0;] and [b’, 0;]. Leta € V([a', 0;]),b € V([]', 0;]) be the unique vertices such
that d(a,a’),d(b,b’) = [sZR]. Moreover, for each t € [0, ZR—[sZR]]NZ, leta, € V([a, 0;]), b; €
V([b, 0;]) be the unique vertices such that d(a, a,), d(b, b;) = t. Now, let ¢, > 0 be minimal such
that

d(ata+l’ [b7 Oi]) S 2C,a

and let 7, > 0 be minimal such that
d(btb+l’ [aa Oi]) S 2C,a

and set ¢ := q,, d := b,. Note that minimality implies that for all 0 < ¢ < #, we have
d(a,,[b,0;]) = 2C" + 1 and for all 0 < ¢ < 1, we have d(b,,[a,0;]) > 2C’ + 1. Here we have
tacitly used the fact that d(a, b) > d(a’,b")—2[sZR] 2 R is strictly larger than 2C” for sufficiently
large R. To see the bound d(a’,b") — 2[sZR] > R, let v and w be the entry and exit points from

B(ZR) of the T-geodesic y : x — y, and note that

1 1 inf + 1
dd,b) > —T@,b)> —Tw,w) > 24 (1 _ —)22R,
sup sup sup hX
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SO

d(a,b) > d(a’,b") — 2[sZR] >

inf +4 (1 - 1) - s] (23R) - 1,
sup z

which is > R by choice of s. The bound T'(a’, ") > T (v, w) comes from the fact that, since v, w
lie on the T-geodesic from x toy, T(x,y) = T(x,v) + T(w,w) + T(w,y) < T(x,a’) + T(a’,b") +
T(b',y), and by definition of a’,b" we have T'(x,v) + T(w,y) > T(x,a’) + T(b’,y). The bound
T(v,w) > (inf +q) (1 - %) 2XR comes from the fact that 7 crosses B; and hence contains at least
two paths connecting S (ZR) and S (R), which, since A; holds, have total passage time at least
2(inf +q)(Z — 1)R.

Now consider the sets of integers
S.(C' k) :={nlkZR]+ j: je[0,C'|NZ}CZ

and

S'(C' k) :={nlkZR]+ j: je[C(1+€),CR2+e€)]NZ}CZ,

where n > 0,n € Z. Then let @, and B, respectively be the subpaths of [a, c] and [b, d] respec-
tively induced by the vertex sets {a, : t € §,,} and {b, : t € §,;}. Similarly let @, and g, be induced
by {a;, : t€ S} and {b, : t € S]}. For each n > 0 with (n + 1)|kZR] < t,, 5, fix a self-avoiding
e-detour vy, for a;, and a self-avoiding e-detour ¢, for §;,. Note that by construction each a,, Uy,
is disjoint from [b, d] and all 8, U 6,,, and vice versa. Moreover, @, U, is disjoint from a,, U7y,,
for n # m, and the same is true for the 5, U ¢,.

Finally, define
Si= ) (@uymu@.us,

n>0,
(n+ 1) kZR]<t4.tp
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1 o~ N \\\
R, SR-[sZR] IR

Figure 4.3. A schematic diagram of the prescribed set of configurations E,, in
the case that v has bounded support and y, < sup.

define
Sinf = ([Cl, C] ) [b’ d]) \ SI,

and set Sy := E(B(ZR)) \ (Sins U S ). For each R we choose 0 < 6inr(R) < 6y sufficiently small

that (DCR? + 2)6iy¢ < sup =0y — yo. We finally define our random set of configurations by

Ipn (o= %, yo+ %41 €S,
E, :={w € [0,00) PR )(e) € [inf, inf +6,y] ee S

[sup —sup, SUp] e €S

Now let us prove that A} N A, N A3 N {r crosses B;} N {w* € E,} is contained in the event
that B(XR) contains a feasible pair with respect to 7.

First, define a path 7" by taking a T-geodesic from x to @’ in B(ZR), then taking the path
[a’, c], taking an edge-geodesic from c to d, taking [d, b'] and then taking a T-geodesic from &’
to y in B(ZR)‘. For all sufficiently large R, on the event {r crosses B;} N Af Nn{w* € E,}, we

have that 7*(n") < T(m). To see this, first note that by definition of a’, b, if v, w are the first
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entrance and last exit of 7 from B(XR) then we have T'(r,,) + T(n,,) = T(x,v) + T(w,y) >
T(x,a)+T®,y) = T*(ﬂ';’a,) + T*(n;,,y). Thus it suffices to show that 7'(r,,,) > T*(ﬂ';,’b,) for

sufficiently large R. Since x visits B; C B(R) and since A; holds we have
1
T(n,,) = (inf +¢)2(X — 1)R = (inf +q) (1 - i) 2%R,

whereas

’

C
T(m, ;) < |(Gnf +0inf) + =77 (Vo + o)

SR (d(a,c) +d(b,d)) + (sup)(2sZR + d(c, d))

< (inf +0iy¢ + (sup)s)2XR + o(R),

so this follows from our choice to ensure inf +06;,¢ +(sup)s < (inf +q) (1 - %) (We get the bound
d(c,d) = o(R) as follows: assume that 7, < 7,; in the opposite case the argument is analogous.

By definition there exists some ¢’ > t, + 1 such that d(a, 11, b,) < 2C’. But then
|t" = (ta + DI = |d(0i, by) = d(0, ar+1)| < d(by, ar,41) < 2C,
thatis,” <t,+1+2C" <1, + 1+ 2C’, and so
d(c,d) < d(c,a;.+1) + d(a,+1,by) +d(by,b,,) <4C" +2 = O(C’) = o(R).)

Now, let n* be a T*-geodesic from x to y. We show that 7* traverses a feasible pair.
We first show that if p,g € V(n*) N V(Si) with p and ¢ lying in the same connected

component of S,y U S, then n;;,q C Sinr U S;. To see this, note that, when w* € E,, if e is an
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edge in [a, c] or [b, d] with one endpoint in S () and one in S (¢ + 1), then

w*(e) < inf{w”(e’) : ¢’ has one endpoint in S () and the other in S (z + 1)} + iys.

This is because, if e € Sy, thene’ € Siyrore’ € Sy, andife € §;thene’ € S;ore’ € S .
Since every path from p to ¢ must have at least one edge connecting S (¢) to S (¢ + 1) for all

t,t + 1 between d(a, p) and d(a, q), we see that

T"([p,q)) < T"(@) + inlal

for any path @ from p to ¢. If furthermore « leaves Si,¢ U S, then it contains at least one edge
of weight at least sup —d,,p; such an edge has weight at least sup =65, — yo — 0in¢ greater than

any edge in [p, g]. Hence in this case we get the bound

T*([P, (Z]) + sup _5sup —Yo— Oint < T*(a') + é‘inf(la'l - 1)

But applying our assumption on d;,¢(R) we get

T"(a) = T*([p,q]) = sup =Osup — Yo — (la] + 2)Sins > sSup =g — yo — (IB(ZR)| + 2)0in¢ > 0.

That is, such an « is not optimal, and hence an optimal 7*-path 71';, , must liein Sy US.
Hence, if we can show that V(r*) contains some p and ¢ which lie in the same connected

component of S;,r U S, but lie in different components of S ¢, then we can apply the previous

argument to deduce that 7" passes through some a, U y, or 5, U ¢,,, and then use the following

proposition to conclude that 7, | contains a feasible pair:
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Proposition 4.7.3. Let & be an edge geodesic in G, and let 'y be a self-avoiding e-detour for
a subpath of €. Suppose that w*(e) € Iy for all e € £ U y. Let n* be a T*-geodesic, and suppose
that some subpath of n* has the same endpoints as ¢ and that this subpath is contained in € U'y.
Then & Uy contains a feasible pair for n*.°

Proor or ProprosiTion. Let & be the subpath of & such that y is an e-detour for &', and write
& =& =& x&. Let us also abuse notation and denote by 7" the subpath of 7* contained in £ Uy
which has the same endpoints as &. If * = &, then & =y x & is an e-detour for 7*; loop-erasing
then gives a self-avoiding e-detour y’ for £ (see the proof of Proposition 4.4.1), so (7, y") forms
a feasible pair. If 7* # &, then since £ is an edge geodesic, ¢ is a self-avoiding e-detour for 7

(see the proof of Proposition 4.4.1), and hence (7", £) forms a feasible pair. O

So it only remains to find such p and ¢. The idea is that, in order to make up for the slow
edges 7 runs over when it enters and exits B(XR), 7" must visit many fast edges; we will then
use the pigeonhole principle to conclude that it must contain suitable p and q.

Explicitly, first note that since T*(n*) < T*(n") < T(nr) < T(n*), we have T (n*)—T*(n*) > 0.
Since w* > w on E(B(ZR))‘ U S gp, 7" must therefore contain some edges in §; U S,r. But note
that by construction, any path connecting S(XR) and S; U S;,¢ contains a a subpath which lies
in S, and connects two points in B(XR) of distance at least sXR > R. Since " starts and ends
outside of B(ZR) and visits Sis U S, it contains at least two such subpaths, @ and 8. We then

have

T"(a) 2 (sup —0sp)lal, T(B) = (sup —bsup)|B|

6Technically we should include assumptions controlling the lengths of these paths to satisfy our definition of a
feasible pair; in our applications of this proposition it is easy to see that the length of the detour is at most C’(1 +¢).
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and

T(a) < (Ew)lal, T(B) < (Ew)|B|

(since A, holds). Since w* > w on S, we then have
T"(m" N Sqp) =TT NSgp) =T (@UP)—T(aUpP) > (sup —Ew — d4p)S2ZR).

Since T*(n* N E(B(ZR))) — T(n* N E(B(ZR))) = 0, in order to ensure that 7*(7*) — T(7*) < 0,

it must be the case that
TN (Sint US)) =T (" N (Sine U S ) > (sup —Ew — dgp)S(2ZR).

