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ABSTRACT

On the Optimality and Complexity of Reinforcement Learning

Zuyue Fu

In this dissertation, we aim to develop algorithms that achieve optimality with provable
complexity guarantees under various settings in reinforcement learning (RL). Specifically,
in Markov decision processes (MDPs), we study single-agent and multi-agent online RL,

respectively, and offline RL under the presence of unobserved confounders.

e Single-agent online RL. We design a single-timescale actor-critic method to solve
single-agent RL, where the actor and critic are updated simultaneously. Specif-
ically, in each iteration, the critic update is obtained by applying the Bellman
evaluation operator only once while the actor is updated in the policy gradient
direction computed using the critic. We prove that the actor sequence converges
to a globally optimal policy at a sublinear O(K ~'/2) rate, where K is the number
of iterations.

e Multi-agent online RL. We study discrete-time mean-field Markov games with
infinite numbers of agents, where each agent aims to minimize its ergodic cost.

Specifically, we consider a linear-quadratic case, where the agents have identical



linear state transitions and quadratic cost functions. For such a game, we provide
sufficient conditions for the existence and uniqueness of its Nash equilibrium,
and also propose a model-free mean-field actor-critic algorithm. In particular,
we prove that our algorithm converges to the Nash equilibrium at a linear rate.
Offline RL with unobserved confounders. We study offline RL in the face of un-
observed confounders. Offline RL is typically facing the following two significant
challenges: (i) the agent may be confounded by the unobserved state variables;
(ii) the offline data collected a prior does not provide sufficient coverage for the
environment. To tackle the above challenges, we study the policy learning in
the confounded MDPs with the aid of instrumental variables (IVs). Specifically,
we propose value- and ratio-based identification results for the identification of
the expected total reward. Then by leveraging pessimism and our identification
results, we propose various policy learning methods with the finite-sample sub-
optimality guarantee of finding the optimal in-class policy under minimal data

coverage and modeling assumptions.
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CHAPTER 1

Introduction

In reinforcement learning (RL, Sutton and Barto| (2018))), the agent aims to make
sequential decisions that maximize the expected total reward through interacting with the
environment and learning from the experiences, where the environment is modeled as a
Markov decision process (MDP, Puterman| (2014)). RL with deep neural networks achieves
tremendous successes in practice, e.g., video games (Silver et al., 2016; OpenAl| 2018),
robotics (Kalashnikov et al., 2018]), solving social dilemmas (de Cote et al., 2006; Leibo
et al., 2017; Hughes et al., 2018)), etc. However, there still lack a theoretical understanding
on the optimality, i.e., how good is a learned policy compared with the optimal policy, and
complexity, i.e, how large a dataset is required to learn a good policy, of various types of
RL methods. In this dissertation, we aim to develop and study algorithms that provably
achieve optimality and complexity guarantees under various settings in RL.

In single-agent online RL, where the agent can actively interact with the environ-
ment to collect new data, to achieve the highest possible total reward in expectation, the
actor-critic method (Konda and Tsitsiklis, [2000)) is the among the most commonly used
algorithms. Specifically, to establish convergence guarantees for actor-critic, most existing
works either focus on the bi-level setting or the two-timescale setting, which are seldom
adopted in practice. In Chapter [2] we propose a single-timescale actor-critic method, and
investigate its convergence and global optimality under linear and deep neural network

function approximation. In particular, we focus on the family of energy-based policies
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and aim to find the optimal policy within this class. In our actor-critic algorithm, the
actor update follows proximal policy optimization (PPO, |Schulman et al.| (2017)) and the
critic update is obtained by applying the Bellman evaluation operator only once to the
current critic iterate, which is more closed to the practical algorithms.

Multi-agent RL extends single-agent RL to sequential decision-making problems in-
volving multiple agents. Mean-field game (MFG, Huang et al.| (2003} [2006)); [Lasry and
Lions (2006a,bl, 2007))) is a specific form of multi-agent RL, which utilizes mean-field ap-
proximation to model the strategic interactions within a large population. In Chapter [3]
we develop an efficient model-free RL approach to solve MFGs, which provably attains
the Nash equilibrium. In particular, we focus on discrete-time MFGs with linear state
transitions and quadratic cost functions, where the aggregated effect of the population is
quantified by the mean-field state. In detail, we propose a mean-field actor-critic algo-
rithm, which alternatingly updates the policy and mean-field state. In theory, we prove
that the sequence of policies and its corresponding sequence of mean-field states converge
to the unique Nash equilibrium at a linear rate.

Since actively interacting with the environment in an MDP is usually either expansive
or unethical (e.g., in healthcare (Raghu et al.; 2017 Komorowski et al.; 2018} Gottesman
et al., |2019)), autonomous driving (Shalev-Shwartz et al., 2016)), a growing body of liter-
ature focus on designing RL methods in the offline setting, where the agent aims to learn
an optimal policy 7* in the infinite-horizon Markov decision process (MDP, Puterman
(2014)) only through observational data. In Chapter , we aim to solve the following
two challenges in offline RL: (i) The agent may be confounded by unobserved variables

(confounders) in the observational data; (ii) Due to insufficient data coverage, typical
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methods (Precup 2000; |Antos et al., 2008b; (Chen and Jiang, 2019) may fail to converge
without imposing strong assumptions on the data generation process. To tackle such
challenges, by leveraging instrumental variables (IVs) and the principle of pessimism, we
propose value-based and ratio-based estimators of the optimal policy, which are shown

enjoy provable optimality and complexity guarantees.

1.1. Single-Timescale Actor-Critic Provably Finds Globally Optimal Policy

In reinforcement learning (RL, [Sutton et al. (1998))), the agent aims to make sequential
decisions that maximize the expected total reward through interacting with the environ-
ment and learning from the experiences, where the environment is modeled as a Markov
Decision Process (MDP, (Puterman, 2014)). To learn a policy that achieves the highest
possible total reward in expectation, the actor-critic method (Konda and Tsitsiklis| |2000)
is among the most commonly used algorithms. In actor-critic, the actor refers to the
policy and the critic corresponds to the value function that characterizes the performance
of the actor. This method directly optimizes the expected total return over the policy
class by iteratively improving the actor, where the update direction is determined by the
critic. In particular, recently, actor-critic combined with deep neural networks (LeCun
et al., 2015) achieves tremendous empirical successes in solving large-scale RL tasks, such
as the game of Go (Silver et al., 2017), StarCraft (Vinyals et al.| 2019), Dota (OpenAl,
2018)), Rubik’s cube (Agostinelli et al., [2019; Akkaya et al., [2019), and autonomous driv-
ing (Sallab et al., 2017). See |Li (2017) for a detailed survey of the recent developments

of deep reinforcement learning.
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Despite these great empirical successes of actor-critic, there is still an evident chasm
between theory and practice. Specifically, to establish convergence guarantees for actor-
critic, most existing works either focus on the bi-level setting or the two-timescale setting,

which are seldom adopted in practice. In particular, under the bi-level setting (Yang et al.,

2019a; [Wang et al.| 2019; |Agarwal et al| [2019; [Fu et all |2019; [Liu et al., [2019; Abbasi-|

Yadkori et all, 2019alb} |Cai et all, [2019; [Hao et al, 2020; [Mei et al., [2020; Bhandari and|

, , the actor is updated only after the critic solves the policy evaluation sub-
problem completely, which is equivalent to applying the Bellman evaluation operator to
the previous critic for infinite times. Consequently, actor-critic under the bi-level setting
is a double-loop iterative algorithm where the inner loop is allocated for solving the policy
evaluation sub-problem of the critic. In terms of theoretical analysis, such a double-loop
structure decouples the analysis for the actor and critic. For the actor, the problem is

essentially reduced to analyzing the convergence of a variant of the policy gradient method

(Sutton et al., |2000; Kakade| 2002) where the error of the gradient estimate depends on

the policy evaluation error of the critic. Besides, under the two-timescale setting (Borkar!

land Konda), [1997; [Konda and Tsitsiklis, [2000; Xu et al., 20205 Wu et al.| 2020; [Hong et al.,

, the actor and the critic are updated simultaneously, but with disparate stepsizes.
More concretely, the stepsize of the actor is set to be much smaller than that of the critic,
with the ratio between these stepsizes converging to zero. In an asymptotic sense, such a
separation between stepsizes ensures that the critic completely solves its policy evaluation
sub-problem asymptotically. In other words, such a two-timescale scheme results in a
separation between actor and critic in an asymptotic sense, which leads to asymptotically

unbiased policy gradient estimates. In sum, in terms of convergence analysis, the existing
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theory of actor-critic hinges on decoupling the analysis for critic and actor, which is
ensured via focusing on the bi-level or two-timescale settings.

However, most practical implementations of actor-critic are under the single-timescale
setting (Peters and Schaal, 2008a; Schulman et al., 2015; [Mnih et al., 2016; [Schulman et al.;
2017; [Haarnoja et al., 2018]), where the actor and critic are simultaneously updated, and
particularly, the actor is updated without the critic reaching an approximate solution
to the policy evaluation sub-problem. Meanwhile, in comparison with the two-timescale
setting, the actor is equipped with a much larger stepsize in the the single-timescale setting
such that the asymptotic separation between the analysis of actor and critic is no longer
valid.

Furthermore, when it comes to function approximation, most existing works only an-
alyze the convergence of actor-critic with either linear function approximation (Xu et al.,
2020; Wu et al., 2020; Hong et al., 2020), or shallow-neural-network parameterization
(Wang et al., 2019; Liu et al., 2019). In contrast, practically used actor-critic meth-
ods such as asynchronous advantage actor-critic (Mnih et al., 2016) and soft actor-critic
(Haarnoja et al) 2018) oftentimes represent both the actor and critic using deep neural
networks.

Thus, the following question is left open:

Does single-timescale actor-critic provably find a globally optimal policy under the

function approzimation setting, especially when deep neural networks are employed?

To answer such a question, we make the first attempt to investigate the convergence
and global optimality of single-timescale actor-critic with linear and neural network func-

tion approximation. In particular, we focus on the family of energy-based policies and aim
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to find the optimal policy within this class. Here we represent both the energy function
and the critic as linear or deep neural network functions. In our actor-critic algorithm,
the actor update follows proximal policy optimization (PPO) (Schulman et al.,2017) and
the critic update is obtained by applying the Bellman evaluation operator only once to
the current critic iterate. As a result, the actor is updated before the critic solves the
policy evaluation sub-problem. Such a coupled updating structure persists even when the
number of iterations goes to infinity, which implies that the update direction of the actor
is always biased compared with the policy gradient direction. This brings an additional
challenge that is absent in the bi-level and the two-timescale settings, where the actor
and critic are decoupled asymptotically.

To tackle such a challenge, our analysis captures the joint effect of actor and critic
updates on the objective function, dubbed as the “double contraction” phenomenon,
which plays a pivotal role for the success of single-timescale actor-critic. Specifically,
thanks to the discount factor of the MDP, the Bellman evaluation operator is contractive,
which implies that, after each update, the critic makes noticeable progress by moving
towards the value function associated with the current actor. As a result, although we
use a biased estimate of the policy gradient, thanks to the contraction brought by the
discount factor, the accumulative effect of the biases is controlled. Such a phenomenon
enables us to characterize the progress of each iteration of joint actor and critic update,
and thus yields the convergence to the globally optimal policy. In particular, for both the
linear and neural settings, we prove that, single-timescale actor-critic finds a O(K~'/?)-
globally optimal policy after K iterations. To the best of our knowledge, we seem to

establish the first theoretical guarantee of global convergence and global optimality for
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actor-critic with function approximation in the single-timescale setting. Moreover, under
the broader scope of policy optimization with nonlinear function approximation, our work
seems to prove convergence and optimality guarantees for actor-critic with deep neural

network for the first time.

Contribution. Our contribution is two-fold. First, in the single-timescale setting with
linear function approximation, we prove that, after K iterations of actor and critic up-
dates, actor-critic returns a policy that is at most O(K~'/2) inferior to the globally optimal
policy. Second, when both the actor and critic are represented by deep neural networks,
we prove a similar O(K ~'/2) rate of convergence to the globally optimal policy when the

architecture of the neural networks are properly chosen.

Related Work. Our work extends the line of works on the convergence of actor-critic
under the function approximation setting. In particular, actor-critic is first introduced
in [Sutton et al. (2000)); [Konda and Tsitsiklis (2000)). Later, Kakade (2002)); |[Peters and
Schaal| (2008b) propose the natural actor-critic method which updates the policy via the
natural gradient (Amari, [1998) direction. The convergence of (natural) actor-critic with
linear function approximation are studied in Bhatnagar et al. (2008, 2009)); Bhatnagar
(2010); |Castro and Meir (2010); Maei (2018]). However, these works only characterize the
asymptotic convergence of actor-critic and their proofs all resort to tools from stochastic
approximation via ordinary differential equations (Borkar, 2008]). As a result, these works
only show that actor-critic with linear function approximation converges to the set of
stable equilibria of a set of ordinary differential equations. Recently, |[Zhang et al.| (2019al)
propose a variant of actor-critic where Monte-Carlo sampling is used to ensure the critic

and the policy gradient estimates are unbiased. Although they incorporate nonlinear
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function approximation in the actor, they only establish finite-time convergence result
to a stationary point of the expected total reward. Moreover, due to having an inner

loop for solving the policy evaluation sub-problem, they focus on the bi-level setting.

Moreover, under the two-timescale setting, Wu et al.| (2020)); Xu et al.| (2020) show that

actor-critic with linear function approximation finds an e-stationary point with O(s~5/2)
samples, where € measures the squared norm of the policy gradient. All of these results
establish the convergence of actor-critic, without characterizing the optimality of the

policy obtained by actor-critic.

In terms of the global optimality of actor-critic, [Fazel et al.| (2018); [Malik et al.| (2018));

'Tu and Recht| (2018); Yang et al,| (2019a); Bu et al,| (2019); [Fu et al.| (2019)) show that

policy gradient and bi-level actor-critic methods converge to the globally optimal policies

under the linear-quadratic setting, where the state transitions follow a linear dynamical

system and the reward function is quadratic. For general MDPs, [Bhandari and Russol

(2019)) recently prove the global optimality of vanilla policy gradient under the assumption

that the families of policies and value functions are both convex. In addition, our work is

also related to Liu et al. (2019)) and Wang et al|(2019), where they establish the global

optimality of proximal policy optimization and (natural) actor-critic, respectively, where

both the actor and critic are parameterized by two-layer neural networks. Our work is also

related to [Agarwal et al| (2019); [Abbasi-Yadkori et al| (2019alb)); [Cai et al| (2019); [Hao|

et al.| (2020); Mei et al.| (2020); Bhandari and Russo (2020), which focus on characterizing

the optimality of natural policy gradient in tabular and/or linear settings. However, these
aforementioned works all focus on bi-level actor-critic, where the actor is updated only

after the critic solves the policy evaluation sub-problem to an approximate optimum.
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Besides, these works consider linear or two-layer neural network function approximations

whereas we focus on the setting with deep neural networks. Furthermore, under the

two-timescale setting, Xu et al.| (2020); Hong et al. (2020) prove that linear actor-critic

requires a sample complexity of 5(5_4) for obtaining an e-globally optimal policy. In
comparison, our O(K /%) convergence for single-timescale actor-critic can be translated
into a similar 6(5_4) sample complexity directly. Moreover, when reusing the data, our

result leads to an improved 5(5’2) sample complexity. In addition, our work is also

related to |Geist et al. (2019)), which proposes a variant of policy iteration algorithm with

Bregman divergence regularization. Without considering an explicit form of function
approximation, their algorithm is shown to converge to the globally optimal policy at a
similar O(K -1/ 2) rate, where K is the number of policy updates. In contrast, our method
is single-timescale actor-critic with linear or deep neural network function approximation,
which enjoys both global convergence and global optimality. Meanwhile, our proof is
based on a finite-sample analysis, which involves dealing with the algorithmic errors that
track the performance of actor and critic updates as well as the statistical error due to
having finite data.

Our work is also related to the literature on deep neural networks. Previous works

(Daniely}, 2017} [Jacot et all, 2018} [Wu et all, 2018} [Allen-Zhu et all, 2018alb; [Du et al.

2018; |Zou et al., 2018} |Chizat and Bach| [2018; Jacot et al., [2018; [Li and Liang], [2018;

(Cao and Gul, [2019ab} [Arora et all 2019} [Lee et all 2019} |Gao et all, 2019) analyze the

computational and statistical rates of supervised learning methods with overparameterized

neural networks. In contrast, our work employs overparameterized deep neural networks
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in actor-critic for solving RL tasks, which is significantly more challenging than supervised

learning due to the interplay between the actor and the critic.

1.2. Actor-Critic Provably Finds Nash Equilibria of Linear-Quadratic

Mean-Field Games

In reinforcement learning (RL) (Sutton and Barto, 2018), an agent learns to make

decisions that minimize its expected total cost through sequential interactions with the

environment. Multi-agent reinforcement learning (MARL) (Shoham et al., 2003, 2007}

Busoniu et al. 2008) aims to extend RL to sequential decision-making problems involving

multiple agents. In a non-cooperative game, we are interested in the Nash equilibrium
(Nash, [1951)), which is a joint policy of all the agents such that each agent cannot de-
crease its expected total cost by unilaterally deviating from its Nash policy. The Nash

equilibrium plays a critical role in understanding the social dynamics of self-interested

agents (Ash|, [2000; [Axtell, 2002)) and constructing the optimal policy of a particular agent

via fictitious self-play (Bowling and Veloso, [2000; |Ganzfried and Sandholm, 2009). With

the recent development in deep learning (LeCun et al., [2015), MARL with function ap-

proximation achieves tremendous empirical successes in applications, including Go (Silver

et al. 2016, 2017), Poker (Heinrich and Silver, 2016; Moravcik et al 2017), Star Craft

(Vinyals et all 2019)), Dota (OpenAl, 2018)), autonomous driving (Shalev-Shwartz et al.)

2016]), multi-robotic systems (Yang and Gul [2004)), and solving social dilemmas (de Cote

et al., [2006; [Leibo et all 2017; Hughes et al) 2018)). However, since the capacity of the

joint state and action spaces grows exponentially in the number of agents, such MARL ap-

proaches become computationally intractable when the number of agents is large, which
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is common in real-world applications (Sandholm| |2010; Calderone, 2017; [Wang et al.,
2017al).

Mean-field game is proposed by [Huang et al.| (2003, |2006)); Lasry and Lions (2006a,b),
2007)) with the idea of utilizing mean-field approximation to model the strategic interac-
tions within a large population. In a mean-field game, each agent has the same cost func-
tion and state transition, which depend on the other agents only through their aggregated
effect. As a result, the optimal policy of each agent depends solely on its own state and
the aggregated effect of the population, and such an optimal policy is symmetric across all
the agents. Moreover, if the aggregated effect of the population corresponds to the Nash
equilibrium, then the optimal policy of each agent jointly constitutes a Nash equilibrium.
Although such a Nash equilibrium corresponds to an infinite number of agents, it well
approximates the Nash equilibrium for a sufficiently large number of agents (Bensoussan
et al., 2016). Also, as the aggregated effect of the population abstracts away the strategic
interactions between individual agents, it circumvents the computational intractability of
the MARL approaches that do not exploit symmetry.

However, most existing work on mean-field games focuses on characterizing the ex-
istence and uniqueness of the Nash equilibrium rather than designing provably efficient
algorithms. In particular, most existing work considers the continuous-time setting, which
requires solving a pair of Hamilton-Jacobi-Bellman (HJB) and Fokker-Planck (FP) equa-
tions, whereas the discrete-time setting is more common in practice, e.g., in the afore-
mentioned applications. Moreover, most existing approaches, including the ones based on
solving the HJB and FP equations, require knowing the model of dynamics (Bardi and

Priuli, |2014)), or having the access to a simulator, which generates the next state given
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any state-action pair and aggregated effect of the population (Guo et al. 2019), which is
often unavailable in practice.

To address these challenges, we develop an efficient model-free RL approach to mean-
field game, which provably attains the Nash equilibrium. In particular, we focus on
discrete-time mean-field games with linear state transitions and quadratic cost functions,
where the aggregated effect of the population is quantified by the mean-field state. Such
games capture the fundamental difficulties of general mean-field games and well approx-
imates a variety of real-world systems such as power grids (Minciardi and Sacile, [2011)),
swarm robots (Fang, 2014} |Araki et al.l 2017 |Doerr et al., 2018)), and financial systems
(Zhou and Li, 2000; Huang and Li, 2018). In detail, based on the Nash certainty equiv-
alence (NCE) principle (Huang et al., 2006, 2007), we propose a mean-field actor-critic
algorithm which, at each iteration, given the mean-field state u, approximately attains
the optimal policy 7, of each agent, and then updates the mean-field state 1 assuming
that all the agents follow 7. We parametrize the actor and critic by linear and quadratic
functions, respectively, and prove that such a parameterization encompasses the optimal
policy of each agent. Specifically, we update the actor parameter using policy gradient
(Sutton et al., 2000 and natural policy gradient (Kakadel 2002} [Peters and Schaal, 2008a;
Bhatnagar et all 2009) and update the critic parameter using primal-dual gradient tem-
poral difference (Sutton et al., 2009alb). In particular, we prove that given the mean-field
state u, the sequence of policies generated by the actor converges linearly to the optimal
policy 7. Moreover, when alternatingly update the policy and mean-field state, we prove
that the sequence of policies and its corresponding sequence of mean-field states con-

verge to the unique Nash equilibrium at a linear rate. Our approach can be interpreted
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from both “passive” and “active” perspectives: (i) Assuming that each self-interested
agent employs the single-agent actor-critic algorithm, the policy of each agent converges
to the unique Nash policy, which characterizes the social dynamics of a large population
of model-free RL agents. (ii) For a particular agent, our approach serves as a fictitious
self-play method for it to find its Nash policy, assuming the other agents give their best
responses. To the best of our knowledge, our work establishes the first efficient model-free
RL approach with function approximation that provably attains the Nash equilibrium
of a discrete-time mean-field game. As a byproduct, we also show that the sequence of
policies generated by the single-agent actor-critic algorithm converges at a linear rate to
the optimal policy of a linear-quadratic regulator (LQR) problem in the presence of drift,

which may be of independent interest.

Related Work. Mean-field game is first introduced in [Huang et al. (2003} 2006); Lasry

and Lions (2006alb, [2007). In the last decade, there is growing interest in understand-

ing continuous-time mean-field games. See, e.g., Guéant et al. (2011)); Bensoussan et al.|

(2013));|Gomes et al.|(2014); Carmona and Delarue (2013, 2018)) and the references therein.

Due to their simple structures, continuous-time linear-quadratic mean-field games are ex-

tensively studied under various model assumptions. See [Li and Zhang (2008); Bardi

(2011)); [Wang and Zhang| (2012)); Bardi and Priuli (2014); [Huang et al| (2016a]b); Ben-|

soussan et al.| (2016, [2017)); (Caines and Kizilkale (2017)); [Huang and Huang] (2017)); Moon|

and Basar| (2018); Huang and Zhou| (2019) for examples of this line of work. Meanwhile,

the literature on discrete-time linear-quadratic mean-field games remains relatively scarce.
Most of this line of work focuses on characterizing the existence of a Nash equilibrium

and the behavior of such a Nash equilibrium when the number of agents goes to infinity
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(Gomes et al., [2010; [Tembine and Huang, [2011; Moon and Basar, 2014} Biswas, [2015;
Saldi et al., 2018albl 2019)). See also Yang et al.| (2018al), which applies maximum entropy
inverse RL (Ziebart et al., [2008)) to infer the cost function and social dynamics of discrete-
time mean-field games with finite state and action spaces. Our work is most related to
Guo et al. (2019)), where they propose a mean-field Q-learning algorithm (Watkins and
Dayanl, [1992) for discrete-time mean-field games with finite state and action spaces. Such
an algorithm requires the access to a simulator, which, given any state-action pair and
mean-field state, outputs the next state. In contrast, both our state and action spaces
are infinite, and we do not require such a simulator but only observations of trajecto-
ries under given mean-field state. Correspondingly, we study the mean-field actor-critic
algorithm with linear function approximation, whereas their algorithm is tailored to the
tabular setting. Also, our work is closely related to Mguni et al.| (2018), which focuses on
a more restrictive setting where the state transition does not involve the mean-field state.
In such a setting, mean-field games are potential games, which is, however, not true in
more general settings (Li et al., [2017; Briani and Cardaliaguet) 2018). In comparison, we
allow the state transition to depend on the mean-field state. Meanwhile, they propose a
fictitious self-play method based on the single-agent actor-critic algorithm and establishes
its asymptotic convergence. However, their proof of convergence relies on the assumption
that the single-agent actor-critic algorithm converges to the optimal policy, which is un-
verified therein. In addition, our work is related to [Jayakumar and Aditya (2019), where
the proposed algorithm is only shown to converge asymptotically to a stationary point of

the mean-field game.
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Our work also extends the line of work on finding the Nash equilibria of Markov games

using MARL. Due to the computational intractability introduced by the large number of

agents, such a line of work focuses on finite-agent Markov games (Littman) 1994, 2001}

land Wellman), 1998} Bowling), [2001}; Lagoudakis and Parr, 2002; [Hu and Wellmanl, [2003;

(Conitzer and Sandholm)| [2007; [Perolat et al., 2015} [Pérolat et al. 2016bja), [2018; [Wei et al.|

2017; |Zhang et al [2018; Zou et al 2019; |Casgrain et al., 2019)). See also Shoham et al.

(2003, [2007)); Busoniu et al.| (2008)); Li (2018) for detailed surveys. Our work is related to

Yang et al.| (2018b), where they combine the mean-field approximation of actions (rather

than states) and Nash Q-learning (Hu and Wellman, 2003)) to study general-sum Markov

games with a large number of agents. However, the Nash Q-learning algorithm is only
applicable to finite state and action spaces, and its convergence is established under rather
strong assumptions. Also, when the number of agents goes to infinity, their approach
yields a variant of tabular Q-learning, which is different from our mean-field actor-critic

algorithm.

For policy optimization, based on the policy gradient theorem, |Sutton et al. (2000);

Konda and Tsitsiklis| (2000) propose the actor-critic algorithm, which is later generalized

to the natural actor-critic algorithm (Peters and Schaal, 2008a; Bhatnagar et al., 2009)).

Most existing results on the convergence of actor-critic algorithms are based on stochastic

approximation using ordinary differential equations (Bhatnagar et al., [2009; |Castro and

Meir}, |2010; Konda and Tsitsiklis, [2000; |[Maei, 2018)), which are asymptotic in nature. For

policy evaluation, the convergence of primal-dual gradient temporal difference is studied

in |Liu et al.| (2015); Du et al.| (2017); Wang et al.| (2017b); [Yu/ (2017); Wai et al. (2018)).

However, this line of work assumes that the feature mapping is bounded, which is not the
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case in our setting. Thus, the existing convergence results are not applicable to analyzing
the critic update in our setting. To handle the unbounded feature mapping, we utilize a
truncation argument, which requires more delicate analysis.

Finally, our work extends the line of work that studies model-free RL for LQR. For
example, Bradtke (1993); Bradtke et al.| (1994]) show that policy iteration converges to the
optimal policy, Tu and Recht| (2017)); Dean et al. (2017)) study the sample complexity of
least-squares temporal-difference for policy evaluation. More recently, [Fazel et al.| (2018));
Malik et al.| (2018));|Tu and Recht| (2018)) show that the policy gradient algorithm converges
at a linear rate to the optimal policy. See as also Hardt et al.| (2016)); Dean et al.| (2018)
for more in this line of work. Our work is also closely related to|Yang et al. (2019b)), where
they show that the sequence of policies generated by the natural actor-critic algorithm
enjoys a linear rate of convergence to the optimal policy. Compared with this work, when
fixing the mean-field state, we use the actor-critic algorithm to study LQR in the presence
of drift, which introduces significant difficulties in the analysis. As we show in §3.2] the
drift causes the optimal policy to have an additional intercept, which makes the state-

and action-value functions more complicated.

1.3. Offline Reinforcement Learning with Instrumental Variables in

Confounded Markov Decision Processes

Reinforcement learning (RL, Sutton and Barto| (2018)) with deep neural networks
gains tremendous successes in practice, e.g., games (Silver et al. [2016; |OpenAl, [2018)),
robotics (Kalashnikov et al., 2018)), etc. Most RL methods heavily rely on an efficient data

generator, e.g., game engines (Bellemare et al., |2013) and physics simulators (Todorov
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et al., 2012)), which serve as an environment to be interacted with the agent. Since inter-
acting with such an environment is usually either expansive or unethical (e.g., in health-
care (Raghu et al., 2017; Komorowski et al., 2018} |Gottesman et al., [2019), autonomous
driving (Shalev-Shwartz et al., [2016])), RL methods requiring actively collecting data in
an online fashion is impractical under this scenario. Thus, a growing body of literature
focus on designing RL methods in the offline setting, where the agent aims to learn an op-
timal policy 7* in the infinite-horizon Markov decision process (MDP, Puterman| (2014))
only through observational data, which consists of IV trajectories generated by a behavior
policy b with a finite horizon T

However, applying RL methods in the offline setting still possesses the following chal-
lenges: (i) The agent may be confounded by unobserved variables (confounders) in the
observational data. We refer to the MDP with such confounders as confounded MDP.
Such confounders usually comes from private data or heuristic information not recorded
(Brookhart et al., 2010). In the confounded MDP, the causal effects of actions on the
transitions and rewards are not identifiable from the observational data, leaving most of-
fline RL methods assuming unconfoundedness not applicable in our setting. (ii) To learn
an optimal policy from observational data, many prior methods (Precup, [2000; |Antos
et al [2008b; Chen and Jiang, 2019) require a data coverage assumption for any policy ,
i.e., the density ratio between the state-action visitation measure induced by 7 and that
induced by the behavior policy b is uniformly upper bounded for any 7. However, such a
data coverage assumption is hard to satisfy in practice, especially when the state or action

spaces are large. Further, many existing methods developed under this assumption are
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not stable or even do not converge when the assumption is violated (Wang et al., 2020,
2021c).

To tackle the above challenge (i), we study the confounded MDP via instrumental
variables (IVs, Pearl (2009)). Informally, IVs are variables that affect the transitions and
rewards only through actions. With the aid of IVs, we introduce two types of identification
results: value function (VF)-based and marginalized importance sampling (MIS)-based.
Specifically, with only finite-horizon data, VF-based identification result helps identify the
state-value function in the infinite-horizon confounded MDP and establish a new Bellman
equation by leveraging IVs, which relies on the memoryless assumption on the unmea-
sured confounders. The memoryless assumption rules out the existence of unmeasured
confounders that can affect future rewards and dynamics. On the other hand, we establish
the MIS-based identification result for estimating the expected total reward. Interestingly,
our MIS-based identification result does not require the memoryless assumption and al-
low the existence of unmeasured confounders that affects future rewards and dynamics.
Therefore our identification result via MIS can be applied in a more general confounded
MDP.

In the meanwhile, to tackle the above challenge (ii), we employ pessimism to achieve
policy learning. Specifically, when using VF-based identification, we first formulate a min-
imax estimator of the state-value function via the newly established estimating equation.
Then, we construct a confidence set of such a minimax estimator, so that the true state-
value function lies within the confidence set with a high probability. Finally, we search

for the best policy that maximizes the most conservative expected total reward associated
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with the estimated state-value function within the confidence set. As a theoretical con-
tribution, under data coverage assumption only for an optimal policy 7* and realizability
assumption for all policies, we show that the suboptimality of the learned best policy is
upper bounded by O(log(NT)(NT)~'/?). It is worth noting that our theoretical analysis
does not assume that the observational data are generated from stationary distribution
or even independent, which is widely imposed in related literature (Farahmand et al.,
2016; Nachum et al., |2019; Tang et al., [2019; Xie et al| 2021; Kallus and Uehara, [2022).
Without imposing such a restrictive assumption, inspired by |Wang et al.| (2021a)), our
convergence analysis relies on novel concentration inequalities for geometrically ergodic
sequences, which significantly increases the applicability of our results in practice. In the
meanwhile, pessimism with MIS-based identification achieves a similar result by imposing
realizability assumption only for an optimal policy 7* and data coverage assumption for
all policies. Further, by combining VF- and MIS-based identification results, we propose
a doubly robust (DR) estimator of the optimal policy 7*. Theoretically, for such a DR
estimator, we show a similar suboptimality at a rate of O(log(NT)(NT)~*/2), but only
requiring that either the assumptions imposed in VF-based method or those imposed in

MIS-based one hold. See Table for an overview of our theoretical results.

Contribution. As a summary, our contribution is three-fold. First, by leveraging IVs,
we provide VF- and MIS-based identification results. Second, by employing pessimism,
we construct estimators of the optimal policy 7* via VF- and MIS-based identification.
Further, by combining VF- and MIS-based identification, we propose a DR-based algo-
rithm for estimating 7*. Third, under mild conditions on data coverage and realizabil-

ity, we show that the suboptimalities of the proposed estimators are upper bounded by
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Methods Data Coverage Realizability Identifiability
= w™ €W, o e :
VF-based |lw™ || < C. VT eV Vr eI J(7*) is identifiable

" gWEVJ:’G H J(m) is identifiable V& € T1
[w™ e < Cy, w™ €W, VT €V Vr €11,

DR-based and J(7*) is identifiable; OR ||[w™||o < C, V7 € I, V™ €V,
w™ € W Vr ell, and J(m) is identifiable V7 € II

Table 1.1. Assumptions required by our VF-, MIS-, and DR-based methods,
where w™ is the density ratio between visitation measures induced by the
policy 7 and the behavior policy b (see for a detailed definition), and
V™ is the state-value function of the policy m. Here V and II are function
classes, and C, is a positive absolute constant.

MIS-based | [|[w™||e < C, Vrr € TT

O(log(NT)(NT)~'/?), without requiring that the observational data is generated from

stationary distribution or even independent.

Related Work. Our work is related to the line of works that study RL under the pres-
ence of unobserved confounders. Zhang and Bareinboim (2019) propose an online RL
method to solve dynamic treatment regimes in a finite-horizon setting with the presence
of confounded observational data. Their method relies on sensitivity analysis, which con-
structs a set of possible models based on the confounded observational data to obtain
partial identification. Also, to incorporate the observational data into the finite-horizon
RL, Wang et al. (2021b) propose deconfounded optimistic value iteration, which is an
online algorithm with a provable regret guarantee. To ensure the identifiability through
the observational data, they impose the backdoor criterion (Pearl, |2009; Peters et al.,
2017) when confounders are partially observed, and also the frontdoor criterion when
confounders are unobserved. Our work is also closely related to Liao et al. (2021a)), where
they propose an IV-aided value iteration algorithm to study confounded MDPs in the

offline setting. It is worth mentioning that they only consider the finite-horizon MDP,
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where the transition dynamics is a linear function of some known feature map. In the
meanwhile, to ensure identifiability, they assume that the unobserved confounders are
Gaussian noise, which does not affect the immediate reward and only affect the transi-
tion dynamics in an additive manner. In contrast, we consider infinite-horizon confounded

MDP without such specific assumptions on the structure of the model, which brings signif-

icant technical challenges. With unobserved confounders, Kallus and Zhou| (2020) study

off-policy evaluation in the infinite-horizon setting based on sensitivity analysis, which

imposes additional assumptions on how strong the unobserved confounding can possibly

be. Bennett et al. (2021)) also study off-policy evaluation in the infinite-horizon MDP via

a conditional moment restriction. In the meanwhile, to ensure identifiability,
consider the case where the unmeasured confounders affect only one of the
decisions made.

Our work is also related to the line of research on policy evaluation and policy learn-

ing in the offline setting assuming unconfoundedness. In terms of off-policy evaluation,

most works either employs a VF-based method (Ernst et al., [2005; Shi et al., 2020; |[Liao|

et al., 2021bj; [Uehara et all [2021)), or an MIS-based method (Liu et al., 2018; Nachum)

et al., 2019; Zhang et al., 2020; Wang et al., [2021a; Uehara et al.,[2021). Our work is also

related to research that propose DR estimators in off-policy evaluation. See |[Jiang and

(2016)); Thomas and Brunskill (2016)); Tang et al.| (2019); Kallus and Uehara/ (2020);

\Uehara et al. (2020); Kallus and Ueharal (2022) for this line of research. As for policy

learning in the offline setting, Munos and Szepesvari (2008)and |Antos et al.| (2008b)) prove

that fitted value and policy iterations converge to an optimal policy under the data cov-

erage assumption and realizability assumption for all policies, respectively. By employing
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pessimism, Xie et al. (2021)) guarantee a near-optimal policy under the realizability and
the completeness assumptions for all policies, while |Jiang and Huang| (2020) provide a
similar guarantee under the data coverage assumption for the optimal policy and the
realizability assumption for all policies. More recently, Zhan et al. (2022) claims that
they can learn a near-optimal policy under the data coverage and realizability assump-
tions for the optimal policy. Their method is built upon a regularized version of the LP
formulation of MDPs and thus working on a class of regularized policies. However, due
to regularization, the policy learned by Zhan et al.| (2022)) is typically suboptimal even
given infinite data. Moreover, their realizability assumption is imposed on the regular-
ized value function, making it difficult to interpret and compare with other works. In
contrast, our work still focuses on a non-regularized setting under standard realizability
and data coverage assumptions, even under the presence of unobserved confounders and

non-stationary dependent observational data.
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CHAPTER 2

Single-Timescale Actor-Critic Provably Finds Globally Optimal
Policy
2.1. Background
In this section, we introduce the background on discounted Markov decision processes
(MDPs) and actor-critic methods.

