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Lagrangian Relaxation Algorithm: 

 Initialize Lagrange multipliers 

 While (termination criteria not met) 

{

 Increment iteration counter 

 Calculate lower bound solution 

 Calculate upper bound solution 

 Check optimality gap 

 Calculate step size 

 Update Lagrange multipliers 

}
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Industry Example Cost Curve
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Max regret

Q =  9,420   E[cost] = $1.944 M   Max[regret] = $0.229 M

Q = 13,120   E[cost] = $1.960 M   Max[regret] = $0.174 M
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Tradeoff: Expected Cost vs. Maximum Regret
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lagrangian 

solution 

time

cplex 

solution 

time

# forward 

locations

# reverse 

locations

lagrangian 

solution 

time

cplex 

solution

time

# forward 

locations

# reverse 

locations

lagrangian 

solution

time

cplex 

solution 

time

# forward 

locations

# reverse 

locations

CL    

vs.    

FD

CL    

vs.    

RD

FD    

vs.    

RD

CL    

vs.    

FD

CL    

vs.    

RD

FD     

vs.     

RD

0.25 0.25 0.50 0.55 434.51 7 6 0.64 798.88 7 5 0.44 540.54 7 7 0.00 0.00 0.00 0.14 0.17 0.31

0.25 0.25 1.00 0.53 337.31 7 7 0.42 726.41 7 7 0.42 543.26 7 7 0.00 0.00 0.00 0.00 0.00 0.00

0.25 0.25 2.00 0.46 239.35 7 12 0.67 574.54 7 7 0.68 330.21 7 12 0.00 0.00 0.00 0.79 0.00 0.79

0.25 0.75 0.50 3.92 1043.30 7 4 0.61 1278.00 7 2 0.58 1006.74 5 5 0.00 0.32 0.32 0.34 0.20 0.45

0.25 0.75 1.00 1.07 864.24 7 5 2.07 1001.61 7 4 0.58 1054.67 6 6 0.04 0.23 0.19 0.20 0.18 0.28

0.25 0.75 2.00 0.67 635.73 7 7 0.46 812.20 7 6 0.55 797.32 7 7 0.00 0.00 0.00 0.17 0.00 0.17

0.25 2.00 0.50 1.21 1469.05 7 1 0.44 2185.10 7 1 0.65 1554.75 4 4 0.00 0.44 0.44 0.00 0.71 0.71

0.25 2.00 1.00 0.90 1273.83 7 2 1.03 1724.50 7 2 1.06 1623.14 4 4 0.00 0.44 0.44 0.00 0.40 0.40

0.25 2.00 2.00 0.68 899.33 7 4 0.65 1116.92 7 4 0.71 1269.84 4 4 0.00 0.37 0.37 0.00 0.02 0.02

0.75 0.25 0.50 0.51 326.26 7 9 0.42 647.49 7 7 0.43 526.78 7 9 0.00 0.00 0.00 0.16 0.00 0.16

0.75 0.25 1.00 0.59 201.72 7 16 0.59 560.74 9 9 0.60 380.99 7 16 0.16 0.00 0.16 0.95 0.00 0.95

0.75 0.25 2.00 1.13 175.55 7 29 0.85 337.35 12 12 0.48 292.95 7 29 0.84 0.00 0.84 1.20 0.00 1.20

0.75 0.75 0.50 0.58 796.82 7 6 0.59 872.14 7 5 0.43 795.55 7 7 0.04 0.00 0.04 0.14 0.17 0.31

0.75 0.75 1.00 0.55 467.70 7 7 0.46 646.49 7 7 0.39 579.11 7 7 0.00 0.00 0.00 0.00 0.00 0.00

0.75 0.75 2.00 0.85 294.94 8 12 0.54 528.03 9 9 0.46 377.00 7 12 0.06 0.11 0.16 0.63 0.00 0.63

0.75 2.00 0.50 5.82 1172.59 7 4 1.12 1227.60 7 3 0.81 2018.58 4 4 0.03 0.37 0.40 0.17 0.02 0.16