Since each edge e admits savings at most w(e) — w*(e) < sup — inf, this gives

. sup —Ew — Ogup
[7° N (Sint US )l > ———————s(2ZR).
sup — inf

Moreover, since each component of S, is composed of less than 2C” edges

22R
1S11 <2C"——= = 0(C’) = o(R),

|KZR |
and so
. sup —Ew — Ogyp
|7 N S|l > ————5(2XR) — o(R);
sup — inf
sup —0p—Ew

since by assumption x < s, for sufficiently large R we have in particular

sup —inf

|7T* N Sinfl > 2k2R.
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Since S i,sUS ; has two connected components, at least one of the components contains more than
k2R edges of 7" NS i,¢. But each connected component of S ;¢ contains at most [«XR|—C’ edges,
so V(") must contain some pair of points p, g which lie in different connected components of
Sine but in the same connected component of S,y U §;, as desired. Thus, this construction
satisfies (4.7.1).

To see that the construction satisfies the other hypothesis of Proposition 4.7.2, note that

5in 5in
P(w* € E,|w) = v([inf, inf +8ie))"* "v(Zy N (yo — 7"" Yo + Tf))mv([sup S yups sUp])/S !

)DC1 (ZRY

6in 6in
> min (V([inf, inf +0inr)), v(Io N (Yo — Tf,yo + Tf)), v([sup —6inr, sup])

is bounded away from O independently of o; and x, y, as desired.

4.7.4. Geometric construction: unbounded case

Now, suppose v has unbounded support. We construct the relevant events AX and configurations
E,, and show that they satisfy (4.7.1). The main challenge for the case that v has unbounded
support is in ensuring that the beginning and end of our prescribed path are far enough away
from each other that we “have enough room” to make a segment and a detour which don’t
collide with the rest of the path. Once we construct our prescribed path it will not be hard to
force the resampled geodesic 7* to take it, since we can resample the prescribed path to have
very small passage time and resample the surrounding edges to have arbitrarily large passage
time.

Again assume that (4.3.1) holds, and then choose € > 0, yg, Iy as in Lemma 4.3.2. Assume

that v is exponential-subcritical and let ¢ > O be the parameter from Lemma 4.7.2. Then fix
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o > max(2, W) and £ > o. The event A¥ will be constructed as the intersection of five

events AR := A N Ay N A3 N Ay N As. The first event is
A, :={every path y : v —» w in B(ZR) with d(v, w) > R satisfies T(y) > (inf +¢q)d(v, w)}.

This evidently only depends on the edges in E(B(XR)). Moreover, by Lemma 4.7.2, for all

sufficiently large R we have

PAD< > BT(,w) < (inf +g)d(v, w))

v,weB(0;,2R),d(v,w)>R

< |B(0;,ZR)|e™R < C;R%e™F — 0.

R—

For the next event we choose 6;,;(R) R—> 0 such that v([inf, inf +6;,¢]) > 0 and DC,(ZR)?6;ns(R) < 1
for all R, and (v([inf +8;,¢(R), o0)))” C1ZR)! R—> 1. (Note that if there is an atom at inf, then
eventually we will have d;,¢(R) = 0, but 6;,¢/(R) > 0 always). Note that the second condition

implies in particular that |[E(B(ZR))|0is(R) < 1. We define
A = {w(e) > inf +6;,r for all ¢ € E(B(XR))}.

This clearly only depends on the weights in E(B(XR)) and the third condition on di,s(R) implies
that

P(Ay) = v([inf +8is, 00)) EEER! > y([inf +6;1, Oo))DC,(ZR)d L

R—oo

For the third event, we choose M(R) — o0 such that v*PC1ER ([0, M(R)]) — 1. We set

Az :={ Z w(e)sM}.
ecE(B(XR))
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It is clear by the choice of M(R) that P(A3) 2 1. Also note that since v is assumed to have
infinite support, v((M(R), o)) > O for all R.
Let us call a value p € suppv (6, n)-resamplable if v([p,p + 6)) = n. Set 64n(R) =

(DCR%)™". Then, using Proposition 4.7.5 below, choose n(R) > 0 such that
v({p : p is (8,m(R), (R))-resamplable)* " > 1 ¢™*.

Set

Ay = {w(e) is (0im, n)-resamplable for all e € E(B(ZR))}.

Clearly A4 only depends on weights of edges in E(B(ZR)), and by our choice of n(R) we have

PA)>1-e R —5 1.

R—oo

The event As is more complicated to describe, so we delay its description and the proof that
P(As) R_)—OJ 1 until the end of the section.

Next we describe the construction of E,,. Denote by 7 the geodesic from x to y, and denote
by v and w the first vertex of & which lies in B(XR) and the last vertex of & which lies in B(XR),
respectively. As will be proved in Lemma 4.7.3 at the end of the section, the event As implies
that, for some XR > r > oR, we have disjoint self-avoiding paths a and g with the following

properties:

(1) « starts at x and ends at a point v' € S (r); moreover V(a) N B(r — 1) = 0.
(2) B starts at a point w” € S(r) and ends at y; moreover V(8) N B(r — 1) = 0.

(3) dE(B(r))(V,,W/) > K = 4C(1 + E).
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(4) «a coincides with & until its last entrance into B(XR) and 8 coincides with 7 after its
first exit from B(ZR). Explicitly, Choose ¥ to be the last entrance of « into B(ZR), so
that a3, 1s the connected component of E(B(XR)) N a containing v'. Similarly choose
W to be the first exit of S from B(ZR), so that S, is the connected component of
E(B(XR) N  containing w’. We have that ¥, w € V(n), and 7,5 = @, and 7y, = By .

(5) Let v, € S(r) be the vertex of 7 immediately preceding the first vertex of & which lies
in B(r — 1), and let w, € S(r) be the vertex of 7 immediately following the last vertex
of m which lies in B(r — 1). Then |a; /| < |75, | and By ol < |7y, 5.

Now choose edge-geodesics [V, 0;] from V' to o; and [0;, w'] from o; to w’. Again let C be such
that every self-avoiding path of length C admits a self-avoiding e-detour. Let a be the vertex
of [V, 0;] which is distance C(1 + €) from v'. Let b be the vertex of [V, 0;] which is distance
C(2+e¢) fromV'. Then [a, b] := [V, 0,1, 1s a self-avoiding path of length C, and hence it admits

a self-avoiding e-detour 7.

Proposition 4.7.4. vy is contained in B(r — 1) and V(y) N V([o;, w']) = 0.

Proor. The first claim follows from the fact that y has length at most C(1 + €); To see
the second claim, suppose to the contrary that there was some z € V(y) N V([o;, w']). Since

dp)(z,a) < C(1 + €) and z and a both lie on edge-geodesics to o;, we have that

|dB(r)(V’, a) — dB(r)(W,a | = |[d3(r)(V’, 0;) — dB(r)(a, 0)] — [dB(r)(W’7 0;) — dB(r)(Z, o)l

= |dpw(a, 0;) — dp(z,0)| < dpr(a,z) < C(1 +€),

and therefore

dgin(W',2) < dpy(vV',a) + C(1 + €) =2C(1 +¢),
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hence

dpirn(V',W') < dpi(V',a) + dpy(a, z) + dpiy(z,w') < 2C(1 + €) + 2C(1 + €) = K,

contradicting the fact that d(v',w’) > K. O

Set b’ to be the vertex in V([V', 0;]) which has distance C’ = C(3 + 2¢) from v'. Set o’
to be the first intersection of V([V', 0;]) with V([o;, w']); the previous proposition shows that
o’ 1s strictly closer to o; than b’. Define as usual [V',0'] := [V, 0ilv o, [0, W] := [0;, W ]pr s

[V, b'] :=[V',0:]y. We now define the following subsets of E(B(ZR)):

S] = [V,,b,] U Y,
Sinf = (af/,v' * [V’,O,] * [0,’ W’] *ﬁw’,ﬂ/) \ Sla
Ssim = (@UB)NE(BER)) \ Sint

Sm = EBER)\ (S1USint US sim).

Note that these sets are all pairwise disjoint and cover E(B(XR)). Now we can finally define our

set of configurations E,,:

Iy ecS,
[inf, inf +0i,¢] e € Sint
E, :={w € [0,00)EBER) - (e) €

[W(E), W(e) + 5sim) e € Ssim

[M, o0) ee€Sy

(We have used the assumption that w € A} N A, N A3 N A4 N As to construct E,,, and this is really

the only case we care about; off of this event we may define E,, = 0). We now show that this
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Figure 4.4. If the T-geodesic from x to y is as in the diagram on the left, the
prescribed weights E,, might be given by the diagram on the right.

choice of A; and E,, satisfies (4.7.1). Set

a=ax[V,0]*[o,w] =B

First we show that 7*(n") < T'(7). By construction we have ', ; = 7, ; and n:w = . Moreover,
each edge in either of those paths is also by construction either in E(B(XR)) or S g, and hence

when w* € E,,,

T (w5 umg,) < T Umg,y) + |[E(BER))IGsim

w,y

< T(ﬂ'x,\; L ﬂw’y) + 1

Next, since |a;,/| < |75, 1Bw .5 < |7mw,.5l, since A holds, and since @;,/, By » C Sint, We have

T*(a'f),v’ I—'ﬁw’,ﬁz) < (lnf +6inf)|a'\7,v’ Uﬂw’,v"vl < (lnf +5inf)|7r\7,v, L 7Tw,-,ﬂ/| < T(ﬂ'\"},vr u ﬂw,,v?/)-

Now, since ﬂ;,’w, \[V,b']CSiyand [V,b'] CS,, we have

T*(r},,,) < (inf +8i,0)2r + (sup Ip)C(3 + 2e),
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while since A; holds and 7, ,,, starts and ends at S (r) (r > oR > 2R) and visits S (R), we have
T(m,,,,) = 2(4nf +q)(r — R),
so that

T(rty,,) = T"(my,,) = 2RI(q - 5inf)1% — (inf +¢)] — (sup 1p)C(3 + 2¢)

(4.7.2) > 2R[(g — Oint)o — (inf +q)] — (sup Ip)C(3 + 2e),
For R sufficiently large we have d;,; < ¢/2 so that
(q = i) — (inf +4q) > (q/2)0 — (inf +¢) > 0,
that is, the coefficient of R (4.7.2) is strictly positive. Altogether we have
T(m)—T*(x") = 2R[(q/2)0 — (inf +q)] — (sup I))C(3 + 2¢) — 1 = R,

so in particular 7*(n") < T () for all sufficiently large R.
From this, we can conclude that the T*-geodesic 7 must contain some edges in S;,s U S;.