Notation. We denote by [n] the set {1,2,...,n}. For any measure v and 1 < p < oo,
we denote by || fllvy = (4 |f(2)[Pdv)/? and || fll, = ([, |f(z)Pdp)'/?, where u is the

Lebesgue measure.

2.1.1. Discounted MDP

A discounted MDP is defined by a tuple (S, A, P,(,R,v). Here § and A are the state
and action spaces, respectively, P: § x § x A — [0, 1] is the Markov transition kernel,
(: S — [0,1] is the initial state distribution, R: & x A — R is the deterministic reward
function, and v € [0, 1) is the discount factor. A policy 7(a|s) measures the probability
of taking the action a at the state s. We focus on a family of parameterized policies

defined as follows,

(2.1.1) II={m(-|s) e P(A): s € S},
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where P(A) is the probability simplex on the action space A and 6 is the parameter of
the policy 7. For any state-action pair (s,a) € S X A, we define the action-value function

as follows,

(2.1.2) Q"(s,0) = (1=7) B | 34" Risu, ) | 30 = 5,00 =

where sy ~ P(-| sy, a;) and a;11 ~ (- | s441) for any ¢ > 0. We use E,[-] to denote that
the actions follow the policy 7, which further affect the transition of the states. We aim to
find an optimal policy 7* such that Q™ (s,a) > Q" (s, a) for any policy 7 and state-action
pair (s,a) € S x A. That is to say, such an optimal policy 7* attains a higher expected
total reward than any other policy 7, regardless of the initial state-action pair (s, a). For
notational convenience, we denote by Q*(s,a) = Q™ (s, a) for any (s,a) € S x A hereafter.

Meanwhile, we denote by v,(s) and pr(s,a) = v(s) - w(a|s) the stationary state
distribution and stationary state-action distribution of the policy 7, respectively, for any
(s,a) € § x A. Correspondingly, we denote by v*(s) and p*(s,a) the stationary state
distribution and stationary state-action distribution of the optimal policy 7*, respectively,
for any (s,a) € § x A. For ease of presentation, given any functions ¢g;: S — R and

g2: S X A — R, we define two operators P and P™ as follows,
(2.1.3)

[Pgi](s,a) = E[g1(s1) | s0 = s,a0 = a], [P"ga2)(s,a) = Ex[ga(s1,a1) [ 50 = 8,00 = q],

where s; ~ P(-|so,a0) and a; ~ 7(-|s;). Intuitively, given the current state-action

pair (sg,ag), the operator P pushes the agent to its next state s; following the Markov
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transition kernel P(-|sg,aq), while the operator P™ pushes the agent to its next state-
action pair (s, a;) following the Markov transition kernel P(- | sg, ag) and policy (- | s1).
These operators also relate to the Bellman evaluation operator 7™, which is defined for

any function g: & x A — R as follows,
(2.1.4) Tg=(1—-7)- R+~ -Pg.

The Bellman evaluation operator 77 is used to characterize the actor-critic method in
the following section. By the definition in , it is straightforward to verify that the
action-value function Q™ is the fixed point of the Bellman evaluation operator 7™ defined
in , that is, Q™ = T™Q™ for any policy 7. For notational convenience, we let P
denote the ¢-fold composition PP---P. Such notation is also adopted for other linear

¢
operators such as P™ and T™.

2.1.2. Actor-Critic Method

To obtain an optimal policy 7*, the actor-critic method (Konda and Tsitsiklis, 2000) aims
to maximize the expected total reward as a function of the policy, which is equivalent to
solving the following maximization problem,

(2.1.5) max J(m) = Eycgun(. 5 [Q7 (s, a)],

mell

where ( is the initial state distribution, ™ is the action-value function defined in (2.1.2)),
and the family of parameterized polices II is defined in (2.1.1). The actor-critic method
solves the maximization problem in ({2.1.5)) via first-order optimization using an estimator

of the policy gradient VyJ(m). Here 6 is the parameter of the policy 7. In detail, by the
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policy gradient theorem (Sutton et al., [2000)), we have

(2.1.6) Vo () = E(s.0)0, [Q (s, a) - Vologm(als)].

Here o, is the state-action visitation measure of the policy 7, which is defined as o.(s,a) =
(1—7)-> 27" Prlsy = s,a; = a]. Based on the closed form of the policy gradient in
, the actor-critic method consists of the following two parts: (i) the critic update,
where a policy evaluation algorithm is invoked to estimate the action-value function Q7,
e.g., by applying the Bellman evaluation operator 7™ to the current estimator of ™, and
(ii) the actor update, where a policy improvement algorithm, e.g., the policy gradient
method, is invoked using the updated estimator of Q7.
In this paper, we consider the following variant of the actor-critic method,

1 < argmax K, [(Qu(s,-),m(-|s)) — B-KL(w(-| ) || m(- ] 5))],

mell

(2.1.7) Qr+1(s,a) < Eq | [(1 — ) - R(s0,a0) + 7 - Qr(s1,a1) ‘ S0 = 8,00 = a},

for any (s,a) € S x A, where s; ~ P(-]s0,a0), a1 ~ 7p41(-|s1), and we write E,,_ [] =
Eswv,, [-] for notational convenience. Here IT is defined in (2.1.1)) and KL(7(- [ s) || mx(- | 5))
is the Kullback-Leibler (KL) divergence between 7(-|s) and 7 (- | s), which is defined for

any s € S as follows,

KL(r(-| s) | ma(- Zlog(

acA

)-W(a|s).

In (2.1.7)), the actor update uses the proximal policy optimization (PPO) method (Schul-

man et al. 2017), while the critic update applies the Bellman evaluation operator T ™+1
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defined in to @ only once, which is the current estimator of the action-value
function. Furthermore, we remark that the updates in (2.1.7) provide a general frame-
work in the following two aspects. First, the critic update can be extended to letting
Qi1 < (T™+1)7Qy for any fixed 7 > 1, which corresponds to updating the value func-
tion via 7-step rollouts following 7, 1. Here we only focus on the case with 7 = 1 for
simplicity. Our theory can be easily modified for any fixed 7. Moreover, the KL divergence
used in the actor step can also be replaced by other Bregman divergences between prob-
ability distributions over A. Second, the actor and critic updates in is a general
template that admits both on- and off-policy evaluation methods and various function
approximators in the actor and critic. In the next section, we present an incarnation of
with on-policy sampling and linear and neural network function approximation.
Furthermore, for analyzing the actor-critic method, most existing works (Yang et al.,
2019a; [Wang et al., [2019; Agarwal et al| 2019; Fu et al., 2019; Liu et al., 2019) rely
on (approximately) obtaining Q™+ at each iteration, which is equivalent to applying
the Bellman evaluation operator 77+ infinite times to (). This is usually achieved by
minimizing the mean-squared Bellman error [|Q) — 7—”’“+1QH2%H’2 using stochastic semi-
gradient descent, e.g., as in the temporal-difference method (Sutton, 1988]), to update the
critic for sufficiently many iterations. The unique global minimizer of the mean-squared
Bellman error gives the action-value function Q™ +!, which is used in the actor update.
Meanwhile, the two-timescale setting is also considered in existing works (Borkar and
Konda, [1997; Konda and Tsitsiklis, 20005 Xu et al., 2019, [2020; Wu et al., 2020; [Hong

et al., 2020), which require the actor to be updated more slowly than the critic in an
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asymptotic sense. Such a requirement is usually satisfied by forcing the ratio between the
stepsizes of the actor and critic updates to go to zero asymptotically.

In comparison with the setting with bi-level updates, we consider the single-timescale
actor and critic updates in , where the critic involves only one step of update, that is,
applying the Bellman evaluation operator 7™ to Q; only once. Meanwhile, in comparison
with the two-timescale setting, where the actor and critic are updated simultaneously but
with the ratio between their stepsizes asymptotically going to zero, the single-timescale
setting is able to achieve a faster rate of convergence by allowing the actor to be updated
with a larger stepsize, while updating the critic simultaneously. In particular, such a
single-timescale setting better captures a broader range of practical algorithms (Peters and
Schaal, 2008aj; |[Schulman et al., 2015; Mnih et al., 2016; Schulman et al. 2017; Haarnoja
et al. 2018)), where the stepsize of the actor is not asymptotically zero. In we
discuss the implementation of the updates in for different schemes of function
approximation. In §2.3) we compare the rates of convergence between the two-timescale

and single-timescale settings.

2.2. Algorithms

We consider two settings, where the actor and critic are parameterized using linear
functions and deep neural networks, respectively. We consider the energy-based policy
mo(a|s) oc exp(T71fp(s,a)), where the energy function fy(s,a) is parameterized with
the parameter 6. Also, for the (estimated) action-value function, we consider the pa-
rameterization Q,(s,a) for any (s,a) € S x A, where w is the parameter. For such

parameterizations of the actor and critic, the updates in (2.1.7)) have the following forms.
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Actor Update. The following proposition gives the closed form of 7, in (2.1.7)).

Proposition 2.2.1. Let my, (a|s) oc exp(r; ' fo,(s,a)) be an energy-based policy and
s = argmax By, [(Quy(s, ),7(-|5)) — 5 KL(r(:|) |7, (- 5)].
Then 7,41 has the following closed form,
Tre1(a] s) o exp(ﬁ’lek(s, a) + 1" fo, (s, a)),

for any (s,a) € S x A, where v, = Vny, 18 the stationary state distribution of my, .
Proof. See for a detailed proof. O

Motivated by Proposition [2.2.1] to implement the actor update in (2.1.7), we update

the actor parameter 6 by solving the following minimization problem,

(2.2.1) Opi1 arg;nin E,, [(fg(s, a) — Tpit - (ﬂ_lek(s, a) + Tk_lfgk(S, a)))z},

where pp = Prg, 18 the stationary state-action distribution of 7y, .

Critic Update. To implement the critic update in (2.1.7)), we update the critic parameter

w by solving the following minimization problem,

(2.2.2) witr < argminE,, [([Qu — (1 —7) - R — - P™+1Q,, (s, a))Q},

where pry1 = Proy sy is the stationary state-action distribution of my,_ , and the operator

P™ is defined in ([2.1.3)).
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2.2.1. Linear Function Approximation

In this section, we consider linear function approximation. More specifically, we parame-
terize the action-value function using Q,(s,a) = w'¢(s,a) and the energy function of the
energy-based policy 7y using fa(s,a) = 07 ¢(s,a). Here ¢(s,a) € R? is the feature vector,
where d > 0 is the dimension. Without loss of generality, we assume that ||p(s,a)|ls <1

for any (s,a) € S x A, which can be achieved by normalization.

Actor Update. The minimization problem in (2.2.1)) admits the following closed-form

solution,
(223) 9k+1 = Tk+1 - (ﬁflwk + Tk_lek),

which corresponds to a step of the natural policy gradient method (Kakade, |2002).

Critic Update. The minimization problem in (2.2.2)) admits the following closed-form

solution,

(2.2.4)

-1

CNUk-&—l = (Epk-u [90(37 a)@(sv a)T]) ’ ]Epk+1 [[(1 - 7) “R+n~- Pkt ka](sa CL) ’ QO(S, (Iﬂ

Since the closed-form solution wy; in involves the expectation over the stationary
state-action distribution ppy; of 7, ,,, we use data to approximate such an expectation.
More specifically, we sample {(s¢1,a01)}ecin) and {(se2, ar2, 702, )9, @) o) bee(n) such that
(8e1,a01) ~ pri1s (Se2;ae2) ~ Pri1, Te2 = R(Se2,a02), po ~ P(-]802,a02), and ayy ~

T9sr (- | 872), where N is the sample size. We approximate Wy using w1, which is
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defined as follows,

N
-1
(2.2.5) W1 = FR{ ( Z P(se,1, ae1)p(se, am)T)
=1
N
(=) rep 47 Qi (12, hs)) - Plsea,ae2) .
=1

Here I'g is the projection operator, which projects the parameter onto the centered ball

with radius R in R% Such a projection operator stabilizes the algorithm (Konda and

'Tsitsiklis, 2000; [Bhatnagar et al., 2009)). It is worth mentioning that one may also view

the update in ([2.2.5)) as one step of the least-squares temporal difference method (Bradtke

and Barto|, [1996]), which can be modified for the off-policy setting (Antos et all, 2007; [Yu,

2010; [Liu et al., 2018; Nachum et al.| [2019; Xie et all| 2019; [Zhang et al.l [2020; Uehara

and Jiang, 2019; Nachum and Dai, 2020]). Such a modification allows the data points

in (2.2.5) to be reused in the subsequent iterations, which further improves the sample
complexity. Specifically, let ppny € P(S X A) be the stationary state-action distribution

induced by a behavioral policy mpn,. We replace the actor and critic updates in (2.2.1])

and (2.2.2) by

(2.2.6) Opi1 <+ arg;nin Epne [(fg(S, a) — Tra1 - (B_lek(s, a) + Tk_lfgk(s, a)))2],

(2.2.7) witr < argminE, [([Quw — (1 —7) - R — 7 - P™+1Qy,](s, a))ﬂ,
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respectively. With linear function approximation, the actor update in (2.2.6) is reduced

to (2.2.3)), while the critic update in (2.2.7) admits a closed form solution

-1

warl = (prhv [90(57 a’)90<57 a)T]) ’ ]prhv [[(1 - 7) "R+ v Pm)k“ka](Sv a’) ’ 410(87 a)]a

which can be well approximated using state-action pairs drawn from pyy,. See for a
detailed discussion.
Finally, by assembling the updates in (2.2.3)) and (2.2.5)), we present the linear actor-

critic method in Algorithm [I] as follows.

Algorithm 1 Linear Actor-Critic Method

Input: Number of iterations K, sample size N, temperature parameter [3.
Initialization: Set 7y <— oo, and randomly initialize the actor parameter 6, and the
critic parameter wy.
for k=0,1,2,..., K do

Actor Update: Update 0, via with 7,05 = (k+1) - 87

Critic Update: Sample {(s¢,1, as1)}ecin) and {(se2, a2, 722, Sp.2> a@yz)}gem as spec-
ified in §2.2.1] Update wyy1 via (2.2.5).
end for
Output: {my, }reir41), Where mg, o exp(, " fo,)-

2.2.2. Deep Neural Network Approximation

In this section, we consider deep neural network approximation. We first formally define
deep neural networks. Then we introduce the actor-critic method under such a parame-

terization.
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A deep neural network (DNN) uy(z) with the input z € R?, depth H, and width m is

defined as

1
(2.2.8) tO =g, 20 = N oW, 2=, for h € [H], wug(x)=0b"z",
m

Here o: R™ — R™ is the rectified linear unit (ReLU) activation function, which is define
as o(y) = (max{0,v1},...,max{0,5,})" for any y = (y1,...,ym)’ € R™. Also, we
have b € {—1,1}™ W, € R™™ and W, € R™™ for 2 < h < H. Meanwhile, we
denote the parameter of the DNN wuy as 0 = (vec(Wy) ', ... ,vec(Wy)")T € R™a with
man = md + (H — 1)m?. We call {W),}nem the weight matrices of §. Without loss of
generality, we normalize the input = such that ||z||; = 1.

We initialize the DNN such that each entry of W), follows the standard Gaussian
distribution A (0,1) for any h € [H], while each entry of b follows the uniform distribu-
tion Unif({—1,1}). Without loss of generality, we fix b during training and only optimize
{Wh}he)- We denote the initialization of the parameter 6 as 6 = (vec(W{) T, ..., vec(W)T)".
Meanwhile, we restrict # within the ball B(6y, R) during training, which is defined as fol-

lows,
(2.2.9) B(bo, R) = {6 € R™": |W), — W})||[p < R, for h € [H]}.

Here {Wj,}herm) and {W2}yern) are the weight matrices of 6 and 6, respectively. By
[2.2.9), we have ||§ — 6|l < RVH for any 6 € B(6y, R). Now, we define the family of

DNNs as

(2.2.10) U(m, H,R) = {ug: 0 € B(6p, R)},
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where ug is a DNN with depth H and width m.

We parameterize the action-value function using Q,(s,a) € U(m., H., R.) and the
energy function of the energy-based policy my using fy(s,a) € U(m,, H,, R,). Here
U(me, He, R.) and U(m,, H,, R,) are the families of DNNs defined in (2.2.10). Here-
after we assume that the energy function f, and the action-value function @), share the
same architecture and initialization, i.e., m, = m., H, = H., R, = R, and 0y = wy. Such
shared architecture and initialization of the DNNs ensure that the parameterizations of
the policy and the action-value function are approximately compatible. See Sutton et al.
(2000); Konda and Tsitsiklis| (2000)); Kakade, (2002); Peters and Schaal (2008a); Wang

et al.| (2019) for a detailed discussion.

Actor Update. To solve (2.2.1]), we use projected stochastic gradient descent, whose

n-th iteration has the following form,

0(n + 1) <o, (0(n)

— Q- (f&(n)(sv a) = Tk+1 " (ﬁ_lek('S? (I) + Tlg_lka('S? a))) : V@fG(n)(Sv (Z))

Here I's,,r,) is the projection operator, which projects the parameter onto the ball
B(6y, R.) defined in (2.2.9). The state-action pair (s,a) is sampled from the stationary

state-action distribution py. We summarize the update in Algorithm [5], which is deferred
to of the appendix.

Critic Update. To solve (2.2.2)), we apply projected stochastic gradient descent. More
specifically, at the n-th iteration of projected stochastic gradient descent, we sample a

tuple (s,a,r,s',a’), where (s,a) ~ pry1, 7 = R(s,a), s' ~ P(-|s,a), and a' ~ 7y, (-|5').
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We define the residual at the n-th iteration as 0(n) = Qum)(s,a) —(1=7)-r—v-Qu, (s',a’).

Then the n-th iteration of projected stochastic gradient descent has the following form,

w(n +1) < L'B(wo,Re) (w<n> —n-6(n)- vaw(n)<57 a))

Here I'g(wy,r.) is the projection operator, which projects the parameter onto the ball
B(wo, R.) defined in (2.2.9). We summarize the update in Algorithm [6} which is deferred
to of the appendix.

By assembling Algorithms [5 and [6] we present the deep neural actor-critic method in
Algorithm [4] which is deferred to of the appendix.

Finally, we remark that the off-policy actor and critic updates given in and
can also incorporate deep neural network approximation with a slight modification,

which enables data reuse in the algorithm.

2.3. Theoretical Results

In this section, we upper bound the regret of the linear actor-critic method. We defer
the analysis of the deep neural actor-critic method to of the appendix. Hereafter we
assume that |R(s,a)| < Rumax for any (s,a) € S x A, where R« is a positive absolute
constant. First, we impose the following assumptions. Recall that p* is the stationary
state-action distribution of 7%, while pj, is the stationary state-action distribution of my, .
Moreover, let p € P(S x A) be a state-action distribution with respect to which we aim to

characterize the performance of the actor-critic algorithm. Specifically, after K + 1 actor
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updates, we are interest in upper bounding the following regret

(2.3.1) E[EK:(HQ* — Q%+ ”p,l)] = E[EK: (Q*(s, a) — Q"%+ (s, a))} ,
k=0 k=0

where the expectation is taken with respect to {0 }re[x+1) and (s,a) ~ p. Here we allow
p to be any fixed distribution for generality, which might be different from p*.

Assumption 2.3.1 (Concentrability Coefficient). The following statements hold.

(i) There exists a positive absolute constant ¢* such that ¢; < ¢* for any k > 1,
where ¢; = ||dp*/dpk||5y.2-

(ii)) We assume that for any k& > 1 and a sequence of policies {m;};>1, the k-step
future-state-action distribution pP™ - .- P is absolutely continuous with respect

to p*, where p is the same as the one in (2.3.1]) Also, it holds for such p that

oo

Copr = (1 —7)? Zkgyk (k) < oo,

k=1

where ¢(k) = SUD (7.}, |d(pP™ - - - P™) /dp*

* .
P00

In Assumption C, - is known as the discounted-average concentrability coeffi-

cient of the future-state-action distributions. Similar assumptions are commonly imposed

in the literature (Szepesvari and Munos| |2005; Munos and Szepesvari, [2008; Antos et al.,

2008alb} [Scherrer| 2013} [Scherrer et all, 2015} [Farahmand et al., 2016} [Yang et al., [2019¢;

Geist et al., [2019; Chen and Jiang), |2019)).

Assumption 2.3.2 (Zero Approximation Error). It holds for any w, 6 € B(0, R) that

a;eiBr(lg,R) ]Ep”e [([TﬂeQw - (IJTSO](S, a))Q] =0,
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where 77 is defined in ([2.1.4)).

Assumption [2.3.2] states that the Bellman evaluation operator maps a linear function
to a linear function. Such an assumption only aims to simplify the presentation of our
results. If the approximation error is nonzero, we only need to incorporate an additional
bias term into the rate of convergence.

Assumption 2.3.3 (Well-Conditioned Feature). The minimum singular value of the
matrix E,, [p(s,a)¢(s,a) "] is uniformly lower bounded by a positive absolute constant o*
for any k£ > 1.

Assumption ensures that the minimization problem in admits a unique
minimizer, which is used in the critic update. Similar assumptions are commonly imposed
in the literature (Bhandari et al., [2018; |Zou et al 2019).

Under Assumptions [2.3.1], 2.3.2] and [2.3.3] we upper bound the regret of Algorithm

in the following theorem.

Theorem 2.3.4. We assume that Assumptions 2.3.1], 2.3.2] and [2.3.3] hold. Let p be

a state-action distribution satisfying of Assumption . Also, for any confidence
parameter 6 € (0,1) and sufficiently large number of iterations K > 0, let § = K2,
N =QKC? .- (¢*/0*) log®(K'N/§)), and the sequence of policy parameters {0y }xe(rc+1]
be generated by Algorithm [I| It holds with probability at least 1 — § that

K
(232) B[ (Q(sa) ~ @1 (s,)] < (201 - 7) -log Al + 0(1)) - K7,

k=0

where the expectation is taken with respect (s,a) ~ p.

Proof. We sketch the proof in See for a detailed proof. O
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Theorem establishes an O(K'/2) regret of Algorithm |1} where K is the total
number of iterations. Here O(-) omits terms involving (1 —~)~! and log |A|. To better
understand Theorem we consider the ideal setting, where we have access to the
action-value function Q™ of any policy 7. In such an ideal setting, the critic update is
unnecessary. However, the natural policy gradient method, which only uses the actor
update, achieves the same O(K'/?) regret (Liu et al), 2019; |Agarwal et al., [2019; (Cai
et al., [2019). In other words, in terms of the iteration complexity, Theorem shows
that in the single-timescale setting, using only one step of the critic update along with
one step of the actor update is as efficient as the natural policy gradient method in the
ideal setting.

Furthermore, by the regret bound in , to obtain an e-globally optimal policy, it
suffices to set K < (1 —+)7%-272.log® | A| in Algorithm [1{and output a randomized policy
that is drawn from {my, };,' uniformly. Plugging such a K into N = Q(K C? (9% )0*)?
log?(KN/6))), we obtain that N = O(¢72), where O(-) omits the logarithmic terms.
Thus, to achieve an e-globally optimal policy, the total sample complexity of Algorithm
is O(e*). This matches the sample complexity results established in [Xu et al. (2020):
Hong et al.| (2020)) for two-timescale actor-critic methods. Meanwhile, notice that here
the critic updates are on-policy and we draw N new data points in each critic update.
As discussed in , under the off-policy setting, the critic updates given in
can be implemented using a fixed dataset sampled from pyy,, the stationary state-action
distribution induced by the behavioral policy. Under this scenario, the total number

of data points used by the algorithm is equal to N. Moreover, by imposing similar

assumptions on pppy as in (i)l of Assumption and Assumption [2.3.3] we can establish
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a similar O(K'/2) regret as in for the off-policy setting. As a result, with data
reuse, to obtain an e-globally optimal policy, the sample complexity of Algorithm [1] is
essentially 9] (672), which demonstrates the advantage of our single-timescale actor-critic
method. Besides, only focusing on the convergence to an e-stationary point, |Wu et al.
(2020); Xu et al| (2020) establish the sample complexity of O(e75/2) for two-timescale
actor-critic, where ¢ measures the squared Euclidean norm of the policy gradient. In
contrast, by adopting the natural policy gradient (Kakade, 2002) in actor updates, we
achieve convergence to the globally optimal policy. To the best of our knowledge, we
establish the rate of convergence and global optimality of the actor-critic method with
function approximation in the single-timescale setting for the first time.

Furthermore, as we will show in Theorem of §A.T] when both the actor and the
critic are represented using overparameterized deep neural networks, we establish a similar
O((1 — )73 - log | A| - K'/?) regret when the architecture of the actor and critic neural
networks are properly chosen. To our best knowledge, this seems the first theoretical

guarantee for the actor-critic method with deep neural network function approximation

in terms of the rate of convergence and global optimality.

2.4. Proof Sketch of Theorem [2.3.4]

In this section, we sketch the proof of Theorem [2.3.4] Recall that p is a state-action

distribution satisfying of Assumption . We first upper bound ZkK:O(Q*(s, a) —

Q™ +1(s,a)) for any (s,a) € S x A in part 1. Then by further taking the expectation

over p in part 2, we conclude the proof of Theorem [2.3.4] See §A.3.1|for a detailed proof.
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Part 1. In the sequel, we upper bound Z,{;O(Q*(s, a)—Q™+1(s,a)) for any (s,a) € SxA.

We first decompose Q* — Q%+1 into the following three terms,

241)  SIQ" - QUn(s.a) = 3[BT ) (v As + Asi)] (5, ),

k=0 k=0

the proof of which is deferred to (A.3.1) and (A.3.2)) in §A.3.1{ of the appendix. Here the

operator P™ is defined in (2.1.3)), (I —AP™)~! = >"2,(vP™ )%, and Ay, Aoy, and Az,

are defined as follows,

(2.4.2) A (s,a) = [y(P™ — P™4+1)Qy, | (s, a),
(2.4.3) As g (s,a) = [V]P’“*(Qm’kﬂ — ka)] (s,a),
(2.4.4) Asp(s,a) = [T™+1Q,, — Q™+1](s, a).

To understand the intuition behind A; j, Asx, and Aszy, we interpret them as follows.

Interpretation of A;;. As defined in (2.4.2)), A, arises from the actor update and
measures the convergence of the policy my, , towards a globally optimal policy 7*, which

implies the convergence of P™r+1 towards P™ .

Interpretation of Aj ;. Note that by (2.1.2)) and (2.1.4)), we have Q™%+t = T "0k+1 Q" +1

and T "%+1 is a y-contraction, which implies that applying the Bellman evaluation operator
T+ to any @, e.g., Qu, , infinite times yields Q™+1. As defined in , As ;. measures
the error of tracking the action-value function Q™+ of m, ,, by applying the Bellman
evaluation operator 7 %+1 to @, only once, which arises from the critic update. Also,
as Asp = T %1 (Qy, — Q"*+1), Asy measures the difference between @™, which is

approximated by @, as discussed subsequently, and ™+1. Such a difference can also
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be viewed as the difference between my, and mg,,, which arises from the actor update.
Therefore, the convergence of Az to zero implies the contractions of not only the critic
update but also the actor update, which illustrates the “double contraction” phenomenon.

We establish the convergence of As, to zero in (2.4.10) subsequently.

Interpretation of A,;. Assuming that As;_; converges to zero, we have T Q,, , =
Q™. Moreover, assuming that the number of data points NV is sufficiently large and
ignoring the projection in (2.2.5)), we have 7™ Q,, , = Qz, ~ Qu, as wi defined in
(2.2.4) is an estimator of wy. Hence, we have Q™ ~ @),,. Such an approximation error
is characterized by €}, defined in subsequently. Hence, A, j, measures the difference
between 7y, and 7y, ,, through the difference between Q™ =~ @Q,,, and Q™+, which relies

on the convergence of Az j_1 to zero.

In the sequel, we upper bound A;j, Asy, and Asy, respectively. To establish such

upper bounds, we define the following quantities,

(245) €Z+1 (57 a) = [WékHka - ka+1]<s7 CL),
(2'4'6) €k+1 (57 CL) = [ka — Tk ka](sv a)v
(2.4.7) Op(s) = KL(7"(- | 8) [| 70, (- | 5)) — KL(7"(- | 5) || 7, (- | 5))-

To understand the intuition behind €}, exy1, and ¥, we interpret them as follows.

Interpretation of ¢ ,. Recall that w4, is defined in (2.2.4)), which parameterizes
T™x+1Q),, (ignoring the projection in ([2.2.5)). Here €, arises from approximating w41

using w41 as an estimator, which is constructed based on wy and the N data points. In
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Critic Update: Qu Qupr
%, Kki S
T7% ka 1 T70k+1 Qw

AS,k—l A37k
T 19]{2 v’

Actor Update: Q"% Q"+t

Avk At
Tﬂ-* ka Tﬂ-* ka+1
Az k1 As
Tw* Qﬂek,l P]Iwr* Qm"k

Figure 2.1. Illustration of the relationship among Ay, Aoy, A3k, €41,
ext1, and Jg. Here {0k, wi} and {041, wks1} are two consecutive iterates of
actor-critic. The red arrow from @Q,, to Q. , represents the critic update
and the red arrow from Q™ to Q™%+ represents the action-value functions
associated with the two policies in any actor update. Here 9, given in
quantifies the difference between 7y, and 7, ,, in terms of their KL
distances to 7*. In addition, the cyan arrows represent quantities A; 5, As,
and Asy introduced in —, which are intermediate terms used
for analyzing the error Q* — Q™+!. Finally, the blue arrows represent cj_
and e, defined in and , respectively. Here €7, corresponds
to the statistical error due to having finite data whereas ey, essentially
quantifies the difference between my, and my, .

particular, €}, decreases to zero as N — oo, which is used in characterizing A, . defined
in @43).
Interpretation of e, ;. Assuming that A; ;1 defined in (2.4.4) and €, defined in ([2.4.5)

converge to zero, which implies 7% Qy,_, & Q™ and T™%Qy,_, & Qu,, respectively, we

have @, =~ Q™. Therefore, as defined in (2.4.6)), ex41 = Qu, — T *+1Qy, ~ Q"% —



95

T k1 Q 0k = (T7o — T %+1)Q™ measures the difference between my, and my,,,, which

implies the difference between 7% and T %+1. We remark that ey, fully characterizes

As ), defined in (2.4.4) as shown in (2.4.8)) subsequently.

Interpretation of ¥;. As defined in (2.4.7)), ¥ measures the difference between my,
and 7, , in terms of their differences with 7*, which are measured by the corresponding

KL-divergences. In particular, 9y is used in characterizing A,  and A,y defined in (2.4.2))

and ([2.4.3)), respectively.

We remark that €} ; measures the statistical error in the critic update, while 9, mea-
sures the optimization error in the actor update. As discussed above, the convergence of
As i, to zero implies the contraction of both the actor update and the critic update, which
illustrates the “double contraction” phenomenon. Meanwhile, since ex,; fully character-
izes As 1 as shown in subsequently, ex.1 plays a key role in the “double contraction”
phenomenon. In particular, the convergence of ex,; to zero is established in sub-
sequently. See Figure for an illustration of these quantities.

With the quantities defined in (2.4.5)), (2.4.6]), and (2.4.7)), we upper bound A; j, Az,

and As, as follows,

Ay (s,a) B - [PU](s, a),

k—1

Azp(s,0) < [(PT)HQ = Quo)] (s,0) + 98- Y _[(GP™)*~'Pdi (s, a)

e
—_

+ ) [(PT) €] (s, a),

%

I
=)

(2.4.8) Az (s, a) = [yP™1 (I — yP™ k1) ey 4] (s, a),
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the proof of which is deferred to Lemmas[A.3.1} [A.3.2, and|A.3.3|in §A.3.1|of the appendix,

respectively. Meanwhile, by recursively expanding (2.4.5)) and - we have

(2.4.9) ert1(s,a) [ (HIP’"" >€1 +ka‘ Z( H P7e- ) I — ~P™)e :|(S a),

s=i+1

the proof of which is deferred to Lemma [A.3.4] in §A.3.1| of the appendix. By plugging

(2.4.9) into (2.4.8)), we have

(2.4.10)
k

A3,k(5= a) < VPM’““ (I — ’yIP)WGkH )*1 (,yk <H Pm)s>€1

s=1

+ Xk:vk( ﬁ IP’”05>([ _ ’yP’r"i)eg)} (s, a).

=1 s=i+1
To better understand ([2.4.10|) and how it relates to the convergence of Asy, Asy, and Ay

to zero, we discuss in the following two steps.

Step (i). We assume € = 0, which corresponds to the number of data points N — oo.
Then yields Az, = O(+*), which implies that Az defined in converges
to zero driven by the discount factor 7. As discussed above, the convergence of As
to zero also implies the contraction between g, and 7, of the actor update and the
contraction between @), and Q™ of the critic update, which illustrates the “double

contraction” phenomenon.

Step (ii). The convergence of As, to zero further ensures that A, j converges to zero. To

see this, we further assume Ajj, = 0, which together with the assumption that €, = 0
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implies Q™k+1 = T %+1Qy,, = Qu,,, by their definitions in and (2.4.5), respec-
tively. Then by telescoping the sum of A} defined in ({2.4.3), which cancels out Q. ,, and
Q" +1, we obtain the convergence of A, to zero. Meanwhile, telescoping the sum of A
defined in and the sum of its upper bound in implies that A, ; converges

to zero.

Now, by plugging (2.4.8) and (2.4.10]) into (2.4.1]), we establish an upper bound of
Z,{;O(Q*(s,a) — Q™ +1(s,a)) for any (s,a) € S x A, which is deferred to (A.3.12)) in
of the appendix. Hence, we conclude the proof in part 1. See part 1 of for

details.

Part 2. Recall that p is a state-action distribution satisfying|(ii)| of Assumption [2.3.1} In
the sequel, we take the expectation over p in (A.3.12)) and upper bound each term. We
first introduce the following lemma, which upper bounds €j,,, defined in (2.4.5).

Lemma 2.4.1. Under Assumptions [2.3.2] and [2.3.3] with probability at least 1 — ¢, it

holds for any k € {0,1,..., K} that

Epe, [€41(5:0)2] = E[(Quyyy (5,0) — [T™Qu)(s,a))’]

32(Ruax + R)?
N(O—*)4

log*(NK/p + dK/p),

where the expectation is taken with respect to (s,a) ~ pgi1.

Proof. See for a detailed proof. O

On the right-hand side of (A.3.12)) in §A.3.1]of the appendix, for the terms not involv-

ing €, i.e., My, My, and M3 in (A.3.13)), we take the expectation over p and establish

their upper bounds in the ¢.,-norm over (s,a) in Lemma [A.3.5l On the other hand, for
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the terms involving €j,, i.e., My and M; in (A.3.14), we take the expectation over p and
then change the measure from p to p,1. By Assumption and Lemma [2.4.1] which
relies on py11, we establish the upper bounds in Lemma [A.3.6] See part 2 of for

details.

Combining Lemmas [A.3.5] and [A.3.6] yields Theorem [2.3.4] See §A.3.1] for a detailed

proof.

2.5. Conclusion

In this paper, we analyze the actor-critic method in single-timescale setting with func-
tion approximation. We theoretically show that the method achieves an O(K'/?)-regret,
which appears to be the first success to provide upper bound of regret of the actor-
critic method in the single-timescale setting with function approximation. For future
research, we aim to extend our analysis to other variations of actor-critic setting, includ-
ing mean-field-type control tasks and games (Zhang et al., 2019b), risk-sensitive RL tasks

(Prashanth and Ghavamzadeh) 2013)), and partially observed MDP (Bhatnagar, |2010).
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CHAPTER 3

Actor-Critic Provably Finds Nash Equilibria of

Linear-Quadratic Mean-Field Games

3.1. Linear-Quadratic Mean-Field Game

A linear-quadratic mean-field N,-player game involves N, € N agents, whose state

transitions are given by
gi = Azl + Bul + A%, +d' +wl,  Vt>0, i€ [N,

Here A € R™™ B € R™%* and A € R™™ are matrices, 7! € R™ and u! € R* are the
state and action vectors of agent 7, respectively, the vector d* € R™ is a drift term, w! € R™
is an independent random noise term following the Gaussian distribution A/(0, ¥,,), and
Ty =1/N,- Zj\f:al xi is the mean-field state. The agents are coupled through the mean-field

state Z;. In the linear-quadratic mean-field N,-player game, the cost of agent i € [IV,] at

time ¢ > 0 is given by
¢y = (23)' Qy + (u) " Ruy + 7/ Q,

where Q € R™™ R € R¥* and Q € R™ ™ are matrices, and u! is generated by 7°, i.e.,

the policy of agent i. To measure the performance of agent i following its policy 7’ under
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the influence of the other agents, we define the expected total cost of agent i as
1
i 12 Nay — lim El = i
A N Jim (T ;_0 ct>.

We are interested in finding a Nash equilibrium (7!, 72, ..., 7*), which is defined by

o L e N _ i e N o
J(rt ettt e < T (e L ), VT, i € [N

That is, agent ¢ cannot further decrease its expected total cost by unilaterally deviating
from its Nash policy.

For the simplicity of discussion, we assume that the drift term d° is identical for each
agent. We consider taking the infinite-population limit N, — oo, where each agent has
an infinitesimal contribution to the dynamics of the system. Thus, the joint policy of all
the agents except agent i can be modeled as a mean-field policy 7', and all the agents
following such a mean-field policy n' generate the mean-field state Ez!, where {x]};50
is generated following the policy 7f. By the symmetry of the agents in terms of their
state transitions and cost functions, we focus on a fixed agent and drop the superscript ¢
hereafter.