0.75 2.00 1.00 0.56 667.29 7 5 0.59 833.55 7 4 0.56 1239.73 5 5 0.03 0.28 0.31 0.10 0.01 0.10

0.75 2.00 2.00 0.52 700.62 7 7 0.43 678.53 7 7 0.42 866.91 7 7 0.00 0.00 0.00 0.00 0.00 0.00

2.00 0.25 0.50 0.79 186.89 7 20 0.54 384.23 10 10 0.61 309.16 7 20 0.39 0.00 0.39 0.98 0.00 0.98

2.00 0.25 1.00 0.65 203.44 7 30 0.58 264.39 16 16 0.60 242.80 7 30 1.15 0.00 1.15 0.95 0.00 0.95

2.00 0.25 2.00 0.55 148.21 7 47 0.56 183.43 20 20 0.54 203.72 7 47 1.40 0.00 1.40 1.53 0.00 1.53

2.00 0.75 0.50 0.43 381.62 8 9 0.63 595.21 7 7 0.50 480.25 7 9 0.11 0.11 0.00 0.16 0.00 0.16

2.00 0.75 1.00 0.82 281.24 8 16 0.63 363.84 12 12 0.94 358.87 7 16 0.73 0.11 0.83 0.37 0.00 0.37

2.00 0.75 2.00 0.95 175.27 8 27 0.58 230.58 16 16 0.81 308.04 7 27 1.05 0.11 1.16 0.75 0.00 0.75

2.00 2.00 0.50 0.61 714.79 7 6 0.56 832.71 7 5 0.68 1135.16 5 5 0.04 0.32 0.28 0.14 0.15 0.01

2.00 2.00 1.00 0.87 396.08 7 7 0.46 652.08 7 7 0.55 646.94 7 7 0.00 0.00 0.00 0.00 0.00 0.00

2.00 2.00 2.00 0.64 246.41 12 12 0.62 344.18 12 12 0.88 468.93 7 12 0.00 0.84 0.84 0.00 0.00 0.00

parameter values Co-Location Forward Dominant Reverse Dominant

150 node data set

Forward Similarity Reverse Similarity

�

 return rate       CL  Co-location model 

�

 reverse fixed cost ratio     FD  Forward Dominant model 

�

 reverse transportation cost ratio    RD  Reverse Dominant model 
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lagrangian 

solution 

time

cplex 

solution 

time

# forward 

locations

# reverse 

locations

lagrangian 

solution 

time

cplex 

solution

time

# forward 

locations

# reverse 

locations

lagrangian 

solution

time

cplex 

solution 

time

# forward 

locations

# reverse 

locations

CL    

vs.    

FD

CL    

vs.    

RD

FD    

vs.    

RD

CL    

vs.    

FD

CL    

vs.    

RD

FD     

vs.     

RD

0.25 0.25 0.50 5.38 10031.00 6 5 2.72 13899.80 6 4 3.02 7741.09 5 5 0.00 0.13 0.13 0.24 0.01 0.25

0.25 0.25 1.00 7.58 7535.81 6 6 5.45 11862.40 6 6 4.78 10665.40 6 6 0.00 0.00 0.00 0.00 0.00 0.00

0.25 0.25 2.00 4.76 6157.52 6 9 4.88 10282.10 6 6 4.39 6657.59 6 9 0.00 0.00 0.00 0.56 0.00 0.56

0.25 0.75 0.50 5.63 10925.70 6 3 5.24 17776.40 6 3 4.04 14558.30 4 4 0.00 0.37 0.37 0.00 0.25 0.25

0.25 0.75 1.00 5.28 11276.50 6 4 9.66 14838.50 6 4 3.60 11325.60 5 5 0.00 0.13 0.13 0.00 0.25 0.25

0.25 0.75 2.00 5.75 8873.41 6 5 5.97 8934.26 6 5 3.70 10943.30 5 5 0.00 0.13 0.13 0.00 0.01 0.01

0.25 2.00 0.50 5.52 11522.90 6 2 6.34 16828.60 6 2 7.78 15546.30 4 4 0.00 0.37 0.37 0.00 0.61 0.61