For suppose it did not; since w* > w on (Sir U S,)°, we would have
T"(n*) > T(x") > T(r) > T"(n"),

contradicting 7*-geodesicity of r*.
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Next, we know that 7* contains no edge in S 5;. For suppose that it did; then, since A3 holds,

T(m) > T*(7* N E(BZR))) + M

> T(x" NEBER))+  » | w(e)
e€E(B(ZR))

>T(n*) > T(m) > T* ('),

again contradicting 7*-geodesicity of r*.

Note that S,y US; and S ;,, by construction share no vertices in common, and so we see that
n*, as a self-avoiding path which enters S ;,¢, does not intersect S j; and eventually exits B(XR),
must contain 7 , and 7, . or their reverses as a subpath. In particular, some subpath of 7* has
endpoints V', " and is restricted to S; = [/, b’] U v and hence by Proposition 4.7.3 §; contains
a feasible pair for 7%, and we are done showing that (4.7.1) is satisfied.

To complete the proof that the AX, E,, satisfy the hypotheses of Proposition 4.7.2, it remains
to prove the “resampling lemma” relevant to A4, to describe and prove the relevant properties

of As, and to give a lower bound on the conditional probability of {w* € E,,}.

Proposition 4.7.5. For any fixed 6 > 0, we have
lin(l) v({p : pis (0,n)-resamplable}) = 1.
]7—)

Proor. By continuity of measure we have that

}713% v(ip :v([p,p +6)) >m) = v({ip : v([p, p + 6)) > 0),
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so it will suffice to show that

v({p s v(lp.p +9)) = 0}) = 0.

Set N :={p:v([p, p + 6)) = 0}. We claim that there is a countable subset X C N such that

N C U[p,p+6).

peX

Once we know this, the proposition follows, since then

V(N) < V[U[p,p + 6)) < > vp.p+06)=0.

peX peX

To construct X, first set X, := 0. For each i > 0, consider n;; := inf N \ (Upex,- [p,p+ 6)). If
niy1 € N, then set X;,; := X; U {n;;,}. Otherwise choose a (countable) sequence S, of points
of N approaching n;,; and set X;;; := X; U §;4;. It is simple to inductively check that each X;
is countable and that (Jcx,[p, p + 6) covers at least N N [0,i6), so X := U2 X; is a countable

subset of N with (J,ex[p, p + 6) D N, as desired. O

Now we describe the event As and its properties. The intuition is as follows: considering the
T-geodesic m : x — y, for each ball B(r), if the first entrance of r into that ball is far from the
last exit of  from that ball, then we have “enough room” to do our construction, that is, we have
paths satisfying (1)-(5) above. So we want to bound the probability that, to the contrary, for all
radii r, the first entry and last exit are close. In fact, an even weaker event gives us “enough
room,” and we bound the probability of the failure of this event by showing that it would entail
that 7 is constrained to a “narrow” subgraph as it crosses B(o;, ZR), making it unlikely that the

geodesic would enter so deep into B(o;, 2R) before turning around.
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For the formal construction of the event, first, given a pair of points p,q € S(XR), take
edge-geodesics [p, 0;] and [q, 0;] from p and g respectively to o;. For each ZR > r > oR, let p”
and ¢ be the unique elements of V([p,0;]) N S(r) and V([g, 0;]) N S (r) respectively. We then

define

S0P, @) = (Bewry(p", 3K) U Bewiry(q', 3K)) NS (1),

where K := 4C(1 + €). Then for each £ > 0 we define

Sup,q) = {ze BER)\ B(r—-1): deser\sr-1)(2 S o(P,q) = t}.

Lastly, for XR — 3K > r > oR, set

3K
S"(p.9):=|_|Sip.@)
=0
and define the event

there exist paths y;,y, in §"(p, g) such that

the endpoints a;, by of y; lie in §7, and
Cr(p’ q) =
ly1] < K, one endpoint of 7y, lies in

§7 and the other lies in S, and T'(y,) < T(yy)

We now define the event A5 by

TR-3K ¢
As:= ) (ﬂ C’(p,q)) ;

P.g€S (ZR), r=0R
dpsr)(p.9)<K

that is, As is the event that for each pair p, g of close points on S (XR), C"(p, q) fails for at least

some r. Note that A5 only depends on the weights of edges in E(B(ZR)).
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Proposition 4.7.6. There exists some constant p < 1 depending only on the degree D of G,

v, and K such that

P(C"(p,q) <p

forallR,p,q,r.

Proor. First note that, since each § lies in the union of two balls of radius 3K, S{ contains
at most 2(D + 1)3X vertices. Since the entirety of S” lies within distance 3K of S7, we further
have that

IS7 < ISHI(D + 1)°% < 2(D + 1)°K,

That is, we have a uniform bound on the possible number of vertices in S’, and so it is not
hard to see that the subgraph induced by S’ (p, g¢) can only take on finitely many isomorphism
types as all parameters except D and K vary. Hence, to show our claim, it suffices to show
that for each fixed isomorphism type, P(C"(p, g)) < 1. (Here “isomorphism type” includes the
relevant extra data of which subsets correspond to S and S, but even with this extra data it is
easy to see that a bound on the number of vertices implies a bound on the number of possible
isomorphism types).

To this end, fix an isomorphism type, and let E” be the set of edges in S” which lie in
some path in §” of length at most K joining two vertices of S/,. Since v is assumed to have
unbounded support (in particular it is not Dirac), there is some a > 0 such that v([0, @)) > 0 and

v([a, o)) > 0. Then the event

{w(e) <aforalle e E',w(e) >aforalle ¢ E’}
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has nonzero probability. Moreover, this event entails the failure of C’(p, g), since on it all
candidates for vy, necessarily have edges in £’ and hence have T'(y;) < aK, while all candidates

for v, must have at least K edges lying in E’‘, and hence T'(y;) > aK > T (y,). m|
Proposition 4.7.7. P(As) — 1.

Proor. For each fixed p, g, note that whenever S C [oR,XR — 3K] N Z is such that each
element has distance at least 3K from every other element, the subgraphs {S"(p,q) : r € S}
are all disjoint and hence the events {C"(p,q) : r € S} are all independent. Since K, o, X are
constants fixed independent of R, it is easy to see that there is some c3 > 0 such that for all large
R we can pick such an § with |S| > ¢3R, and so

YR-3K
P( ﬂ C'(p, q)] < P(ﬂ C'(p, q))

r=oR reS

= | |rC .99 < p",

reS
where p < 1 is provided by the previous proposition. But then we have

XR-3K
PAD < ) P[ M C’(nq))s<c1<2R>d)2p63Rmo,

P.q€S (ZR) r=oR

as desired. O

Now we prove the key property of As.

Lemma 4.7.3. On the event As N {x,y ¢ B(XR), r visits B;}, for some R > r > oOR, there

exist paths a and 3 satisfying conditions 1 through 5 above.

Proor. Denote by v and w respectively the first and last vertices of & which lie in B(XR).

Now, for each R > r > oR, define v, € S(r) to be the vertex of m immediately preceding
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the first vertex of m lying in B(r — 1), and define w, € S(r) to be the vertex of 7 immediately
following the last vertex of & lying in B(r — 1). All of these are well defined, since 7 starts and
ends outside of B(XR) and visits B; C B(R) C B(cR). Then define «, := ny,, , B, := m,, . If for
some r, dgpy) (v, w,) > K, then we can just take @ = a, and § = 8, and we are done. So from
here on assume that dgg() (v, w,) < K for all XR > r > oR.

Next, for each r we define the set

Sri= U g vy | NS .
peV(a,UB,)NB(ZR) ypooi
edge geodesic

Suppose that for some XR > r > oR, there is some z € S" with A2 Vi), desey (@, wy) > K.
Then we can construct @ and S as follows. z by definition lies on some edge-geodesic y from
some point p € V(a, U B,) to o0;. Consider the last vertex of V(y) N (V(a, U B,)) (that is, the
nearest vertex to o;), and call it 7’. If 7/ € V(a,), set @ := (@,)y * Yy, and B := B,. If 2 € V(B,),
set 8 :=7y_. *(B,)r, and @ := a, (here an overline denotes the reverse of a path). In either
case, a and B give disjoint self-avoiding paths because the original paths were disjoint and self-
avoiding and because by construction V(y, ) only intersects V(a, Up,) at z’. Conditions (1)-(3)
are satisfied by choice of z, (4) is satisfied because « and 3 agree with @, and S, until one of
them reaches 7/, and from that point the path follows 7; in particular, it stays inside B(XR) until

it reaches its endpoint. For (5), note that, since 7y is an edge-geodesic from 7’ to o;,
el =d(@,0) - d(z,0) = d(Z,0) = r.

Since (a,), ., (or (,E’r)z,,wr, if 7 € V(B,)) is a path from 7’ to S(r), it must have length at least

d(Z', 0;) — r by the triangle inequality, and so we get (5).
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Lastly, we show that, if both of the above conditions fail, i.e. for all ZR > r > o R we have

(4.7.3) deiey(v,wy) < K
and
(4.7.4) 8" C (Bewuy (v, K) U Bieyw,, K)) NS (r),

then the event A; fails.