Before we formally present the formulation of linear-quadratic mean-field games, we
first introduce the following mean-field LQR (MF-LQR) problem, which aims to find an

optimal policy for the fixed agent given the mean-field policy =.
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Problem 3.1.1 (MF-LQR). Given the mean-field policy 7', we consider the following
formulation,
Tiy1 = AQZt -+ But + EEI'I +d+ Wt,

c(ze,up) = ] Quy + u) Ruy + (Eal) TQ(Ex]),

1 T
T Z C(ft, Ut)] )

t=0

J(m, 7)) = 71im E
—00

where x; € R™ is the state vector, u; € R¥ is the action vector generated by the policy T,
{xz }eso is the trajectory generated by the policy 7', w; € R™ is an independent random
noise term following the Gaussian distribution N'(0,¥,), and d € R™ is a drift term.
Here the expectation Ex;r is taken across all the agents. We aim to find 7* such that
J(r*,71) = inf e J (7, 71).

Note that a controllable linear system using linear quadratic optimal control is always
stable. Further combining the fact that our linear closed-loop dynamics in Problem [3.1.1]
is driven by the Gaussian noise term w;, we know that the Markov chain of states gen-
erated by the policy 7' admits a stationary distribution and converges to this stationary
distribution. This implies that the mean-field state Ex;r converges to a constant vector
ut as t — oo, which serves as a time-invariant mean-field state. As we consider the
ergodic setting, it then suffices to study Problem with ¢ sufficiently large. There-
fore, the influence of the mean-field policy nf is captured by the mean-field state u.
By re-formulating Problem [3.1.1] with slight abuse of notations, we obtain the following

drifted-LQR (D-LQR).
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Problem 3.1.2 (D-LQR). Given a mean-field state ;1 € R™, we consider the following
formulation,
Ty = Axy + Bug + Ap 4 d + wy,

cu(ze, w) = :UtTth + utTRut +u'Qu,

1 T
f Zcu(xtvut)]v

t=0

Ju(m) = lim E

T—o0

where z; € R™ is the state vector, u; € R* is the action vector generated by the policy
m, wy € R™ is an independent random noise term following the Gaussian distribution
N(0,¥,), and d € R™ is a drift term. We aim to find an optimal policy m, such that
Ju(my) = infren Ju(m).

Compared with the most studied LQR problem (Lewis et al., [2012), both the state
transition and the cost function in Problem have drift terms, which act as the mean-
field “force” that drives the states away from zero. Such a mean-field “force” introduces
additional challenges when solving Problem in the model-free setting (see for
details). On the other hand, the unique optimal policy 7, of Problem admits a
linear form W;(:L‘t) = —szmt + bW; under certain regularity conditions (Anderson and
Moore, 2007), where the matrix Kﬂ; € R¥*™ and the vector bw;; € R¥ are the parameters

*

of 7. Motivated by such a linear form of the optimal policy, we define the class of

linear-Gaussian policies as

(3.1.1) = {r(z) =Kz +b+0-n: K € R"™ b, € R},
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where ¢ € R and the standard Gaussian noise term 1 € R¥ is included to encourage
exploration. To solve Problem it suffices to find the optimal policy 7, within II.
We define A;(u) = 7; as the optimal policy under the mean-field state p.

Assume that all the agents follow the linear policy m(x) = — K,z + b, under the mean-
field state p. By plugging u; = m(z;) into the state transition in Problem|3.1.2 as t — oo,

we know that these agents generate a new mean-field state fiye such that
ftnew = (I — A+ BK,) " (Bbs + A+ d).

We define Ag(pt, m) = pinew as such a new mean-field state.
Now, we are ready to present the following linear-quadratic mean-field game (LQ-
MFG).

Problem 3.1.3 (LQ-MFG). We consider the following formulation,

Tiy1 = Az + Buy + Ap + d + wy,

c(zy,up) = x;ert + utTRut +u' Qu,

T
) 1
J(Wa :u) = jll_I};OE T C<xt7 ut)] )
t=0

where 2, € R™ is the state vector, u;, € R¥ is the action vector generated by the policy ,
1 € R™ is the mean-field state, w; € R™ is an independent random noise term following
the Gaussian distribution AV(0,¥,,), and d € R™ is a drift term. We aim to find a pair
(p*, 7) such that (i) J(7*,p*) = infren J(m, p*); (i) Ez} converges to u* as t — oo,

where {z}};>¢ is the Markov chain of states generated by the policy 7*.
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The formulation in Problem is studied by [Lasry and Lions (2007); [Bensoussan
et al. (2016)); Saldi et al. (2018ab)). We propose a more general formulation in Problem

B.3.2| (see §B.3| of the appendix for details), where an additional interaction term between

the state vector z; and the mean-field state p is incorporated into the cost function.
According to our analysis in up to minor modification, the results in the following
sections also carry over to Problem [B.3.2] Therefore, for the sake of simplicity, we focus
on Problem [3.1.3]in the sequel.

In Problem condition (i) is equivalent to the optimality of the policy 7* under
the mean-field state p*, namely, A;(p*) = 7*. Meanwhile, condition (ii) is equivalent to
the invariance of the mean-field state p* given the policy 7*, namely, Aq(p*, 7*) = p*.
Such equivalence follows from the NCE principle (Huang et al. 2006, 2007), which also
motivates the following definition of the Nash equilibrium pair (Saldi et al., 2018alb).
Definition 3.1.4 (Nash Equilibrium Pair). The pair (p*, 7*) € R™ x II constitutes a
Nash equilibrium pair of Problem if it satisfies 7 = Ay (p*) and p* = Ao(p*, 7).
Here p* is called the Nash mean-field state and 7* is called the Nash policy.

By Definition [3.1.4] Problem aims to find a Nash equilibrium pair (p*, 7).
Notations. We denote by ||M||. the spectral norm, p(M) the spectral radius, o, (M)
the minimum singular value, and op,.x(M) the maximum singular value of a matrix M.
We use |||y to represent the fy-norm of a vector a, and (a)! to denote the sub-vector
(i, Qis1, .., ;) ", where ay is the k-th entry of the vector a.. For scalars ay, ..., a,, we
denote by poly(ay,...,a,) the polynomial of aq,...,a,, and this polynomial may vary

from line to line. We use [n] to denote the set {1,2,...,n} for any n € N.
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3.2. Mean-Field Actor-Critic

We first characterize the existence and uniqueness of the Nash equilibrium pair of
Problem under mild regularity conditions, and then propose a mean-field actor-
critic algorithm to obtain such a Nash equilibrium. As a building block of the mean-field

actor-critic, we propose the natural actor-critic to solve Problem (3.1.2]

3.2.1. Existence and Uniqueness of Nash Equilibrium Pair

We now establish the existence and uniqueness of the Nash equilibrium pair defined in
Definition [3.1.4] We impose the following regularity conditions.
Assumption 3.2.1. We assume that the following statements hold:
(i) The algebraic Riccati equation X = ATXA+Q - ATXB(B'XB+ R)"'BTXA
admits a unique symmetric positive definite solution X*;

(ii) It holds for Ly = Ly L3 + Ly that Ly < 1, where

L= |[[1 = 9@ = )T+ BRBT) A, - [K°Q (1 - A)T - BB

27

Ly=[1-p(A=BK")] " [Als,  Ly=[1-p(A~BE")] "Bl

Here K* = —(BTX*B + R)"'BT X*A.

The first assumption is implied by mild regularity conditions on the matrices A, B,
Q, and R, which are (1) the positivity of R; (2) the non-negativity of Q = CTC; (3) the
observability of (A4, C); (4) the stability of (A, B). See De Souza et al.|(1986); Lewis et al.
(2012) for more details. The second assumption is standard in the literature (Bensoussan

et al. 2016; Saldi et al., 2018b), which ensures the stability of the LQ-MFG. In the
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following proposition, we show that Problem admits a unique Nash equilibrium
pair.

Proposition 3.2.2 (Existence and Uniqueness of Nash Equilibrium Pair). Under As-
sumption the operator A(-) = As(-, A1(+)) is Lo-Lipschitz, where Ly is given in
Assumption Moreover, there exists a unique Nash equilibrium pair (u*,7*) of

Problem B.1.3

Proof. See for a detailed proof. O

3.2.2. Mean-Field Actor-Critic for LQ-MFG

The NCE principle motivates a fixed-point approach to solve Problem |3.1.3] which gener-
ates a sequence of policies {ms}s>0 and mean-field states {us}s>o satisfying the following
two properties: (i) Given the mean-field state us, the policy 7y is optimal. (ii) The mean-
field state becomes ps11 as t — oo, if all the agents follow 7, under the current mean-field
state ps. Here (i) requires solving Problem m given the mean-field state p,, while (ii)
requires simulating the agents following the policy 7, given the current mean-field .
Based on such properties, we propose the mean-field actor-critic in Algorithm 2]
Algorithm 2| requires solving Problem at each iteration to obtain my = Aj(us)
and ps11 = Ao(pus, ms). To this end, we introduce the natural actor-critic in that

solves Problem B.1.21

3.2.3. Natural Actor-Critic for D-LQR

Now we focus on solving Problem for a fixed mean-field state u, we thus drop the

subscript p hereafter. With slight abuse of notations, we write 7g(x) = —Kx+b+0 -1
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Algorithm 2 Mean-Field Actor-Critic for solving LQ-MFG.
1: Input:
e Initial mean-field state yo and Initial policy my with parameters Kq and bo.
e Numbers of iterations S, {Nslscps), {Hstseps)y  {Tsims Tomtoc[s]ne[Ns]»
{12, T2 Ysersynerm,)-
o Stepsizes {7s}seis): 190 seis)s {Vsmttseisinelnaelnals {Vonetseisinerm e, |-
2. for s =0,1,2,...,5—1do ’
3: Policy Update: Solve for the optimal policy ms,; with parameters K,
and b, 1 of Problem via Algorithm [3| with pg, m,, N, H,, {i,st,n}ne[Ns},
{st,hast,h}he[Hs]a s> ’Yga {’Vs,n,t}ne[Ns],te[Ts,n]a and {”Yg,h,t}he[Hs],te[Tgh]y which gives the
estimated mean-field state fig .., 7
4: Mean-Field State Update: Update the mean-field state via pgi1 < fix
5: end for
6: Output: Pair (7g, pus).

s+17bs+1 *

to emphasize the dependence on K and b, and J(K,b) = J(7g,) consequently. Now, we
propose the natural actor-critic to solve Problem [3.1.2]

For any policy 7x € II, by the state transition in Problem |3.1.2 we have

(3.2.1) T1 = (A — BK)x, + (Bb+ Ap+d) + ¢, e ~ N(0,0,),

where U, = ¢BB" + ¥,,. It is known that if p(A — BK) < 1, then the Markov chain
{x:}1>0 induced by (3.2.1)) has a unique stationary distribution N (ug s, Px) (Anderson

and Moore, 2007)), where the mean-field state px, and the covariance @y satisfy that

(3.2.2) pry= (I — A+ BK) Y(Bb+ Au + d),

(3.2.3) dy = (A— BK)®x(A— BK)" + U,
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Meanwhile, the Bellman equation for Problem takes the following form

(3.2.4) Px = (Q+ K"RK) + (A— BK)" Px(A - BK).

Then by calculation (see Proposition [B.2.2/in §B.2.1|of the appendix for details), it holds

that the expected total cost J(K,b) is decomposed as
(3.2.5) J(K,b) = Ji(K) + Jo(K,b) +o* - tr(R) + u' Qu,
where J;(K) and Jo(K,b) are defined as

Ji(K) = tr[(Q + KT RK)®x] = tr(PxV.),

T

wks\ (Q+KTRE —KR\ [ux
(3.2.6) (K0 =" .

b —RK R b
Here J;(K) is the expected total cost in the most studied LQR problems (Yang et al.,
2019b; |[Fazel et al., [2018), where the state transition does not have drift terms. Meanwhile,
Jo (K, b) corresponds to the expected cost induced by the drift terms. The following two
propositions characterize the properties of Jo(K,b).
First, we show that Jy(K, b) is strongly convex in b.
Proposition 3.2.3. Given any K, the function Jy(K,b) is vi-strongly convex in b. Here
vk = Omin(Y1kVix + Yol Yo k), where Vi = RYV?K(I — A+ BK)™'B — R'? and
Yor = QY*(I — A+ BK)™'B. Also, J,(K,b) has tg-Lipschitz continuous gradient in b,

where ¢ is upper bounded as tx < [1—p(A—BK)]72-(||B|l3-[|K||3- || Rll2+ || B3 ||Q]l2)-

Proof. See for a detailed proof. O
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Second, we show that min, J5( K, b) is independent of K.
Proposition 3.2.4. We define b = argmin, Jo(K,b), where Jo(K, b) is defined in (3.2.6).

It holds that
b = [KQ'(I—A)T —R'BT]-[(I-AQ'(I-A)T +BR'B"]™" - (Au +d).
Moreover, Jo(K,b") takes the form of
Jo(K,0%) = (Ap+d)T[(1 — A)Q (I = AT + BR'BT] ™" - (Au + d),

which is independent of K.
Proof. See for a detailed proof. O

Since min, J5 (K, b) is independent of K by Proposition it holds that the optimal
K* is the same as argmin J; (K). This motivates us to minimize J(K, b) by first updating
K following the gradient direction Vg J;(K) to the optimal K*, then updating b following
the gradient direction V,Jo(K*,b). We now design our algorithm based on this idea.

We define Tk, pip, and gip as

o _[eraTra AT U YL
K = = s
B"PxA R+ BT PyB T2 T2

(3.2.7) prp=A"[Px- (Ap+d)+ frp],  axp =B [Px- (Au+d)+ frp),

where fxp, = (I — A+ BK) T[(A — BK)" Pi(Bb+ A+ d) — KTRb]. By calculation

(see Proposition [B.2.3|in §B.2.1| of the appendix for details), the gradients of J;(K) and
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Jo(K,b) take the forms of
ijl(K) = Q(T%?K — T%) . (PK, VbJQ(K, b) = T%?(—K,MKJ) + b) —f- T%(lﬂK,b —|— QK,b-

Our algorithm follows the natural actor-critic method (Bhatnagar et al.l |2009) and
actor-critic method (Konda and Tsitsiklis, [2000)). Specifically, (i) To obtain the optimal

K*, in the critic update step, we estimate the matrix T by T k Via a policy evaluation

algorithm, e.g., Algorithm m or Algorithm |8 (see §B.2.2) and §B.2.3| of the appendix for

details); in the actor update step, we update K via K < K — - (T%(QK — Y%(l), where
the term T%?K - :f% is the estimated natural gradient. (ii) To obtain the optimal b*
given K*, in the critic update step, we estimate Y g+, qx+p, and pg«p by ?K*, qK* b,
and [ig-p via a policy evaluation algorithm; In the actor update step, we update b via
b < b—r-VyJo(K*,b), where Vi Jo(K*,b) = T2 (—K*Jigce p+b) + Y2 Figce y + Qice p is the
estimated gradient. Combining the above procedure, we obtain the natural actor-critic
for Problem [3.1.2], which is stated in Algorithm [3]

One may want to apply gradient method to J(K,b) directly in the joint space of K
and b. However, the gradient dominance property of J;(K) in the most studied LQR
problem (Yang et al., 2019b) no longer holds for J(K,b). Therefore, the convergence of

the gradient method to J(K,b) is not guaranteed in our problem.

3.3. Global Convergence Results

The following theorem establishes the rate of convergence of Algorithm [2|to the Nash

equilibrium pair (u*, 7*) of Problem [3.1.3]



71

Algorithm 3 Natural Actor-Critic Algorithm for D-LQR.
1: Input:
e Mean-field state p and initial policy g, p,-
e Numbers of iterations N, H, {T,,, T, }nein), {3, T} trerm)-
e Stepsizes 7, 7, {%7t}ne[N],te[Tn]v {72,t}he[H],te[T,g]-
2: for n=0,1,2,...,N —1do B
Critic Update: Compute Tk, via Algorithmwith Tk bos My TnsTy {9nit brerma)s
Ky, and by as inputs.
4: Actor Update: Update the parameter via

Ky« Kn—7- (T2 K, - T%).

5: end for
6: for h=0,1,2,....H—1do
: Critic Update: Compute [igyp,, Yiys Qxyp, Via Algorithm 7| with 7x ., 1,
Ty, T3, {7k deeqry)s Ko, and by,
8: Actor Update: Update the parameter via
bh+1 — by — 7b : [T%{QN(_KN/?K@L + bh) + T%NﬁKNybh + ZI\KNJ)}J'

9: end for
10: Output: Policy 7y = Tk, by, estimated mean-field state figp = iy by -

Theorem 3.3.1 (Convergence of Algorithm . For a sufficiently small tolerance £ > 0,

we set the number of iterations S in Algorithm |2 such that

log(||po — p*ll2 - e7)
log(1/Lo)

(3.3.1) S >
For any s € [S], we define

E€s = mln{ [1 - p(A - BK*)}ZL(HBH? + ||z”2>74<||:us||2_2 + ||d||2_2> ' Umin(\Ij6) . Umin(R) : 52a

(3.3.2)
w14 _ s
vice - [L= p(A = BE]" - 1BIg® - Myu,) - %, <} 2770,
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where vg+ is defined in Proposition [3.2.3| and

M) = 4@ T = AT (1= QU= A+ BRIBT] - (A )

1/2

(3.3.3) vt 4 o (W) - ot (R)]

min min

In the s-th policy update step in Line 3| of Algorithm [2| we set the inputs via Theorem
such that J,, (7s1) — Ju. (7)) < &4, where the expected total cost J,,(-) is defined
in Problem 3.1.2) and 7 = A;(j) is the optimal policy under the mean-field state .

Then it holds with probability at least 1 — &° that
lus =il <&, [|[Ks = K'llp <&, [lbg =02 < (1+ La) - &

Here p* is the Nash mean-field state, Kg and bg are parameters of the policy mg, and K*

and b* are parameters of the Nash policy 7*.

ProOOF SKETCH. The proof of the theorem is based on the convergence of the natural
actor-critic algorithm |3| and a contraction argument. First, we prove in Theorem
that Algorithm [3| converges linearly to the optimal policy of Problem [3.1.2] By this, in
each iteration of Algorithm , we control the error between p, 1 and pj, ; to be e, > 0
with high probability, where p}_ , is the mean-field state generated by the optimal policy
Aq(ps); in other words, u,; = A(ps). Combining the fact from Proposition that

A(+) is a contraction, we deduce that

lptsr = 1 ll2 < || Aps) = A, + & < Lo s — p*ll2 + &
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with high probability, where €5 > 0 is some error term and is specified in the detailed
proof. Moreover, by telescoping sum, and note that the sum Zle €s is upper bounded

by the desired error ¢, we conclude the theorem. See for a detailed proof. O

We highlight that if the inputs of Algorithm [2| satisfy the conditions stated in Theo-
rem m, it holds that J, (msy1) — Jp, (7;,) < &5 for any s € [S]. See Theorem in
§B.2.7] of the appendix for details. By Theorem [3.3.1], Algorithm [2] converges linearly to
the unique Nash equilibrium pair (u*, 7*) of Problem . To the best of our knowledge,
this theorem is the first successful attempt to establish that reinforcement learning with
function approximation finds the Nash equilibrium pairs in mean-field games with theoret-
ical guarantee, which lays the theoretical foundations for applying modern reinforcement

learning techniques to general mean-field games.

3.4. Conclusion

For the discrete-time linear-quadratic mean-field games, we provide sufficient con-
ditions for the existence and uniqueness of the Nash equilibrium pair. Moreover, we
propose the mean-field actor-critic algorithm with linear function approximation that is
shown converges to the Nash equilibrium pair with linear rate of convergence. Our algo-
rithm can be modified to use other parametrized function classes, including deep neural
networks, for solving mean-field games. For future research, we aim to extend our algo-
rithm to other variations of mean-field games including risk-sensitive mean-field games
(Saldi et al., [2018a; [Tembine et al., 2014), robust mean-field games (Bauso et al., 2016),

and partially observed mean-field games (Saldi et al. 2019).
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CHAPTER 4

Offline Reinforcement Learning with Instrumental Variables in
Confounded Markov Decision Processes

4.1. Confounded Markov Decision Processes

In this section, we introduce the framework of confounded Markov decision processes
with discrete instrumental variables. We aim to leverage the batch data to find an optimal

in-class policy that maximizes the expected total rewards.

Confounded MDPs In a confounded MDP, we observe {S;, A;, R, }+>0 for each trajec-
tory, where S; is the observed state, A; is the action taken after observing S;, and R; is
the immediate reward received after making an action A; for ¢ > 0. We denote by S and
A the state and action spaces, respectively. Furthermore, we assume that at each decision
point t > 0, there exist some unmeasured state variables U; € U, which may confound
the effect of action A; on the rewards and future transitions. Due to such unobserved
confounders, the (causal) effect of the action on the immediate and future rewards may
not be non-parametrically identified and directly applying standard RL algorithms for
MDPs will produce sub-optimal policies.

To address this concern, we study the confounded MDP via the instrumental variable
(IV) method (Angrist and Imbens| |1995), which has been widely used in the literature
of causal inference (e.g., Pearl (2009); [Hernan and Robins| (2010))) to identify the causal

effect of a treatment under unmeasured confounding. Specifically, at each decision point
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t, we further assume that we also observe a time-varying IV Z, € Z, which is independent
of U; and does not have a direct effect on the immediate reward R; and all future states,
actions, and rewards. With such an IV, we observe {S;, Z;, Ay, Ri}+>0 for each trajectory
in the confounded MDP.

In this work, we consider finite action and IV spaces, i.e., A = {a;};cx) and Z =
{zj};eik), where K > 2 is an integer. Furthermore, we consider a simplex encoding for
both actions and IVs which enjoy a nice interpretation (Zhang and Liu, [2014)). Specifically,
for any j € [K], we let

(K —1)""1k if j =1,
(411) (Zj = Zj =

1+vVEK1x_ . .
W Rued) e i#2<)< K,

where 15_; € RE! is an all-one vector and ej € RE~1 is a vector with all elements 0
except 1 for j-th position. By the simplex encoding in (4.1.1]), one can see that ielr) 4 =
> jeix) % = 0 and ajaj =z zj = —1{i # j}/(K —1)+1{i = j} for any i, j € [K], where
1{-} is an indicator function. We remark that any reasonable encoding mechanisms can

be incorporated here and our results can be equally applied.

Value Function and Performance Metric. In the confounded MDP, we aim to find
an optimal in-class policy 7* € II such that 7* maximizes the expected total rewards,
where II is a class of time-homogeneous policies mapping from the observed state space
S into the probability distribution over the action space A. In particular, 7(a|s) refers

to the probability of choosing action a € A given the state value s € S. Formally, for any
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7 € 11, we define the value function V™ and the expected total reward J(7) as follows,

[e.9]

Z Vth

t=0

(4.1.2) V(s) = E,

So = s] o J@) =1 =7) Egen [VT(S0)]

where the expectation E.[-] is taken with respect to the distribution such that the action
Ay ~ (-] S;) for any t > 0, and v is a known reference distribution over §. Given the

definition of J(m) in (4.1.2)), our goal is to leverage the batch data to estimate 7*, where

7" € argmax J ().
mell

Suppose the batch data we have collected consist of N independent and identically dis-
tributed copies of {S;, Z;, Ay, Ry }+>0 with total decision points T for each trajectory. Then
we can summarize our batch data as D = {{S}, Zi, A}, Ri, Si. } ! ie[n]- In the mean-

while, we define the performance metric as
SubOpt(7) = J(7*) — J(m),

which characterizes the suboptimality of the policy m compared with the optimal in-class

policy 7*.

Why is Confounded MDP Challenging? In the standard MDP (Sutton and Barto,
2018), all states are assumed fully observed and the trajectory {S;, As, Ri}i>o satisfies
the Markovian property. By leveraging the celebrated Bellman equation, under some
mild conditions, one can non-parametrically identify J(m) for any 7© € II, which serves
as a foundation for many existing RL algorithms. However, in the confounded MDP, the

Markovian assumption on the trajectory no longer holds and Bellman equation cannot
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be applied anymore due to the existence of the unmeasured confounders {U;}+>o. More
seriously, the effect of actions on the rewards and future states cannot be identified even
we include all past history information at each decision point ¢ > 0. Therefore, additional
assumptions are needed to identify J(7) and in this work, we rely on the IV to deal with

such challenges.

Notation. Throughout the paper, we denote by c a positive absolute constant, which may
vary from lines to lines. Without further explanation, we denote by E,[-] the expectation
taken with respect to the trajectory generated by the policy 7, E[-] the expectation taken
with respect to the trajectory generated by the behavior policy, and I/EE[] the empirical

average across all N trajectories.

4.2. Assumptions and Identification Results

In this section, we introduce several assumptions to help us identify J() for any = € II
by using an IV. The first assumption is related to the trajectory {S;, U, Ay, Ry }i>0, where
we model it by a time-homogenous MDP.

Assumption 4.2.1. The following statements hold.

(a) For any t > 1, we have (Sit1,Uip1) L {S;,Uj, Ajto<jer | (Si, Ui, Ay) and the
transition probability is stationary;

(b) For any ¢ > 0, we have R, = R(Uy, S, As, Si11,Ups1) for some deterministic
function R: U x S x A x S xU — R. Also, we assume |R;| < 1 almost surely

for any ¢t > 0;



78

(c) The offline dataset D is generated by an unknown initial distribution ¢ over &
and a stationary policy b, which is a function mapping from & x U x Z into a

probability distribution over A.

Here b is often called behavior policy in RL literature. Assumption 4.2.1]is standard
in the literature of RL, which is mild as {U; };>0 is unobserved. The uniformly bounded
assumption on the reward R; is used to simplify the technical analysis and can be relaxed
by imposing some high-order moment condition on R, instead. Due to the unobserved
state variables U;, we make the following IV assumptions.

Assumption 4.2.2. The following statements hold.

(a) For any t > 0, we have (Siy1, Upr1) L Zi | (Se, U, Ay);

(b) For any a € A and t > 0, we have P(A; = a| S, Z;) # P(A; = a| Sy);

(c) For any t > 0, we have Z; 1L U;|S; and the probability distribution of Z;, given
S is time-homogeneous.

(d) For any ¢t > 0, we have the behavior policy satisfy that

b(A = a|SuUnZ=a)— —— 3 b(A = a|S,UpZ = 2)

K-1
2E€EZ,z#a

1
:b(At :&‘St,Zt :a) — ﬁ Z b(At :CZ‘St,Zt :Z) :A*(St,Cl),
z2€Z,z#a

i.e., the compliance A*(S, a) defined above is independent of the unobserved

confounder U; almost surely.

Assumption [4.2.2(a)| states that there is not direct effect of the IV Z; on the future
states and rewards except through the action A;, which is a typical assumption in the

literature of causal inference with IVs (Angrist and Imbens, 1995 |Angrist et al., [1996).
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Note that by Assumption , we have implicitly restricted the effect of Z; on the
reward R; only through A; in this assumption. Assumption 4.2.2(b)| requires that the
IV Z; will influence the action A;, which is called IV relevance in the causal inference.
Assumption , corresponding to IV independence, ensures that the effect of Z;
on futures states and rewards is unconfounded by adjusting the current state S;. The
homogeneous assumption on the conditional distribution of Z; given S; is imposed here

as our target parameter J(7) is defined over the infinite horizon. Define a function
O (s,2) =P(Z; = z|S; = s)

for every (s,z) € § x Z, which is independent of the decision point due to such time-
homogeneity. In addition, Assumption essentially indicates that there is no in-
teraction between U; and Z; in affecting whether the action A; will follow Z; or not.
This so-called independent compliance assumption has been widely adopted in identi-
fying the average treatment effect of binary treatments in causal inference (Wang and
Tchetgen Tchetgen) 2018). Here we generalize it to the setting of multiple treatments

and instrumental variables, which may be of independent interest. A graphical illustra-

tion of Assumptions 4.2.1| and 4.2.2|is presented in Figure 4.1, which also illustrates how

the offline data in the confounded MDP are generated. In the following section, we in-
troduce value function (VF)-based identification and marginalized importance sampling

(MIS)-based identification, respectively.
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Figure 4.1. A graphical illustration of the confounded MDP.

4.2.1. Value Function-based Identification

In the unconfounded MDP, value function defined in can be used to identify J(m)
and itself can be identified via the Bellman equation. However, due to the existence of
unobserved confounders, the regular Bellman equation, which relies on the Markovian
assumption, does not hold in general and the effect of actions on the reward cannot be
identified either. Fortunately, by leveraging the IV, we are able to provide a way to
identify J(m) via the state-value function V™, which can be identified by an IV-aided
Bellman equation. Before stating our result, we make one additional assumption.
Assumption 4.2.3. We have (Z;,U;) L ({S5;,U;, A;}o<j<t) | St and the probability dis-
tribution of (Z;, U;) given S; is time-homogeneous for any ¢ > 0.

Assumption ensures that (Z;,U;) is “memoryless” and only depends on the cur-
rent observed state S;. This essentially ensures that the stochastic process {Si, Ai}i>o
satisfies Markov property, which rules out the scenario that U, affects future rewards and
transitions. The memoryless assumption on the unmeasured confounders has been com-
monly used in the confounded MDP. See Kallus and Zhou| (2020); |Shi et al.| (2022) for

more details.
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Lemma 4.2.4. Under Assumptions [4.2.1)and 4.2.2] for any s € § and 7 € II, we have
t T
Z; Aym(A;]S;)
'R d So=s| .
ZV t (H NS, A)E" (sj,zj)> ‘ ° S]

If additionally Assumption 4.2.3|is satisfied, it holds for any ¢ > 0 that,

Z;Atﬂ'(At ’ St)
A*(Sy, Ap)O* (S, Zy)

V™ (s) :E{ (Ri V™ (Sin)) ‘st - s}

Then the policy value J(7) for 7 € II can be identified via
J(m) = (1 =7) - Egom [VT(S0)]

Proof. See for a detailed proof. O

We remark that the Bellman equation in the unconfounded MDP takes the following
form,

(A | St)

neont($) =B | 501 g)

unconf

’ (Rt + /YV nconf St-i-l)) ‘ St = 3:| ;

where V[ _ ¢ is the corresponding state-value function in the unconfounded MDP. In
comparison, to deal with the unobserved confounders, our identification result in Lemma
incorporates the I'Vs into the action density ratio. It is also interesting to see that if
one can observe the trajectory {S;, Z;, As, R }+>0 to the infinity, then Assumptions m
and are sufficient to identify V™ (s) and J(m) based on the first statement of Lemma
4.2.4] However, due to the limitation of only observing trajectories up to a finite horizon,
we impose Assumption 4.2.3| so that Bellman equation is satisfied and used to break the

curse of infinite-horizon. Based on Lemma we introduce the following VF-based
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estimating equation, which will be used later in §4.3.1| to construct an estimator of the
value function V™.
Corollary 4.2.5 (VF-based Estimating Equation). Under Assumptions 4.2.2) and

4.2.3| it holds for any function g: & — R that

T-1 -
1 ZT A(A,| S) '
E T t t : : ’ T - E — T
T ;g(st)A*(st,At)@*(st, 7y etV (Sn)) T2 g(SHV™(S,)
Proof. See for a detailed proof. 0

4.2.2. Marginalized Importance Sampling-based Identification

In this subsection, we propose another way to identify J(m) via the marginal importance
sampling. We first introduce the following notations. For any ¢t > 0, we denote by pf (-) the
marginal distribution of S; under the known initial observed state distribution v following
the policy m. In the meanwhile, with a slight abuse of notations, we denote by p’(-)
the marginal distribution of S; under the unknown offline data generation distribution ¢

following the behavior policy b. In addition, we denote by for every s € S,

(421)  d7(s)=(1—=7)D_Pi(s),  d'(s) = %21’?(3)’ w'(s) = fz:(f))

the discounted state visitation measure under the policy 7, the average state visitation
measure under the behavior policy b, and their density ratio, respectively. In order to

7. we make the following

identify J(7) via the marginal importance sampling, i.e., w
assumption.

Assumption 4.2.6. For any t > 0, U; | S; is time-homogeneous.
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Assumption {4.2.6 is weaker than assuming the unmeasured confounder U, is memo-
ryless, and does not imply that {S;, A¢}i>o is a Markov chain. Such an assumption will
be satisfied for example when the trajectory comes from a stationary sequence or unmea-
sured confounders are independent of observed states and actions. Motivated by the idea
of marginalized importance sampling for off-policy evaluation in the standard MDP (Liu
et al., 2018]), we establish the following novel identification result for the expected total

reward J(7) in the confounded MDP.

Lemma 4.2.7. Under Assumptions [4.2.1] [4.2.2] and [4.2.6] for any 7 € II, we have

T—
Atﬂ' At | St>
-w™ (SR
Z StaAt (Stazt) v ( t) to
where w™ is defined in (4.2.1)).
Proof. See for a detailed proof. O

We remark that the expected total reward in the unconfounded MDP takes the fol-

lowing form,

T—-1
1 7T(At | St)
uncon =E|= E —— " )
! f(W) T t=0 P(At | St) v <St>Rt

where Jynconf(7) is the corresponding expected total reward in the unconfounded MDP,
and the expectation E[-] is taken with respect to the trajectory generated by the behavior
policy. In comparison, to deal with the unobserved confounders, our identification result
in Lemma incorporates the IVs into the action density ratio. Based on Lemma
4.2.7, we introduce the following MIS-based estimating equation, which will be used later

in §4.3.2/ to construct an estimator of the density ratio w™.
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Lemma 4.2.8 (MIS-based Estimating Equation). Under Assumptions [4.2.1} and
[4.2.6] for any 7 € II, it holds for any function f: & — R that

T-1

ZN At (A | Sy)
1— — E ™ _
( ¥)Esy~w [f(S A*(S;, A)0%(S,. Z,) w™(Sy) (f(Se) — 7 f(Se41))
Proof. See §C.2.2| for a detailed proof. O

Lemma is somewhat surprising in that with the help of IVs and Assumption
[4.2.6] the estimating equation for the density ratio w™ holds even when the Markov
condition fails on the observed trajectory, thus allowing the existence of unmeasured
confounder U; that can affect future rewards and transitions. This is different from the
existing approaches such as [Liu et al.| (2018); Zhang et al| (2020) for estimating ratio
functions in the standard MDP setting, which relies crucially on the Markovian assump-
tion. Compared with the value function-based identification, marginalized importance
sampling-based identification on the J(m) requires fewer conditions and can be applied

into more general confounded MDP problems.

4.3. Instrumental-Variable-Assisted RL with Pessimism

In this section, we introduce three pessimistic RL methods to estimate 7* in our
confounded MDP. Generally, pessimistic RL first employs the offline data to construct a
conservative estimate of the values for any policy, then select the policy with the highest
conservative estimate of its value. Though the recently proposed pessimistic RL shows
promising performance in practice (Kumar et all [2020; [Yu et al.| [2020; Kidambi et al.,

2020; [Deng et al., 2021)), its theoretical understanding is far from complete and is only



85

limited to fully observable MDP (Levine et al., 2020). In this section, we adapt the idea
of pessimism in our case and present related theoretical results in Section [4.4]

Since both identification results in and require estimating the quantities
A*(s,a) and ©*(s, z), we first introduce the estimating procedure for such quantities. We

assume that there exists an oracle that gives estimators of A*(s,a) and ©*(s, z) via two

loss functions Lo(A) and Ly(0) as follows,

A € argmin ZO(A), © € argmin Zl(@),
A€EeFy OcF

where Fy and F; are two function classes. We remark that we can use the negative
likelihood functions for EO and El (see for details). In the meanwhile, we construct

two confidence sets for A and O, respectively, as follows,

(4.3.1)

confo = {A € Fo: Lo(A) — Lo(A) < ao} ) confl = {@ € Fi: L1(0) — L (©) < 041} ,

where (o, 1) are some constants that will be specified later. These two confidence sets
are used to construct conservative estimators for J(m) via either VF-, MIS-, or doubly

robust-based estimation.

4.3.1. VF-based Pessimistic Method

We introduce VF-based pessimistic RL in this section. We first define the following

quantity,

Z;AtW(At | St)
7 2905 <A(st, 1)6(5;, z7) Fe T rolSee)) = U(St))] ’
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where E[] is the empirical measure defined by the offline data D. In the meanwhile, we

define its population counterpart as

\7/Tf<U> g; Au @) =E

T-1
729050 DA (Rt qu(Sin)) - v(&))]
for any (v,g,A,0), where the expectation E[-] is taken with respect to the trajectory
generated by the behavior policy. Then by the VF-based estimating equation specified in
Corollary [1.2.] it is easy to see that ®T(V™, g; A*,©%) = 0 for any function g: S — R.
With the aforementioned notions, for any (A, ©), we construct an estimator of V™ via
solving the following minimax optimization problem,

(4.3.2) Up o € argmin max &\ch(v,g; A, 0),
’ vey  gEW

where V and W are two sets to be specified later. To obtain an estimation 7 for an
optimal in-class policy 7* that maximizes the expected total reward J(m) defined in (4.1.2)),

we formulate the following optimization problem,

(4.3.3)
Ty = argmax min min (1 =) Eg[v(9)],
well (A,@)e:onfgo ><conf(111 vEconf‘(’)fvf(A,G,ﬂ)
(4.3.4)

where confgéff(A, O,7) = {v €V: max®%(v, g; A, ©) — max <T>3f(@g 0, ;A 0) < Oévf} ,
v geEW geEW ’

where (aq, a1, o) are constants to be specified, and com‘g0 and conf:;é1 are confidence
sets defined in (4.3.1]). Intuitively, the policy 7r,¢ defined in (4.3.3) aims to maximize the

most pessimistic estimator of the expected total reward. As we will see in Theorem [4.4.9]
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such a pessimistic method provably converges to an optimal policy with data coverage

assumption only for the optimal policy and some other mild conditions.