0.25 2.00 1.00 5.07 10827.40 6 3 6.21 19014.10 6 2 4.34 15523.20 4 4 0.06 0.37 0.35 0.54 0.24 0.58

0.25 2.00 2.00 3.47 10612.30 6 4 5.67 14181.80 6 3 4.98 11018.30 4 4 0.01 0.37 0.37 0.27 0.07 0.25

0.75 0.25 0.50 4.37 6814.25 6 7 5.04 9429.41 6 6 4.76 7953.56 6 7 0.00 0.00 0.00 0.13 0.00 0.13

0.75 0.25 1.00 5.52 4694.08 6 13 2.24 6667.26 7 7 3.39 6768.04 6 13 0.16 0.00 0.16 0.87 0.00 0.87

0.75 0.25 2.00 4.75 3403.68 6 15 2.40 5703.77 9 9 4.73 4794.92 6 15 0.58 0.00 0.58 0.73 0.00 0.73

0.75 0.75 0.50 4.38 10112.10 6 5 4.33 13095.20 6 4 5.15 9227.01 5 5 0.00 0.13 0.13 0.24 0.01 0.25

0.75 0.75 1.00 4.24 8696.25 6 6 2.37 8805.01 6 6 6.87 9564.81 6 6 0.00 0.00 0.00 0.00 0.00 0.00

0.75 0.75 2.00 5.02 6465.67 6 9 2.44 6377.71 7 7 3.41 6556.74 6 9 0.14 0.00 0.14 0.42 0.00 0.42

0.75 2.00 0.50 6.30 13410.60 6 3 6.22 16357.80 6 3 3.63 12961.00 4 4 0.00 0.38 0.38 0.00 0.25 0.25

0.75 2.00 1.00 4.43 13178.80 6 4 2.53 13827.30 6 4 4.68 14198.90 4 4 0.00 0.37 0.37 0.00 0.06 0.06

0.75 2.00 2.00 4.05 10657.70 6 6 6.33 11632.40 5 5 5.38 8436.23 5 5 0.13 0.13 0.00 0.13 0.13 0.00

2.00 0.25 0.50 5.78 5031.64 6 14 1.93 8215.28 7 7 5.12 7059.64 6 14 0.13 0.03 0.16 1.03 0.12 0.98

2.00 0.25 1.00 5.79 3923.01 6 22 2.85 4732.37 10 10 3.64 5372.32 6 22 0.77 0.00 0.77 1.32 0.00 1.32

2.00 0.25 2.00 5.23 1966.16 6 33 2.78 4283.96 14 14 4.11 4166.38 5 33 1.21 0.12 1.43 1.52 0.00 1.52

2.00 0.75 0.50 5.89 8089.92 6 7 4.31 9067.69 6 6 4.22 6634.47 6 7 0.01 0.00 0.01 0.13 0.00 0.13

2.00 0.75 1.00 4.39 5324.77 6 11 2.39 8899.04 7 7 3.00 5500.68 6 11 0.17 0.00 0.17 0.66 0.00 0.66

2.00 0.75 2.00 5.17 4132.92 6 14 5.16 4135.44 13 13 4.70 7820.18 6 14 1.07 0.00 1.07 0.13 0.00 0.13

2.00 2.00 0.50 4.52 10101.30 6 5 2.61 11820.10 6 4 5.47 12862.40 5 5 0.00 0.13 0.13 0.24 0.01 0.25

2.00 2.00 1.00 4.16 7616.88 6 6 2.59 8682.00 6 6 4.13 11720.50 6 6 0.00 0.00 0.00 0.00 0.00 0.00

2.00 2.00 2.00 4.57 7603.73 9 9 3.67 8603.60 7 7 5.44 7084.47 6 9 0.42 0.58 0.14 0.42 0.00 0.42

Forward Similarity Reverse Similarityparameter values Co-Location Forward Dominant Reverse Dominant

263 node data set

�

 return rate       CL  Co-location model 

�

 reverse fixed cost ratio     FD  Forward Dominant model 

�

 reverse transportation cost ratio    RD  Reverse Dominant model 
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