For this, first note that, since every V(a, U 5,) N B(ZR) contains the entry and exit points
v and w, every S” contains v, w" (in the notation used in defining the set S”(p, g) in the case
(p,q) = (v,w)). Then (4.7.4) implies that v" and w" are each distance at most K from either v,

or w,. A general element z € §” has the same property, and combining with (4.7.3) gives

d(z,V") <min(d(z,v,),d(z,w,)) + d(v,,w,) + min(d(v,, V"), d(w,, V")) < 3K,

and similarly d(z, w") < 3K. Hence SrcS o(v,w). Moreover we have

Claim 1. IfXR > r+{,r 2 oR, then v..e, W ¢ € S (v, w).

Proor oF CLAIM. Since v,.¢, w,¢ € S(r + £) and S (v, w) C §(r), we have that

deser)\Br—1)Vrees S oV, W), deiEr)\Bo—-1)Wr, S ((V, W) > €,

so we only have to show the opposite inequality. For this, let (v,,,)" be as usual the intersection
of S(r) with an edge geodesic from v,,, to 0;. Since v,., € V(a,4¢) C V(a,), we have that

) €S c S o(v,w); moreover, the geodesic from v,,, to (v,4¢)" is a path of length £ which
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lies in B(XR) \ B(r — 1), and so we have

dB(ZR)\B(r—l)(Vr+€7 S (r)(V, w)) < dB(ZR)\B(r—l)(Vr+€, (Vr+[)r) =1,

as desired. The argument for w,,, is the same. O

Finally, we contradict As. For each R — 3K > r > oR, consider y3 := m, ,,.,,. Since y3 by
construction does not visit B(r—1), and since it starts at a point with distance dgsr)\B—1)(Vr+2k, S o (v, W) =
2K and ends at a point v, € S((v,w), some subpath y, of y3 is contained in S"(v, w), starts at
S5x(v,w) and ends at S((v,w). On the other hand, let y; be an edge-geodesic from v, to
Wyok. By assumption, d(v,42k, Wrok) < K, s0 |y;| < K; therefore y; does not intersect B(r — 1),
and since the endpoints of y, lie in §7 (v, w), y; is totally contained in S"(v, w). But since 7 is

a T-geodesic, we have

T(Vl) > T(ﬂVHzK,WHz[() > T(’Y3) > T(72),

and so C"(v, w) holds. But then C"(v, w) holds for all £R — 3K > r > oR, so As fails. O

To apply Proposition 4.7.2 it only remains to obtain a lower bound on P(w* € E, |w) on the

event A® which is independent of o;. But on AX we have

P(w' € Eylw) 2 v(I)* v([inf, inf +6inc]) "' v([M, 00)) S

> min(v(lo), v([inf, inf +8iu¢1), 7. v([M, 00)))* 1" > 0,

as desired.
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4.7.5. Proof of Theorem 4.1.2

Let G be a graph of strict polynomial growth which admits detours. Let v be an exponential-
subcritical measure with finite mean, and let ¥ be a measure which has finite mean and is strictly
more variable than v. First assume (4.3.1). Then let € > 0, [y, yo be as in Lemma 4.3.2. In case
v has bounded support, construct B;, B(oi,ZR),Af, and E,, as in Section 4.7.3. In case v has
unbounded support, construct B;, B(o;, ER),Af, and E,, as in Section 4.7.4. In their respective
sections, we prove that both constructions satisfy the hypotheses of Proposition 4.7.2, and so

lim inf ZL5Y) ~ BT (x,y)

> 0.
d(x,y)—00 d(x,y)

Now, if w, w do not satisfy (4.3.1), take w as in Lemma 4.3.1. Then we have

liminf o) ZETC0Y) S i BT00Y) ~ BT ()

> > 0.
d(x,y)—c0 d(_x, y) d(x,y)—co d(x, y)

Thus G is vdBK. The reverse implication is given by Theorem 4.4.1.

4.7.6. Non-homogeneous graphs of polynomial growth

Theorem 4.1.2 does not require almost-transitivity (although assuming almost-transitivity does
make both the hypotheses and the conclusions easier to interpret, see Sections 4.4.1 and 4.2.1).
This means that the theorem applies to a very broad class of graphs, but it can be difficult to
produce examples of non-transitive graphs which have strict polynomial growth and for which
it is easy to check whether the graph admits detours. Here we give some examples and a

counterexample.
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First, the theorem can be applied to a broad range of subgraphs of the standard Cayley graph
of Z¢. For instance G := Z{) x Z% c Z/*% will be vdBK whenever d; + d, > 2. These graphs
have growth bounds B;(R) < Bya+a,(R) < 27 Bg(R), from which we can deduce that G has
strict polynomial growth. Moreover, the unique geodesics in G are all also unique geodesics in
Z¢, (that is, they are represented by words of the form ¥, where {e;} is the standard generating
set), and when d; + d, > 2 one can easily see that these admit detours.

Moreover, we can apply the theorem to “sectors”, that is, graphs Gy induced by the vertex
subset

Voo :={(x,y) € Z* : 6 < arctan(y/x) < '}

for fixed 6 < €. Again we see that this is of strict polynomial growth. Moreover, the unique
geodesics in this graph are either already unique geodesics in Z2, or they run along the “bound-
ary” {(x,y) : arctan(y/x) = @ or &'} (in fact most geodesics along the boundary are also not
unique). But again it is simple to check that these admit detours, and hence G is vdBK. Similar
constructions can be done in higher dimensions, and in fact many more subgraphs of Z¢ satisfy
the hypotheses of the theorem.

Another example of an inhomogeneous graph which is vdBK can be constructed as follows.
Start with the standard Cayley graph of Z?, and choose some subset S of the square faces (for
instance, one can choose § randomly by independently including each face with probability p).
For each face in S, add a vertex in the center, connecting it with edges to the four corners. It
is not hard to show that the graph obtained has strict polynomial growth and admits detours,
and so again by Theorem 4.1.2 it is vdBK. One can construct many examples of such “lattices

with impurities” which are vdBK, but in general one must be a bit careful to be sure that the
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constructed graph admits detours (for instance, naively implementing the above construction in
higher dimensions may produce new unique geodesics which do not admit detours).

Next, Theorem 4.1.2 likely applies to the famous “kites and darts” Penrose tilings, although
rigorously writing out the details may take a bit of work. It is not hard to show strict polynomial
growth, e.g. by comparing number of vertices in a graph-distance ball to the total area of the
adjacent tiles. Showing rigorously that these tilings admit detours is trickier, but one should
note that unique geodesics are very constrained in these tilings, and it seems likely that some
version of the strategy used in Z2, i.e. “follow a translated version of the original path and then
come back,” should work (even though exact translates of paths typically do not exist).

Unfortunately, the most obvious candidate is in fact a counterexample. That is, consider the
infinite cluster of a supercritical Bernoulli percolation on a Cayley graph of a virtually nilpotent
group. In fact, this will not have strict polynomial growth as we have defined here, since we
require uniform volume lower bounds. But beyond that, one can see that (for p < 1) almost
surely the cluster does not admit detours, and hence by Theorem 4.4.1 it is not vdBK.

This can be seen by a simple “finite energy” type argument. For any C < oo, choose a large
radius R > C such that the probability that B(R) intersects the infinite cluster is positive; this
event is actually independent of the configuration of edges inside E(B(R)), so chose a particular
configuration in E(B(R)) such that all edges in contact with the vertex boundary of B(R) are
open, such that all these edges are connected to each other by open edges, and such that these
open edges on the boundary are connected to an open path of length > 3C which is otherwise
surrounded by closed edges. The probability that the boundary of B(R) is connected to infinity
and that the restriction of the sampled configuration restricted to E(B(R)) is our prescribed

configuration, is also positive. One quickly sees that on this event, the infinite cluster contains
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a self-avoiding path of length C which does not admit a detour of length at most, say, (3/2)C.
The event that the infinite cluster contains a such a path is clearly a translation-invariant event,
and so by ergodicity, since this event occurs with positive probability, it occurs with probability
1. Intersecting all these events for a countable collection C — oo shows that almost surely the
infinite cluster does not admit detours.

Of course, for graphs which are not almost-transitive, the vdBK condition is quite strong.
One may ask for the following weaker condition (which is equivalent in the case of almost-
transitive graphs, see Section 4.4.1): fix o € V. If ¥ is strictly more variable than v and v is

exponential-subcritical, is

liminf 210~ ET©0,0)
x—00 d(o, x)

It is conceivable that the answer might be “yes” in the case of supercritical percolation clusters
on nilpotent Cayley graphs, since supercritical clusters “generally behave like their underlying
graph” at large scales. Perhaps the proofs in this chapter could be adapted to this case, but it
would require “large scale” and perhaps “statistical” weakenings of the geometric properties

used, and the precise adaptation is not clear.

4.8. Absolute continuity with respect to the expected empirical measure

For a graph G and a probability measure v on [0, c0), we say that the associated first passage
percolation has weight distribution absolutely continuous with respect to the expected empirical
measure if for any Borel set A C [0, co) with v(A) > 0 we have

E ]]‘W' e
lim inf Cl2eer Luoeal

>0,
dixy—eo d(x,y)
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where 7 denotes the 7T-geodesic from x to y. Note that this does not imply or presuppose that
a literal expected empirical measure, that is, a weak limit of the expected empirical measures
d(x;,y)E Deer Ow(e)s exists,” although it does imply that v is absolutely continuous with respect to
any subsequential weak limit of this collection of measures. As noted in [36], the above property

implies strict monotonicity with respect to stochastic domination:

Proposition 4.8.1. Suppose that v is absolutely continuous with respect to the expected
empirical measure. Then whenever v strictly stochastically dominates v, that is, whenever v # v
and there exists some coupling (W,w) of Vv and v such that w < w almost surely, we have

ET < ET.

Proor. Fix a coupling (W, w) with w < w; since v # v, P(W < w) > 0, and so one can find
sufficiently small @ > 0,5 > 0, and Borel set A C [0, c0) such that v(A) > 0 and such that for
every y € A,

PW<y—aw=y)>b.