4.3.2. MIS-based Pessimistic Method

We introduce MIS-based pessimistic RL in this section. We first define the following

quantity,

mls( f A @) ]ESONV [(1 - 7)f<50>]

il Z X StAZ Aégft;t)w(&) (f(Sy) — ’yf(StH))] :

We define its population counterpart as

Olis(w, [;8,0) = By [(1 =) f(S0)]

T-1

Z AZStAZ A(s’ss %)w(sﬂ (£(50) = 7f(5t+1))]

for any (w, f,A,©). Then by the MIS-based estimating equation specified in Lemma

4.2.8, it can be seen that ®7

re(w™, fi A*,0%) = 0 for any function f: & — R. With the
aforementioned notions, for any (A, ©), we construct an estimator of w”™ via solving the

following minimax optimization problem,

w, f1 A, 0).

mlS(

(4.3.5) Wy o € argmin max ®
wew  feV

With a slight abuse of notations, here WW and V are again two sets to be specified later.

We aim to obtain an optimal policy that maximizes the expected total reward J(m) by
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utilizing the estimators constructed in (4.3.5). For this, we further define the following

estimator of J(7) via Lemma [4.2.7]

Lmls(w ™ A, 0)

1 Atﬂ' At | St)
— SOR
ZA (S0, A6 (s,, 7 VoD B

Then we aim to solve the following optimization problem,

(4.3.6) Tis € argmax min min Lis(w, m; A, ©),
rell (A,@)Econfgo ><conf(1361 weconfy®. (A,0,m)

(4.3.7)  where confl® (A,0,7) = {w eW: max@

WANG)
fev w7f7 ) )

rms(

— IJI[IEaX @mls(wg,@, f, A, @) < Oémis}a

where (ag, ay, anis) are constants to be specified, and com‘gO and conf! , are confidence

sets defined in (4.3.1). Similarly as in (4.3.3]), the policy T defined in (4.3.6) aims to

maximize the most pessimistic estimator of the expected total reward. As we will see in
Theorem [4.4.13] such a pessimistic method provably converges to an optimal policy with

realizability assumption only for the optimal policy.

4.3.3. Doubly Robust based Pessimistic Method

As a combination of VF-based and MIS-based policy optimization methods, we introduce

a doubly robust (DR)-based pessimistic RL algorithm in this section. We define the
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following DR estimator with its population counterpart,

T, v,m0,0) =B |1 > Azé As( g‘( ;ft;t)mst) (R + 70(Sis1) — 0(S1)
+ (1 = 7)Esy~w [v(S0)]
Lag(w,v,m; A, ©) Z Sﬁg Aégf%t)w(st) (Ry 4+ yv(Sis1) — v(S))

+ (1= 7)Esom [v(S0)] -

Note that Ly (w™, v, m; A", ©0%) = Lg(w, V™, m; A*,0%) = J(r) for any (m,w,v) € II X
W x V. Thus, the quantity Edr serves as a valid DR estimator of J(m). In the follows,
based on such a DR estimator of the expected total reward, we formulate the following
optimization problem for estimating the optimal in-class policy,

T4 € argmax min min Ly (w,v,m; A, ©),
me€ll  (A,0)econfy, xconfy, (wv)€confa, ;i a.f(A,0,T)

(4.3.8) where confy, o (A,©,7) = confl® (A,0,7) x conf‘(’lfvf(A, O,r),

where (ayg, a, auf, aupis) are constants to be specified, and conﬂ;fvf(A, ©, ) and conﬂjﬁs (A,0,7)
are defined in (4.3.4) and (4.3.7)), respectively. As we will see in Theorem [4.4.14] such a
DR-based pessimistic method provably converges to an optimal policy with realizability

assumption only for the optimal policy.
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4.4. Theoretical Results

In this section, we investigate theoretical properties of the aforementioned three meth-
ods. We aim to derive the finite-sample upper bounds for the sub-optimality of our esti-
mated policies, i.e., SubOpt(7), where 7 is either Ty, Tpis, Or Tar. To begin with, we first
introduce the following definition of covering number, and then impose some assumptions.
Definition 4.4.1 (Covering Number). Let (C, || - ||«) be a normed space, and ‘H C C.
The set {x1,29,...,2,} is a e-covering over H if H C U, B(x;,¢), where B(x;,¢) is
the L..-ball centered at x; with radius €. Then the covering number of H is defined as
N(e,H,| - |loo) = min{n: 3 e-covering over H of size n}.

Assumption 4.4.2. The following statements hold.

(a) For any set H € {Fo, F1, V, W, 1}, there exists a constant €3 such that
N(57H7 H ’ ”OO) <c- (1/€)€H7

where ¢ > 0 is a constant. Further, we denote by €y, 2, %, = Zje[k] €y, for
any {Hy, Ha, ..., Hi}

(b) There exist positive constants Ca~ and Ce- such that |[A*(s,a)] > C! and
O*(s,z) > Cgl for any (s,z,a) € S x Z x A, where ©*(s,2) and A*(s,a) are
defined in Assumption [£.2.2]

(c) We have |A(s,a)| > Cx! and O(s,2) > Cg! for any (A, O, s,a,2) € Fy X F) X
SxAx2Z.

(d) We have sup,cg [V™(s) = V™ (s)| < L - Sup(s gyesxa [Ti(a ] s) — m2(a] s)| for any

m, o € II, where Ly is a positive constant.
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(e) We have ||v]|e < 1/(1—7) and ||w||o < C, for any (v, w) € VxW, where C, > 0

1s a constant.

Assumption states that the function spaces have finite log covering numbers.
Assumption [4.4.2(b)|states that the conditional probability ©* and the compliance A* are
uniformly lower bounded. Such an assumption ensures the identifiability of the expected
total reward. With Assumption we only need to consider a lower bounded
function class to recover ©* and A*, which is imposed in Assumption . In the
meanwhile, the Lipschitz condition imposed in Assumption aims to control the
complexity of the value function class induced by II, i.e., the class {V™(-): = € II}. Such
an assumption is commonly imposed in related literature (Zhou et al [2017; Liao et al.
2020)). Finally, Assumption states that the sets VV and W are upper bounded.
Assumption 4.4.3. The sequence {S;, Z;, U, At }i>0 admits a unique stationary distri-
bution Ggae over S X Z x U x A and is geometrically ergodic, i.e., there exists a function

p: SX ZxUxXxA— RT and a constant x > 0 such that
HGstat(') - Gt( ‘ S0, 20, U0, aO)HTV S 90(307 20, U0, aO) - €xp (_2"175) )

where Gy(+ | s, 20, Uo, Go) is the marginal distribution of (S;, Z;, Uy, A;) given (So, Zo, Ug, Ao)
(S0, 20, Ug, ag) under the behavior policy b. Further, we have [ (s, z,u, a)dv(s, z,u,a) < ¢
and [ ¢(s, z,u, a)dGsat (8, 2, u, a) < ¢ for some positive absolute constant c.

Assumption m states that the the Markov chain {S, Z;, Uy, At }+>0 mixes geomet-
rically. Such an assumption is widely adopted in the related literature (Van Royl [1998;

Liao et al 2020} 2021b; [Wang et al., [2021a) to deal with dependent data.
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To establish the upper bounds for the sub-optimality of the resulting policies, we need
to first show that in our proposed algorithms, there exists at least one feasible solution
that satisfies the constraints with properly chosen constants. In the following, we focus on
conf and conf, for A* and ©* respectively. Since confy, and conf) can be constructed
by many methods, to keep our theoretical results general, we assume that there exists a
proper choice of (ag, a;) that ensures A* € com‘g0 and ©* € com‘iYl and then give a valid
example that justifies this assumption.

Assumption 4.4.4. There exists (ag, 1) such that with probability at least 1 — §, we

have

A* € conf’

[eToRi

1
©* € conf,, .

Further, with probability at least 1 — 4, for any (A, ©) € conf, x conf} , we have

1 — C 2
E|= A (S, ) — A(S, 2| < 2227 oL loo 2

ENISCRENC) )!h] S

B T—1

| )|, Co 2
E|= “(S,,-) — IZ| < 229 Lgr10g 2.

T po ||@ (St’ ) @(St7 )||1] — 51 NT/{ Q:J:l Og 5

We now illustrate that Assumption can be realized via maximum likelihood
estimation (MLE) by replacing &, and &; with proper quantities. Note that the estimation
of A* can be decomposed into the estimation of P(A = a|S = s,Z = z) for all z €
Z, which can also be obtained via MLE. This implies that estimating A* is similar to
estimating ©*. Therefore, we only show how to estimate ©* so that Assumption [4.4.4

holds for the simplicity of presentation. By maximum likelihood, we construct the loss
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function Zl and the estimator © as follows,

T-1

Li(©) = Zlog@ (St, Z4)

Z Zlog@ St 71, © € argmin Zl(@),

0cF

where for the simplicity of notations, we denote by I@[] the empirical measure generated
by the offline data D hereafter. In addition, we assume that J7 is a parametric class such
that F; = {Op: 0 € R ||0]|2 < Omax - We introduce the following results.

Theorem 4.4.5. Suppose F; = {Op: 0 € R? and ||0||2 < Omax}, and

C@ * emax
NTw 10875

log(NT),

ap =cC-

where ¢/(N?T?)-log(NT) < § < 1. Then under Assumptions 4.2.2| 4.4.2(b)| 4.4.9(c), and

4.4.3) it holds with probability at least 1 — & that ©* € conf), .- Further, with probability

at least 1 — ¢, it holds for any © € com‘i1 that

C@* emax
D — O A2 < .
VEIIB(S,) = ©4(S. )] < ¢/ 1rov- - dlog ===,

Proof. See for a detailed proof. O

Supported by Theorem [£.4.5] we assume Assumption [£.4.4) holds throughout this sec-

tion.

4.4.1. Theoretical Results for VF-based Pessimistic Method

We first impose the following assumption, which assumes that V™ is realizable in V for

any policy 7, and w™ is realizable in W only for the optimal policy 7*.
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Assumption 4.4.6. We have V™ € V for any 7 € Il and w™ € W. Further, we have
—w € W for any w € W.

In the following lemma, we show that with a proper choice of ayf, we have V™ &
confgfvf(A*, ©*, ) with a high probability.

Lemma 4.4.7. Suppose

Ca-Co-Cs [Cyyu

1
-log = log(NT
1—7 NTw 0% og(N'T)

J

Qyf = C

and ¢/(NT)? < § < 1. Then under Assumptions |4.4.2|and [4.4.6, with probability at least

1 — 4, it holds for any 7 € II that V™ ¢ conf‘gvf(A*, O, ).
Proof. Sece for a detailed proof. O

In the following lemma, we show that for any v € U(Aye)EConfgoXconfélconf‘c’fvf(A, O,n),
we can upper bound the risk max ey @7 (v, g; A*, ©F).
Lemma 4.4.8. Suppose that (ag, a1, ayf) is defined in Assumption and Lemmal[4.4.7]

and ¢/(NT)? < § < 1. Then under Assumptions 4.2.3 and 4.4.6|, with proba-

bility at least 1—4, it holds for any policy 7 € Il and v € U4 g o conf‘&fvf(A, O, )

Econfg0 Xcon

that
™ * * CX*C%*C* 1 1
max Pl(v,9; A%, ©%) <c- T(&] +&)Ln NTn  Erorwyn - log < log(NT).

Proof. See for a detailed proof. O

Equipped with the above results, we introduce the following theorem, which charac-

terizes the suboptimality of the learned policy 7 constructed in (4.3.3).
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Theorem 4.4.9. Suppose ¢/(NT)?> < § < 1. Under Assumptions 4.2.2H4.4.6| it holds

with probability at least 1 — 9 that

C2.C3.C,

1 1
1= (€ + &)L \/m - Cxy 7w - log < log(NT).

SubOpt(7y) < ¢ 5

PROOF SKETCH. In the proof sketch, we assume that we have full knowledge on A*

and ©*. By the definition of J(7) in (4.1.2), we have

J(1*) = J (@) = (1= 7)Espms [V (S0) = V(S0)]

< (1= 7)Espm [V7 (S0)] = min (1 =7)Esomw [v(S0)]

veconf‘(’;vf(A* 0% )

SOy [V7(S0)] = min (1= ) [o50)]
veeonfy, ,O* T

SU=m) e (B [V7(S0) — o(S0)])
ayp S P T

where in the first inequality, we use Lemma m that V™ ¢ confgvf(A*,@*ﬁvf) with
a high probability; while in the second inequality, we use the optimality of 7. In the

meanwhile, by Lemmas [£.2.7 and [£.2.8], we have the following decomposition,

Z ZTAﬂT (At ’ St>

(1 =) Espnr [V (So)] = )RS, A0 (5, Z0)

Ry

Y

(4.4.1)

(1 - 7)ESONV [ SO

TZ“’ AT s <v<st>—w<st+1>>].
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Now, by plugging (4.4.1), we have

J(m*) — J(7ur) < max
veconf‘;fvf(A*,G*,Tr*)

O™ (v, w™ ; A*,0%)

We then can upper bound the above suboptimality by Lemma 4.4.8 which concludes the

proof of the theorem. See for a detailed proof. O

In Theorem [4.4.9] we impose data coverage and realizability assumptions as in As-
sumption [4.4.6] which only requires that the offline data covers the trajectory generated

by the optimal policy 7* and V7 is realizable in V for any 7.

4.4.2. Theoretical Results for MIS-based Pessimistic Method

We first impose the following assumption, which assumes that w™ is realizable in W for
any policy 7, and V™ is realizable in V only for the optimal policy 7*.
Assumption 4.4.10. We have w™ € W for any 7 € Il and V™ € V. Further, we have
—v €V for any v € V.

In the following lemma, we show that with a proper choice of ay,;5, we have w™ €
confg‘iis(A*, ©*, 7) with high probability.

Lemma 4.4.11. Suppose

C’A*C’@*C’*\/ 1 1
mis — €~ log =1 NT
Cmis = €+ = w7 v log < 1og(NT)

and ¢/(NT)?* < § < 1. Then under Assumptions [4.4.2 and [4.4.10, with probability at

least 1 — 4, it holds for any 7 € II that w™ € confi™ (A*, 0%, 7).

Proof. See for a detailed proof. O
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In the following lemma, we show that for any w € U ©)econfd, xcont conf™ (A, ©,7),
k) « al mis
we can upper bound the risk maxyey @7, (w, f; A*, ©F).

mis

Lemma 4.4.12. Suppose that (ag, a1, aumis) is defined in Assumption and Lemma

4.4.11}) and ¢/(NT)? < 6 < 1. Then under Assumptions|4.2.2} |4.2.6H4.4.4, and |4.4.10, with

probability at least 1—9, it holds for any 7 € [T and w € Ua,0)econfd, xconfl, com‘"olfrinsis (A, 0,7)

that
m . . S = Aol - . . _ .
fea\i( mis\ W 5 2 =¢C 1—~ 0T SN N SFoFu v 0g 5 0g
Proof. See for a detailed proof. O

Equipped with the above results, we introduce the following theorem, which charac-

terizes the suboptimality of the learned policy T constructed in (4.3.6)).

Theorem 4.4.13. Suppose ¢/(NT)? < § < 1. Under Assumptions [4.2.2) 4.2.6{{4.4.4]

and [4.4.10], it holds with probability at least 1 — ¢ that

C2.C2.0,

~ 1 1
SubOpt(Tuis) < ¢+ —=— 5 (& + fl)\/N—M Cr,m oy - log < log(NT).

Proof. See for a detailed proof. O

In Theorem [4.4.13] we impose data coverage and realizability assumptions as in As-
sumption 4.4.10, which only requires that V™ is realizable in V and the offline data covers

the trajectory generated by the policy 7 for any = € II.
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4.4.3. Theoretical Results for DR-based Pessimistic Method

Theorem 4.4.14. Suppose that (ag, a1, Omis, avf) is defined in Assumption 4.4.4] Lem-

mas 4.4. and at least one o ssumptions 4.4.0| an 4. old. en under
@,, d | f A pti [4.4.6| and 4.4.10] hold. Th d

Assumptions |4.2.2 it holds with probability at least 1 —§ for any ¢/(NT)?> < § <1

that

C2.C2.C,

~ 1 1
SubOpt(7ar) < ¢ 1=~ (& + 51)\/m¢fo,f1,w,v,n log = log(NT),

where Ty, is defined in (4.3.8)).
Proof. See for a detailed proof. O

Theorem shows that 7y, is a doubly robust estimator of the optimal policy in
the sense that either Assumption [4.4.6[ or Assumption [4.4.10] ensures the convergence of
Tdr-

Our results in hinge on the data coverage and realizability assumptions.
Can we obtain a similar upper bound if such assumptions are violated? In this section,
we answer this question affirmatively. First, we introduce the following assumption. We
denote by

(44.2) T" e argn‘}in max O (v, w; A, 07), w" € argr;lvin max o7 (w,v; A*,0F).
vE we

Assumption 4.4.15 (Model Misspecification). The following statements hold.

(a) We have ||[V™ — 07|, < X for any 7 € IT and ||w™ — 0™ ||o < Y.

(b) We have ||w™ — @0™||oo < e, for any m € Il and ||[V™ — 07 || < &)

mis*

o0
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Though Assumption |4.4.15| requires that @ and @ hold simultaneously, we remark

that previous assumptions imposed in VF-, MIS-, and DR-based pessimism can be recov-

ered by such an assumption. Specifically, Assumptions [4.4.6] and 4.4.10| can be recovered

by taking (e),el¥ eV, e¥ ) = (0,0, 00,00) and (g%, el¥ e’ e ) = (00, 00,0,0), respec-

mis’ “mis mis’ “mis

tively, in Assumption [4.4.15] Similarly, the data coverage and realizability assumptions in

Theorem [4.4.14] can also be recovered by either taking (e%,el¥, Y. e? ) = (0,0, 00, 00)

mis’ “mis

v

vy

w

vf )

gV, e?) = (00,00,0,0).

or taking (el e, el ., ervs

Theorem 4.4.16. Suppose that (v, a1, s, Q) is defined in Assumption 4.4.4] Lemma

[4.4.7, and Lemma [£.4.11] Then under Assumptions {.2.2H4.4.4] and [4.4.15] it holds with

probability at least 1 — § for any ¢/(NT)? < § < 1 that

~ C3.C3.C, 1 NT
SubOpt(7ar) < c- %(fo + fl)\/mg}b,]ﬁ,w,v,ﬂ log —

+ 3CA*C@* min {C*gyf + g\]//f\'} (1 - /7)7 C’*gzis + <C’:glvis (1 - 7)} )

where 74, is defined in (4.3.8]).
Proof. See for a detailed proof. O

Due to the model misspecification, compared with Theorem [4.4.14], there is an addi-
tional bias term on the upper bound of the suboptimality in Theorem [1.4.16, We remark

that either (e),eX¥) = (0,0) or (gY,, %) = (0,0) ensures zero bias in Theorem [4.4.16}

vfr “vf mis’ < mis

4.5. Dual Formulation

To improve the computational efficiency of estimating the optimal in-class policy due

to the confidence sets, we propose a dual formulation of the aforementioned pessimistic
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methods. For illustration purpose, we only consider the dual formulation of the VF-based
pessimistic method proposed in §4.3.1] Similar formulations for MIS-based and DR-based
methods can also be derived accordingly.

For the ease of presentation, we assume that there exists an oracle that gives us A*
and ©*. Without the existence of such an oracle, we only need to employ two additional

dual variables to consider the uncertainty induced by estimating A* and ©*.

We consider the following dual form of (4.3.3)),

—

(4.5.1) 71 = argmax max min (1 — ) Eg,[v(S)] + X - ( () — avf> :

s.b. My(v) = Igfé% (v, g; A", 0%) — gé%{ Pl(Vas v 9s A", 07),

where V3. o« = argmin, ¢, maxgeyy @cf(v, g; A*,0%) and A is the dual variable that corre-
sponds to the constraint v € conF;fvf(A*, ©* ). In comparison to the constrained opti-
mization problem in (4.3.3), the problem in can be solved efficiently using gradient
methods.

In the following theorem, we characterize the suboptimality of ﬂf.

Theorem 4.5.1. Suppose that V is convex, ¢/(NT)? < § < 1, and oy is defined in

Lemma[4.4.8] Under Assumptions [4.4.0], it holds with probability at least 1 — 0 that

~ C%.C3.C. 1 1
SUbOpt(Wif) <c- %(50 + gl)LH N—CF/Q : €f0,f1,W,V,H . IOg g IOg(NT)
Proof. See for a detailed proof. O

In Theorem 4.5.1,, we show a similar suboptimality holds as in Theorem [4.4.9| Thus,

to avoid computation challenges induced by the confidence sets, we only need to solve
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(4.5.1) to obtain an optimal policy. We remark similar dual formulations for MIS-based

and DR-based methods also hold, as well as their theoretical properties.

4.6. ldentifiability

We discuss identifiability in this section. First, we use tabular MDP as an example to

illustrate non-identifiability. Then we discuss the identifiability in our methods.

Non-Identifiability in Tabular MDP. We consider a tabular MDP with states & =
{s1,52,...,5)s/}, where the behavior policy b used to generate offline data only covers
states {sa,...,5)s/}. We assume that the expected total reward under such a tabular
MDP is J(m) for any policy 7. Since the offline data generated following b never covers
the state s;, we cannot infer any information of the reward received at the state s;.
Thus, for any policy 7 that arrives the state s; with a nonzero probability, we cannot
identify the value J(7) uniquely. In the meanwhile, the state-value function V™": & — R

is not uniquely identifiable for any policy = (even for 7*), since the value V7 (s;) is not

identifiable.

Identifiability in Our Methods. In §4.2 and we do not explicitly impose any
identifiability assumptions. But certain identifiability assumptions are implied by the

data coverage assumptions as follows.

e VF-based pessimism. As imposed in Assumption , we require that w™ is
upper bounded. Thus, we know that the trajectory generated by the optimal
policy 7* is covered by the offline data, which implies that J(7*) is identifiable.

e MIS-based pessimism. As imposed in Assumption [4.4.10, we require that w™ is

upper bounded for any policy 7. Thus, we know that the trajectory generated by
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any policy 7 is covered by the offline data, which implies that J(7) is identifiable
for any 7.
e DR-based pessimism. Since either Assumption [£.4.6] or Assumption [4.4.10] hold,

we require that J(7*) is identifiable or J(x) is identifiable for any .

It is worth noting that though we impose realizability assumptions on the state-value

function V™ in Assumptions [4.4.6|and [4.4.10, we do not require that V™ is identifiable for

any 7 (even for 7*). Such non-identifiability implies that the IV-aided Bellman equation

in Lemma may have multiple fixed point solutions.
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APPENDIX A

Supplemental Materials in Chapter
A.1. Details of Algorithms

We introduce the actor-critic method with DNN approximation in Algorithm [4] which

relies on Algorithms [5] and [6] for the actor and critic updates.

Algorithm 4 Deep Neural Actor-Critic Method

Input: Number of iterations K, N,, V., stepsizes a, n, and temperature parameter (.
Initialization: Set 7y <— oo and initialize DNNs fy, and @, as specified in §2.2.2]
for k=0,1,2,...,K do

Actor Update: Update 04, via Algorithm [5| with input 7, , 6y, Qu,, o, B, Thp1 =
(k+1)7'- 8, and N,.

Critic Update: Update wg,q via Algorithm @ with input 7, ., Qu,, wo, 7, and
N..
end for
Output: {my, }reir11], Where mg, o exp(7, " fo,)-

Algorithm 5 Actor Update for Deep Neural Actor-Critic Method

Input: Policy 7y o< exp(77!fy), initial actor parameter 6y, action-value function Q,,,
stepsize «, temperature parameter (3, temperature 7, and number of iterations /V,.
Initialization: Set 6(0) < 6.
forn=20,1,2,...,N, — 1 do

Sample (s,a) as specified in §2.2.2]

Set O(n + 1) < Tpo,r.)(0(n) — a - (fom)(s,a) =T - (B7'Qu(s,a) + 7 fo(s,a))) -
Vo fom)(s, a)).
end for
Output: 6 = 1/N, - 3™ 0(n).
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Algorithm 6 Critic Update for Deep Neural Actor-Critic Method

Input: Policy 7y, action-value function @), initial critic parameter wy, stepsize n, and

number of iterations V..
Initialization: Set w(0) + wo.
forn=20,1,2,...,N. —1do
Sample (s,a,r,s',d’) as specified in §2.2.2]
Set 6(1) + Qupn(5:@) — (1= 1) -7 = 7+ Qu(s ).
Set w(n + 1) = I'wy,r)(W(n) =n-6(n) - VuQum) (S, a)).
end for

Output: &= 1/N, - 3" w(n).

n

A.2. Convergence Results of Algorithm

In this section, we upper bound the regret of the deep neural actor-critic method.
Hereafter we assume that |R(s,a)] < Rpax for any (s,a) € S x A, where Ry is a
positive absolute constant. First, we impose the following assumptions in parallel to
Assumption 2.3.1] Recall that p* is the stationary state-action distribution of 7*, while
pi is the stationary state-action distribution of 7y, .

Assumption A.2.1 (Concentrability Coefficient). The following statements hold.

(i) There exists a positive absolute constant ¢* such that ¢; < ¢* for any k > 1,
where ¢} = [[dp*/dprl|py.2-

(ii) For the state-action distribution p used to define the regret in (2.3.1]), we assume
that for any &£ > 1 and a sequence of policies {m;};>1, the k-step future-state-

action distribution pP™ - - - P™ is absolutely continuous with respect to p*. Also,
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it holds that

oo

Cppr = (1=7)° Z k*A* - e(k) < oo,

k=1

* .
P00

where (k) = supgy, o [[d(pP™ - - ) /dp®

Meanwhile, we impose the following assumption in parallel to Assumption [2.3.2]
Assumption A.2.2 (Zero Approximation Error). For any @, € U(m., H., R.) and policy
7, it holds that 77Q,, € U(me, He, R.), where T™ is defined in (2.1.4).

Assumption states that U(mc, He, R.) is closed under the Bellman evaluation
operator 7™, which is commonly imposed in the literature (Munos and Szepesvari, 2008;
Antos et al.|, 2008a; [Farahmand et al., 2010], 2016} Tosatto et al.l |2017; |[Yang et al., 2019c;
Liu et al., [2019).

We upper bound the regret of the deep neural actor-critic method in Algorithm [4] in
the sequel. To establish such an upper bound, we first establish the rates of convergence
of Algorithms [5] and [6] as follows.

Proposition A.2.3. For any sufficiently large N, > 0, let m, = Q(d*2R H, ** log(ma/? | R.)*/?),
H, = O(NM"), and R, = O(my/*H5(logma,)~3). We denote by @ the output of Algo-
rithm [5| with input m o< exp(771fy), 6o, Qu, @, B, 7 = (71 + )7L, and N,. Also, let
F=7-(8"'Qu+ 7 1fs). With probability at least 1 — exp(—Q(Ri/gmi/B'Ha)) over the

random initialization 6y, we have

E[(f5(s.a) = f(5,a))"] = O(RIN; > + RY*m /O H] log m.).
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Here the expectation is taken over the randomness of # conditioning on the initialization

6y and (s, a) ~ pr,, where p,, is the stationary state-action distribution of 7.
Proof. See for a detailed proof. O

Proposition A.2.4. For any sufficiently large N, > 0, let m, = Q(d?’/QRgll-lc_?’/2 log(me?/R.)3/?),
H. = O(NM"), and R. = O(m&*H;5(logme)~3). We denote by @ the output of Algo-
rithm @ with input mp, Q., wo, 7, and N.. Also, let @ =1-7)- R+~ -P"Q,. With

probability at least 1 — exp(—Q(Rg/ Sme! ®H.)) over the random initialization wy, we have

E[(Qa(s,a) = Q(s,))"] = O(REN;V? + R¥*m_/* H] log m,).
Here the expectation is taken over the randomness of w conditioning on the initialization
wo and (s,a) ~ pr,, where p,, is the stationary state-action distribution of .

Proof. See for a detailed proof. O

Propositions and characterize the errors that arise from the actor and
critic updates in Algorithm [] respectively. In particular, if the widths m, and m. of the
DNNs fp and @, are sufficiently large, the errors characterized in Propositions and

decay to zero at the rates of O(N;UQ) and O(N{l/z), respectively. Propositions

[A.2.3]and [A.2.4] act as the key ingredients to upper bounding the regret of the deep neural

actor-critic method.

Based on Propositions [A.2.3] and [A.2.4] we upper bound the regret of Algorithm [4]in

the following theorem, which is in parallel to Theorem [2.3.4]
Theorem A.2.5. We assume that Assumptions and hold. Let p be a state-
action distribution satisfying of Assumption Also, for any sufficiently large
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K >0, let N, = Q(K°C) .(¢* + 9" + 1)*'R;), No = QK°C) .¢*R?), H, = H. =
O(N"), Ry = R. = O(me*H;%(logme)™®), ma = me = Qd*2KC2.(¢* + ¢* +
1)2RISH42 log(mi/?/R.)3/?), B = K'/2, and the sequence {0k }rex) be generated by Al-
gorithm . With probability at least 1 — 1/K over the random initialization 6y and wy, it

holds that

E[Z Q" (s,a) — Q™+ (s, a)} < (2(1 =) *log|A| +0(1)) - K'2,

k=0
where the expectation is taken over the randomness of (s,a) ~ p and {041 }rex) condi-

tioning on the initialization 6y and wy.
Proof. See for a detailed proof. O

When the architecture of the actor and critic neural networks are properly chosen,
Theorem establishes an O(K'/?) regret of Algorithm , where K is the total number
of iterations. Specifically speaking, to establish such a regret upper bound, we need the
widths m, and m. of the DNNs fy and (), to be sufficiently large. Meanwhile, to control
the errors of actor update and critic update in Algorithm (@], we also run sufficiently large
numbers of iterations in Algorithms [5] and [6}

In terms of the total sample complexity, to simplify our discussion, we omit constant
and logarithmic terms here. To obtain an e-globally optimal policy, it suffices to set

K = 7% in Algorithm . By plugging such a K into N, = Q(K°C) .(¢* +¢* +1)*R;)

and N. = Q(K°C) .¢*Rg) as required in Theorem |A.2.5, we have N, = O(e7'2) and

N, = 6(5*12). Thus, to achieve an e-globally optimal policy, the total sample complexity
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of Algorithm [4{is O(¢~'4). With the modification to off-policy setting as in §2.2.1 the
total sample complexity of Algorithm [4|is O(e~12).
To the best of our knowledge, we establish the rate of convergence and global opti-

mality of the actor-critic method under single-timescale setting with DNN approximation

for the first time.

A.3. Proofs of Theorems

A.3.1. Proof of Theorem [2.3.4]

Recall that p is a state-action distribution satisfying of Assumption We first
upper bound 31 (Q*(s,a) — Q™+1(s,a)) for any (s,a) € S x A in part 1. Then by
further taking the expectation over p and invoking Lemma in part 2, we conclude

the proof of Theorem
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Part 1. In the sequel, we upper bound Z,{;O(Q*(s, a)—Q™+1(s,a)) for any (s,a) € Sx.A.

By the definition of @* in (2.1.2)), it holds for any (s,a) € S x A that

Q" — Q"*+](s,a)

[
NE

(1 =) - (PT)R](s,0) — Q7+ (s, a)

~
Il
o

[
WE

[(1=7) (PT )R A+ (7P )HQrt1 — (4P ) H Q™41 ] (s5,a) — Q™%+ (s, q)

~
Il

0

[
NE

[(1 — ’)/) . (’)/Pﬂ* )Z'R + (’yﬂw* )£+1Q”9k+1 — (VP”*)ZQ’T%H} (s, a)

~
I
o

(A.3.1)

WE

[(VPW*)E((l —7) Ry PT Q™ — Qm)k“)] (5,a)
L

Il
o

where P™" is defined in (2.1.3). We upper bound [(1—7~) R+ -P™ Q™%+ — Q™ +1](s,a)
on the RHS of (A.3.1)) in the sequel. By calculation, we have

[(1=7) R+ P Q1 = Q1] (s,0)
= [(A= R+7PQ0) = (1=9) R+7 P Qu)] (5,0)
(A=) R4+ P7Qu) = (1=7) - R+7-P™0Q,) | (s.0)
+[(1=9) Rt P Qu) — Q71| (s,0)

(A.3.2) = A1 k(s,a) + Az (s, a) + As (s, a),
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where Ay i, Ao, and Asy, are defined as follows,

Ay i(s,a) = h(]P’”* — IP’W"kH)ka} (s,a),
A2,k<57 CL) = [V]Pm* (kaﬂ - ka)] (57 a),

(A.3.3) Asp(s,a) = [TT%+1Q,, — Q™%+1](s,a).

Here 77%+1 is defined in (2.1.4). By the following three lemmas, we upper bound A 4,
Ay, and Asy on the RHS of (A.3.2), respectively.

Lemma A.3.1. It holds for any (s,a) € S x A that

Ar(s,a) = [y(P™ = P™1)Qy, ] (s,0) < [78 - P(0r + 6441)] (5, a),

where ), and €}, are defined as follows,

(A3.4)  Oi(s) =KL(7"(|5) [ 70, (- | 5)) — KL(m"(- | 5) | mo,..., (- | 5)).

(A35) €2+1(S) = <log(7r9k+1(- | S)/ﬂ-ek(. ’ 5)) - 671 ' ka(sv ')7 7T*<' ‘ 3) - 7T91c+1<' | 5)>

Proof. See for a detailed proof. O

We remark that €, = 0 for any k in the linear actor-critic method. Meanwhile,
such a term is included in Lemma only aiming to generalize to the deep neural

actor-critic method.
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Lemma A.3.2. It holds for any (s,a) € S x A that

k—1

Az i(s,a) < [(PT)HHQ = Quy)] (s,0) + 98- D> [(FP™ )P + €8,)] (5, )

=0

N
—

+ > [(PT) €] (s, a),

i

i
o

where 9; is defined in (A.3.4) of Lemma [A.3.1] €' | is defined in ({A.3.5)) of Lemma |A.3.1]

and €, is defined as follows,

(A.3.6) €€ 1(5,0) = [T Qu — Qun (5.0,
Proof. See for a detailed proof. O

We remark that €}, = 0 for any k in the linear actor-critic method. Meanwhile,
such a term is included in Lemma only aiming to generalize to the deep neural
actor-critic method.

Lemma A.3.3. It holds for any (s,a) € S x A that
A3,k(8a a’) = [,waek+1 (-[ - 7Pﬂ6k+1 )_lek-‘rl} (37 CL)7

where e, is defined as follows,

(A.3.7) ert1(s,a) = [Qu, — T Qu,] (s, a).
Proof. See for a detailed proof. O

We upper bound e in (A.3.7) of Lemma using Lemma as follows.
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Lemma A.3.4. It holds for any (s,a) € S x A that

er+1(s,a) { (HIP’”%)el—l—Z’yk Z( H P”@s) VBPel, 1 + (I —yP™ )es) | (s, ).

s=i+1
where €¢(s, a) is defined in (A.3.6)) of Lemma and €, (s) is defined as follows,
(A38)  e(s) = (log(mo | 5)/70,(- 1) — 67 Quu(s: ), 70,0 |5) — o, -] ).

Proof. See for a detailed proof. O

We remark that e, ; = 0 for any i in the linear actor-critic method. Meanwhile, such a
term is included in Lemma only aiming to generalize to the deep neural actor-critic

method.

Combining Lemmas [A.3.3| and |[A.3.4] we obtain the following upper bound of Asy,

Az (s, a) = [yP k1 (I — AP™ 1) ey (s, a)

(A3.9) < [yP™kn (] — AP ™r1) ( (HP”"S)el

k k
+ ZV’H( 1T IP”“"s) (BrPetyy + (1 — VP%)GE))} (s, a).

=1 s=i+1
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Combining (A.3.1)), (A.3.2)), Lemma and Lemma it holds for any (s,a) € Sx.A

that
K
>0 - Q] (s,a)
k=0

K k
<[ =B GPQ = Q) + Y (F BB, + )

k=0

N
—_

+ (")/Pﬂ'*>k_i6§+1 + Agyk):| (8, a)

7

Il
o

(A.3.10)

K k
|:I ,y]Pﬂr (Z ,Y]P)ﬂ' k+1 Q Qwo) _{_ZZ(,}/PN )k Z’}/B]P)Ez—f—l
k=0

K
=0 =0
K

k—1

k
K K
D OPT T Y At )
0

k=0 i=0 k= k=0 i=

k

(P ) ﬁPﬂ)}( ),

where ¥;, €', €, and ep41 are defined in (A.3.4) of Lemma [A.3.1] (A.3.5) of Lemma
A.3.1) (A.3.6) of Lemma [A.3.2) and (A.3.7) of Lemma |A.3.3, respectively. We upper
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bound the last term as follows,

{ii (yP™ )k @w] s,a) {iiw (YP™ ) P, ](s a)

i k=0 =0

_Z vﬁ(vwwz_m_i} (5,0

= _EK: VB(VPW*)iP i <KL (71—* | 779k—i) - KL(W* I 7T9k—i+1)>} (s,a)
-1=0 k=i

3 BB YB(KL(x* || m5,) — KL(x* | w@m»} (s.0)

-1=0

(A311) 3 66E Y PRLG 7| 51,

-1=0

IN

where we use the definition of ¥j_; in (A.3.4) of Lemma and the non-negativity of

the KL divergence in the second equality and the last inequality, respectively. By plugging
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(A.3.9) and (A.3.11)) into (A.3.10)), we have

[~

Q" — Q™+](s, a)

+ ) _(vP7)yBPKL(n" | g, )

k=0
(A.3.12)
K K k
< [(I—VPW*)_I (Z( P7)HQT = Quy) + ) Y (BT ) TpPe,
k=0 k=0 =0
K k-1 K
3D P e 4 3 A B (1 — AP (H P e,
k=0 =0 k=0
K k k
£ DB (1= AP ) YT R (T P ) (18P, + (1 - VW)EE))] (5.a)
k=0 (=1 s=0+1
>

I
=)

7

We remark that €2, , = €., = 0 for any ¢ in the linear actor-critic method. Meanwhile,
such terms is included in (A.3.12)) only aiming to generalize to the deep neural actor-critic

method. This concludes the proof in part 1.

Part 2. Recall that p is a state-action distribution satisfying of Assumption . In
the sequel, we take the expectation over p in and upper bound each term. Recall
that €2, = e?; = 0 for any ¢ in the linear actor-critic method. Hence, we only need to
consider terms in ) that do not involve € ; or e . We first upper bound terms

on the RHS of (A.3.12)) that do not involve €, ;. More specifically, for any measure p
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satisfying satisfying of Assumption [2.3.1, we upper bound the following three terms,

K
My =B, (1 =P ) S (P VQ = Q).
k=0
) K k
My =, |(I =P )71y - AFHP ke (I — P k) ™! (H IP’”@s)el] :
k=0 s=1
(A313)  My=E,|(I—7P")" Y (yP")yBPKL(x" || 70,)|.

i=0
We upper bound M;, M, and Mj3 in the following lemma.

Lemma A.3.5. It holds that

|M1| S 4(]- - 7)_2 . (Rmax + R), |M2| S (1 - 7)_3 : <2R + Rmax)7

[Ms] < (1—7)72 - log| 4| - K2,
where My, M, and M3 are defined in (A.3.13)).
Proof. See for a detailed proof. O

Now, we upper bound terms on the RHS of (A.3.12)) that involve €, ;. More specifi-
cally, for any measure p satisfying of Assumption [2.3.1] we upper bound the following

two terms,

(A.3.14)

k
> OPT) e

1=0

M4 = Ep [(I — ’}/Pﬂ-*)il

M= 11>

k k
Pkt (I — A P™ke1) ™1y 7’“‘“1( 11 P’%) (I - Wﬂez)eg] .

M5 = EP [(I — ’}/Pﬂ—*)_l
/=1 s={+1

il
o
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We upper bound M, and Mj5 in the following lemma.

Lemma A.3.6. It holds that

[My| < 3KC,pr - 2q, M| < KC, - €g-

where My and Mj are defined in (|A.3.14]).

Proof. See for a detailed proof. O

Now, by plugging Lemmas [A.3.5| and |A.3.6|into (A.3.12), we have

E,[YQ'(s.0) = Q7 (s.0)

k=

o

(A.3.15) <2(1—7)3 - log|A| - K*? 4+ 4KC, - - eq + O(1).

Meanwhile, by changing measure from p* to pp.1, it holds for any £ that

(A.3.16) Epelleial] < /o (61105, 0)2] - 0,

where ¢, is defined in Assumption 2.3.1, Also, by Lemma with probability at

least 1 — 0, it holds for any k& € {0,1,..., K} that

(A.3.17) VEns [(€641(5.0)2] = O(1/(VNo®) - log(K N/5)).

Now, by plugging ((A.3.17) into ((A.3.16)), combining the definition of e = max;, E,-[|ef (s, a)l],

it holds with probability at least 1 — 9 that

(A.3.18) eo = O(¢"/(VNa™) - log(KN/6)).
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Combining (A.3.15)), (A.3.18)), and the choices of parameters stated in the theorem that

N =Q(KC? .(¢"/0%)* - log> (K N/6)),
we have

Ep [Z Q*<S7a) - Qwe’““ (s,a)} < (2(1 — 7)_3 log |A| + O(l)) . K1/2,

which concludes the proof of Theorem [2.3.4]

A.3.2. Proof of Theorem [A.2.5]

We follow the proof of Theorem [2.3.4]in §A.3.1, Following similar arguments when deriving

(A.3.12)) in §A.3.1} we have

Y IQ" — Q™r+1](s,a)

k=0

(A.3.19)

K K k
[(I VPT) (Z VBT Q = Quo) + Y Y (BT ) yBPe,
k=0 =0 i=

k=0 =0

o
—_

K
+Y ) (P Z§+1+Z AP A BP - KL(7* || 7,

k=0 =0
k
B
k=0 s=1

K

k
+ Z Pﬂ9k+l I — ’}’Pﬂgk+1 -1 Z ,.Yk*erl( H Pﬂ-es) (ﬁfy]}belz_i_l — (I — ’}/Pﬂef)ﬁz))] (37 Cl),

k=0 (=1 s={+1

=
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for any (s,a) € S x A. Here €2, |, €., €5, and e; are defined in (A.3.5), (A.3.8), (A.3.6),

and (|A.3.7)), respectively.

Now, it remains to upper bound each term on the RHS of (A.3.19). We introduce the

following error propagation lemma.

Lemma A.3.7. Suppose that

_ _ 291/2
(A'3'20> ]Epk [(f9k+1(57 a) = Tht1 - (6 1Q¢% (57 a) Tk 1f9k (57 &))) ] / < Ekt1f
Then, we have

Eu*[ % (S)H < \/57';;:1 *Ek41,f " (0r +v5), Ep [|€Z+1($)H < \/57-1;31 “Ekt1,f (14 y),

where ¢, and €}, are defined in ) and (A.3.8]), respectively, ¢; and v} are defined
in Assumption [A.2.T]

Proof. See for a detailed proof. O

Following from Lemma [A.4.4] with probability at least 1 — O(H.) exp(—Q(H_ 'm.)),
we have |Q,,| < 2. Also, from the fact that |R(s, a)| < Rumax, we know that |Q*| < Ruyax-

Therefore, for any measure p, we have

K
B, [(1 =P ) 3P Q- Q)|
k=0
K
<E,[(T—P7) S (P ) Q" — Qu]
k=0

K
(A.3.21) < Ry )Y A < R (1 =) 72
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Also, by changing the index of summation, we have

k=0 z:O

. [iiiw —

f: (’VPW* )Wﬁpe?ﬂ} ‘

Eo
l
(=)
-
I
o
~~
I
ol
L

I

(A.3.22) <> Ek: i

0 =0 t=k—i

K
E,[(vP™)! 8P, |
k=

where we expand (I — 4P™ )~! into an infinite sum in the first equality. Further, by

changing the measure of the expectation on the RHS of ({A.3.22)), we have

i—|—1|]7

K k 00 K k 00
(A3.23) 3 3 DO [B[PT) P <30 D B9 elt)  Euvlle
) =k =k—

where ¢(t) is defined in Assumption [A.2.1] Further, by Lemma [A.3.7] and interchanging
the summation on the RHS of (A.3.23]), we have

k

K
E [1 VPT)TE N (P WﬂPem}

k=0 =0

By *He(t) - T her (95 + 97)

t[\%x
N
M= 1

K o
< Z Z Aty e(t) -4 (67 + 07

(A.3.24) F(0" +0") S 2YK?C e (9" +07) - g4,

IN
2
OMN -
W~
Q
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where £ = max; E,, [(fo.,,(s,a) — Tiz1 - (B7'Qu,(s,a) — 77 fo,(s,a)))4Y?, and C,, - is
defined in Assumption . Here in the second inequality, we use the fact that 7';_11 =
(i+1)- 71 and ¢f < ¢* and ¥} < ¢* by Assumption [A.2.1]

By similar arguments in the derivation of , we have

(A.3.25)

E
—_

E, (1 - 7P™)"! (P Ve | S 20K +1)Cp0 67 20,

Il
=)

%

M= 10

B, (1 = 1B™) 71 Y (/P YA BPKL(n" || mg,)| | < log Al KV2(1 = )2,

(2

I
o

k
7k+1pﬂok+l (I - ’Y]Pﬂrgwrl )71 (H Pﬂ(’s)el] < (2 + Rmax) ’ (1 - 7)737

k=0 s=1

[™] =

E, (I —7P")""

where g = max; E,- [

€.1]]. And we use the fact that 3 = K'/2.

Now, it remains to upper bound the last term on the RHS of (A.3.19). We first

consider the terms involving e} ;. We have

K k k
Ep |:(I _ W/PW*)_l Z PTok+1 (I _ ’)/Pﬂek‘*‘l )—1 Z /Yk:—é-i-l ( H Pﬂ%)ﬁ’y]}bﬁa_l}
k=0 (=1 s=0+1
00 K k k
=> > > E {(W Y (et P”Gns)we‘zﬂ]
§=0 k=0 (=1 s=0+1

Pep 4|l c(i+7+k—L+1)

M= 1
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where we expand (I —P™ )~! and (I — 4P™=+1)~! to infinite sums in the first equality,
change the measure of the expectation in the first inequality, and use Lemma[A.3.7]in the

last inequality. Now, by changing the index of the summation, we have

VZZii,}/i-ﬁ—i—k—H—l.(f—}—l)gf-(1+w;).c(i+j+k_g+1)
S Y A e () el
(4.3.27) SYYDNT D A D (L) - et),

k=0 j=0 t=j+1 ¢=max{0,j+k—t+1}

where we use the fact that ¢; < ¢* from Assumption in the last inequality. By

further manipulating the order of summations of the RHS of ({A.3.27]), we have

DI Z Y0+ Dep(1+97) - e(t)

k=0 j=0 t=j+1 f=max{0,j+k—t+1}

0o jtk+1

5722(2 (t—NRk+7j—k+1)- Z k- ~le(t )-Ef(lﬂb*)
k=0 j=0 t=j+1 t=j+k+2
K [e'e] t—1
=~ (Z (t— )2k +j—k—+1)-~'c(t)
k=0 t=1 j=max{0,t—k—1}
oo t—k—2
+ Y kQ-vtc(t)) er(1+ %)
t=k+2 j=1
K o) o)
<207 Y (DKt elt) + DR trfelt)) - ep (14 v)
k=0 t=1 t=1
(A.3.28)

< 209K - Cp e - £5(1+ 1),
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where we use the definition of C, , from Assumption in the last inequality. Now,

combining (A.3.26]), (A.3.27), and (A.3.28)), we have

K k
E, [(1 =PI P (1 — AP ) Y (] P@s)ﬁvm‘al}

k
k=0 /=1 s=(+1

(A.3.29) <209K - Cppe -5 - (1+97).
Following from similar arguments when deriving (A.3.29)), we have

K k k
E, [(I — AP TEY TPk (I — P ) Ty R ( 11 P”es) (71— vwez)gg]
=

k=0 1 s=0+1
(A.3.30)

< 20K - pr*gb* CEQ,

Now, by plugging (A.3.21)), (A.3.24), (A.3.25)), (A.3.29)), and (A.3.30) into (A.3.19),
with probability at least 1 — O(H..) exp(—Q(H_ 'm.)), we have

(A.3.31)

]~

E,| Y Q"(s.0) — Q"1 (s,0)|

b
Il
o

< 2log|A|- KY2(1 — 4) 7 4+ 60K>C, - (¢* +* + 1) - &4 + 50KC, - ¢" - €.
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Meanwhile, following from Propositions|A.2.3|and [A.2.4] it holds with probability at least

1 —1/K that

e = O(RN;V 4 RYPm 2 HT (log m,) 2),

(A332) cg = O(RCN(:I/ZL + R§/3mgl/12Hg/2(log mc)l/Z)‘

Combining (A.3.31), (A.3.32)), and the choices of parameters stated in the theorem, it

holds with probability at least 1 — 1/K that

E, [Z Q" (s,a) — Q"k+1(s, a)} < (2(1 — 7)—3 log | A| + 0(1)) ) K1/2,

k=0

which concludes the proof of Theorem [A.2.5]

A.4. Supporting Results

In this section, we provide some supporting results in the proof of Theorems [2.3.4]

and We introduce Lemma [A.4.1] which applies to both Algorithms [I] and [ To

introduce Lemma|[A.4.1], for any policy 7 and action-value function @, we define 7(a | s)

exp(87'Q(s,a)) - m(als).
Lemma A.4.1. For any s € S and 7', we have
B AQ(s, ), (-] s) =7 (- 5)) SKL(x'(-]s) [|w(-| 5)) — KL(n'(- | s) [ (-] 5))
+ (log(7(-[s)/m(-]s)) = B - Q(s,-), 7' (- | s) = 7(-] ).
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Proof. By calculation, it suffices to show that

(log(®(:| 5)/m(-]5)), 7" (-|s) = 7(-|5))

< KL(x'(-[s) [ 7(- | 5)) = KL(z'(-| ) | 7(- | 9))-
By the definition of the KL divergence, it holds for any s € § that

KL(x'(-| s) [ 7 (-] 5)) = KL(x'(-| s) [| 7(-] 5))
(A.4.1) = (log(7(-|s)/m(-] ), 7"(-] 5)).

Meanwhile, for the term on the RHS of (A.4.1]), we have

(log(@(-| ) /ma, (- 5)), 7' (-] 5))
= (log(7(-| s)/m(-9)), 7' (- | ) = 7(-| 5))
+ (log(7(- | 5)/7(-] ), 7(- | 5))
= (log(®(- | 5)/m(-]5)), 7 (- |s) = (- | 5)) + KL(F(-|5) [ 7 (-] 5))
(A.4.2) > (log(7(- | s)/m(-| 5)), 7' (-| ) = 7(-] 5)).

Combining (A.4.1) and (A.4.2)), we obtain that

(log(®(- | s)/x(-]5)), 7" (-|s) = 7(-|5))

< KL(a'(-|s) [ 7(- | 5) = KL(x'(-| s) | (-] 5)),

which concludes the proof of Lemma [A.4.1] O
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A.4.1. Local Linearization of DINNs

In the proofs of Propositions[A.2.3]and [A.2.4)in §A.5.2]and §A.5.3] respectively, we utilize

the linearization of DNNs. We introduce some related auxiliary results here. First, we

define the linearization @y of the DNN wy € U(w, H, R) as follows,
() = ugy(-) + (6 = 60) " Vi, ug(-),

where 6 is the initialization of ug. The following lemmas characterize the linearization
error.

Lemma A.4.2. Suppose that H = O(mY'*2R=Y6(logm)~'/2) and m = Q(d*?R~*H~3/2.
log(m!/?/R)3/?). Then with probability at least 1—exp(—Q(R?3>m?/3H)) over the random

initialization 6y, it holds for any 6 € B(fy, R) and any (s,a) € S x A that
|Voug(s,a) — Voug,(s,a)l|s = O(Rl/?’m’l/ﬁHE’/Q(log m)l/Q)
and
IVeu(s, a)ll2 = O(H).

Proof. See the proof of Lemma A.5 in |Gao et al.| (2019)) for a detailed proof. O

Lemma A.4.3. Suppose that H = O(mY'2R=Y5(logm)~'/2) and m = Q(d*?R~*H~3/2.
log(m!2/R)3?). Then with probability at least 1—exp(—Q(R?3>m?/3H)) over the random

initialization 6y, it holds for any 6§ € B(fy, R) and any (s,a) € S x A that

lug(s,a) — ug(s,a)| = O(R4/3m’1/6H5/2(log m)l/Q).
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Proof. Recall that
tig(s,a) = ug,(s,a) + (0 — 0y) " Voug, (s, a).
By mean value theorem, there exists t € [0, 1], which depends on 6 and (s, a), such that

ug(s,a) — tg(s,a) = (0 — 6o) " (Vougy+i(o—o) (s, a) — Voug, (s, a)).
Further by Lemma we have

|ug(s, @) — (s, a)| < (160 = Oollz - || Vouaysr0-a0) (5:@) — Vgug, (s, a),

_ O(R4/3m_1/6H5/2(log m)1/2),

where we use Cauchy-Schwarz inequality in the first inequality. This concludes the proof

of Lemma [A.4.3] O

We denote by 2(® the output of the h-th layer of the DNN uy € U(m, H, R), and z("-°
the output of the h-th layer of the DNN wy, € U(m, H, R). The following lemma upper
bounds the distance between " and ().

Lemma A.4.4. With probability at least 1 — exp(—Q(R*3m?3H)) over the random

initialization 6y, for any 0 € B(6y, R) and any h € [H]|, we have

|z — 20|, = O(RHS/mel/Q(logm)l/Q)
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Also, with probability at least 1 — O(H) exp(—Q(H'm)) over the random initialization

6o, for any 0 € B(6y, R) and any h € [H], it holds that
2/3 < ||l2™ |y < 4/3.

Proof. The first inequality follows from Lemma A.5 in |Gao et al. (2019)), and the

second inequality follows from Lemma 7.1 in |Allen-Zhu et al.| (2018b)). O

A.5. Proofs of Propositions

A.5.1. Proof of Proposition [2.2.1]

The proof follows the proof of Proposition 3.1 in [Liu et al. (2019). First, we write the
update 741 < argmax, E,, [(Qu, (s,-),7(-|s))—B-KL(7(- | s) || 7, (- | s))] as a constrained

optimization problem in the following way,

max By, [(7(-|5), Qu,(s,-) = 8- KL(w(- | 5) [ 7o, (- | 5))]

s.t. Zﬂ(a\s) =1, for any s € S.
acA

We consider the Lagrangian of the above programming problem,

[ ({7190 Qus.) = 8- KLG (9 7 (1) o)

+/S <Z7r(a\s)—1)d)\(s),

€S acA
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where A(+) is the dual parameter, which is a function on S. Now, by plugging in

exp(7; ' fo, (5,0))
P weaexp(ry fo,(s,0))

o (a]s) =

we have the following optimality condition,

A(s)

Vk(S)

Qo (5,0) + 573 fou(5,0) = B - (Tog(( D exp(ric fo, (5,0)))) +logm(als) + 1) +
a’'eA

=0,

for any (s,a) € S x A. Note that log(>" . ,exp(7;; " fo,(s,@’))) is only a function of s.

Thus, we have

%\k—l—l(a | 8) X exp(ﬂ_lek(s, a) + Tk_lfek(sv a))

for any (s,a) € § x A, which concludes the proof of Proposition [2.2.1]

A.5.2. Proof of Proposition

We define the local linearization of fy as follows,

(A51) f_9 = f90 + (0 - eo)TVQOfg.
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Meanwhile, we denote by

gn = (for) =T - (B7'Qu +77"15)) - Vo Sow, 9n = Ep,, [9n];
Gn = (fo) =T (67'Qu +77"f0)) - Va fao. n = Ep, [9a],
ge = (fo. =7 - (B7'Qu+7""1s)) - Vafo., 9: = Ep,, 94,
(A.5.2) ge = (fo. =7 (B7'Qu+7""0)) - Vi foo, g: = E,,, [9:],

where 6, satisfies that

(A.5.3) 0. = I'po,r) (0« — a - G5).

By Algorithm [5, we know that

(A.5.4) O(n + 1) = Tpe,,r)(0(n) — - gn).

By (A.5.3) and (A.5.4), we have

E,., [10(n+1) = 0.]316(n)]
=Ep,, [IT500.8) (0(n) — - gu) — Tis(6y,r,) (0 — - G)lI2 [ 0(n)]
<E,,, [I(0(n) —a-gs) = (0. —a-g)310(n)]

(A.5.5) = [16(n) = 6.1l + 20+ 6. — 6(n), g, — 32) +” - By, [llgn — g2ll516(n)],

N 7
~~ ~~

(i) (ii)

where we use the fact that ', r,) is a contraction mapping in the first inequality. We

upper bound term (i) and term (ii) on the RHS of (A.5.5)) in the sequel.
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Upper Bound of Term (i). By Cauchy—Schwarz inequality, it holds that

(0. —0(n), g;, — g2) = (0 — 0(n), g, — ) + (6 — 0(n), g, — 2)
<10« = 0l - lgn — goll2 + (6. — 0(n), 5, — g2)
(A.5.6) < 2R, - |lg;, = Gll2 + (0 = 0(n), g, — 55),

where we use the fact that 6(n),0. € B(6y, R.) in the last inequality. Further, by the

definitions in (A.5.2)), it holds that

<9* - e(n)a §Z - gi> = EP@ [(f@(n) - .fe*) ’ <9* - 9(”)7 V9f90>}
=E,., [(fow) — fo.) - (fo. = fowm))]

(A.5.7) =-E,, [(fom) — fo.)?],

where we use (A.5.1)) in the second equality. Combining (A.5.6) and (A.5.7), we obtain

the following upper bound of term (i),
(A58> <0* - e(n)a 9761 - g:> <2R,- ng - gi”2 - ]Epwe [(f@(n) - .}?9*)2} :

Upper Bound of Term (ii). We now upper bound term (ii) on the RHS of (A.5.5). It

holds by Cauchy-Schwarz inequality that

o, [lgn = g2l510(n)] < 2B, [llgn — 95115 10(n)] + 2llgr, — 52113

(A.5.9) <2E,., [llgn — gul210(n)] +4 g — galls +4 I35 — 52115 -

J/

-~

(ii).a (ii).b (ii).c
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We upper bound term (ii).a, term (ii).b, and term (ii).c in the sequel.

Upper Bound of Term (ii).a. Note that

(A5.10)  Ep, [llgn — gill310(n)] =K, [llgall3 = 95115 10(n)] < B, [llgall3 10(n)].
Meanwhile, by the definition of g, in (A.5.2), it holds that

(A.5.11) lgnll3 = (for) — 7 (B7'Qu + Tflfo))z NV fom ll3-

We first upper bound fy as follows,

f7 = I TppT pHa) — pHOT pHa) — |z (Ho) |12

where z2) is the output of the H,-th layer of the DNN f,. Further combining Lemma

A.4.4] it holds with probability at least 1 — O(H,) exp(—Q(H'm,)) that
(A.5.12) fs] < 2.

Following from similar arguments, with probability at least 1 — O(H,) exp(—Q(H; 'm,)),

we have

(A.5.13) Qul <2, fom] < 2.

Combining Lemma [A.4.2] (A.5.10), (A.5.11)), (A.5.12), and (A.5.13)), it holds with prob-

ability at least 1 — exp(—Q( §/3m§/3Ha)) that

(A.5.14) Epr, [lgn — gnll2 10(n)] = O(H3),
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which establishes an upper bound of term (ii).a.

Upper Bound of Term (ii).b. It holds that

lgr, = gillz = ||y, [(for) =T - (B7'Qu + 77" ) - Ve fow)
— (fory =T - (B7'Qu+7""19)) - VoSl ||,
< E,., [Ilfot) Ve fowmy — Fomy Ve fooll2]
+7 By, [1(B7'Qu+77"1o) - (Volay — VoSow)ll2]
(A.5.15) < E,,, [Ilfowm) Voo, — fom) Vafaoll2] + Epy, [ fom) VoSowm) — fom Vosoll2]
+E,, 1T (67'Qu+7""fo) - (Voo — Vafom)ll2]-

We upper bound the three terms on the RHS of (A.5.15) in the sequel, respectively.

For the term || fo(m) Vo fo, —fg(n)v(,;fgo ||2 on the RHS of (A.5.15)), following from Lemmas

IA.4.2/ and |A 4.3] it holds with probability at least 1 — exp(—€( §/3m§/3Ha)) that

(A.5.16) | fow) Voo, — form) Vafallz = O(Ry*m; * H*(log m,)'/?).

For the term || foo)Vofom) — fom)Vafo,ll2 on the RHS of (A.5.15)), following from
(A.5.13]) and Lemma , with probability at least 1 — exp(—Q(Ri/gmi/gHa)), we have

(A.5.17) | fo) Vo fowmy — formyVotalla = O(RY*mCH? (log ma)'/?).



161

For the term ||7 - (67'Qu + 7' fo) - (Vofo, — VoSfow))|l2 on the RHS of (A.5.15), we
first upper bound 7 - (871Q,, + 771 fy) as follows,

7 (87 Qu+ T fo) <2,

where we use (A.5.12)), (A.5.13), and the fact that 77! = 8~! + 77!, Further combining

Lemma [A.4.2] it holds with probability at least 1 — exp(—Q(Ri/ Sma! °H,)) that

(A5.18) |7 (B7'Qu + 77 1) - (Vafa — Vafom) |2 = O(RY3mz VS HE?(log m,)'/?).

Now, combining (A.5.15), (A.5.16)), (A.5.17)), and (A.5.18)), it holds with probability

at least 1 — exp(—)( Z/3m§/3Ha)) that
(A.5.19) lgs, = G511 = O(RYPmy* H log ma),

which establishes an upper bound of term (ii).b.

Upper Bound of Term (ii).c. It holds that

138 — G113 = By, [(Fory — Jo.)VaSaol|ls < Bon, [(Foe — Jo.)? - Vo Sall3)-

Further combining LemmalA.4.2] it holds with probability at least 1—exp(—€2( 2m °H,))

that

(A.5.20) g, — g5l < O(HZ) - B, [(fom) — fo.)?],

which establishes an upper bound of term (ii).c.
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Now, combining (A.5.9)), (A.5.14)), (A.5.19), and (A.5.20)), we have

(A.5.21)

Ey., [lg. — gl310(n)] < O(RY*m P H]logmy) + O(HZ) - By, [(fom) — fo.)%].

Prg

which is an upper bound of term (ii) on the RHS of (A.5.5)).

By plugging the upper bound of term (i) in (A.5.8) and the upper bound of term (ii) in

(A.5.21]) into (A.5.5)), combining (A.5.19)), with probability at least 1—exp(—Q(R§/3m§/3Ha)),

we have

E,., [10(n+1) — 0.]13]6(n)]

(A.5.22)
< [6(n) — 0.1 + 20 - (O(RY*my VO H*(1og ma)'2) = By, [(fow — Jo.)*])
+a?. (O(Ri/‘gm;l/i%H; log ma) + O(H?) -E,,, [(f@(n) — fg*)2]>.
Rearranging terms in (A.5.22)), it holds with probability at least 1 —exp(—( 2m °H,))

that

(2a —o? - O(HY)) - E,,, [(fom) — fo.)?]

(A.5.23)

< 16(n) — 6,13 ~ E,v, [[6(0 +1) — .13 6(n)] + - O(RS*m O H log m,).



By telescoping the sum and using Jensen’s inequality in (A.5.23|), we have

_ 1 Natl B
Ep@ [(fé - ﬁ pwe f&)z}
a 0

< 1N, - (20— a? o<H§>>‘1 (160 = 0.13 + o, - O(RY*m o] log m,)

< N V2100 — 0,113 + O(RY*m VO HY log m,),
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where the last line comes from the choices that o = Na “/? and H, = = O(Na N/ *). Further

combining Lemma and using triangle inequality, we have

(A.5.24) B, [(fs = fo.)’] = O(REZN;'? + R¥*m " H] log m,).
By the definition of 6, in , we know that

(A.5.25) (95,0 —0,) >0, for any 0 € B(6y, R,).

By plugging the definition of g¢ into (A.5.25)), we have

pwe |:<f9* - 7— (ﬁ_le + T_1f9)7 fTHT - f9*>:| Z 07 fOI‘ any HT E 6(907 Ra)u

which is equivalent to

(A.5.26) 0. = argmin E, [(fm —7-(87'Qu + T_lfe))z]-
0teB(0o,Ra)
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Meanwhile, by the fact that 6y = wy, we have

T- (/B_IQUJ + T_lfG) =T- (6_1 ' (Qwo + (w - WO)vaQwo) + 7—_1 ' (f@o + (0 - HO)TVGfGO))
— foo+ (F- (B 'w+770) — 6y) ' Vo fa,
where the second line comes from 77! = 371 +771. Note that 6 € B(6y, R,), w € B(wo, Re.),

0y = wo, and R, = R., we know that 7 - (87w + 7710) € B(y, R.). Therefore, with

probability at least 1 — exp(—(R2*m2/*H,)) we have

E,., [(fo. =7 (B7'Qu + T_lfe))z}
<E, [ (B7'Qu+7'fo) =7 (B7'Qu+711p)"]
< 772 : 672 ' Eng [(Qw - Qw)2] + %/2 ' 7_72 ’ ]Epfre [(]FQ - f9)2]

(A.5.27) = O(RY*mY3H> logm,),

where the first inequality comes from (A.5.26)), and the last inequality comes from Lemma
and the fact that R, = R,, m. = m,, and H, = H,. Combining (A.5.24)) and
(A.5.27)), by triangle inequality, we have

E [(fg(s, a) —7-(B71Qu(s,a) + 71 fo(s, a)))Q} = O(Ri]\fafl/2 + Ri/?’m;l/ﬁHa? log ms,),

Prg

which finishes the proof of Proposition [A.2.3]
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A.5.3. Proof of Proposition

The proof is similar to that of Proposition [A.2.3]in §A.5.2] For the completeness of the

paper, we present it here. We define the local linearization of ()., as follows,

(A528> Qw - Qwo + (W - WO)vaon-

We denote by

gn = (Qw(n)(SOa CLO) -7 Qw(sla (11) - (1 - '7) : TO) . Vwa(n)(Sm CL0)7 gqi = E?Tg [gn]v

Gn = (Qw(n)(SOa ag) =7 Qu(si,a1) — (1 —7)- TO) * ViQuy (50, a0), Gn = En, 9]

g« = (Qw* (307 aO) -7 Qw(sla al) - (1 - '7) : TO) : vaw* (307 ao), g: = Eﬂ'e [Q*L
(A.5.29)
g* - (Qw* (SO, aO) -7 Qw(Sh al) - (1 - 7) : TO) : vawo (807 ao), g: = Ewg [g*]a

where w, satisfies that
(A530) Wy = FB(UJO,RC) (w* — Q- g:)

Here the expectation E.,[-] is taken following (so,ap) ~ pr,(-), $1 ~ P(-]S0,a0), a1 ~

7o(- | 51), and ro = R(so, o). By Algorithm [0} we know that

w(n +1) = Tpg,ro)(W(n) =10+ gn)-
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Note that

Er, [lo(n + 1) — w3 |w(n)]
= Er, [ITBw0,0) (W) =1+ gn) = DB, rey (we — 1 G2)|[5 | w(n)]
< By [[[(W(n) =10+ gn) — (we — - G215 [w(n)]

(A.5.31) = [[w(n) = w.ll3 + 21 - {we = w(n), g5 — G2) +0* - Exy [llgn — gell5 [ w(n)] -
(ii) (iv)

We upper bound term (iii) and term (iv) on the RHS of (A.5.31)) in the sequel.

Upper Bound of Term (iii). By Holder’s inequality, it holds that

<w* - w(n)a greL - §:>
= (ws —w(n), g, — g,) + (W —w(n), g, — g5)
< lws —w(n)ll2 - llgn = gnll2 + (wi — w(n), gy, — g2)

(A.5.32) < 2R - [|gn = Gulla + (Wi = w(n), g5 — 429,

where we use the fact that w(n),w. € B(wy, R.) in the last line. Further, by the definitions

in (A.5.29), it holds that

(we —w(n), g, — )

= By [ (Qum) (50, @0) — Qus, (50, @0)) - (ws — w(n), VoQuy (50, a0))]

= Ery [(Quim) (50, @0) — Qu, (S0, a0)) - (Qu. (50, @0) — Qum) (50, @0))]

(A.5.33) = —Er, [(Qw(n)(s(b agp) — Qw* (50, aO))z} = _Epwe [(Qw(n) - Qw*)2]a
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where the second equality comes from ((A.5.28]), and the last equality comes from the fact
that the expectation is only taken to the state-action pair (sg,ag). Combining ({A.5.32)
and ([A.5.33]), we obtain the following upper bound of term (i),

(A'5'34) <w* - W(n)a g’rc; - gi) <2R.- ngez - gZHQ - ]EpTrg [(QW(H) - Qw*)ﬂ'

Upper Bound of Term (iv). We now upper bound term (iv) on the RHS of (A.5.31)).

It holds by Cauchy-Schwarz inequality that

Ex, [llgn — 35012 [w(n)]
< 2Ex, [llgn — gnllz |w(n)] + 2llg7 — g2ll2

(A.5.35) < 2Ex, [llgn — 95113 w(m)] +4lg5 — g5 I3 +4 lgg — 52113

(.

s
~ ~~ g

(iv).a (iv).b (iv).c
We upper bound term (iv).a, term (iv).b, and term (iv).c in the sequel.

Upper Bound of Term (iv).a. We now upper bound term (iv).a on the RHS of

(A.5.35)). By expanding the square, we have
(A5.36)  Ex,[llgn — gnllz [w(n)] = Ex, [llgallz = 97112 w(m)] < Ex, [llgall3 [ (n)].
Meanwhile, by the definition of g, in (A.5.29)), it holds that

(A537)  [lgall3 = (Quim(50,20) =7 Quis1,01) = (1 =9) - 79)” + | VesQuim (50, 0) 3.
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We first upper bound @, as follows,

Qi — [E(HC)TbbTI'(HC) — I(HC)TJ;(HC) — ||:L‘(HC)||§7

where 2(<) is the output of the H.-th layer of the DNN Q,,. Further combining Lemma

[A.4.4] it holds that

(A.5.38) |Qu| < 2.
Similarly, we have

Combining Lemma [A.4.2) (A.5.36]), (A.5.37), (A.5.38)), and (A.5.39)), we have

(A.5.40) Er, [lgn — gnll3 [w(n)] = O(H?).
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Upper Bound of Term (iv).b. We now upper bound term (iv).b on the RHS of
(A.5.35). It holds that

l9n = Fnll2
= [|Ery [(Quim) (50, a0) =7+ Qu(s1,a1) = (1 =7) *70) + ViuQuw (S0, a0)
— (Qum (50,a0) =7+ Quls1,a1) = (1 =) *10) + ViuQuo (50, a0)] |
< By [[| (- Quls1,01) + (1 =) 70) + (VeoQuo (50, @0) = VisQus(m) (50, @0)) [,
+ By, [1Quim) VeQuim) = Quim) Ve Qul2]

(A.5.41)

< ET(@ [” (’7 : Qw(317 al) + (1 - '7) : TO) ' (Vwao(SO; aO) - vaw(n)(S()v aO))HQ]
+ Epﬁe [”(Qw(n) - Qw(n)) : vawo H2] + IEpﬁe [HQw(n) : (Vwa(n) - vaw())HZ}-

We now upper bound the three terms on the RHS of (A.5.41]) in the sequel, respectively.

For the term E,_ [[[(Qu(n) — Qu(n)) - VoQuyll2] on the RHS of (A.5.41), following from
Lemmas |A.4.2|and |A.4.3] it holds with probability at least 1 — exp(—Q(Rz/ Sme! °H.)) that

(A'5'42> EPWG [H(Qw(n) - Qw(n)) ’ VUJQWOHQ} = O(R§/3m51/6H5/2<10g m0)1/2)'

For the term E,_ [ Quin) - (VuQumn) — VwQuy)l2] on the RHS of (A.5.41)), following
from (A.5.39) and Lemma with probability at least 1 — exp(—Q(Re*mé*H.)), we

have

(A.5.43) Ey., [1Qun) - (VoQum) — VuQus)ll2] = O(RY3m Y H3(logm.)"/?).
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For the term E, [||(7 - Qu(s1,a1) + (1 =) - 70) - (VuQuy (505 @0) = VuQum) (S0, a0))||2]

on the RHS of (A.5.41)), we first upper bound |y - Q. (s1,a1) + (1 — ) - 19| as follows,
7+ Qulsi,ar) + (1 =) 1ol <2+ Roax,

where we use (A.5.38)) and the fact that |R(s,a)| < Rumax for any (s,a) € S x A. Further
combining Lemma |A 4.2, with probability at least 1 — exp(—Q(Rg/ Sme! °H.)), we have

By [H (7 TQu(s1,a1) +(1—7)- 7"0) (VQuo (80, @0) — VuQun) (S0, ao))HQ]

(A.5.44) = O(RYPm O HY?(log mc)'/?).

Now, combining (A.5.41)), (A.5.42), (A.5.43), and (A.5.44), it holds with probability

at least 1 — exp(—€)( 2/3m§/3HC)) that

(A.5.45) lgr, = 513 = O(R*m > H] log me).

Upper Bound of Term (iv).c. We now upper bound term (iv).c on the RHS of (|A.5.35)).

It holds that

Hgfz - g:”% = HEﬂwg[(Qw(n) - Qw*)vaWO]H; < Epw [(Qw(n) - Qw*)Q : vaQon%}

Further combining Lemma [A.4.2] it holds that

(A'5'46> Eﬂe [ng - g:”% | w(”)} < O(Hg) ' Epﬂ'g [(Qw(n) - Qw*)ﬂ-
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Combining (A.5.35)), (A.5.40)), (A.5.45), and (A.5.46)), we obtain the following upper
bound for term (iv) on the RHS of (A.5.31)),

(A.5.47)

Eﬂo [Hgn - g:”% | W(n)} < O(Rg/gmc_l/ch? log mC) + O<H3) ’ EPW@ [(Qw(n) - Qw*)Q]-

We continue upper bounding (A.5.31]). By plugging (A.5.34) and (A.5.47)) into (A.5.31)),
it holds with probability at least 1 — exp(—Q(RE/ Sme! °H.)) that

Ex, [lw(n + 1) — w.]l3 [w(n)]
S HUJ(TL) - U.)*Hg + 277 ’ (O(Rz/gmc_l/6Hc7/2(log mC)l/Q) - Epwe [(Qw(n) - Qw*)2]>

(A.5.48)
+n?. (O(R§/3m§1/3HZ logm.) + O(HZ) -E,., [(Qum) — Qwﬂ)

Rearranging terms in (A.5.48)), it holds with probability at least 1 —exp(—( g/gmg/‘ch))

that

(2n—n- O(H?)) - E,,, [(Quiw) — Qu.)’]
(A.5.49)

< lw(n) = will = B, [lw(n +1) = w3 |wm)] +n - O(R*mc° H] log me).