"In the G = Z¢ case it was recently proven by Bates [4] that for “generic” v, the sequence of random empirical
measures m Dieer Ow(e) 10 a fixed direction almost surely weakly converges to a deterministic limit measure, an
even stronger result than the existence of an expected empirical measure in a particular direction.
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We thus have

ET(x,y) — ET(x,y) > E[T(n) — T(n)]

=E ) (w(e) - (e))

eemr

-E Z E[w(e) — vT/(e)IW(e)]]

L eemr

> E Z abﬂw(e)eA]

L eemr

2 d(x,y),

where the last inequality follows from the fact that v is absolutely continuous with respect to

the expected empirical measure. m|

If v strictly stochastically dominates ¥, then ¥ is strictly more variable than v, so our theorems
above already prove strict monotonicity with respect to stochastic domination for graphs which
admit detours and are either quasi-trees or have strict polynomial growth (in the later case, on
the condition that v is also exponential-subcritical). However, we can prove absolute continuity
with respect to the empirical measure—and hence strict monotonicity with respect to stochastic
domination—whether or not G admits detours directly, by using essentially identical methods

to those above.

Theorem 4.1.5. Let G be a bounded degree graph which is quasi-isometric to a tree. Then
for any probability measure v on [0, 00) with finite mean, v is absolutely continuous with respect
to the expected empirical measure of the associated first passage percolation T. Moreover, if v

strictly stochastically dominates a measure ¥, then ET < ET.
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Proor skeTcH. Let A C [0, ) be Borel with v(A) > 0. Set Iy = A. SetC = 1,e¢ = 1.
Then do the same construction as in the proof of Theorem 4.1.3. Whereas Theorem 4.1.3 gives
> d(x,y) detours in expectation, now this construction gives > d(x,y) edges of 7 which have
weights in /) = A, as desired. More explicitly, the construction gives a family of subgraphs {B;}

with
Z P(the geodesic  : x — y contains an edge e in B; of weight w(e) € A) > d(x, y).

Then arguing similarly as in the proof of Lemma 4.3.4, one gets a disjoint family {B;} with
this property, and so one concludes that 7 contains > d(x,y) edges with weight lying in A in
expectation, as desired. Lastly, the stochastic domination statement follows from Proposition

4.8.1. O

Theorem 4.1.6. Let G be a graph of strict polynomial growth. Suppose that v has finite
mean and is exponential-subcritical. Then v is absolutely continuous with respect to the ex-
pected empirical measure of the associated first passage percolation T. Moreover, if v strictly

stochastically dominates a measure v, then ET < ET.

Proor skercH. Let A C [0, c0) be Borel with v(A) > 0 (one may without loss of generality
replace A with a bounded positive v-measure subset). Assume v is exponential-subcritical, and
choose ¢, %, and ¢ as in the first and simplest construction in the proof of Theorem 4.1.2, that
is, in the case that v has bounded support and y, = sup. Also define the event A; as in that

construction. Then define E,, = E by

E = {w € [0, c0)EBER) - 1y(e) € [inf, inf +6) if e € E(B(ZR — 1)), w(e) € A otherwise} .
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Using this construction, we have that for sufficiently large R, whenever A, holds, the T-
geodesic & crosses B;, and w* € E,, = E, there is a path entering B(o;, XR) which has 7*-weight
strictly smaller than any path not entering B(o;, XR); hence the T* geodesic enters B(o;, XR) and
therefore contains an edge with weight valued in A. (Note that this is much simpler than in the
proof of Theorem 4.1.2 when y, # sup; this is because in that proof, we had to ensure that the
T*-geodesic made a long excursion away from the boundary of B(o;, £R), whereas here we only
need it to hit a single edge with weight in A).

The Peierls lemma (Lemma 4.7.1) gives, in expectation, > d(x,y) B; such that the T-
geodesic visits B; and A; holds; combining this with resampling (similar to Proposition 4.7.2)
thus gives in expectation at least > d(x,y) B(o;, XR) which contain an edge of the 7T-geodesic
with weight lying in A. Again arguing similarly as in the proof of Lemma 4.3.4 then gives that,
in expectation, the 7-geodesic contains > d(x,y) edges with weight lying in A, as desired. The

stochastic domination statement again follows from Proposition 4.8.1. O
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CHAPTER 5

Percolation cone for virtually nilpotent groups and failure of monotonicity

In Chapter 4, we proved several strict monotonicity theorems, but always under the assump-
tion that the dominating or less variable measure v is exponential-subcritical. One might wonder
whether this assumption is an artifact of our proof or whether it is really a necessary assump-
tion. The purpose of this chapter is to show that the exponential-subcritical assumption on v is
in fact in some sense necessary to obtain strict monotonicity, at least in the setting of Cayley

graphs of virtually nilpotent groups.

5.1. The case inf suppv =0

Firstly, in the case that inf suppv = 0, the exponential percolation threshold p. as defined
in Section 4.2 is well-known to be equal to the usual percolation threshold for transitive graphs
and in particular Cayley graphs ( [1], see also [12]); that is, if v({0}) > p. then with probability
1 there exists an infinite connected subset of edges which all have weight 0. The following
proposition is then an easy corollary of recent results in supercritical percolation on polynomial

growth graphs [9]:

Proposition 5.1.1. Let G be a transitive graph of polynomial growth, and let v € Prob([0, c0))

with finite mean such that v({0}) > Pe- Then

ET(x,y)
dxy)—e d(x,y)

—
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ET(0,x)
d(o,x)

Proor. It suffices to show that for fixed o, lim,_,, = 0. Since v({0}) > p., the collec-
tion of edges in E such that w(e) = 0 has a unique' infinite component; denote the set of vertices

in this component by C. Note that we have
T(o,x) < (ing T(o,v)) + (ing T(w, x))

Therefore, by transitivity,

ET (o, x) < 2E[T (0, C)]

so it suffices to show that E[T (0, C)] < oo. In fact it suffices to show that E[d(o, C)] < oo,
since if y is a path with a minimal number of edges from o to C, then E[T (0, C)] < E[T(y)],
and conditioning gives that E[T(y)] < (EW)E[|y|]] = (Ew)E[d(o, C)], where W is distributed as
wlw > 0 (so integrability of w implies integrability of w). The fact that E[d(0, C)] < oo follows
from Proposition 1.3 of [9] as follows. Since v({0}) > p., that proposition tells us that for all

sufficiently large n,
n e NN A
1. —) — =) >1-
(5.1.1) P(B(o, 10) B(o,n),U(S,Z))_l e v,

where B(o, 5) <> B(o,n) means that there is a path of edges of weight 0 from some vertex in

B(o, {5) to some vertex in B(o,n), and U(z, 3) is the event that there is at most one connected

4
component of edges of weight zero which intersects both B(o, %) and B(o, 5)°. Note that the

uniqueness event U(z, 5) allows us to “glue” the connections {B(o, ;) < B(o,n)} at different

n
> 10

ISince G has subexponential growth, it is in particular amenable. The original argument of Burton-Keane [7], then
shows that there is only one infinite cluster; see also [19] for an explicitly general proof.
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scales n, so that

D

{B(o,n) < B(o,10n), U(2n,5n)} C {B(o,N) & }.

I
=z

n

Therefore, using the layer-cake formula for expectation and using a union bound on the com-

plement, we get

Ed(o, C) = Z P(d(0,C) > N)
N=0

[

= > P(B(0o,N) ¢> )

N=0
<No+ Y P||_J{Blo.n) & Blo, 10n), U@n, Sm))
N=Ny n=N
L ADIPIas
N=No n=N
where N is such that (5.1.1) holds for all 10n > N. O

Remark 5.1.1. If one is willing to assume v has an exponential moment, one can prove the
above proposition using the same methods we will use below for the case inf suppv > 0. That
is, one argues that the normalized point-to-sphere passage time tends to zero almost surely, and
then uses Talagrand concentration, rather than by showing that E[d(o, C)] is finite. In fact,
this gives a proof under the weaker assumption that the growth of G is subexponential, not

necessarily polynomial.

This in particular implies that strict monotonicity is impossible in this regime:
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Corollary 5.1.1. Let G, v be as above such that v # 6. Then there exists v which is strictly
stochastically dominated by v but is such that

ET(X, )’) - ET(X, y) _

m 0.
d(x,y)—00 d(x,y)

Proor. Any v which is strictly stochastically dominated by v will suffice; stochastic domina-

ET(x,y)

tion implies that the limit in question is nonnegative, and it is at most equal to limy(, ) T

which by the above is 0. To get such ¥, simply take a nontrivial convex combination of v and

00. O

Note that we have shown that when v({0}) > p,, strict monotonicity fails in all directions.

This will contrast the next case, where inf supp v > 0.

5.2. The case inf suppv > 0

Next, we cover the case that a := inf suppv > 0 and v({a}) > p_”c (under an extra moment
assumption on v). This case will be a bit more subtle, since monotonicity will only fail in
some directions. To get cleaner statements in terms of scaling limits, we assume that G is the
Cayley graph of a virtually nilpotent group, but in principle the arguments should apply to any
almost-transitive graph of polynomial growth.

As in the classical case of Z?, the reason for failure of monotonicity will be that, once
v({a}) exceeds a certain threshold, edges of weight exactly a are common enough that there
are infinite edge-geodesics in some directions with all weight a. Then exactly as above we can
produce a counterexample to monotonicity, since these paths already (up to error o(d(o, x)))

have the smallest possible passage time under v.
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The method of proof is as follows: first, we define the geodesic percolation threshold p..
and show sharpness for transitive graphs (and hence equality with the exponential geodesic
percolation threshold p_"c as defined above). Then it is not hard to show that the normalized
point-to-sphere passage times 7' (0, 0B(R))/R converge to a almost surely. To then conclude that
in some direction x, — & we have lim,_,., ET (0, x,)/d(0, x,) = a, we assume an exponential
moment and use Talagrand concentration (as well as polynomial growth of our graph). This

will give us

Theorem 5.2.1. Let G be a Cayley graph of a finitely generated virtually nilpotent group,
Let L., denote the associated graded nilpotent Lie group associated to G, and let d., denote that
CC-metric on Ly, which is the scaling limit of the graph metric d on V. If a := inf suppv > 0,
v({a}) > @(G), and f exp(at)dv(t) < oo for some a > 0, then there exists some & € L, with
do(1,€) = 1 and do(1,&) = a, where dg is the scaling limit of the FPP metric T associated

to v. Moreover, if v # 0, there exists V such that v strictly stochastically dominates v but

dg(1,8) = do(1,8) = a.