Prg
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By telescoping the sum and using Jensen’s inequality in (A.5.49)), we have

B 1 Nc—1 B B
EPW@ [(Q&z - Qw*)Q] < ﬁ ’ Z IE’pﬂg [(Qw(n) - Qw*)Q]
¢ n=0

—1 _
<1/Ne- (20 =n* - O(H2)) ™+ (lwo = will3 + nNe - O(R*m VO H log mc))

< N7V 160 — 0.5 + O(RY*m VO H] logm),

where the last line comes from the choices that n = N /2 and H, = O(N; / *). Further

combining Lemma and using triangle inequality, we have

(A.5.50) E,. [(Qo — Qu..)*] = O(RINY? + R¥*m Y HT logm.).

prg

To establish the upper bound of E,_[(Qu, — Q)?], we upper bound E,_[(Qu, — Q)?]

in the sequel. By the definition of w, in (A.5.30|), following a similar argument to derive
(A.5.26)), we have

(A.5.51) w, = argmin E, [(Qui (50, a0) — Q(s0, a0))?].

wTEB(W07Rc)

From the fact that Q € U (me, He, R.) by Assumption , we know that Q = Qg for
some W € B(wy, R.). Therefore, by (A.5.51)), with probability at least 1—exp(—£( 2/3m2/3HC)),

we have

(A552) B, [(Qu — Q] <K, [(@s — Q)] = ORY*m; 1 logm.),
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where we use Lemma in the last inequality. Now, combining (A.5.50]) and (A.5.52)),

by triangle inequality, with probability at least 1 — exp(—£2( 232 3HC)), we have

Epﬂ'g [(Q@ o @)2} < 2Ep7r9 [(Q@ - Qw*)ﬂ + 2Epﬂ9 [(Qw* - @)2]

= O(R*N; Y2 + R*mYSH  logm.),

which concludes the proof of Proposition

A.6. Proofs of Lemmas

A.6.1. Proof of Lemma 2.4.1]

W denote by @ = T Q. In the sequel, we upper bound E,, | [(Qu, ., — Q@kﬂ)Q], where
k41 = I'r(Wg+1) and Wy is defined in (2.2.4). Note that by the fact that ||p(s,a)|l2 <1
uniformly, it suffices to upper bound ||wgi1 — Wy1]|2. By the definitions of wyy; and wWxq

in (2.2.5) and ([2.2.4)), respectively, we have
(A.6.1) w1 = @rgalla < [ = Bolla < [@]f2- |5 = v]l2 + | = D[la - [[7]]2-

Here, we use the fact that the projection I'g(+) is a contraction in the first inequality, and

triangle inequality in the second inequality. Also, for notational convenience, we denote
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by &, ®, 9, and v in (A.6.1)) as follows,

K

B (% Z90(8&17az,1)90(85,1,ae,1)T>1’ ¢ = (Epk+1[90(3’ “)"D(S’G)TD%’
¢

1 N
(=

N
=1

0= N Z((l - '7)7”&2 + Vka(Slé,% a%,Z)) ) QD(S&Q’ CL&Q),
1

v=E, , [(1 =R +~AP"+Q,,)(s,a) - (s, a)].
By the fact that ||o(s,a)|l2 < 1, |R(s,a)| < Ruax, and ||wi||2 < R we have

(A.6.2) [@flz <1/, [[oll2 < Runax + R

Now, following from matrix Bernstein inequality (Tropp} 2015) and Assumption [2.3.3]

with probability at least 1 — p/2, we have

~ 4
A.6.3 S —Dlly < ——— - log(N/p+d/p),
(A.6.3) I 2 VN (o) g(N/p+d/p)
where o* is defined in Assumption Similarly, with probability at least 1 — p/2, we
have
(A.6.4) 15— vlls < 4(Ruax + R)/VN -log(N/p + d/p).

Now, combining (A.6.1)), (A.6.2), (A.6.3), and (A.6.4), we have

_ 16(Rpax + R
lwkt1 — @rt1]l2 < W -log(N/p +d/p).
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Therefore, it holds with probability at least 1 — p that

32(Rumax + R)?
N(O'*)2

(A65) (ka+1 - Q@k+1)2 S ) logQ(N/p + d/p)

Meanwhile, by Assumption and the definition of w1, we have

(A66) Q(Sv CL) = ka-u (87 (l)
for any (s,a) € § x A. Combining (A.6.5) and (A.6.6) and a union bound argument, with
probability at least 1 — 0, it holds for any k£ € {0,1,..., K} that

32(Ruax + R)?
N(o-*)4

Epk+1 [(ka+1 <87 a) - @(Sv a))ﬂ S ' IOgQ(NK/p _'_ dK/p),

which concludes the proof of Lemma [2.4.1]

A.6.2. Proof of Lemma [A.3.1]

Following from the definitions of P™ and P in (2.1.3]), we have

(A.6.7) Aig(s,a) = [Y(PT = P™1)Qu, | (s,a) = [YP(Quy. ™ — mo,,1)] (5, a).

By invoking Lemma and combining , it holds for any (s,a) € S x A that
A p(s,a) = [W(IP’”* — P”kH)ka] (s,a) < [75 P9y + 62_,_1)} (s,a),

where 9, and €}, are defined in (A.3.4)) and (A.3.5) of Lemma [A.3.1] respectively. We
conclude the proof of Lemma
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A.6.3. Proof of Lemma [A.3.2

By the definition that @Q* is the action-value function of an optimal policy 7*, we know
that Q*(s,a) > Q™ (s,a) for any policy 7 and state-action pair (s,a) € S x A. Therefore,

for any (s,a) € S x A, we have

(A.6.8) Asp(s,a) = [YPT (Q™%+ — Qu,)](s,a) < [YP™(Q* — Qu,)] (s, a).

In the sequel, we upper bound Q*(s,a) — Q,, (s, a) for any (s,a) € S x A. We define

Qrir = (L—7) R+7 - PuQ,,.

By its definition, we know that @kﬂ = T"%+1Q,,. It holds for any (s,a) € S x A that

Q*(5,0) = Quy,, (s, a)
= Q"(5,0) = Qu1(5,0) + Q1 (s, 0) = Q. (5,)
=[(A=7)-R+7-P7Q") = (1 =) - R+7-P7nQu,)](s,a) + 644 (s,0)
=7 [P Q" = P Qu](s,a) + €44 (s, a)
=7 [PTQ =P Qu)(s,0) + 7 [PT Quy, — P™1Qu,](s, a) + €44 (s,0)
=7 [PT(Q" = Qu)](s,0) + Ari(s,a) + €514 (s, )

(A.6.9)

s [Pﬁ*(Q* - ka)} (s,a) +78- [P(ﬁk + GZH)] (s,a) +€1(s,a),
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where €}, and A, ;, are defined in (A.3.6)) and (A.3.3)), respectively. Here, we use Lemma
to upper bound A, j in the last line. We remark that (A.6.9) upper bounds Q* —

Quyyy using Q* — Q.. By recursively applying a similar argument as in (A.6.9), we have

Q*(Sa (1) - ka (Sa a)

k—1

(A.6.10) < [OPMQ = Quy)](s,0) +78- Y [(P™) P + €41)] (5, 0)

=0

Ea
—

+ > [(PT) ] (s,0).

i

Combining (A.6.8)) and (A.6.10)), it holds for any (s,a) € S x A that

I
o

AQ,k(Sv a) < [VPW* (Q* - ka)} (Sv a’)

k-1

< [P)HQ = Qu)] (5,0) + 98- D [P ) TR(9: + €111)] (5, 0)

=0

e
—_

+ D [OP™) ] (s, a),

i

where ¥;, €}, |, and €7, are defined in (A.3.4) of Lemma (A.3.5)) of Lemma [A.3.1]
and (A.3.6]) of Lemma|A.3.2] respectively. We conclude the proof of Lemma

I
=)
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A.6.4. Proof of Lemma [A.3.3

Note that for any (s,a) € S x A, we have

A3,k(5a (Z) = [7—ﬂ0k+lek - Qﬂ0k+1]<87 a)

= [((1 =) R+ 4P™0Qu,) — Q] (5,0)
= [(1=7) R +7P™1Qu,) = Y (1 =) (B )R (5,0)
B t=0
= |3 (P11 Qu, — (P™1) Q) — Y (1 — ) (7B W] (s,a)
1 t=1

M2 1

(P70 )"(Qu, = 1P Qu, — (1—7) - R)] (5,)

t=1

hE

[(P™) (Quy = T Q)| (5. 0)

t=1

[M]¢

(VP51 Y] (5,a) = [YB™ (T — 4P™01) ep] (s, ),

t=1

where the term ey in the last line is defined in (A.3.7). We conclude the proof of Lemma
A33
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A.6.5. Proof of Lemma [A.3.4]

We invoke Lemma in §A.4] which gives

B (Quy(s, ), mo, (| 5) — o, (] 9))
< (log(m,, (- 15) /70, (-[ $)) = B~ Qu(s,), 7o, (- | 5) — mo,,, (-] )
— KL(7o, (- | 8) [| 70, (- [ 5))

(A.6.11)

< (log(m,., (- | 5)/mo, (-1 5)) = B7" - Quy(5,): o, (- | 8) — Moy, (- 5)) = €214 (5)-
Combining and the definition of P in (2.1.3)), we have
(A.6.12) [P Qu,, — P™e11Q,)(s,a) < B[Pep,4](s).
By the definition of ey, in , we have

€k+1(87 a) = [ka — - P Quy, — (1 - ’7) ) R} (‘97 a)
(A6.13) < [Quy =7 P™Qu, — (1 =7)-R](s,a) + By - [Pegy](s, a)

= [Qk =7 - P™Qi — (1 =) - R](5,0) + [ByPeps — (I = 7P™)ei] (5, a),
where we use (A.6.12) in the first inequality, and

(A614) Qk = (1 — "Y) R+ Y PTo kafl'
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For the first term on the RHS of (A.6.13|), by (A.6.14)), it holds that

Qr—7 PQr—(1—7)-R
=(1—=7) R+~ P%Qu_, —y(1—7) - PR — (7P™)*Qu_, —(1—7) - R
(A.6.15)

=7 P (Quyy — VP Qe — (1= )R) =7 - P™ey.
Combining and ([A.6.15), we have for any (s,a) € S x A that
(A.6.16) ers1(s,a) < [YP™rer](s,a) + [ByPep . — (I — P ™ )er] (s, a).
By telescoping , it holds that

e (s,) [(Hﬂ» es)e1+zvk Z(H P ) (B1Pely, — (1= 1P™)es) | (s, )

s=1+1

This finishes the proof of the lemma.

A.6.6. Proof of Lemma [A.3.5]

Note that ||wpllz < R and |r(s,a)| < rmax for any (s,a) € S x A, which implies that

|Qup (s,a)| < R and |Q*(s,a)| < max by their definitions. Thus, for M;, we have
K
M| <E [ (I =AP™)" ) (yP™ ) Q" — Qwol]
k=0

(A.6.17) <41 =)D A (Ranax + R) <4(1=9) 72 (Runax + R).

k=0
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For M,, by the definition of e; in (A.3.7)), |wk| < R, |¢(s,a)| < 1, and |r(s,a)| < Tmax, We

have
|61<57 a)' = Hka — Ten ka]<8, CL)‘
= Jwy ¢(s,a) =7 - wi [P19)(s,a) — (1 =) - 7(s, a)
(A.6.18) < 2R+ T

for any (s,a) € S x A. Therefore, we have

(A.6.19) |Ms| < (1 —7)% (2R 4 Runax)-

Meanwhile, by the initialization 79 = co in Algorithm [1} the initial policy mg,(-|s) is a
uniform distribution over A. Therefore, it holds for any s € S that

m(als)

o (@ | 5)

KL(x*(- | 5) || 70, (- | 8)) = AW*(@|S) log da

= [ 7 (@l 9oz (als)da— [ 7'(a]s)logm(a] )da

< —/ﬂ*(a]s) log g, (a| s)da
A

(A.6.20) = / 7 (a]s)log|A|da = log | A|.
A

Therefore, by ({A.6.20]), we have

(A.6.21) My < (1—7)"2-log|A|- K2,
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where we use 3 = K'/2. We see that (A.6.17), (A.6.19), and (A.6.21)) upper bound M,

My, and Msj, respectively. We conclude the proof of Lemma [A.3.5

A.6.7. Proof of Lemma [A.3.6

For My, by changing the index of summation, we have

|My| =

E, [i i : ('YPW*)kiHjGEH] ’

e
Il
o
<
Il
=)

<
Il
o

(A.6.22) <Y Z Z.\Ep[(vP”*)teaJ

1

where we expand (I — 4P™ )~! into an infinite sum in the first equality. Further, by

changing the measure of the expectation from p to p* on the RHS of (A.6.22)), we have

(A.6.23) PP ID I ACEMIED D) DS DELTOR-A

where ¢(t) is defined in Assumption [2.3.1} Further, by changing the index of summation
on the RHS of (A.6.23)), combining (|A.6.22), we have

K
(A.6.24) <Y 20, -5 <3KC,, - g,
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where £ = max; E+[|¢§, ], and C, - is defined in Assumption [2.3.1]

Now, for Mj, by a similar argument as in the derivation of (A.6.24)), we have

K oo k
ZZZ,YH-]—HC 041 Z+j+k 0 )

k=0 j=0 ¢=1

T”A
M#

I
o

7

oo K oo it+j+k

(A.6.25) = ZZZ Z te(t) - eq < ZZ eg < KC, 20

=0 k=0 7=0 t=i+j+1 k=0

We see that (A.6.24) and (A.6.25) upper bound M, and Ms, respectively. We conclude
the proof of Lemma [A.3.6]

A.6.8. Proof of Lemma [A.3.7

Part 1. We first show that the first inequality holds. Note that

mo(a|s) = exp(r; " fo,(5,0))/Zo,(5), 7o, (als) = exp(riy fo,, (5, a))/ Zoy p. (5),

Here Zy, (), Z,,(s) € R are normalization factors, which are defined as

Z9k (S) = Z eXp(Tkjlka<Sv a’/))v Z9k+1 (S> = Z eXp<Tl;-:1f9k+1 (57 al>)'

a’eA a’eA
Thus, we have
(log(7a,,, (-] 5) /70, (- [8) = B Quy(5,), 7°(- | 8) — o, (-] 5))
(A.6.26) = (T for (8, ) = (B71Quy () + 77 fo (5,)), 7 (- | 8) — 7o, (- | 5)),
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where we use the fact that

<10g Zek-i,-l (S) - 1Og Zek (8)’ W*(' | 8) - 7T9k+1(' | S)>

= (log Zo,.., (s) —log Zg,(s)) - Y (n"(a'| 5) — ma,., (d'| 5)) = 0.
a’cA

Thus, it remains to upper bound the right-hand side of (A.6.26]). We have

(A.6.27)

<7—k_+11f9k+1(87 ) - (Bk_lek(S’ ) + Tlc_lfﬁk(87 '))77*(' | S) - 7T9k+1(' | S)>

= (Tt (5:) = (50 Qur (5. 70 o D (1 - Tl 19

o, (-[s)  mo(-]9)

Taking expectation with respect to s ~ v* on the both sides of (A.6.27)) and using the

Cauchy-Schwarz inequality, we obatin

E,-|

<Tk_+11f9k+1(8") - (Bk_lek(Sv') +Tk_1f9k(87'))77r*(' |8 770k+1 >H|
= [t tosts. = 5 Qs+ 7 st

7T0k(.|s).yk(s)-( ™ (]s) _”9k+1('|8>)>‘.

ﬂ-ek( ’3) 7T9k<"5)

vi(s)
:/ A|T/;-|—11f0k+1(8 a) — (B 'Qu, (s, a) + 7, fo, (s, a))|

) p*(a\s) . 7T9k+1(a’ | S) ) V*<3)
al |

dpk(37 CL)

dp* . d<7T9k+1V*>
dpx dpy,

2]

= \/E/’k [(Tl;—i—llkaﬂ(S? a) - (Bngwk (57 CL) + Tl;lfgk (57 a)))Q]Epk |:

< \/ET,;rll “errny (O +Up),
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where in the last inequality we use the error bound in (A.3.20) and the definition of ¢;

and 1} in Assumption [A.2.1] This finishes the proof of the first inequality.

Part 2. The proof of the second inequality follows from a similar argument as above. We

have

(log (o, ,, (- | ) /7o, (- 5) = B Qu(5,7) 70, (| ) — o, (] 5))

(A628> = <7—k_—|}1f9k+1 (8? ) - (B_lek (37 ) + Tlglfek(S? ))’ 7r9k(' ’ S) - 7T9k+1(' ’ S>>7

where we use the fact that

(log Zy,,, (s) —log Zp, (), m, (- | s) = 7o, (- [ 5))

= (log Zy, ., (s) —log Zy,(5)) - Y _ (ma(a'| 8) — 7, (a"| 5)) = 0.

a’eA
Thus, it remains to upper bound the right-hand side of (A.6.28]). We have

(A.6.29)

(Mo fowa (5.7) = (B Qui(s,) + 7 fo (5,)), o (- 8) — 7o, (-] 9))
B <Tk+11f0k+1 <S’ ) B (Bllewk(Su ) + Tl;lka(‘S? ))7 WGk(' ’ S>. <1 B W9k+1(. ‘ S)> >

o, (| 5)
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Taking expectation with respect to s ~ v* on the both sides of (|A.6.29) and using the

Cauchy-Schwarz inequality, we obatin

By~ [‘<71;4}1f9k+1(57 ) - (ﬁllewk(‘S’ ) + Tl;lf9k<37 '))77T6’k(' ‘ 3) - 7T9k+1<' | 5)>H

-,

(o629 = (7 Quu(or) 4 7 o)Lt (1= 2210 )

o, (-] 5)

v'(s)
: (s) ds
— [SxA}TEf1fek+1(s,a) — (B4 ' Qu (s, 0) +Tilf9k(s,a))}‘1 B mkﬂ(pz(li)a-)y (s) "
) 127 1/2
<E, [(Tk_+11f0k+1 (3, a) — (ﬁk_lek (3’ a) + Tk_lka (S, a)))Q} 1/2Epk |: b d(wg,k—;;y) :|

<Vl ey (1905,

where in the last inequality we use the error bound in (A.3.20|) and the definition of v

in Assumption [A.2.1] This finishes the proof of the second inequality.
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APPENDIX B

Supplemental Materials in Chapter

B.1. Notations in the Appendix

In the proof, for convenience, for any invertible matrix M, we denote by M~ =
(M—H)T = (MT")™' and ||M||r the Frobenius norm. We also denote by svec(M) the
symmetric vectorization of the symmetric matrix M, which is the vectorization of the
upper triangular matrix of the symmetric matrix M, with off-diagonal entries scaled
by v/2. We denote by smat(-) the inverse operation. For any matrices G and H, we
denote by G ® H the Kronecker product, and G ®¢ H the symmetric Kronecker product,
which is defined as a mapping on a vector svec(M) such that (G ®s H)svec(M) = 1/2 -
svec(HMG" + GMHT).

For notational simplicity, we write E,(-) to emphasize that the expectation is taken

following the policy 7.

B.2. Auxiliary Algorithms and Analysis

B.2.1. Results in D-LQR

In this section, we provide auxiliary results in analyzing Problem|3.1.2] First, we introduce

the value functions of the Markov decision process (MDP) induced by Problem [3.1.2] We
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define the state- and action-value functions Vi ,(z) and Qg p(x,u) as follows

(B.2.1) Vies(z) = Z{E[c@t, ) | 2o = 2] — J(K, b)},

(B.2.2) Qrp(z,u) = c(z,u) — J(K,b) + E[Vip(z1) | 20 = z,u0 = u],

where z; follows the state transition, and wu; follows the policy 7k, given x;. In other
words, we have u; = —Kx; + b+ on;, where n, ~ N(0,1). The following proposition
establishes the close forms of these value functions.

Proposition B.2.1. The state-value function Vi ;(z) takes the form of
(B.2.3) Vip(z) = o' Pxw — tr(Pg®g) + Qf;b(x — lKp) — u;(7bPKuK7b,

and the action-value function Qg (z,u) takes the form of

T T

T T Prp z
QK,b(IﬂL) = TK +2 —tI‘(PKCI)K) —02'tr(R+PKBBT)

U U qK.p Uu
—b"Rb+ 20" RK iy — ije (Q + KT RK + Prc) gy
(B.2.4) + 25 [(Ap + d) — pcp] + (Ap + d) " Prc(Ap + d),

where fx, = (I — A+ BK) T[(A— BK) " Pi(Bb+ Apu+d) — KTRb), and Yk, px, and

gk are defined in (3.2.7)).
Proof. See for a detailed proof. ]

By Proposition we know that Vi ,(z) is quadratic in z, while Qg p(x,u) is

quadratic in (z",u")". Now, we show that (3.2.5]) holds.
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Proposition B.2.2. The expected total cost J(K,b) defined in Problem takes the

form of
'](K7 b) = JI(K) + J2<K7 b) + 02 ’ tI'(R) + MT§M7
where

Ji(K) = tr[(Q + KT RK)®x] = tr(PxV.),

T

e Q+K'RK —K'R\ [«
JQ(KJ)): Kb Kb

b —RK R b

Here jix is defined in (3.2.2), @ is defined in (3.2.3)), and Pk is defined in (3.2.4)).

Proof. See for a detailed proof. O

The following proposition establishes the gradients of J; (K') and Jo(K, b), respectively.
Proposition B.2.3. The gradient of J;(K) and the gradient of Jy(K,b) with respect to

b take the forms of
Vi Ji(K) =2(Y2K — T3}) - Ok, Vo (K, b) = 2[TR(—Kpkp +b) + T3 s + arp) s

where T and g are defined in (3.2.7)).

Proof. See for a detailed proof. O

The following theorem establishes the convergence of Algorithm [3]
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Theorem B.2.4 (Convergence of Algorithm 3). Assume that p(A—BK,) < 1. Let e > 0

be a sufficiently small tolerance. We set

7 < [IRll2 + 1 BI3 - T (Ko, bo) - o (W)]
N>C||®pels-~- 1og{4[J(K0,b0) — J(K*bY)] -5*1},
T, > poly (| Kulle, 1ol2, lall2 T (Ko, bo)) - At - [1 = p(A = BK,)] - €75,
Ty > poly ([ Kulle. 1Bollz, llell2, J(Ko,b0)) - A2 - [1 = p(A — BE,)] "2 e712,
Yog = Y0 -t 2,
AP < min{l — p(A — BKy),

[1—p(A=BEN)] - (IBI3 - | Kl - 1Rl + || BI3 - ||Q||z)},
H>Cy v (%) 1og{4[J(KN, bo) — J (K, b)) -5—1},
77 > poly (| Knlle, [ball2, lull2, T 00)) - Al - vigh - [1 = p(A = BEy)] ™ -7,
T = poly (K nlle, lballa: all2, T (Bn, bo)) - Aich - vich, - [1 = p(A = BEw)] 1775,

Yoo =0t

where C', Cy, and 7, are positive absolute constants, {K}nein and {bp}repn) are

the

sequences generated by Algorithm [3| A, is specified in Proposition [B.2.6] and v, is

specified in Proposition [3.2.3, Then it holds with probability at least 1 — &'° that

J(Kn,by) — J(K*0%) <&, ||bg —b*]la < My(p) - €2,

. _ _ 1/2 R
||KN - K ||F S [O—miln(qu) : O-mlln(R) ’ €:| / ) ||/‘LKN7bH - H’K*,b*HQ S g,
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where M (p) is defined in (3.3.3)).

Proof. See §B.4.2|for a detailed proof. 0

By Theorem given any mean-field state p, Algorithm [3] converges linearly to

the optimal policy 7, of Problem m

B.2.2. Primal-Dual Policy Evaluation Algorithm

Note that the critic update steps in Algorithm [3| are built upon the estimators of the
matrix Y g and the vector i . We now derive a policy evaluation algorithm to establish
the estimators of Tk and gk, which is based on gradient temporal difference algorithm
(Sutton et al., 2009a).

We define the feature vector as

p(z,u)
(B.2.5) U(z,u) = T — K )

u— (—KMK,b + b)

where

T — HKp T — Kb
o(x,u) = svec

u— (=Kpgp+0) ) \u—(=Kpugyp+0)
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Recall svec(M) gives the symmetric vectorization of the symmetric matrix M. We also

define
svec(T k)
(B.2.6) aKp = I b PKb ’
Tk +
—Kpgp+b qK.b

where Y, prp, and qxp are defined in (3.2.7). To estimate Yk and gk, it suffices to

estimate o . Meanwhile, we define

(B.2.7) Orcs = Ene, { 0l@, ) [V, u) — v, u)] '},

where (2/,u’) is the state-action pair after (z,u) following the policy 7k, and the state
transition. The following proposition characterizes the connection between Ok ;, and a g .

Proposition B.2.5. It holds that

1 0 J(K,b) J(K,b)

Erp, [1/1(x,u)] Ok QKb Erp, [C(x, u)w(x,u)}

)

where ¥ (z, u) is defined in (B.2.5)), akp is defined in (B.2.6)), and O is defined in (B.2.7)).
Proof. See for a detailed proof. O

By Proposition [B.2.5, to obtain a, it suffices to solve the following linear system in
C = (gla <;—)Ta

_ J(K,b)
(B.2.8) Oy = ,

ETFK,b [C(SL’, U)?/f(xa u)]



193

where for notational convenience, we define

1 0

EWK,b [Q,D(l‘, u)] @K,b

(B.2.9) éK,b =

The following proposition shows that O is invertible.
Proposition B.2.6. If p(A—BK) < 1, then the matrix O is invertible, and ||O g |2 <

41 + | K||2)? - ||®k|2. Also, omin(©xs) > Ak, where Ak only depends on || K], and

p(A— BK).
Proof. See for a detailed proof. O

By Proposition B.2.6, O is invertible. Therefore, (B.2.8) admits the unique solution
Crp = (J(K,D), Oéj(,b)T-
Now, we present the primal-dual gradient temporal difference algorithm.

Primal-Dual Gradient Method. Instead of solving (B.2.8) directly, we minimize the

following loss function with respect to ¢ = ((¢H)T, (¢?)7),

2

B.210)  [¢' = J(K,b)]* + ‘

Eeryb [1/1(367 u)] Cl + @K,bCQ - Emﬁ, [C(l‘, U)w(% U)}

2

By Fenchel’s duality, the minimization of (B.2.10)) is equivalent to the following primal-

dual min-max problem,

.
(B.2.11) ?61%2 Igé%:;( F(¢, ¢ = {EWK,I) [w(x,u)]gl + Ok (% — Erp, [c(:v,u)@b(z, u)}} 1%

+ (¢ = J(KD)] - € = lll2/2,
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where we restrict the primal variable ¢ in a compact set V¢ and the dual variable § in a

compact set Ve, which are specified in Definition [B.2.7, It holds that

Vol = 51 + ]EWK,I: [1#(.13, U)} T€27 Vel = @IT(,b£27 Val' = Cl — J(K,b) — 517
(B.2.12)

ngF = ]EWK’b [@D(CL’, U)} Cl + ®K,bc2 - Eﬂk,b [C(:L’, u)i/}(:L‘, u)} - §2~

The primal-dual gradient method updates ( and & via

¢ =y VaF((g), =7y VeF((g)

(B2.13) & =7 VaF((§), &« &7 VaF((9).

Estimation of Mean-Field State jx;. To utilize the primal-dual gradient method
in (B.2.13), it remains to evaluate the feature vector ¢ (x,u). Note that by ,
the evaluation of the feature vector ¢(z,u) requires the mean-field state pixp. In what
follows, we establish the estimator jix;, of the mean-field state ux, by simulating the

MDP following the policy 7g, for T steps, and calculate the estimated feature vector

~

Y(x,u) by

Pz, u)
(B.2.14) U(z,u) = T — Ky )

u— (=Kpgp+b)
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where @(z,u) takes the form of

~ T — ﬁK,b T — ﬁK,b
o(z,u) = svec

w—(~Kfigy +b) ] \u—(=Kfigy+b)

We now define the sets V, and V¢ in (B.2.11]).
Definition B.2.7. Given K, and by such that p(A — BKy) < 1 and J(Ky,by) < 00, we

define the sets V¢ and V¢ as

Ve = {¢0<¢" < (Ko, bo), I e € Moy + Mz - (1+ |[K]le) - [1 = p(A = BK)] '},

3 -1
Ve={€ I6'] < J(Ko o), €812 < Mg (14 1K1R)* - [1 — p(4 — BE)] '}
Here M1, Mo, and M, are constants independent of K and b, which take the forms of

My = [(1Q1 + IRl) + (1AIZ + | BIE) - V- T (Ko, bo) - 07 (W)
(4l + 1Bl - I (Ko, bo)? - 07k (W) - 0 (@),
+ [(1Qll2 + 1RI) + (141l + 1Bla)” - T (Ko, bo) - ok ()]
I (Ko, bo) + [0 (Q) + 05in(R)]

Mo = (|| All2 + || Bll2) - (kg + &r), Mg =C - (M¢y+ Mco) - J(Ko, bo)? - 0,.2.(Q),

min

where C' is a positive absolute constant, and k¢ and kg are condition numbers of () and

R, respectively.
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We summarize the primal-dual gradient temporal difference algorithm in Algorithm

. Hereafter, for notational convenience, we denote by @Zt the estimated feature vector

~

¢($t,ut)-

Algorithm 7 Primal-Dual Gradient Temporal Difference Algorithm.

1: Input: Policy mx,, mean-field state p, numbers of iteration T and T , stepsizes
{~¢}eerr), parameters Ky and by.
Define the sets V, and Ve via Definition with K, and by.
Initialize the parameters by (o € V, and &, € Ve.
Sample T from the the stationary distribution N (s p, Pr).
for t:(),...,f—l do
Given the mean-field state i, take action wu; following 7 and generate the next
state Ty 1.
end for B B R
8: Set figp « 1/T - Zthl T; and compute the estimated feature vector ¢ via (B.2.14).
9: Sample z, from the the stationary distribution N (ux s, Px).
10: for t=0,...,7—1do
11: Given the mean-field state p, take action u, following mg, observe the cost ¢,
and generate the next state x;;.

12: Set ;11 + Ctl + (2@ - @m)TCf - Gt

=

13: Update parameters via
<t1+1 — Ctl = Vt+1- (ftl + 7;:6152)7 Ct2+1 — Ct2 — Yer1 - Ye(y — ¢t+1)Tft2>
S (1=41) - & + 71 - (G — @), & (T=m1) - & + Y1 - Oeyr - e
14: Project ;41 and &41 to V¢ and Vg, respectively.
15: end for

16: Set Qrep < (i 7e) L (o v ¢F), and

= ~ ﬁK,b ~ N ﬁK,b
TK < smat(ozK,b,l), ( ) S~ Orp2 — TK ( ) s

qrb —Kijigp +0
~ ~ \(kd+1) (k+d) /2 ~ ~ \(k+d+3)(k+d)/2
where Qg p1 = (ozK,b)g FHDEED/2 a0 QR p2 = (aK,b)Ekidilggkid%Q-i-l'

17: Output: Estimators fig p, :I\'K, and gk p-

We now characterize the rate of convergence of Algorithm [7}
Theorem B.2.8 (Convergence of Algorithm . Given Ky, by, K, and b such that p(A —

BKy) < 1and J(K,b) < J(Ky,b), we define the sets V¢ and Ve through Definition B.2.7]
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1/2

Let v = 7ot~ "/#, where 7y is a positive absolute constant. Let p € (p(A — BK),1). For

T > polyo (1K ||e, 11Bll2, l12ll2, J (Ko, bo)) - (1 — p)~¢ and a sufficiently large T’ it holds with

probability at least 1 — T—4 — 76 that

18k — axplly

log® T log T
T2 (1=p)* T4 (1 p)2

< 732 - polyy (1K e 1Bl allas (Ko, bo)) - [

Y

where A is defined in Proposition [B.2.6] Same bounds for | Tx — Yi||2, [|Pxs — prsll2

and ||Gx» — qrcp||3 hold. Meanwhile, it holds with probability at least 1 — T-6 that

- logT _
1Bk = brpll2 < Y (1= p)=% - polyy ([[@xll, | K [Iw, [[Bll2, [|allo, T (Ko, bo)).-
Proof. See §B.4.3| for a detailed proof. O

B.2.3. Temporal Difference Policy Evaluation Algorithm

Besides the primal-dual gradient temporal difference algorithm, we can also evaluate o
by TD(0) method (Sutton and Barto, 2018) in practice, which is presented in Algorithm
)

Note that in related literature (Bhandari et al., 2018; [Korda and Lal [2015), non-
asymptotic convergence analysis of TD(0) method with linear function approximation is
only applied to discounted MDP. As for our ergodic setting, the convergence of TD(0)

method is only shown asymptotically (Borkar and Meyn, 2000; Kushner and Yin} 2003))
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Algorithm 8 Temporal Difference Policy Evaluation Algorithm.

Input: Policy 7k, number of iteration 7" and T, stepsizes {7 }ej7y-
Sample Zy from the stationary distribution N (s p, Pr).
for t:(),...,f—l do
Take action u; under the policy 7k, and generate the next state Z;..
end for B B
Set figy « 1/T -3, .
Sample z from the the stationary distribution N (s p, Pr).
for t=0,...,7T do
Given the mean-field state p, take action u, following mgp, observe the cost ¢,
and generate the next state Ti1.

10 Set §y1 < G4 (b — i) T2 —

11: Update parameters via ¢ty < (1= 7i41) ¢+ ¢ and By <= G — Y1 - Or1 - U
12: Project (; to V., where V is a compact set.
13: end for

14: Set aK’b — (Z?:l %)71 . (Z?:l Ve - Ct2)7 and

~ " DK.b ~ 2 L b
Tk < smat(Qxp1), (A ) —agpr— Tk ( )

qK.b —Kligy+0b
where Q1 = (Gxc){ TV and Gy = <&K,b>iii§ﬁ§§§i§§§§ﬂ-

15: Output: Estimators fix , TK, and gk p-

using ordinary differential equation method. Therefore, in the convergence theorem pro-
posed in §3.2] we only focus on the primal-dual gradient temporal difference method

(Algorithm [7]) to establish non-asymptotic convergence result.

B.3. General Formulation

Compared with Problem [3.1.3] a more general formulation includes an additional term
x/ Py in the cost function. For the completeness of this paper, we define this general
formulation here. Following from a same argument as in §3.1} it suffices to study the

setting where ¢ is sufficiently large. First, we propose the following general drifted LQR

(general D-LQR) problem, which is parallel to Problem [3.1.2]
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Problem B.3.1 (General D-LQR). For any given mean-field state y € R™, consider the

following formulation

Ty = Axy + Buy + Ap + d + wy,

Culwe, up) = 2} Qy +u) Rug + pp" Qu+ 2z, Py,

T
E CM Ty, Ut

t:0

J(m) = lim E

T—o0

where z; € R™ is the state vector, u; € R is the action vector generated by the policy
m, wy € R™ is an independent random noise term following the Gaussian distribution
N(0,¥,), and d € R™ is a drift term. We aim to find an optimal policy 7* such that

1
Ju(%) = infrery Ju (7).

In Problem , the unique optimal policy ;(-) still admits a linear form 77 (z;) =

o Tt + bﬂ; (Anderson and Moore, 2007), where the matrix K,rﬁ € R"*™ and the vector
br € R* are the parameters of the policy 7. It then suffices to find the optimal policy in
the class II defined in .

Parallel to Problem [3.1.3] we define the general LQ-MFG problem as follows.

Problem B.3.2 (General LQ-MFG). We consider the following formulation

Tip1 = Axy + Buy + Ap+ d + wy,

Ay, up) = 2 Quy +u) Ruy + p' Qu + 2z Py,
1 T

? E(%m Ut)] )

t=0

J(m, 1) = lim E

T—o00
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where x; € R™ is the state vector, u; € R¥ is the action vector generated by the policy T,
1 € R™ is the mean-field state, w; € R™ is an independent random noise term following

the Gaussian distribution A(0,¥,), and d € R™ is a drift term. We aim to find a pair

(u*,7*) such that (i) J(7*,p*) = infren J(m, p*); (ii) Ez} converges to p* as t — oo,
where {z} }+>¢ is the Markov chain of states generated by the policy 7*.
One can see that Problem aims to find a Nash equilibrium pair (u*, 7).
Similar to the discussions in §3.2.2] to solve Problem[B.3.2] one can design an algorithm
similar to Algorithm [2] which solves Problem and obtain the new mean-field state

at each iteration. We omit the detailed algorithm here. Now, we focus on solving Problem

B.3.1]in the sequel.
Similar to §3.2.3] we drop the subscript x when we focus on Problem for a fixed

p. We write mg(x) = —Ka + b+ o - to emphasize the dependence on K and b, and

J(K,b) = J(mkyp) consequently. We derive an explicit form of the expected total cost

J(K,b) in the following proposition.

Proposition B.3.3. The expected total cost j(K, b) in Problem is decomposed as
J(K,b) = Ji(K) + Jo(K,b) + 0 - tr(R) + 1" Qp,
where J;(K) and J(K, b) take the forms of

J(K) = tr[(Q + KTRK)®x] = tr(PrW.),

T

~ Kb Q+K'RK —K'R K b
J2(K7 b) = + Q#TPPJK,b-

b —RK R b
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Here pugp is given in (3.2.2)), Ok is given in (3.2.3), and Pk is given in (3.2.4)).
Proof. The proof is similar to the one of Proposition Thus we omit it here. [

Compared with the form of J(K,b) given in (3.2.5)), we see that the only difference is
that J(K, b) contains an extra term 2u" Pk in L(K, b), which is only a linear term in
b (recall that i is linear in b by (3.2.2)). Thus, Jo(K, b) is still strongly convex in b, as
shown in the proposition below.

Proposition B.3.4. Given any K, the function jQ(K, b) is vk-strongly convex in b, here
Vi = Omin (Y1 g Y1, + Yo Ya i), where Y1 g = RV?K (I — A+ BK) ™ 'B—RY? and Y c =
QY2(I — A+ BK)™'B. Also, J5(K,b) has tx-Lipschitz continuous gradient in b, where ¢

is upper bounded such that tc < [1—p(A— BEK)]7>- (| BIZ- [|K]1Z- |1 Rl + |1 BIZ- QlL.).
Proof. The proof is similar to the one of Proposition [3.2.3] Thus we omit it here. [

Parallel to Proposition [3.2.4] we derive a similar proposition in the sequel.

Proposition B.3.5. Denote by bX = argmin, J,(K, b), then J,(K,bX) takes the form

Jo(K, )
.

Ap+d S S(I—A)Q™ Ap+d
Py Q' I—-A)TS 3Q7'(I-A)TSUI—-AHQ" -Q! PTu

which is independent of K. Here S = [(I — A)Q™*(I — A)T + BR™'BT]"!. And b* takes

the form

V= [KQ' (I~ A)T = R'BT] S [(Ap+d) + (I - AQ'PTp] — KQ™'P'p.
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Proof. The proof is similar to the one of Proposition [3.2.4] Thus we omit it here. [

Similar to Problem [3.1.2] we define the state- and action-value functions as
\~/Kb(:13) = Z{E[g(xt,ut) |zg =2,up = —Kzy + b+ ant} — j(K, b)},

t=0

Qrp(,u) = &, u) — J(K,b) + E[Viey(a') |z, 4],

where the 2’ is the state generated by the state transition after the state-action pair (x, u).
A slight modification of Proposition gives the proposition below.

Proposition B.3.6. For Problem , the state-value function VKJ,(JU) takes the form
Vico(w) = & P — tr(Px @) + 255 (0 — purcs) — () " Prcpics,

and the action-value function @ rp(x,u) takes the form

T T

_ x x PK.b x
QK,b(x7 U) = TK + 2

u u dK.b u
— tr(Pg®x) — o* - tr(R+ Pk BB") —b" Rb
+ 20" RK pugcp — (ip) ' (Q + K'RK + Pr) gy + 2,7?121) [(Ap+d) — g

Here the matrix Y, is given in (3.2.7)), and the vectors pk ., ¢k are given as

(B.3.1) PK.b _ AT[Pg - (Ap+d) + fK,b] + Pu

qKp BT [PK (Ap+d) + fK,b]
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where the vector va,b =(I - A+ BK) "[(A— BK)"Pg(Bb+ Apu+d) — KTRb+ Ppj.
Proof. The proof is similar to the one of Proposition Thus we omit it here. [

Now we establish the gradients of J(K, b) for Problem [B.3.1
Proposition B.3.7. The gradient of J;(K) and the gradient of J,(K,b) w.r.t. b takes

the form

Vi (K) =2(T2K — T2 - &,

Vo (K, b) = 2[Y2(=Kpugcp +b) + Y2 s + Gicy)

where the matrix Y is given in (3.2.7)), and the vector gk is given in (B.3.1)).

Proof. The proof is similar to the one of Proposition Thus we omit it here. [J

Equipped with above results, parallel to the analysis in §3.2] it is clear that by slight
modification of Algorithms [2| 3] and [7] we derive similar actor-critic algorithms to solve
both Problem and Problem where all the non-asymptotic convergence results

hold. We omit the algorithms and the convergence results here.

B.4. Proofs of Theorems

B.4.1. Proof of Theorem [3.3.1]

We define p},; = A(us), which is the mean-field state generated by the optimal policy
TR (1s) b (1s) = Ai(ps) under the current mean-field state ps. By Proposition m, the

optimal K*(u) is independent of the mean-field state p. Therefore, we write K* = K*(u)
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hereafter for notational convenience. By , we know that
pi, = (I —A+BK*)™ - [Bb* (1) + Aps + d.
We define
fisyr = (I = A+ BK,)" (Bbs + Aps + d),

which is the mean-field state generated by the policy 75 under the current mean-field state
1s, where K and b, are the parameters of the policy 7. By triangle inequality, we have
(B.4.1) 1541 — p*]l2 < \Hﬂerl - /jerlH%"i_\H/jerl - N:+1H2j+ |1 — /“L*||2/7

~ -~ -~

F1 E> E3

where pis41 is generated by Algorithm [2] We upper bound E;, Es, and Ej5 in the sequel.

Upper Bound of E;. By Theorem [B.2.4] it holds with probability at least 1 — '* that
(B.4.2) By = |psp1 — fspalla <es <e/8-277,

where ¢4 is given in (3.3.2)).

Upper Bound of E;. By the triangle inequality, we have

By = (1= A% BE) (B + a4 d) — (1 — A+ BE®) - [BV () + T+ d

2

< || B (1) + Apg + d|, - H [[—A+BK*+ B(K,— K*)]"' = (I — A+ BK*)™!

2

(B.4.3)

[ = A+ BE)T|, - 1Bllz - [[bs = (o),
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By Taylor’s expansion, we have

H[I_A%—BK*‘FB(KS—K*)}A—(I—A+BK*)—1H

2

- H(I — A+ BK*)'[I+(I— A+ BK*)'B(K, - K*)] ' = (I — A+ BK*)™"

2

(B.4.4)

<2||(I - A+ BK*)"'B(K, — K*)(I — A+ BK*)'|,.
Meanwhile, by Taylor’s expansion, it holds with probability at least 1 — £!* that

|(I—A+ BKS)‘lHQ

= |- a4 BR 4 BUK, - K7)

2

1

- H(I — A+ BEK*)"'(I+(I - A+ BK*)"'B(K, - K*))

2

<[1-p(A-BE")] " (1 + (1= A+ BE") B, - |K* - KSHZ)
(B.4.5) <2[1 - p(A - BK*)] ",
where the last inequality comes from Theorem m By plugging and in
(B.4.3)), it holds with probability at least 1 — ' that
Ey < 2||Bb*(ps) + Aps +d||, - ||(I = A+ BK*)'B(K, — K*)(I — A+ BK*)™'||,
{7 = A+ BE)T, - 1Bl - [[bs = o (us)]
(BAG) < 2||BY () + Apa - d]|, - [1— p(A— BE)] - ||Blla - | K — K*a

+2[1— p(A= BK*)] || Bllz - [|bs = 0" (1) |
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By Proposition [3.2.4] it holds that

|BY*(11s) + Apts +d|, < Lo 1Bllz - Nusllz + [All2 - sz + 12

(B.4.7) < (L~ 1Bll2 + [1All2) - llpesll2 + [ld]l2.

where the scalar L; is defined in Assumption Meanwhile, by Theorem [B.2.4] it

holds with probability at least 1 — &'” that

(BAB) [|Ky — K*|l¢ < [0 (W) -onb (R) - &) %, [|bs = b7 (o), < Mo(us) - €2,

min min

where My(15) is defined in (3.3.3]). Combining (B.4.6)), (B.4.7), (B.4.8)), and the choice of

g, in (3.3.2)), it holds with probability at least 1 — &'© that

(B.4.9) B, <ef8-27°.

Upper Bound of Ej3. By Proposition [3.2.2] we have

(B.4.10) By = |t — 1 ll2 = || Aps) = Ap?)

o < Lo s — p7l2,

where Ly = LyL3s + Ly by Assumption [3.2.1

By plugging (B.4.2)), (B.4.9), and (B.4.10) in (B.4.1]), we know that

(B.4.11) lptsr = w0 ll2 < Lo - s — p*ll2 +2- 27572
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which holds with probability at least 1 — &%, Following from (B.4.11]) and a union bound

argument with S = O(log(1/¢)), it holds with probability at least 1 — &° that
s — p'll2 < LG - llpto — 112+ /2,

where we use the fact that Ly < 1 by Assumption [3.2.1] By the choice of S in (3.3.1)), it

further holds with probability at least 1 — &% that
(B.4.12) s — w7l < e

By Theorem and the choice of ¢, in (3.3.2)), it holds with probability at least

1 — &5 that

(B.4.13) |1Ks — K*|lp = || Ks — K*(1s) ||y < [omin(¥e) - omin(R) - €5] <

min min

Meanwhile, by the triangle inequality and the choice of €, in (3.3.2)), it holds with proba-

bility at least 1 — &° that

1bs = b*[l2 < [[bs = 0" (us)|, + [[b" (us) = 07,
< My(ps) - ed” + Ly - |lps — 1'l2

(B.4.14) <(1+Ly) e,

where the second inequality comes from Theorem and Proposition [3.2.4] and the

last inequality comes from (B.4.12)). By (B.4.12)), (B.4.13)), and (B.4.14)), we conclude the

proof of the theorem.
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B.4.2. Proof of Theorem [B.2.4]

Proof. We first show that J;(Ky) — J1(K*) < £/2 with a high probability, then show

that Jo(Kn,by) — Jo(K*,b*) < /2 with a high probability. Then we have
J(KN7bN) — J(K*,b*) = Jl(KN) + JQ(KN,bH) — Jl(K*) — JQ(K*,b*) <é€

with a high probability, which proves Theorem [B.2.4]

Part 1. We show that Jy(Ky) — Ji1(K*) < /2 with a high probability.
We first bound J;(K;) — Ji(K3) for any K; and K. By Proposition J1(K)

takes the form of
(B.4.15) Ji(K) = tr(PrP.) = Eynou)(y ' Pry).

The following lemma calculates y ' Pg,y — y' P,y for any K; and K.
Lemma B.4.1. Assume that p(A—BK;) < 1 and p(A— BK>) < 1. For any state vector
y, we denote by {y; }+>0 the sequence generated by the state transition y;41 = (A—BKs)y:

with initial state yo = y. It holds that

yTPKQy - yTPKly = Z DKl,KQ (yt)7

>0
where

Dy, i, (y) =2y (Ko — K0) (TR Ky — T3y +y' (K — K1) TYR (Ky — Ky)y.

Here Tk is defined in ([3.2.7)).
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Proof. See for a detailed proof. O

The following lemma shows that J;(K) is gradient dominant.
Lemma B.4.2. Let K* be the optimal parameter and K be a parameter such that

J1(K) < oo, then it holds that

(BAL6)  Ji(K) = Ji(K") < 0y (R) - [ @ |2 e (YK — T5) T (YRE — 1)),

(BALT)  A(E) — L(K") > oun() - [T we[(X2K — T (CZK —T3)].

Proof. See for a detailed proof. O

Recall that from Algorithm [3] the parameter K is updated via
(B.4.18) Ky =Ky—v (T2 K, - T%),

where Ty is the output of Algorithm . We upper bound |J;(K,41) — J1(K*)| in the
sequel. First, we show that if J,(K,) — Ji(K*) > /2 holds for any n < N, we obtain

that
(B.4.19) JI(Ky) < Ji(Kn_oq) < - < J1(Ky),

which holds with probability at least 1 — ¢'3. We prove (B.4.19) by mathematical induc-

tion. Suppose that

(B.4.20) JI(Ky) < J(Kpyeq) < -+ < Ji(Kp),
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which holds for n = 0. In what follows, we define [~(n+1 as

(B.4.21) K=K, —v- (YR K, — T% ),

where Y, is given in (3.2.7)). By (B.4.21)), we have

Ji(Knt1) — J(Ky) = Eponvown [y (Pe - — Pr,)y]

n+1
= —2y-tr[@p (TR K, —T%) (TR K, —T%,)]

ot (@ (YR K, — T3 TTR (T K, — T3]

Kni1

(B.4.22) < =2y - tr[® 7 (TR K, — TR ) (TR K, — T%ﬂ)}

+1

+7 TR Nl - tr[@g, - (TR K, = T)T(YR Kn = TR,

where the first equality comes from (B.4.15)), the second equality comes from Lemma
[B.4.1] and the last inequality comes from the trace inequality. By the definition of Y in

(3.2.7]), we obtain that

TR M2 < IRl + IBIZ - 1P, Ml < I1Rll2 + B2 - () - 0 (o)

min

(B.4.23) < |Rllz + 1B]3 - J1(Ko) - 05in (Vo).
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where the second inequality comes from Proposition [B.2.2] By plugging (B.4.23) and the

choice of stepsize v < [||R||2 + || B||2 - J1(Ko) - 0,h, ()] 7" into (B.4.22)), we obtain that

Ti(Ensr) = H(En) < =y -te[@ - (TR K = T3 ) (TR K = T3]

+1‘

< =y (W) -t [(YR K, — T3 )T (TR K, — T2)]

(B.4.24) < =7 Omin(Ve) - Omin(R) - [ @Iz - [J1(FG) — Ji(K7)] <0,

where the last inequality comes from Lemma
The following lemma upper bounds |J1([?n+1) — J1(Kpi1))-
Lemma B.4.3. Assume that J;(K,,) < J;(Kj). It holds with probability at least 1 —e'®

that

‘Jl(}?n—i—l) - Jl(Kn+1>‘ <7- Umin(qJE) : Umin(R) : H@K* 2_1 ’ 5/4a

where K, and [~(n+1 are defined in (B.4.18) and (B.4.21)), respectively.

Proof. See for a detailed proof. O

Combining (B.4.24) and Lemma [B.4.3 if J;(K,) — Ji(K*) > /2, it holds with prob-

ability at least 1 — &% that

Ti (K1) = W) < Ji(Knpr) = J(Ky) + | 1K) = A (Fog)|

(B.4.25) < - omin(Ve) - Omin(R) - | ®x+]|5" - /4 < 0.
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Combining (B.4.20)) and (B.4.25), it holds with probability at least 1 — !% that

Ji(Kng1) < Ji(Ky) < -0 < Jh(K).

Finally, following from a union bound argument and the choice of N in Theorem [B.2.4]

if Ji(K,) — J1(K*) > ¢/2 holds for any n < N, we have
Ji(Kn) < Ji(Kn-1) <0 < Ji(Ko),

which holds with probability at least 1 — 3. Thus, we complete the proof of (B.4.19)).
Combining (B.4.24)) and (B.4.25)), for Jy(K,) — Ji(K*) > /2, we have

Ji(Kpi1) — Ji(K*) < [1 — 7 Omin(Ve) - Omin(R) - || Pxc

2] [N () = J(E)]

which holds with probability at least 1 — '3, Meanwhile, following from a union bound
argument and the choice of N in Theorem [B.2.4} it holds with probability at least 1 —e!!

that
(B.4.26) JiI(Ky) — J1(K*) <¢g/2.

The following lemma upper bounds ||Ky — K*||p.

Lemma B.4.4. For any K, we have

K — K*||f < opfa(Ue) - ot (R) - [J1(K) — Ji(K™)].

Proof. See for a detailed proof. O
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Combining (B.4.26|) and Lemma [B.4.4) we have
(B.4.27) Ky — K*|lp < [onh (W) - onh (R) - /2],

min min

which holds with probability 1 — gL

Part 2. We show that Jo(Ky,by) — Jo(K*,b*) < £/2 with high probability. Following
from Proposition [3.2.4] it holds that Jy(K*,b*) = Jo(Ky, b"~). Therefore, it suffices to
show that JQ(KN, bH) — JQ(KN, bKN) < 6/2

First, we show that if Jo(Ky,by) — Jo( Ky, b™N) > €/2 for any h < H, we obtain that
(B.4.28) Jo(Kn,bg) < Jo(Kn,bg-1) < -+ < Jo(Kn,b1) < Jo( Ky, bo),

which holds with probability at least 1 — 3. We prove (B.4.28)) by mathematical induc-

tion. Suppose that

(B.4.29) Jo(Kn,bp) < Jo(Kn,bp1) < -+ < Jo(K, bo),
Recall that by Algorithm (3, the parameter b is updated via
(B.4.30) bt = bp — 1 Vo (K, b).

Here

(B'4'31> 6bJQ(I(Nv bh) = Y%(QN(_KNZL\KNJM + bh) + f%NﬁKN,bh + EI\KNJ?h?



214

where T Ky and Q, p, are the outputs of Algorithm |7 We define b1 as

(B.4.32) bhit = b — - Voo (K, by).
Here
(B.4.33) Vi do(Kn, bn) = T2 (= KNy b, +0n) + TRy bty b + Qi by

where Y, and gx, 5, are defined in (3.2.7). We upper bound Jo(K, bp11) — Jo( Ky, bEY)

in the sequel. Following from (B.4.32) and Proposition [3.2.3] we have

Jo(Kns byar) — Jo(En, by) < —4/2 - ||Vodo(En, by
< —vgy 7 [ (K, bp) — Jo( Ky, b5Y)]

(B.4.34) < —vgy e <0,

where vy, is specified in Proposition[3.2.3] The following lemma upper bounds |Jo (K, by+1)—
Jo(Kn, by
Lemma B.4.5. Assume that Jo(Ky,by) < Jo(Kn, by). It holds with probability at least

1 — &' that
| Jo (K, byat) — Jo(B s bt )| < viey -2 - €/2,

where by1 and ’l;h_i_l are defined in (B.4.30) and (B.4.32), respectively.

Proof. See for a detailed proof. O
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Combining (B.4.34)) and Lemma [B.4.5, we know that if Jo(Ky, b,) — Jo(Kn, b5V) > €,

it holds with probability at least 1 — &!® that

Jo(Knbisr) = Jo(Kv,bn) < Jo( Ky, bia) = Jo(Kv,by) + [Ja (K, bier) — Ja (K, b))

(B.4.35) < -k, /2 <0.
Combining (B.4.29)) and (B.4.35)), it holds with probability at least 1 — &' that
Jo(Kn, bng1) < Jo(Kn, by) < -+ < Jo(Ky, bo).

Following from a union bound argument and the choice of H in Theorem |B.2.4] if

Jo(Kn, b)) — Jo(Kn, b5N) > ¢ holds for any h < H, we have
Jo(Kn, b)) < Jo(Kn,b—1) < - < Jo(Kn, bo),

which holds with probability at least 1 — ¢'3. Thus, we finish the proof of (B.4.28)).

Combining (B.4.34) and Lemma [B.4.5| for Jo(Ky,by) — Jo( Ky, b5V) > £/2, we have
Jo (K, bpi1) — J2(Kn, 05V) < (1= vy - %) - [ (K, br) — Jo(Kn, b5V)],

which holds with probability at least 1 — ¢'*. Meanwhile, following from a union bound
argument and the choice of H in Theorem [B.2.4] it holds with probability at least 1 — !

that

(B.4.36) Jo(Kn, b)) — Jo (K, b5V) < g/2.
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By Proposition [3.2.3| and (B.4.36)), it holds with probability at least 1 — ¢! that

(B437> ||bH — bKN||2 S (26/VK*)1/2.
Following from Proposition |3.2.4] we know that

(B.4.38) VY — b = (Ky — K)Q7 (I — A)T

I =AQ (I —A)T +BR'BT] - (Au + d).

Combining (B.4.27), (B.4.37)), and (B.4.38), it holds with probability 1 — ¢! that

bgr — 65N < M, - el

where
My() = 4HQ—1(1 AT [(I-AQ I -AT+BR'BT] " (Au+ d)H2
i+ o (00 - o (R,
We finish the proof of the theorem. 0

B.4.3. Proof of Theorem [B.2.8

Proof. We follow the proof of Theorem 4.2 in [Yang et al. (2019b)), where they only
consider LQR without drift terms. Since our proof requires much more delicate analysis,

we present it here.
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Part 1. We denote by E and E the primal and dual variables generated by Algorithm .

We define the primal-dual gap of (B.2.11)) as

-~ ~

(B.4.39) gap(¢,§) = g@ﬁF(C,E) - gelgch(C,f)-

In the sequel, we upper bound ||ak, — axpll2 using (B.4.39).
We define (xp and £(C) as

(B.4.40) Cep = (JED),ak,) €0 = argmax F(¢, €).

Following from ([B.2.12)), we know that

(B.4.41)
Q) = ¢t = J(K,D), €(() = Eny, [U(x,u)[¢" + Ok pC? = By, [e(, w)ip(z, w)].

The following lemma shows that (x;, € V. and £(C) € V¢ for any ¢ € V..
Lemma B.4.6. Under the assumptions in the statement of Theorem [B.2.8 we have
Crp = (J(K, b),a;(’b)T € V. Also, for any ¢ € V, the vector £(¢) defined in (B.4.40)

satisfies that £(() € Ve.

Proof. See for a detailed proof. O

By (B.2.12), we know that V F((xp,0) = 0 and V¢ F(Cxp, 0) = 0. Combining Lemma

B.4.6| it holds that ((xp,0) is a saddle point of the function F((, ) defined in (B.2.11)).
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Following from ([B.4.39)), it holds that

~ o~ ~

(B.4.42) = F(C.£(0)) = max F(C,€) = gap(C, §) + min F(C,€),

ﬁGVg CGV(

B[00, 0)]C 4+ ©pcsC = By, [ele, (e, w)] || +18 = I(1.0)

where the first equality comes from (B.4.41]), and the second equality comes from the fact

that 5(6) = argmax,cy, F(E, €) by (B.4.40) and Lemma |B.4.6, We upper bound the RHS

of (B.4.42)) and lower bound the LHS of (B.4.42]) in the sequel.
As for the RHS of (B.4.42)), it holds for any £ € V. that

min F((,£) < minmax F((,€) = mmF(( £(Q))

CeVe CEV, £€V:

-2 gn;)n{\ Eryes [0z, 0)]C + 0307 — Bny, [elar, uib(a,w)] |+ €1 = J(K, b)F}
€Ve 2

where the first equality comes from the fact that £(¢) = argmaxey, F(¢,€) by (B.4.40)
and Lemma [B.4.6] the second equality comes from (B.4.41)), and the last equality holds

by taking ¢ = (xp € V. Meanwhile, we lower bound the LHS of (B.4.42) as

(B.4.44) = [18x(C — Crew) |5 = A% - 1IC — Creall2 > N - Gkcs — ol

Ery, [¢(x, u)}é\l + O — By, [c(z, u)ih(z, u)] Hz + }El — J(K, b)‘2

where the first equality comes from the definition of 5) Kb in (B.2.9), and the first inequality

comes from Proposition [B.2.6f Here Ax is defined in Proposition Combining
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(B-4.42), (B.4.43), and (B.4.44), it holds that

~

(B.4.45) 16k — axsll; < A - gap(¢,§),

which finishes the proof of this part.

Part 2. We now upper bound gap(C, ). We denote by %, = (7,4, )T for ¢ € [T], where
T, and @, are generated in Line [6] of Algorithm [7} Following from the state transition in

Problem and the form of the linear policy, {Z;} e (7] follows the following transition,

(B.4.46) Zi1 = Lz + v + 0y,
where
UV = . y 5t = s L =
—K(Ap+d)+0b —Kw +on —-KA —-KB

Note that we have

A B I
L= = (A B)-
—-KA —KB —-K

Then by the property of spectral radius, it holds that

p(L)=p<(A B) _]K >=p(A—BK)<1'
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Thus, the Markov chain generated by (B.4.46) admits a unique stationary distribution

N(p., X.), where

v, —U, KT
(B.4.47) p.=I—L)v, X,=LY.L"+

~KV, KU, ,K" +0%]

The following lemma characterizes the average

(B.4.48) i.=1/T-> %
Lemma B.4.7. It holds that
1 1~
ﬁz ~ N(,uz + = UF, TEN)J
T

where [luzlls < My - (1= )72 [lpalo and |E7]le < Mz - (1= p)~" - | Z2]lp. Here M, and

My, are positive absolute constants. Moreover, it holds with probability at least 1 — 76

that
- logf _
172 = pzll2 € = - (1= p) 7 - poly (|| @xla, | K[, [10]l2, [|2l]2)-
T1/4
Proof. See for a detailed proof. O

Lemma [B.4.7] gives that

log T
T1/4

lFrcp — prcall2 < (1= p)7 - poly (| ®xllz, K Ip, 1b]l2, llll2).

which holds with probability at least 1 — T-5.
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We now apply a truncation argument to show that gap(g , E ) is upper bounded. We
define the event £ in the sequel. Following from Lemma [B.4.7] it holds for any z ~

N(p., X.) that
2=+ 1T pz ~ N(0,5, +1/T - S5).

By Lemma there exists a positive absolute constant Cjy such that

(B.4.49)

Pl[ll = i+ 1/T - puzll3 = 0r(52)] > 7| < 2exp|~Co - min(2S012 71157 ],

where we write iz =X, +1/ T if for notational convenience. By taking 7 = C -logT" -

IS, || in for a sufficiently large positive absolute constant Cf, it holds that
Ba50) Bz i+ YT gl - B > € o T[] < T
We define the event & ; for any ¢ € [T] as
€1 = {1z = B + /T pgllf = tx(0)| < Cr-log T+ |- }.
Then by (B.4.50), it holds for any ¢ € [T] that
(B.4.51) P(&,4)>1-T7°
Also, we define

(B.4.52) & =) &

te[T)
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Following from a union bound argument and (B.4.51)), it holds that
(B.4.53) P(&)>1-T7°.
Also, conditioning on &, it holds for sufficiently large T that

max |1z — I3
<Oy -logT - |22 le + tr(22) + |1/T - gl 2
<96, [+ My(L = ) /T2] og T+ |S.lla + M1 — p) /T2
< Cy-logT - (L+ [|K[R) - [@xllz - (1= p) ™+ Cs - (1Bl + [lll3) - (1—p) - T
(B.4.54)

<20y logT - (1+[IK|§) - 1xll2 - (1= p) 7",

where 6’1, Cs, and (5 are positive absolute constants. Here, the first inequality comes
from the definition of & in (B.4.52), the second inequality comes from Lemmam and

the third inequality comes from (B.4.47). Also, we define the following event
(B'4'55> & = {Hﬁz_/lz"f’l/f':uT”Q SCI}
Then by Lemma [B.4.7 we know that

(B.4.56) P(&)>1—T
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for T sufficiently large. We define the event £ as

£=¢&()&

Then following from (B.4.53)), (B.4.56)), and a union bound argument, we know that

PE)>1-T°—-T°°

Now, we define the truncated feature vector zZ(:c, u) as {ﬂv(x, u) = zZ(:c, u) 1g, the trun-

cated cost function ¢(x, u) as ¢(z,u) = c¢(x,u) 1¢, and also the truncated objective function

F(¢,€) as

(B.4.57)
F(¢.&) = {E@) + B[ - 9)07)C ~E@D)} &+ [ ~E@)] - ~ el/2

where we write 1) = ¢(z,u) and ¢ = ¢(z, u) for notational convenience. Here the expec-
tation is taken following the policy 7k, and the state transition. The following lemma

establishes the upper bound of |F(C,€) — F(¢,€)|, where F(¢,€) and F(¢,€) are defined

in (B.2.11)) and (B.4.57)), respectively.

Lemma B.4.8. It holds with probability at least 1 — T6 that

1 log T
_ _'_ —
27T T1/4

[F(C€) = F(G,9)] < ( ) (L= p)7% - poly ([ K1le, [[bll2: 1 12ll2. T (Ko, bo))-

Proof. See for a detailed proof. O
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Following from (B.4.39)) and Lemma M, it holds with probability at least 1 — 76

that
|gap(27 A) - é—aﬁ(/\v A)‘
1 logf _

where we define gap((,§) as

~

gap(¢,§) = Igg;F(C,é) —gelgch(C,é)‘

Therefore, to upper bound of gap(¢, ), we only need to upper bound gap((,§).

Part 3. We upper bound gap(¢,§) in the sequel. We first show that the trajectory
generated by the policy g and the state transition in Problem is f-mixing.

Lemma B.4.9. Consider a linear system y;.; = Dy + 0 + vy, where {y; }+>0 C R™, the
matrix D € R™™ satisfying p(D) < 1, the vector 9 € R™, and v, ~ N(0,X) is the
Gaussians. We denote by w; the marginal distribution of y; for any ¢ > 0. Meanwhile,
assume that the stationary distribution of {y;};>0 is a Gaussian distribution N((I —
D)1, %), where ¥, is the covariance matrix. We define the S-mixing coefficients for

any n > 1 as follows
Bln) = supByos Iy, (190 = 9) = Bar-py 1050 Ol ]
Then, for any p € (p(D), 1), the S-mixing coefficients satisfy that

B(n) < Cppyg - [tx(See) +m- (1 — )22 pr,
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where C, p y is a constant, which only depends on p, D, and 9. We say that the sequence

{yt }1>0 is f-mixing with parameter p.
Proof. See Proposition 3.1 in [Tu and Recht| (2017)) for details. O
Recall that by , the sequence {x;}+>o follows
21 = (A— BK)z; + (Bb+ Ap+d) + ¢, e ~N(0,7,),

where the matrix A — BK satisfies that p(A— BK) < 1. Therefore, by Lemma [B.4.9 the
sequence {2 }¢>o is S-mixing with parameter p € (p(A — BK), 1), where z, = (z},u/)".
The following lemma upper bounds the primal-dual gap for a convex-concave problem.
Lemma B.4.10. Let X and ) be two compact and convex sets such that ||z — /|| < M
and |ly — 9|l < M for any z,2’ € X and y,y’ € Y. We consider solving the following
minimax problem

i H =Eiw v Y5 )
minmax H(z,y) = Eews, [G(w, ;)]

where the objective function H(z,y) is convex in z and concave in y. In addition, we
assume that the distribution w, is f-mixing with 5(n) < C. - p™, where C. is a constant.
Meanwhile, we assume that it holds almost surely that G(z,y;€) is EO—Lipschitz in both
x and y, the gradient V,G(z,y;e€) is Ly-Lipschitz in z for any y € Y, the gradient
V,G(z,y;€) is Ly-Lipschitz in y for any = € X, where C,, Ly, L; > 1. Each step of our

gradient-based method takes the following forms,

T = D [20 — Y1 - VaGl(ze, yes )] Y1 = Ty — g1 - VoG, yis )],
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where the operators I'y and I'y projects the variables back to X and )Y, respectively,
and the stepsizes take the form 7, = 7o - t~/2 for a constant 7y > 0. Moreover, let
= () S ) and § = (3 7) (0, i) be the final output of the
gradient method after T iterations, then there exists a positive absolute constant C, such

that for any 6 € (0, 1), the primal-dual gap to the minimax problem is upper bounded as

(M2 + L2+ LoL log® T+ log(1/6 - C.LoM
max H(Z,y) — min H(z,7) < C-(M*+ Lg+ LoLi M) log™T +log(1/ )+C CeLg |
TeX yey log(1/p) VT T

which holds with probability at least 1 — 4.

Proof. See Theorem 5.4 in [Yang et al. (2019b) for details. O

To use Lemma , we define the function G(,¢&; zz, J’ ) as
GG &) = [0¢ + W — W =T &€ +(¢' -7 - &' —1/2- |l

where zZ = zZ(x,u) and {ﬂv’ = {bv(a:’,u’). Note that the gradients of G((,¢; {bv, 1;’) take the

form

- PTE2 4 ¢!
VG EDY) = T ,
(P — )T
o Cl_“’_gl
Ve ed = -5
D¢+ ( — T~ — €2
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By Definition and Lemma [B.4.6] we know that

[VeG(¢ &9, 9|, < poly (| K ||r, J (Ko, bo)) - log? T - (1 — p)~2,

(BA59)  [|VeG(C.& T, < poly (1K . lle: (Ko, b)) - 1o T - (1 - p) >

This gives the Lipschitz constant Lo in Lemma|B.4.10|for G (¢, &; 1;, 12’ ). Also, the Hessians

of G(C, &1, ) take the forms of

VEG(GED ) =0, VEG((&9,0) = —1,
which follows that
(B.4.60) IVEG(G &0, 0N, =0, [[VEG(EG &, 9], =1.

This gives the Lipschitz constant L, in Lemma|B.4.10|for VG (¢, i/;, QZ/) and V:G((, &; @Z, QZ/)
Moreover, note that (B.4.54) provides an upper bound of M, combining (B.4.59)), (B.4.60))

and Lemma [B.4.10}, it holds with probability at least 1 — 7> that

>~ _ poly(IK e, lull2, T (Ko, b)) - log® T
(B.4.61) gap((,§) < 0t T :

Combining (B.4.45)), (B.4.58), and (B.4.61)), we know that

10k — arpll

log® T log T

< A2 - poly (1K [, [1Blla, 1 lla: T (Ko, b0)) - | g7 + = |
T2 (1—=p*t  TUL. (1 - p)?
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Same bounds for || Tk —T||2, ||k — x|, and |Gk — qxo||2 hold. We finish the proof

of the theorem. 0

B.5. Proofs of Propositions

B.5.1. Proof of Proposition [3.2.2]

Proof. We follow a similar proof as in the one of Theorem 1.1 in Sznitman, (1991)
and Theorem 3.2 in Bensoussan et al.| (2016]). Note that for any policy g, € II, the
parameters K and b uniquely determine the policy. We define the following metric on II.

Definition B.5.1. For any 7x, 5, Tk, 0, € I, we define the following metric,
17k 00 = Taa o ll2 = €1 - [[ Ky — K[z + e - [[br = a2,

where ¢; and ¢y are positive constants.
One can verify that Definition [B.5.1] satisfies the requirement of being a metric. We

first evaluate the forms of the operators A;(-) and As(-, ).

Forms of the operators A;(-) and Ay(-,-). By the definition of A;(u), which gives

the optimal policy under the mean-field state p, it holds that

Al (lu) = ﬂ-;?

where 7 solves Problem [3.1.2l This gives the form of A;(-). We now turn to Ag(u, ),
which gives the mean-field state e, generated by the policy m under the current mean-
field state p. In Problem [3.1.2] the sequence of states {z;}:>0 constitutes a Markov chain,

which admits a unique stationary distribution. Thus, by the state transition in Problem
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3.1.2l and the form of the linear-Gaussian policy, we have

(B.5.1) fimew = (A — BEK ) finew + (Bbr + Ap+ d),

where K, and b, are parameters of the policy m. By solving for fipew, it holds that
Ao(p, ™) = pinew = (I — A+ BK,) " '(Bb, + Ap + d).

This gives the form of Ay(-, ).
Next, we compute the Lipschitz constants for A;(-) and Ay(-, ).

Lipschitz constant for A;(-). By Proposition [3.2.4] for any p, o € R™, the optimal K*

is fixed for Problem [3.1.2l Therefore, by the form of the optimal b* given in Proposition

[3.2.4] it holds that
[AGm) = Ml < o2 || [ = Q71 - 4)T + BRBT) A
N Q@ =7 = BB -l — el

(B.5.2) = caLy - [|pn = piz2,

where L; is defined in Assumption [3.2.1]

Lipschitz constants for As(-, ). By Proposition for any py, s € R™, the optimal

K™ is fixed for Problem [3.1.2] Thus, for any 7 € II such that 7 is an optimal policy under
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some p € R™, it holds that

[Aa(p, ) = Aalpa, m)|, = [[(1 = A+ BEZ) ™ A (1 = o)
< [1—p(A=BE)] ™" | Alls - i1 — poll2

(B.5.3) =Ly |l — p2|2,

where Lo is defined in Assumption [3.2.1] and K, = K* is the parameter of the policy .
Meanwhile, for any mean-field state u € R™, and any poicies m, ms € II that are optimal

under some mean-field states pq, ps, respectively, we have

||A2(M7’7T1) - AQ(:uaﬂ-Q)HQ = H(I —A + BK*>_1‘B ’ (bﬂ'l - b7r2)||2
w1 -1
< [1=p(A=BE")] " [Bll2 - lbr, = bry|l2
(B.5.4) = ¢y Ly - ||m — ma2,
where in the last equality, we use the fact that K, = K., = K* by Proposition [3.2.4]

Here L3 is defined in Assumption [3.2.1] and b,, and b,, are the parameters of the policies

1 and .
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Now we show that the operator A(-) is a contraction. For any puq, pus € R™, it holds

that

A (p1, Mi (1)) = A2(M2’A1<’u2))”2

[AGn) = Al =]

Ay (pa, M (p2)) — AZ(M’A1<M2))H2

SHAz(Nl,Al(Ml)) — A2(M1,A1(/L2))H2+)
< ¢ ' Ly || A (p1) — Aa(pa) ||, + Lo - 1 — pall2

< ;' Ly el - |y — palla + Lo - (|1 — palla = (L1Ls + Lo) - |1 — palfo,

where the first inequality comes from triangle inequality, the second inequality comes from

(B.5.3) and (B.5.4)), and the last inequality comes from (B.5.2)). By Assumption [3.2.1}

we know that Ly = LiLs + Ly < 1, which shows that the operator A(-) is a contraction.
Moreover, by Banach fixed-point theorem, we obtain that A(:) has a unique fixed point,

which gives the unique equilibrium pair of Problem We finish the proof of the

proposition. [

B.5.2. Proof of Proposition |3.2.4

Proof. By the definition of J5(K,b) in (3.2.6) and the definition of pfy in (3.2.2)), the

problem

mbin Jo(K,b)
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is equivalent to the following constrained problem,

.
. H Q+K'RK —K'R L
min
we b ~RK R b
(B.5.5) st. (I —A+ BK)u— (Bb+Au+d) =0.