This theorem shows that subcriticality is necessary for strict monotonicity, but it also has the
strange feature that the direction £ of non-monotonicity a priori depends on v, while in principle
it should only depend on v({a}) (since it should be a direction in which edges of weight a are
“geodesically percolating”). With a bit more care we can formalize the idea that for each p > p..
there are directions which are “geodesically percolating,” and this gives a sort of “percolation
cone” analogous to the Z¢ case (see [29], Section 2.5.1 of [2]). This in particular allows us to

get a direction & which does not depend on v:
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Theorem 5.2.2. Let G, L., d. as above. Then there exists & € Ly, d(1,€) = 1 with the
following property. If infsuppv = a > 0, v({a}) > p., and f exp(at)dv(t) < oo for some
a > 0, then do(1,€) = a. Moreover, if v # 0,, then there exists v which is strictly stochastically

dominated by v such that d3(1,¢) = do(1,€) = a.

The rest of the chapter is devoted to proving these two theorems.

5.3. Sharpness of the geodesic percolation phase transition

Let G = (V, E) be a graph, p € [0, 1], and let G, be the random subgraph of G with vertex set
V and edge set given by independently including each e € E with probability p and excluding
it with probability 1 — p. We call the included edges open and the excluded edges closed. We
are concerned not just with connectivity in G, but with connectivity by edge geodesics. Recall
that an edge path 7 : x — y in G is called edge-geodesic if |n| = d(x,y), that is,  uses the least
number of edges possible to connect x and y.

For two vertices x,y € V, we write x «— y if there exists an open edge-geodesic path from

geo

x to y. We write x «— oo if there exists an infinite open path r starting from x such that every
geo

finite subpath of & is edge-geodesic. We then define

p.(G) := inf{p €[0,1]: P, [U{x ; oo}) > O}.

xeV

Note that for each x € V, we have

{x > oo} = [ |{x < IBR)},
R=1 geo

geo
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and that the right hand side of this event is an intersection of events only depending on finitely
many edges, so the event defining p,.(G) is measurable. Note also that the event |, {x ; oo}
that there exists an infinite open edge-geodesic is tail-measurable, and so for each p it has
probability either O or 1 by the Kolmogorov 0-1 Law. On the other hand, if G is vertex-transitive,
then in particular P(x ;3 o) does not depend on x € V, and so a union bound shows that, fixing

any basepoint o € V, we have
p(G) :inf{pe [0, 1] :Pp(o —> oo) >0}.
geo

Recall our definition of p_*C(G) from Section 4.2. It is clear from this definition that @(G) <

p.. The key theorem of this section shows that for transitive graphs, p.(G) = p..

Theorem 5.3.1 (Sharpness of geodesic percolation phase transition). Let G be a transitive
graph with no parallel edges. Suppose that p < p.(G). Then for some C,c > 0 (depending on

p)

P,(x <= y) < Cexp(—cd(x,y)).
geo
In particular; p; = p.

The proof of Theorem 5.3.1 follows closely the proof of sharpness of the percolation phase
transition by Hugo Duminil-Copin and Vincent Tassion [12]. Surprisingly, their method adapts
almost immediately to the geodesic percolation setting, the only technical point being that not
all edge-geodesics compose to form edge-geodesics. For completeness, we present the full

argument here, emphasizing the places where the argument is different.

Remark 5.3.1. The assumption that G has no parallel edges is only for simplicity of expo-

sition. If G has parallel edges, we can take G to be the graph which has the same vertex set as
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G and whose edge set consists of pairs of vertices which have at least one edge between them
in G (so in particular G has no parallel edges). If we set 8 > 0 such that 1 — p = e, then
the probability that all of k parallel edges are closed in G, is ™. Therefore, if one defines J.,
to be the number of edges from x to y in G, then [geodesic] connectivity on G, is equivalent
to [geodesic] connectivity on the random graph Gﬁ, where Gﬁ is obtained from G by, for each
{x,y} € E(G), deleting the edge independently with probability e™"~* and otherwise retaining
it. In fact, the proof of sharpness for percolation in [12] is already presented in the setting that
we have a priori different coupling constants J,, for different edges. The modifications to go
from percolation to geodesic percolation in this setting will be identical to the modifications

presented here (essentially, a slightly different definition of the quantity @s(S)).

To deal with the fact that not every composition of edge-geodesics is an edge-geodesic, we

introduce the following definition:

Definition 5. For x,y,z € V, we say that y is between x and z if there exist edge geodesics
M X >y, Moy — zsuch that the composition ity * my : x — z is also an edge geodesic. In

this case we write [x —y — z].

Note that [x —y—z] if and only if there exists an edge geodesic 7 : x — z such thaty € V().
As an example, consider the standard Cayley graph Z>. For any n > 0, the points which are
between (0, 0) and (n, 0) are precisely those of the form (i,0) with O < i < n. For any n,m > 0

the points between (0, 0) and (n, m) are those of the form (i, j) with0 <i < n,0 < j < m.

Proposition 5.3.1. The following are equivalent:

(1) yis between x and z.
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(2) d(x,2) = d(x,y) + d(y, 2).
(3) For any edge geodesics my : x = yand m, : y — z, the composition m; * mp : X — Z IS

an edge geodesic.

Proor. (3) = (1) is immediate from the definition of [x —y — z].
(1) = (2): Assume mr; : x = y, mp 1 y — z are edge-geodesics such that the composition

7y * my 1s edge-geodesic. Then
d(x,2) = |y * M| = || + || = d(x, y) + d(y, 2).

(2) > (3): Letm; : x = yand m, : y — z be edge-geodesics. Their composition 7y * 7, 1S
a path from x to z of length |m| + |m,| = d(x,y) + d(y, ). If (2) holds then this is equal to d(x, z)

and so m; * m, 1s an edge-geodesic. O

Let us assume from now on that G is vertex-transitive and fix a basepoint 0 € V. Now, for

each finite set S C V containing o we define

e$)=p Y, D Byl )

xeS  yéS
{x.yleE
[o—x—y]

s . . .

where {0 «— x} is the event that there is an open edge-geodesic from o to x all of whose edges
geo

have both endpoints in . Note that this quantity is the same as ¢g(S) from [12], except that the

sum is restricted to edges {x, y} such that x is between o and y and the connection events are by

geodesics (and there is a change of variables p = 1 — 7).
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We now define a threshold p,. by
De = sup{p : ¢,(S) < 1 for some finite S C V containing o}.

Again as in [12], we will prove sharpness of the threshold p., which will imply that 12 =p. =

pe. That is, we prove Theorem 5.3.1 by proving the following lemma:
Lemma 5.3.1. For p > p. we have
1 -
Pp(o — OO) 2 _(p - pc)a
geo p
and for each p < p. we have ¢, > 0,C,, < oo such that
P,(0 < B(0,R)") < C,e "
geo

ProoF oF THEOREM 5.3.1 GiveN LEMMa 5.3.1. By the first statement in Lemma 5.3.1, we see
that p;. < p.; by the second statement in Lemma implies that p. < p,. Since we already know

P < P, this gives

The exponential decay statement in Theorem 5.3.1 is equivalent to the statement that p, =

-

D m]

Now we prove Lemma 5.3.1.

Proor oF LEmma 5.3.1. First, let us prove exponential decay of geodesic connection prob-
abilities below the threshold. Fix p < p.. We then have some finite set S C V containing o

such that ¢,(S) < 1. Choose r < oo sufficiently large that all edges having at least one endpoint
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in S have both endpoints in B(o, r). Then for R > r, if o0 is connected to B(o, R) by an open
edge-geodesic, then there is an open edge-geodesic inside of S connecting o to the boundary
of S, there is an open edge-geodesic in S connecting S to S¢, there is an open edge-geodesic
connecting the other endpoint of that edge to B(o, R)‘, and the composition of all three of these

paths is edge geodesic. Thus, by the BK inequality (see e.g. Section 2.3 of [15])

B0 <> Bo.R) < Y Y Plo <> x)pP(y <> B(o.R))
geo i geo geo
{x.yleE
[o—x=y]

< ¢,(S)P,(0 <= B(o,R — L)°),
geo

where in the last line we have used the fact that a geodesic connecting y to B(o, R)° must neces-

sarily connect y to B(y, R — L), together with vertex-transitivity. By induction we have
Py(o o B(0,R)) < (g, (S )

and therefore (since ¢,(S) < 1 and L is fixed as R — oo) we have the desired exponential decay
in R.

Now let us prove the lower bound on connection to infinity above the threshold. We do this
by proving the following differential inequality:

d N )
(5.3.1) %Pp(o ; B(o,R)") > 1_9 (oeslcl}gfo,m gop(S)) (1 -P,(o ; B(o,R) )).

Given (5.3.1), for all p > p. we have

apEr(0 <2 BO.RY)

> —_
1 -P,(0 <= B(o,R)) p’
geo
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so integrating over p’ € (p., p] gives

1 - P, (0 <> B(o,R))
geo >1 P
2 10g —.

1
BT Py(0 <= B(0,R)‘) Pe
geo

Exponentiating both sides and cross-multiplying then gives
2 pPp(O «— B(0o,R)) < p. — [’cPﬁp(O < B(o,R)") < p.,
geo geo

which can be rearranged to

P,(0 <> B(o,R)) > Z=L¢,
geo

and taking R — oo gives the desired inequality.
So it only remains to prove (5.3.1). Since A := {o «<— B(o,R)‘} is an increasing event
geo

depending on the state of only finitely many edges, by Russo’s formula (see e.g. Section 2.2

of [15]).

d ‘
—-PFy(0 < B(o.R)) = > Py(eis pivotal for A)
p geo e€E(B(o,R))

> Z P, (e is closed and pivotal for A).

¢€E(B(0,R))
We then note that an edge e = {x, y} is closed and pivotal for A if and only if: o is connected to
x by a geodesic, y is connected to some b € B(o, R) by a geodesic, with y between o and b, x
is between o and y, and no geodesic connects o to B(o, R)° (or the same event is true with the

roles of x and y reversed). We can fruitfully rephrase this by defining the following random set
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ScV:

S:={veV:V¥be B(o,R) such that [o — v — b],v <» b}.

geo

That is, S is the set of vertices which are not connected to the boundary of B(o, R) by an open
edge-geodesic which is composable with an edge-geodesic from the origin. Then {x, y} is closed
and pivotal for Aifandonlyifo € S, x€ S,y ¢ S,[o—x—y],and o ﬁ x (or the same event
holds with the roles of x and y reversed). Summing over the different possibilities for S, we

have

PP, (e closed, pivotal for A) = Z Z P, (e closed, pivotal for A,S = §)
ecE(B(o,R)) ecE(B(o,R)) oS CB(o,R)

= > Py({x.y) closed, pivotal for A, S = ).

0€S CB(o,R) x€S.,y¢S
[o—x-y]

Clearly the event {o R x} depends only on edges with both endpoints in §. On the other hand,
geo

we claim that the event {S = S’} only depends on edges with at least one endpoint in S¢. This is

because for any S C B(o, R),

s=s1=) U {y%b} Al () thx.y) closed) |-

y¢S beB(o,R)¢ x€S,y¢S
[o—y-b] {x,y}eE
[o—x—y]

Above we have used several times the fact that if [0 — y — b] and [y — x — b] then [0 — x — b]. For
instance, for each y ¢ S, the fact that y ¢ S implies that y is connected to some b € B(o, R) with
[o —y — b] by an open edge-geodesic; but such an open edge-geodesic cannot use any vertex

x € §, or else we would have [0 — x — b] and x «— b, implying that x ¢ S.
geo
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Now, since {o «— x} and {S = S} depend on disjoint edges, by independence we have that
geo

for § witho,x€ S andy ¢ S that

P,({x,y} closed, pivotal for A, S = §) = P,(0 < x,S = §) = P,(0 « 0)P,(S = S).
geo geo

Thus we have

Z P, (e closed, pivotal for A) > Z Z P,(o s X)P,(S=S5)
geo

ecE(B(o,R)) oeScB(o,R) /EES,yQES]’
()—X—y
1 s
= Z Py(S=5)— Z PPy(0 < x)
oeScB(o,R) x€S,y¢S &
[o—x—y]
SR - () Z P,(S=S5)
= — m =
p \oescBo.R) Pr P

0eS cB(o,R)

TI= S

inf  ©,(S)|P,(0€S)

0eS cB(o,R)

sl 925D | Pl 2 B0, R,

and so we have established (5.3.1), so we are done.

5.4. Proof of Theorem 5.2.1

Given Theorem 5.3.1, it is almost immediate that when v({a}) > p.., the renormalized point-

to-sphere passage times 7'(o,0B(R))/R converge to a almost surely. Call an edge e open if

w(e) = a, closed otherwise.

Proposition 5.4.1. Suppose that v({a}) > é Then

. T(0,0B(R))
lim —————=

R—

=da.
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Proor. Since inf supp v = a, the inferior limit of the quantity in question is at least a, so we
wish to show that the superior limit is at most a. By Theorem 5.3.1, v({a}) > p., so that with
probability 1 there exists an open infinite edge geodesic 7. Choose y (random) to be a starting
point of such an infinite open edge-geodesic; take y to be as close as possible to o in the graph

metric d, breaking ties according to some arbitrary ordering on vertices. Then note that we have
T(0,0B(R)) < T(0,y) + T(y,0B(R)).

For each sufficiently large R, pick zx to be the first intersection of the edge-geodesic out of y
with dB(R). Then we have d(o, zg) = R, and following the open edge-geodesic from y to zzx we
have

T(y,0B(R)) < ad(y,zg) < a(d(o,y) + d(o,zg)) = ad(o,y) + aR.
Therefore, for all R we have

T(0,0B(R)) < T(o,y) N ad(o,y) i a
R - R R

Since T'(o,y) and d(o,y) are almost surely finite and do not depend on R, we have that the

superior limit of 7T (R)/R is almost surely at most a, and so we are done. O

Now we want to show that if G has subexponential growth, we can relate the point-to-
sphere passage times to expected passage times in a sequence of directions. For this we use the

following concentration result:
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Theorem 5.4.1 (Talagrand [33] Proposition 8.3). For a locally finite graph G and a measure
v with a finite exponential moment, and € > 0, there exist constants c,C > 0 such that we have

IT(x,y) = ET(x, y)|

P
d(x,y)

> e) < Cexp(—cd(x,y)).

Remark 5.4.1. Talagrand’s result is much stronger, but implies the large-deviations upper
bound needed above. In fact, we will only use that deviations below the mean happen with
probability which decays faster than any inverse polynomial in d(x, y). It is reasonable to expect
that such deviations have exponentially small probability for any graph (as is the case for all
74, see Theorem 5.2 in [26]), but the proofs in the literature do not seem immediately adaptable

to the general setting.

Given this concentration, we have:

Proposition 5.4.2. Let G be a transitive graph of subexponential growth, and suppose that

v has a finite exponential moment. Then almost surely

i T(0,0B(R) _ .. . ET (o, x)
limsup ———— > limsup inf ——.
R— oo R Rooo X:d(0,X)=R R
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Proor. Note that for each € > 0,

Me

T B(R ET
p(L.0BR) . . ET(0.y)
R y:d(o,y)=R R

=
1l

A
i NgE -

> [T00 g Eo

1 x:d(o,x)=R R y:d(0,y)=R R

Z IP(T(O’ x) - ET(0,x) e)
R R

1 x:d(o,x)=R

IA
T

IA

Ce™®|B(R)|

IA

DM DM

A
Ce ™R < o,

=
1l

1

where in the second-to-last line we have used Theorem 5.4.1, and in the last line we have used

subexponential growth of G. Thus, by Borel-Cantelli, for each € > 0 we have

. T(0,0B(R) _ .. . ET (o, x)
lim sup ———— > limsup inf —€
R—o0 R x:d(0,x)=R R

almost surely, and taking € — 0 gives the desired lower bound. O

Remark 5.4.2. The subexponential growth assumption here is important; for example, if
we take G to be the standard Cayley graph of F,, then we have E[T (o, x)]/d(0, x) = Ew for
all x, but T(o,0B(R))/R will typically be much smaller. (See [4] for a characterization of

limg_, T(0,0B(R))/R for regular trees.)

Now we can prove Theorem 5.2.1:



188

Proor or THEOREM 5.2.1. By Proposition 5.4.1, we have that

. T(0,0B(R))
Iim ———— =a
R—oo R

almost surely. Moreover, since each ET (o, x)/d(0, x) > a, Proposition 5.4.2 then gives us that

. . ET (o, x)
Iim inf ——==
R—o0 x:d(0,x)=R d(O, )C)

This implies that there exists some sequence xg € V with each d(o, xg) = R such that

. ET(o, xg)
lim ——=a

R—o0

By compactness of the unit sphere in L., the sequence scl LXR has a limit point ¢ € L, with
do(1,&) = 1, and the fact that scl 1 (V,ET) — (Lw,do) is a sequence of Gromov-Hausdorff
approximations then gives do(1,€) = a, as desired.

To contradict monotonicity in direction &, simply take ¥ to be some nontrivial convex com-

bination of v and 9,,. ]

5.5. The percolation cone

A theorem of Marchand ( [29], see also the statement of Theorem 2.24 in [2]) says that

for the standard Cayley graph of Z2, the directions & with smallest possible time constant

T(0,né)
[nély

(im0 = a) are precisely those directions which lie in the “percolation cone”—roughly
speaking, those directions & such that an oriented percolation model on Z?> with parameter
p > v({a}) almost surely has an infinite open directed path in direction &. The set of such

directions is nonempty if and only if v({a}) > p., where p.. is the oriented percolation threshold

on the standard Cayley graph of Z>. Note that for the case of the standard Cayley graph of Z2,
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this exactly coincides with the geodesic percolation threshold p;. as we defined it in Section 5.3,
SO our notation is consistent.

In this section, we begin building an analogous picture. That is, for G the Cayley graph of a
virtually nilpotent group, we show that for each p > p,. = p_f; we have a set of “directions” C), in
the unit ball of (L, d) such geodesic percolation with parameter p almost surely has infinite
open edge geodesics in direction (nearly) £&. We show that C), is nonempty for all p > p;, = 12
We then show that if & € Cy, then do(1,€) = a, i.e. the “time constant” is the smallest
possible. Finally we use this to show Theorem 5.2.2. One might conjecture a sort of converse,
i.e. that if £ has d(1,£) = 1 but & ¢ C,) then do(1,£) > a—in other words, the percolation
cone is the only place where we have the minimum possible time constants. Proving or refuting
this is left for future work.

We want to establish that for each p > p,. there is a nonempty set of directions which have
time constant a for any v with v({a}) > p. The intuition behind the argument is as follows.
Since p > p., there exists some infinite open edge-geodesic. Even if this edge-geodesic does
not have a well-defined direction, by compactness of the scaling limit, there must be some set
of directions which it visits infinitely often. The set of directions which are visited infinitely
often by an infinite open edge-geodesic should be deterministic by the Kolmogorov 0-1 law,
and these will be our C,. Lastly (assuming an exponential moment for v) establishing that
T(o, x,) < ad(o, x,) for some sclm X, — & establishes that do,(¢) = a by Gromov-Hausdorff
convergence.

The main technical issue with the above argument is that the event that there exists an
infinite open edge-geodesic which visits direction ¢ infinitely often is not a priori measurable.

Unlike the event that there exists an infinite open edge-geodesic, we cannot simply write it
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as an intersection of events involving the existence of finite open edge-geodesics with some
property. For instance, if we assume that we have infinitely many finite open edge geodesics
(say, starting from the same point) which visit direction &, if we try to take a subsequential limit
to get an infinite open edge-geodesic path, this infinite path may not visit & at all. Therefore,
we have to define a slightly different family of events. A second issue is making sense of what
it means to “visit direction &”’; roughly speaking, we want there to be infinitely many rescaled
open edge-geodesics visiting any neighborhood of .

To this end, let us define the following events. Let U C L., be a bounded open set which
intersects the unit sphere S := {£ € L, : d(1,&) = 1}. For each finite subset F C V and each

R € N, we define
Ayrr :={dx € F,y € V,¥ : x = y open edge geodesic s.t. d(o,y) > R, scl%y e U}.

(Recall the map scl; g : I' = L, defined in Section 3.8 which approximately embeds a rescaled
copy of I into L.,). We interpret Ay rr as the the event that there is an open edge-geodesic with
starting point in F and endpoint in direction U at scale R. Note that since F and scly(U ) are
finite, there are only finitely many edge-geodesics between them in G; that is, Ay rr depends on
only finitely many edges and hence is measurable.

Next define

Ayr :=limsupAyrg = ﬁ OAU,F,R,

R=eo r=1 R=r
the event that Ay s happens for infinitely many R. That is, at infinitely many scales, there is an

open edge-geodesic starting from F and landing in direction U.
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Lastly, we set

Ay = U Ayr,

Fcv finite

the event that there exists some finite F' such that Ay r holds. Note that A is measurable, since

it was obtained from the events Ay rx by taking countable unions and intersections.
Proposition 5.5.1. The event Ay is tail-measurable. Thus for each p, P,(Ay) € {0, 1}.

Proor. Let w € {0, 1} be a configuration of edges, and suppose that w € Ay. We show that
if w’ agrees with w off of a finite subset of E, then w’ € Ay.

Since w € Ay, there exists some F' C V finite such that w € Ay, and hence there exists an
infinite collection {yg} of edge-geodesics such that each y is open in w, has starting point in F,
and has endpoint in SCI;I(U ).

Now suppose that «’ differs from w only on the finite set / c E. Then choose r < oo
sufficiently large that ' € B(o,r — 1) and F’ C E(B(o,r — 1)). Define F” := S (o, r), the set of
points in V at distance r from o (note that F” is finite). For any R > r, since yx begins inside
B(o, r — 1) and ends outside of B(o, r), yx has a subpath y} starting at a point of " which only
uses edges in E(B(o, r))° C F’“ and still ends in scl;1 (U). Since each such y}, is open in w and «’
coincides with w on F’¢, we have that each such y} is open in w’ as well; thus w’ € Ay pr C Ay.

This also shows that if w € A{, and w’ agrees with w off of a finite subset, then w’ € Af,.
For if " € Ay, then the above argument shows that w € Ay, a contradiction. Thus, Ay is

tail-measurable, as desired. The Kolmogorov 0-1 Law then implies that P,(Ay) € {0, 1}. O

Proposition 5.5.2. For each p > p., the set

(5.5.1) C,:={£€S :Ve>0,P)(Ap, o) = 1)
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is nonempty and compact. Moreover, C, is increasing in the sense that p < p’ implies C,, C C)y.

We call C), the percolation cone at level p.

Proor. First, let us show that S \ C, is open in §S. First note thatif U C V, then Ay C Ay.
Now, if £ € § \ C), then there exists some € > 0 such that P,(Ag, ¢) = 0 (since Ap, () is 0-1
by the previous proposition). If & € B;_(¢, €), then for some € > 0, B, (¢, €") C By (&, €), so
P,(Ap,_ &) < Py(Ap,_e) = 0, meaning & ¢ C,,. Thus C,, is a closed subset of S, and hence
compact (since S is).

Next, since each P,(Ay) is increasing in p, we have that p < p” implies C,, C C),.

Finally, let us show that C, is nonempty for p > p;. Since p > pi, P,(3 infinite open edge-geodesic ) =
1. Suppose to the contrary that we had C,, = 0. Then for each £ € §, we have some € > 0 such
that P,(Ap, ) = 0; by compactness of S, we have a finite subcover {B,_ (&1, €1), ..., Ba.(én, €n)}
of S consisting of such balls. Note that this finite subcover covers some €'-neighborhood of §
by the tube lemma.

We claim that

{d infinite open edge-geodesic } C

1

N
ABdm (i€

=1

Let w € {3 infinite open edge-geodesic}. Then for some x € V, there is an infinite open edge-

geodesic starting at x. Therefore, for all sufficiently large R, there exists yg such that x is

connected to ygz by an open edge-geodesic. For all R sufficiently large, scl 1YR lies in the €'-

neighborhood of S, and hence lies in some B,_(&;, €;). Then by the pigeonhole principle, some

B, (&, €,) contains scl% yg for infinitely many R. Therefore

N
W € Ap &gt C ABu &g © U AB, e

i=1
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as claimed. But then 1 = P,(3 infinite open edge-geodesic ) < 3N, P(Ap,_.e)) = 0, a contra-

diction. So C,, is nonempty. m|

Now we show that all directions in the percolation cone C, ;) have time constant a.

Theorem 5.5.1. Suppose that inf supp v = a, v({a}) = p > p., and v has a finite exponential
moment. We have do(&) = a for all ¢ € C,, where C,, is the percolation cone as defined in

(5.5.1).

Proor. do(1,&) > a for all & with d.(1,&) = 1, so it remains to to show that if & € C,,
then do(1,€) < a. Let € > 0. By continuity of dg with respect to d.,, we can then choose a
bounded open neighborhood U of ¢ such that for all ¢’ € U we have do(1,£") > do(1,£) — € and

d(1,&") <1+ €. Since dg < (Ew)d., for sufficiently large R we have that
scl;'U c By(0,2R) € Bgr(0,2EwR) C V.

Then, since scl L is a sequence of pointed Gromov-Hausdorff approximations (see section 3.10)
both from (V, ET) t0 (L, do) ( [5]) and from (V, £d) to (L), there is some Ry such that for all

R > Ry and all x,y € B(o,2R) C Bgr(o,2(Ew)R) we have
1
(1+ E)I_QET(X’y) +€2> d@(SCl%X, scl%y)

and

1
(1- G)Ed(x, y)—€< doo(scl}?x, sclﬁy).
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We also choose Ry sufficiently large that for all R > R, scli1 U c B,(0,2R). Then in particular,
R

taking x = o0 and y € scl;'U we get
R

1
(1+ E)I_QET(O’y) + € > dop(l, scl%y) > do(1,€) — €,

SO

1 do(1,€) — 2€
5.5.2 —-ET(0,y) > ———,
( ) R 0.3) I+e€
and also

1

(1- E)Ed(o,y) —€< doo(l,scl%y) <l+e
so that
d 1+2

(5.5.3) 0y 1t2e

R ~ 1-€
Now, by Talagrand concentration (Theorem 5.4.1) we have that

Z P(dx s.t. d(o,x) = R, T(0, x) < ET (0, x) — €d(o, x))
R=1
< " B0, R)ICe™ < oo,
R=1
where the sum is finite because G has subexponential growth. So by Borel-Cantelli, the event

Q' :={w: AR |(w) s.t. d(o,x) = Ry = T(0, x) > ET (0, x) — nd(o, x)}

has probability 1. Next, since £ € C,, and v({a}) > p, if we call an edge e open whenever it has

weight a, we have P(Ay) = 1. Since P(QY’ N Ay) = 1, it is in particular nonempty.



195

So let w € Ay N Q'; we then have R|(w) < oo as in the definition of Q" and a finite F C V
such that w € Ay . By definition of Ay ¢, there exist infinitely many edge-geodesics yg which
have weight a in w and which start at a point in F and end at a point in yz € scl;'U with

R

d(o,yg) = R. For each such R we then have

T(0, yg) < [regx T(o. v)] T+ T(yg) = [r&an T(o. v)] + alyil

+a (d(o,yR) + mzllpx d(o, v)) .

< [max T(o,v)
veF

where we have used that y is an edge-geodesic between some point of F and yg. For all such

R which are at least max(Ry, R,), we further have

ET(o.yr) ___Tlo.y0) _ . [maxep T(0,v)] + a[max,er d(0,v)]
d(o0,yr) ~d(o,yr) d(0,yr)
[max,cr T(0,v)] + a[max,cr d(o,v)]
R

<a+

Since max,<r T (0, v) and max,cr d(o, v) are finite and independent of R, for all sufficiently large

such R we then have
ET(0,yr)

e<a-+e
d(o, yr)

rearranging and using (5.5.2) and (5.5.3), we then get

ET (0, yr) R (dq>(1,§) —~ 26)( l-¢€ )

+2€ > . >
AT TR do,vR) 1+e 1+ 2€

Finally, taking the limit as € — 0 gives do(1, ) < a, as desired.
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Finally, we can use this to prove Theorem 5.2.2, that is, that there is a direction & with
do(1,€) = 1 such that do(1,€) = a for any v with a finite exponential moment such that

inf supp v = a and v({a}) > p..

Proor oF THEOREM 5.2.2. Since the sets C), for p > p, are all nested, nonempty, and com-
pact, it follows that C := (. ,<; C, is nonempty and compact. But any & € C satisfies the
desired property, by Theorem 5.5.1. As always, to get failure of monotonicity in direction &,

simply take a nontrivial convex combination of v and ¢,. O
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