Following from the KKT conditions of (B.5.5)), it holds that

I 7 -
(B.5.6) 2M g +NgA=0, Ngp +Ap+d=0,
b b
where
Q+K'"RK —-K'R —(I - A+ BK)'
My = , Ny =
~RK R BT

By solving (B.5.6)), the minimizer of (B.5.5)) takes the form of

M pK —
(B.5.7) B = M N (NI M NG (A + d).
bK

By substituting (B.5.7)) into the definition of Jy(K,b) in (3.2.6)), we have

(B.5.8) Jo(K,0%) = (Ap+d) T (Ng M N )" H(Ap + d).
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Meanwhile, by calculation, we have

Q—l Q—IKT
KQfl KQflKT _}_Rfl

Mt =

Therefore, the term N M Ng in (B.5.8)) takes the form of
(B.5.9) NpMNg = (I —A)Q*(I - A") + BR'B'.
By plugging (B.5.9) into (B.5.8)), we have

Jo(K, %) = (Ap+d)T[(1 — A)Q' (I — AT) + BR™'BT] ™ (Au + d).

Also, by plugging (B.5.9)) into (B.5.7)), we have

—1 I _ A T o
frere ) QN ) [(1—A)Q'(I-A)T +BR'BT] " (Au+d).
bE KQY(I-A)" -R'BT
We finish the proof of the proposition. O

B.5.3. Proof of Proposition

Proof. By the definition of the cost function c¢(z,u) in Problem [3.1.2] (recall that we

drop the subscript p when we focus on Problem [3.1.2)), we have

Ec; = E(xtTQa:t + utTRut + 1 Qu)
=E(x] Qu, + 2] K'TRKx, — 2b" RKx, + b" Rb+ o’ Ry, + 1" Q)

B.5.10 =E[z] (Q+ K"RK)z; — 20 RKz;| + b Rb+ o2 - tr(R) + 1" Qp,
t
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where we write ¢; = ¢(xy, u;) for notational convenience. Here in the second line we use
u = mrp(r) = —Kay + b+ on. Therefore, combining (B.5.10) and the definition of
J(K,b) in Problem [3.1.2) we have

T
1 _
J(K,b) = lim - ) :{E[:vtT (@ + K"RK)x, — 2b" RKx,| +b" Rb+ o” - tr(R) + uTQu}

T—o0 P
= EoN(ur 050 [27(Q + KTRK)x — 20" RKz| + b Rb+ 0 - tr(R) + p' Qu

(B.5.11)

=tr[(Q+ KTRE)®x] + pje,(Q + K" RK) gy, — 20" RK i
+b"Rb+ 0 - tr(R) + 1" Qp.
Now, by iteratively applying (3.2.3)) and (3.2.4)), we have

(B.5.12) tr[(Q + K'RK)®x]| = tr(Px¥.),

where P is given in (3.2.4)). Combining (B.5.11)) and (B.5.12), we know that
J(Kb) = Z(E) + J(K.b) + 0 tr(R) + 1" Q.
where

Ji(K) = tr[(Q + KT RK)®x] = tr(PxV,),

T

LK, Q+K'RK —K'R\ [ ux,
J2(K’b): K,b K.,b

b —RK R b

We finish the proof of the proposition. O
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B.5.4. Proof of Proposition [3.2.3]
Proof. By calculating the Hessian matrix of J5(K,b), we have
Vi Jo(K,b) =B"(I — A+ BK) "(Q+ K'RK)(I — A+ BK)™'B
— [RK(I-A+BK)"'B+B'(I-A+BK) '"K'R]+R
—[R'V2K(I — A+ BK)™'B - R'?]'[RV*K(I — A+ BK)™'B — R"?]

+ B (I - A+ BK) "Q(I — A+ BK)™'B,

which is a positive definite matrix independent of b. We denote by its minimum singular

value as vg. Also, note that ||VZJ2(K,b)||2 is upper bounded as

2

[V (B, D) ||, < [1 = p(A=BE)] - (IBI5 - 1K15 - 1”2+ 1Bl - [1Qll2)-

Therefore, it holds that
-2
k < [1=p(A=BK)] " (IBIlz- 1K1 IRz + [IBI - 1QIl2).

where (¢ is the maximum singular value of V3 Jo(K,b). We finish the proof of the

proposition. ]

B.5.5. Proof of Proposition

Proof. Following from Proposition [B.2.2] it holds that

(B.5.13) Ji(K) = t1(Px¥.) = Eyonow) (¥ Pry) = Eponow,) [fx ()],



236

where fx(y) = y' Pxy. By the definition of Py in (3.2.4)), we obtain that

Vicfily) = Vie{y (@ + KTRK)y + [(A = BK)y) " Pi[(A- BK)y] " }

(B.5.14) — 2RKyyT + Vi [fK((A - BK)y)} .

Also, we have

(B.5.15) Vg [fK((A . BK)y)] = Vi fx((A— BK)y) — 2BT Pie(A — BK)yy'.
By plugging into , we have

(B.5.16) Vifr(y) =2[(R+ B"PxB)K — B" PgAlyy" + Vi fx ((A— BK)y).
By iteratively applying , it holds that

(B.5.17) Vifx(y) =2[(R+ B"PgB)K — B" PgA] - f: Yy,

t=0

where y,11 = (A — BK)y, with yo = y. Now, combining (B.5.13|) and (B.5.17)), it holds

that
Vi Ji(K)=2[(R+ B'PxB)K — B' PxA|®) =2(Y7ZK — T3) - O,

where T is defined in (3.2.7). Meanwhile, combining the form of p1x in (3.2.2)), it holds

by calculation that

Vo (K, b) = 2[TR(—Kprp +b) + T3 + qrep) s
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where g is defined in (3.2.7). We finish the proof of the proposition. O

B.5.6. Proof of Proposition

Proof. From the definition of Vi ;(x) in (B.2.1)) and the definition of the cost function
¢(x,u) in Problem [3.1.2} it holds that
Vico(z) = Z{]E[xj (Q + KTRK)z, — 2b' RKx,
t=0

+b"Rb+o?n/ Ry + 1" Qu| 2o = a:] - J(K, b)}

Combining (3.2.1), we know that Vi p(z) is a quadratic function taking the form of
Vio(z) = 2"Gz + r"x + h, where G, r, and h are functions of K and b. Note that

Vi () satisfies that

(B.5.18) Vip(z) = c(z, =Kz +b) — J(K,b) + E[Vi,(2') | 2],
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by substituting the form of ¢(z, —Kxz + b) in Problem and J(K,b) in (3.2.5)) into

(B.5.18)), we obtain that

2 Gr+r'z+h

(B.5.19)

=2 (Q+ K"RK)z — 20" RKz 4+ b"Rb+ 11" Qu
— [tr(Px W) + 1 (Q + KTRE ) pgcp — 26" RK puicp + ' Qpu + b RY]
+ [(A= BK)x + (Bb+ Ap+d)] 'G[(A— BK)z + (Bb+ Ap + d)]
+tr(GV,) + 7' [(A— BK)x + (Bb+ Ap+d)] + h— o” - tr(R).

By comparing the quadratic terms and linear terms on both the LHS and RHS in (B.5.19)),

we obtain that
G = PK, r = QfK’b,

where fx, = (I — A+ BK)™ T[(A — BK)"Pg(Bb + Ap + d) — KT Rb]. Also, by the
definition of Vi (z) in (B.2.1), we know that E[Vi,(z)] = 0, where the expectation is
taken following the stationary distribution generated by the policy 7k, and the state

transition. Therefore, we have

h=—=2fkpiry — MI(,bPKMK,b — tr(Pg®x),



239

which shows that
(B.5.20) Vico(2) = 2" Prx — tr(Pr®g) + Zf;b(x — UKp) — M;T(,bPKMK,b-

For the action-value function Qg (x, u), by plugging (B.5.20) into (B.2.2), we obtain
that

T T

x x PKb x
Qrp(z,u) = Ty +2 — tr(Px®r) — 0 - tr(R+ PxBB")

u u qub u
—b"Rb+2b" RK iy — 1 4 (Q + KT RK + Prc) e p

+ 2 5 [(Ap +d) — pcs) + (Ap+ d) " P(Ap+ d).

We finish the proof of the proposition. 0

B.5.7. Proof of Proposition

Proof. By Proposition [B.2.1} it holds that Qg takes the following linear form

(B.5.21) Qrepl(w,u) = (1) "axp + By,

where f( is a scalar independent of x and u. Note that Qk,(z, u) satisfies that

(B.5.22) Qrp(z,u) = c(z,u) — J(K,b) + Eny, [Qrp(a’ ) |z, u],
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where (2/,u’) is the state-action pair after (x,u) following the policy 7, and the state

transition. Combining and , we obtain that

(B.5.23) Y(x,u) ok = c(z,u) — J(K,b) + Erp, [z/}(:ﬁ', u) | x,u]TaK,b.

By left multiplying 1 (z, u) to both sides of , and taking the expectation, we have
Em{,b{w(% w) [z, u) — (o, u’)]T} cagy + By, [z, 0)] - J(K, D) = Erye, [l w)(z,w)].

Combining the definition of the matrix Ok, in (B.2.7), we have

1 0 J(K,b) J(K,b)
Erye, [V(2,u)] Ok QKb Eny,, [z, u)y (2, u)]
which concludes the proof of the proposition. 0

B.5.8. Proof of Proposition

Proof. Invertibility and Upper Bound. We denote by z = (z/,u/)" for any ¢ > 0.
Then following from the state transition and the policy 7k, the transition of {z;}i>0

takes the form of

(B524) Zt+1 = LZt + v+ 5t,

where L, v and § are defined as

~KA —KB —K(Ap+d)+b —Kw; + o,
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Note that L also takes the form of

1))

Combining the fact that p(UV) = p(VU) for any matrices U and V, we know that

p(L) = p(A — BK) < 1, which verifies the stability of (B.5.24]). Following from the

stability of (B.5.24]), we know that the Markov chain generated by (B.5.24]) admits a

unique stationary distribution A (u., X, ), where u, and X, satisfy that
. = Lu, + v, Y, =LY, LT + U,

where

v, U, KT
Vs =

—KV,, KV, ,K"+ 0%
Also, we know that X, takes the form of

(B.5.25)
N
[ x ] iy P KT 0 0 I I
¥, = Cov = = + by ,
u Kb KOxK' 4021 0 o2] -K -K

where @ is defined in (3.2.3)).

The following lemma establishes the form of O .
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Lemma B.5.2. The matrix Ok in (B.2.7) takes the form of

2T, @, SN — L&, L)T 0
Okp =
0 S —L)7
Proof. See for a detailed proof. O

Note that since p(L) < 1, both I — L ®, L and I — L are positive definite. Therefore,

by Lemma [B.5.2] the matrix O is invertible. This finishes the proof of the invertibility

of ©kp. Moreover, by (B.5.25) and Lemma [B.5.2, we upper bound the spectral norm of

Ok as
2
[Oxalle < 2mas 13- (1 [1L03). 18-l (1 + L) } < 41+ K12 - [kl

which proves the upper bound of ||© g p]|2.

Minimum singular value. To lower bound amin(@) Kb), we only need to upper bound
amaX(C:)I_éb) = ”é;{1b|’2 We first calculate é;&b. Recall that the matrix © Kb in (B.2.8)

takes the form of

1 0

]EWK’b [¢($,U)] @K,b

Okp =

By the definition of the feature vector ¥ (z,u) in (B.2.5), the vector o, = Ey ., [¢(z,u)]

takes the form of

B svec(X,)
0, = EWK,b [¢($, u)] - )

0k+m
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where 0y, denotes the all-zero column vector with dimension k£ +m. Also, since O is

invertible, the matrix 5) Kb is also invertible, whose inverse takes the form of

~ 1 0
@K,b = _
_6;{,11) "0z @I_f,lb

The following lemma upper bounds the spectral norm of é;(lb
Lemma B.5.3. The spectral norm of the matrix é;(}b is upper bounded by a positive

constant Ag, where Ag only depends on || K|, and p(A — BK).
Proof. See for a detailed proof. O

By Lemma , we know that amin(é kp) 1s lower bounded by a positive constant
Ax = 1/Ak, which only depends on ||K||» and p(A — BK). This concludes the proof of

the proposition. O

B.6. Proofs of Lemmas

B.6.1. Proof of Lemma [B.4.1]

Proof. Following from (3.2.4]), it holds that

(B.6.1) v Py =y [(A— BE2)"] ' (Q + K] RK2)(A — BKy)'y.

>0

Meanwhile, by the state transition ;1 = (A — BK3)y;, we know that



By plugging (B.6.2)) into (B.6.1)), it holds that

(B.6.3) v Py =Yy (Q+ Ky REa)y = Y (y Que + ! Ky REoyr).

t>0 >0

Also, it holds that

(B.6.4) v Py = (Wl Py — i Py

t>0

Combining (B.6.3) and (B.6.4]), we have

(B.6.5)  y' P,y —y' Py = Z(ytTQyt + ytTKQTRKQ?Jt + ?/tT+1PK1?Jt+1 - ?JtTPKlyt)-

t>0

Also, by the state transition ;1 = (A — BK>3)y;, it holds for any ¢t > 0 that

y Qui + v, K3 RKoy; + v Pryyiers — 47 Py

=y, [Q+ (Ko — K1 + K1) " R(K> — Ky + K1)y,
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+y/ [A— BK, — B(K, — K})] ' P, [A — BKy — B(Ky — K1)y — v P, e

=2y (Ko — K1)" [(R+ B" P, B)K; — B Py, A]y;
+y, (Ky — K1) (R+ B" Pg, B)(Ky — K1)y

(B.6.6)

=2y (Ko — K1) (Y22 K1 — Y3)ye +y) (Ko — K1) T Y7 (Ks — Ky,
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where the matrix Yy, is defined in (3.2.7). By plugging (B.6.6) into (B.6.5)), we have

y' P,y —y' Pr,y

= 2 (K — K) (YR Ky = Y3 )y + ) (Ko — Ky) Y3 (Ko — Ky,

t>0

= Z DK1,K2 (Z/t);

t>0

Where DK1,K2(y) = QQT(KQ — Kl)(T%(lel — T%l)y + yT<KQ — Kl)TT%{QI (K2 — Kl)y We

finish the proof of the lemma. O

B.6.2. Proof of Lemma [B.4.2

Proof. We prove (B.4.16) and (B.4.17)) separately in the sequel.

Proof of (B.4.16)). From the definition of J;(K) in (3.2.6)), we have

Ji(K) — Ji(K*) = tr(PgV, — P-V.) = Eypow)(y' Py —y' Pr-y)

(B.6.7) =-E {Z D - (yt)} :

>0
where in the last equality, we apply Lemma [B.4.1| and the expectation is taken following
the transition y,1 = (A — BK*)y, with initial state yo ~ N(0, V.). Here we denote by

D g (y) as

Di-(y) =2y (K" = K)(TEK = TRy +y' (K* — K) TR(K* — K)y.
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Also, we write Dk k+(y) as

(B.6.8)

Dix-(y) =2y (K" — K)(Y2K — Y2y +y " (K* — K)"T2(K* — K)y
* — T % _
=y [K" = K+ (YR)7(YRE - T)] TR[K" - K+ (T%) 7 (TRE - Ti)]y

—y (TRE = T) (TR (YRE - TR)y.

Note that the first term on the RHS of (B.6.8]) is positive, due to the fact that it is a

quadratic form of a positive definite matrix, we lower bound Dk k+(y) as
(B.6.9) Di-(y) > =y (YEK = TR)T(TR)H(TRE = TR)y.
Combining (B.6.7) and (B.6.9)), it holds that

-t < (o)«

t>0

(02K — 03T (YR) N(TRK - T3]

= [Pk

2 tr[(TRE = T5) (YR) ™ (YRE — T3)]

<[y @rellz - e [(YRE = T30) T (TRK - T5)]

< o (R) || -

min

2 tr[(TRK = T0) ' (TRE = TR)],

where the last line comes from the fact that T%? = R+ B'"PgB = R. This complete the

proof of (B.4.16)).
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Proof of (B.4.17). Note that for any [?, it holds by the optimality of K* that

(B.6.10) JiI(K) — S (K*) > JI(K) — Jl(k) =-E {Z D[{f((yt)}a

£>0

where the expectation is taken following the transition y,1; = (A — BK )y, with initial
state yo ~ N(0,0,). By taking K = K — (T2)"1(T2K — T2!) and following from a

similar calculation as in , the function D K. #(y) takes the form of
(B.6.11) Dy ly) = =y (TREK = T%)"(TR) (YEK = TX)y.
Combining and , it holds that
J(K) = J(K*) > e[ @z (TREK — T3) " (YR) T (YRE — T%)]
> oin(Ue) - ITR 2" e [(YRE - TR) (TRE - TR)],

where we use the fact that &z = (A4 — B[?)(I)[}(A — Bl?)T + U, = U, in the last line.

This finishes the proof of (B.4.17)). U

B.6.3. Proof of Lemma [B.4.3]
Proof. By Proposition [B.2.2] we have

(B612) ‘Jl([}n—‘rl) - JI(Kn-H)‘ = tl"[(P~ - PKn+1)\II€] S ||PI~(

Kn+1 n+1

— P2 [[Wellr-

The following lemma upper bounds the term || Pg  — P, |l2-
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Lemma B.6.1. Suppose that the parameters K and K satisfy that
(B.6.13) IK = Kll2- (JA = BE[l2 +1) - [®xll> < omin(Pe)/4- || B3,
then it holds that

(B.6.14) 1Pz = Prlla < 6 07 (W) - [@xcllz - [ Kl - | Rll2 - | K = Kl

min

“(IBll2- [1K1l2) - |A = BE |2 + || Bll - [ K]|2 + 1)

Proof. See Lemma 5.7 in |Yang et al.| (2019b) for a detailed proof. O

To use Lemma , it suffices to verify that [?nﬂ and K, satisfy (B.6.13). Note

that from the definitions of K,,; and K,,; in (B.4.18) and (B.4.21)), respectively, we have

1K1 = Kngallz - (A = BKniallz +1) - |07, ll2

(B.6.15) <y T, = Trolle - (14 1Kolls) - (1A = BR i lla +1) - @ [

Kn+1

Now, we upper bound the RHS of (B.6.15). For the term ||A — Bf?n+1||2, it holds by the
definition of [?nﬂ in (B.4.21)) that

1A = BEpiallo < 1A = BEll2 + - |Blls - |15 Ko = T, 2

(B.6.16) < A= BEullz+5 - 1Bl 1 Tr,ll2 - (1 + 1 Kall2).-
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By the definition of Tk, in , we upper bound || Yk, ||2 as

2
1Tk, ll2 < 11Qll2 + IRll2 + (| Alle + |Bllg)” - | Px..|I2

(B.6.17) < [1Qllz + [ Rll2 + (| Alle + [[Bllr)” - Ji(Ko) - oy (¥,
where the last line comes from the fact that
Ji(Ko) > Ji(K,) = tr[(Q + K, RK,,)®x, | = tr(Prk, V) > || Pr, |2 - Oumin(Te).
As for the term [[®5 [ in (B.6.15), from the fact that
Ti(Ko) = J(Kn1) = tr[(Q + K, REw )P ] > 10z 2+ 0min(Q),
it holds that

(B.6.18) 1%, ll2 < Ji(Ko) - 00 (Q).

Therefore, combining (B.6.15)), (B.6.16]), (B.6.17)), and (B.6.18), we know that

1K1 = Kngalla - (A= Byl +1) - [, ll2

KnJrl

(B.6.19) < poly, (I Kaull2) - [Tk, — Tr, [IF-

From Theorem M, it holds with probability at least 1 — 7, * — T{ % that

polys (|[Kulle, lliell2) . log® T,
Ak, - (1= p)? T
L PO (Il bl lll2) — log* T,

Ak, T (1=p)

(B.6.20) ||TKn — Tk, |r <
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which holds for any p € (p(A — BK,),1). Note that from the choice of T}, and T}, in the

statement of Theorem [B.2.4] that

_ -9 _
Ty > polys (|1 Knlle, [1boll2; lill2) - Al - [1— p(A— BEK,)] -7,

~ _ —12 _
T > polyg (|1 Knlle, [1oll2, 1ll2) - AR2 - [1 — p(A = BK,)] -7,

it holds that

oty (IKalle, llls) 1og* T | polya(I Kl ol lidlz)  log 2 7

Ak, - (1= p)? Ty Ak, e (1= p)

(B.6.21)

-1
< i [poly, (1)) w02/ 1815

[POIYz(||Kn||2)]_1 €/8 7 Omin(Ve) * Omin(R) - [P

S ||\Ife||;1}.

Combining (B.6.19)), (B.6.20)), and (B.6.21]), we know that (B.6.13|) holds with probability
at least 1—e' for sufficiently small e > 0. Meanwhile, by (B.6.16]), (B.6.17)), and (B.6.18)),

the RHS of (B.6.14)) is upper bounded as

6 - Ur;iln<\1}w) : H(I)I?

2 | Kngallz - [[Rl2 - | K o1 — Kngal]2

n+1 ||

(IBll2 - 1 Knsall2) - [JA = Bl + [ Bllz - [ Kosall2 + 1)

(B.6.22) < poly, (| Kull2) - 1Tk, — Tr, |lp-
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Now, by Lemma [B.6.1], it holds with probability at least 1 — &'® that

1Pz, = Proilla <6000, (W) - [[@5 Mo g llz - 1Rl - ([ K1 = Koval2

min n+1 ||

(IBll2 - 1 Kns1ll2) - 1A = BEniallz + | Bllz2 - | Kngall2 + 1)
< polyy ([ Kull2) - 1Tk, — T, |l

(B.6.23) <e/8-7 Omin(Ve) - Omin(R) - [[Prcell5 " - Vel

where the second inequality comes from (B.6.22|), and the last inequality comes from
(B.6.20) and (B.6.21). Combining (B.6.12)) and (B.6.23|), it holds with probability at

least 1 — €15 that

‘Jlu?nﬂ) - Jl(KnH)‘ <7 Omin(¥e) - Omin(R) - [|[ P 51 -e/4,

which concludes the proof of the lemma. 0

B.6.4. Proof of Lemma [B.4.4]

Proof. Note that Y2, K* — T2. is the natural gradient of J; at the minimizer K*,

which implies that

(B.6.24) T2 K*— T3 =0.
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By Lemma it holds that

Jl(K) - Jl(K*) == tI‘(PK\IIE — PK*\IIE) = EyNN’(O’\pE)(yTPKy — yTPK*y)

= E{Z [QytT(K — K)(YRK* =Yy +y (K — K*)'T3.(K — K*)yt} }

t>0
(B.6.25)

_ E{Z y (K — K*) T2 (K — K*)yt},

t>0

where we use (B.6.24) in the last line. Here the expectations are taken following the

transition y,11 = (A — BK)y; with initial state yo ~ N(0,¥.). Also, we have

B{ S0l (K KTV~ K )

t>0

= tr[Px (K — K*) T7#.(K — K*)]

> [ @l - [ TR

o tr[(K — K*) (K — K*)]

(B.6.26) > Omin(Ve) - Omin(R) - | K — K™%,

where we use the fact that ®x = (A — BK)®g(A — BK)+ VU, = U, and Y%, = R +
B Pg.B = R in the last line. Combining (B.6.25]) and (B.6.26)), we have

Ji(K) = Ji(K™) > 0win(Pe) - Omin(R) - [ K — K7[JE.

We conclude the proof of the lemma. 0
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B.6.5. Proof of Lemma [B.4.5

Proof. Following from Proposition [3.2.3] we have

Jo(Kn, bpyr) — Jz(KN,th)

<A Voo (K, bag) ' (Vo (KN, by) — Vida(Ky, by)]

2
27

+ ()2 vk /2 || Voo (K, bi) — Vi da (K, by)

J2<KNagh+1) — Jo(K N, bpir)

(B.6.27) < " Vi Jo (K, b )" (Vi Jo( K, by) — Vida( K, by)]

2
27

— (") ik /2 ||VbJ2<KNa bn) — %bJQ(KN, by)
where vg, and tk, are defined in Proposition [3.2.3] Also, following from Proposition

[B.2.3] it holds that

(B.6.28)
Voo (K, bra) ||, < polyy (1K, [1Ball2, llsll2, T (Ko, bo)) - [1 = p(A = BEy)] ™.
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Combining (B.6.27)), (B.6.28), and the fact that vg, < g, < [1 — p(A — BKy)]™%-

poly, (|| Kn||2), we know that

(B.6.29)

| Jo(Kn, b)) — Jo( Ky, basr)|
b\ 2 = 2 —2
< (7")? - poly, (1K n|l2) - || Vel (Kn, bi) — Voo (Kn, bi)||, - [1 — p(A — BKy)]
+ 9% polyy (1K w e, 10all2, | ll2s T(K v, b0)) - || Voo (K, bi) — Vi da(Kn, ba)],
[1— p(A— BKy)] ™.
Note that from the definition of %ng(KN, by) and V,Jo(Ky, by,) in (B.4.31]) and (B.4.33)),
respectively, it holds by triangle inequality that
Voo (K, br) — Vo (K, bn)||,
<NITR, = YR 2 - 1K N2 - N ryonllz + 1 TR M2 - BNl - 1Frn b, — £ snll2
+ TR, = YRy ll2 - onlls + 175, — Tiy 2 - b ll2 + [1@x o — rcnpll2
+ HT%NH2 ’ H/‘/ZKN:bh - HKN,bhHQ'

By Theorem combining the fact that Jo(Kn,by) < Jo(Kn,by) and the fact that

ek oll2 < J(Kn,bo)/omin(Q), we know that with probability at least 1— (T)~*— (T?)~6,
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it holds for any p € (p(A — BKy),1) that

(B.6.30)

HVbJQ(KN7 bn) — 6bJ2(KNv bh)H2

< Mg, - polys (1K n e, [[brllz, [ ll2, J2 (K, b)) -

log® T log"/2 T? ]
(TOVAL = p)2 (T8 (1—p)]
Following from the choices of 4*, T? and i’l’ in the statement of Theorem m, it holds

that

7" poly, ([ Knle. |0nll2, [l2ll2, J(EKn, bo)) - AR, - polys (KN llp, 10nll2, lell2, J2 (K, b))

‘ 10g3 Tf; logl/2 ﬁ? T _ 1 B B _
(TO)/4(1 = p)? + (j:g)l/g (1 —p)] [1 p(A BKN)] + [1 p(A BKN)}

2

log® T . log ff;
(TOM2(L—p)* (IO (1= p)?

-poly; (1 Kxllr, 1ballz [|ellz, J2(K, bo)) - {

- (7")% - poly, (|| K ll2) - AL

< vk, AP e)2.
Further combining (B.6.29) and (B.6.30]), it holds with probability at least 1 — £'® that
| Jo (K, br) — Jo( K, b)) < viey <" - /2.

We then finish the proof of the lemma. O

B.6.6. Proof of Lemma [B.4.6

Proof. We show that (x;, € V, and £(() € Ve for any ¢ € V, separately.
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Part 1. First we show that (x, € V. Note that from Definition [B.2.7, we know that
Ckp = J(K,b) satisfies that 0 < (i, < J(Ko,bp). It remains to show that (f, = axy

satisfies that [[(% [l < M. By the definition of ak in (B.2.6), we know that

leeallz < Ikl + 1kl - (lrcalls + ko 112)
2 —= 2
(B.6.31) + ([[Allz + [1Bll2)” - (1Pxllz - 1A+ dll2 + (| freol2)
where fr, = (I — A+ BK)™"[(A— BK)"Pg(Bb+ Ap+d) — KT Rb] and for notational
simplicity, we denote by uj, = — Ky +b. We only need to bound Y, pircp, iy, Pr,

and fx ;. Note that by Proposition [B.2.2] the expected total cost J(K,b) takes the form
of

J(K,b) = tr(PrWe) + pgeyQurcy + (Hicy) Ry, + 02 - tr(R) + p' Qp.
Thus, we have

J(K07 bO) 2 J(K7 b) 2 O-min(\ljw> : tr(PK) Z O-min(\ljw) : ||PK||27

J(Ko,bo) > J(K,b) > N[T(,bQ,uK,b > Omin(Q) - |2,

J(Ko,bo) > J(K,b) > () Ristey > omin(R) - |15 4|2,
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which imply that

| Pxll2 < J(Ko,b0)/Omin(Vo),
ek plle < J (Ko, bo)/omin(Q),

(B.6.32) 15 pll2 < T (Ko, b0) /Omin(R).-

For T, it holds that

Q 0 AT
Tk = + Pk (A 3)7
0 R BT

which gives

ITxlle < (1QIlr + I Rlle) + (IAlIE + [1BIE) - | P lle,

2
ITxcllz < (1Qll2 + 1 R1l2) + (1Al + [1Bll2)” - 1Pl
Combining (B.6.32)) and the fact that ||Pk||r < v/m || Pk||2, we know that

ITxlle < (I1QIr + I1Zllp) + (IAlE + [1B]E) - v+ J(Eo, bo)/Ounin (L),

(B633)  ITxllz < (1Ql2 + 1RIl2) + (IAll +1Bll2)” - 7 (Ko, bo) /Fuin(Tes)-

Now, we upper bound the vector fx;. Note that by algebra, the vector fx; takes the

form of

fro=—=Prpxy+ (I = A+ BK) " (Quip — K Ruiey).
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Therefore, we upper bound fx as

(B.6.34)

1frcalla < I (Ko, bo)? - 0 (W) - 07k (Q) + [1 = p(A = BK)] ™ - (g + #m - | K [[)

Combining (B.6.31)), (B.6.32)), (B.6.33)), and (B.6.34)), it holds that

Ik ollz = llawllz < Mea + Mo (1+ || Kllp) - [1 = p(A = BK)] ™.

Therefore, it holds that (x € V.

Part 2. Now we show that for any ¢ € V¢, we have £(¢) € Ve. Recall that from (B.4.41)),

it holds that

(B.6.35)
51 (C) = Cl - ‘](K7 b)v 62(4.) = Eﬂk,b [1/1(357 u):| gl + @K,bgz - E?TK,I; [C(:E, u)@b(:zr, u)} :

Then we have
(B.6.36) 1£1(Q)] = [¢" = J(K, b)| < J(Ko,bo),

where we use the fact that since ¢ € V;, we have 0 < ¢! < J(Kj, by) by Definition [B.2.7]
Also, by (B.6.35)), we have

B.637) [€0], <|

N

]E'WK,b [¢(I, u)] Cl 5 +l|®K,b“2 ’ ||C2||%+ ’ E?TK,b [C(‘%u)l/}(x’u)}

Vv B2 TV

Bl BS

2
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Note that we upper bound B; as

(B.6.38) Bi < J(Ko, bo) - ‘

Erp, [@/J(x, u)} H .

2

Following from the definition of ¥ (z,u) in (B.2.5)), we know that

(B.6.39) ’

Eres [(2,0)] || < IZ: ],

where 3, is defined as

-
X (I)K —(I)KKT 0 0 I I

>, = Cov = = + Dy
U — K&y KOxK' + 02 0 o2l —-K —-K

Combining (B.6.38]) and (B.6.39)), we have

(B.6.40) By < J(Ko, bo) - [|Zz][r-

By Proposition [B.2.6] we upper bound B, as

(B641) By <41+ |KIE® - |0xl3- (Myr + Mca) - [1 - p(A— BE)] ™,

where we use the fact that ¢ € V, and Definition [B.2.7, As for the term Bj in (B.6.37)),

we utilize the following lemma to provide an upper bound.
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Lemma B.6.2. The vector Er, ,[c(z,u))(x, u)] takes the following form,

2svec[ ¥, diag(Q, R)X, + (2., diag(Q, R))Z.]
By, [c(z, u)p(z,u)] = , 2Qii s
2Ry,
svec(X.)

+ (e Quurcs + (e ) TR, + 1" Q] 0,

0y
Here the matrix ¥, takes the form of
Py — P KT
5, =
—K(I)K K(I)KKT + O'2 -1
Proof. See for a detailed proof. O

From Lemma [B.6.2/ and (B.6.32)), it holds that

(B.6.42) Bs < 3[[|1Qllr + | Rll¢ + J (Ko, bo) - [|Qll2/0min(Q)

+ J (Ko, bo) - | Rll2/0wmin(R)] - 1223

Moreover, by the definition of X, in (B.5.25)), combining the triangle inequality, we have

the following bounds for ||X., || and [|%, ||z,

(B.6.43) 1S:llr < 2+ 1K JE) - ([ Dxcll2s [1%:ll2 < 201+ K - 19l
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Also, we have
J(Ko,bo) > J(K,b) > tr[(Q + K'REK)®x| > |||z - omin(Q),
which gives the upper bound for ®x as follows,

(B.6.44) [Pxll2 < J (Ko, b0)/Omin(Q)-

Therefore, combining (B.6.37), (B.6.40), (B.6.41)), (B.6.42), (B.6.43), and (B.6.44), we

know that

(B.6.45) 1O, < C - (Mey + M) - J (Ko, bo)? /02 (Q)

-1

(L+IEIR)® - [1 - p(A - BK)]

By (B.6.36) and (B.6.45)), we know that £(¢) € Ve for any ¢ € V. We conclude the proof

of the lemma. ]

B.6.7. Proof of Lemma [B.4.7
Proof. Assume that Zy ~ N (p4, X4). Following from the fact that
Zip = Lz + v+ 0y,

it holds that

(B.6.46) ztw\/( uT+ZLZ (LT)'s Lt+z (LT)w LZ>

=0
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where

v, KU,
Uy =

KV, KUY ,K"+ 0%l

From (B.4.47), we know that u, takes the form of

(B.6.47) pe=(I-L)'v=> L
j=0

Therefore, combining (B.6.46)) and (B.6.47)), we have

7 T oo
(B.6.48) E(p:) = p- + 1 > Lhpg— L S L
T “ T

t=1 i=t
We denote by
T T oo
S SIITED 3) 9128
t=1 t=1 i=t
Meanwhile, it holds that

T T oo
VAT ) W2
t=1

t=1 i=t

2

<o) Nl + 3D (D) -l

< 1= D] llatlle + [L= p(L)] - ]

(B.6.49) <My - (1=p)72 - lpel2,

where M, is a positive absolute constant.
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For the covariance, note that for any random variables X ~ N(u1,%;) and YV ~
N (p2,32), we know that Z = X +Y ~ N (1 + pa, X), where ||Z|lp < 2||E1]|r + 2| Za]|r-

Combining (B.6.46)), we know that i, ~ N (Eji,, if / f), where if satisfies that

> (L) [l

T t—1
=1 1=

T
T/2-|1E7lle < Y p(L)* - IZ4]lr +
t=1 t
—1 ~ -1
< [L=pL)?] - I8lle + T+ 1= p(L)*] - [ Wslle,

which implies that

(B.6.50) ISzl < Ms - (1= p) 7" |||,

where My, is a positive absolute constant. Combining (B.6.48)), (B.6.49), and (B.6.50)),

we obtain that
. 1 1~
Mz ™~ N(MZ + =HT, :E~)a
T

where [|uglls < My (1= )72 [luall2 and [|[E7lle < My - (1= p)~" - | lp. Moreover, by

the Gaussian tail inequality, it holds with probability at least 1 — T-6 that

log T
T1/4

1122 = pl2 < (1= p)7* - poly ([|®xllz, K lr, Ib]l2, [lll2)-

Then we finish the proof of the lemma. U
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B.6.8. Proof of Lemma [B.4.§

Proof. We continue using the notations given in §B.4.3] We define

F(¢.&) = {ED)C +E[(@ - 7))~ Eh)} &+ [ ~E@)] -€ — 172 el

where 72 = @Z(x, u) is the estimated feature vector. Here the expectation is only taken over
the trajectory generated by the state transition and the policy 7, conditioning on the
randomness induced when calculating the estimated feature vectors. Thus, the function

F (¢, €) is still random, where the randomness comes from the estimated feature vectors.

Note that |F(C,€) — F(¢,€)| < [F(¢,€) — F(¢,€)| + [F(¢,€) — F(C,€)|. Thus, we only

need to upper bound |F((,€) — F(¢,€)| and |F(¢,€) = F(¢,)].

Part 1. First we upper bound |F(¢, &) — F(¢,€)|. Note that by algebra, we have

|F(¢,6) — F(¢,©)

= ‘{Ew ~ D HE[W )T~ (@07 ~Elew - D)} €

B651)  <E(Jw—dla) - [IC1+E(Y =l + 2100) - 1] + B - €0,

where the expectation is only taken over the trajectory generated by the state transition

and the policy 7. From Lemma [B.4.7] it holds that

(B.6.52) P(I7. — s + /T prlla < C) 21— T
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Therefore, combining (B.6.52)), it holds with probability at least 1 — T that

(B653)  E(lY —wla + 21012) < poly (1@iclla. [1Klle, [18lla, 1l2, T(Eo, b)),

where the expectation is conditioned on the randomness induced when calculating the

estimated feature vectors. Also, we know that

Therefore, combining (B.6.51), (B.6.53), (B.6.54), and Definition [B.2.7, it holds with

probability at least 1 — 75 that

(B.6.55) |F(C,€) = F(¢, &) <E([¢ = Plla) - poly (1@ o, | K [le, [1bll2, ll2ell2, T (Ko, bo)).

Following from the definitions of ¥ (z,u) in (B.2.5) and QZ(JI,U) in (B.2.14), we upper

bound ||¢(x,u) — J(w,u)HQ for any z and u as

o~ ~ ~ —~ 2 o~ N
(2, u) —Y(z, u)”% = || — MZH% + ”Z(Mz - MZ)T + (1. — MZ)ZTHF + ”,uz,u,: - ,uz,u,:”%

(B.6.56) < poly (|| ®xllz, [ K lp, 1bll2, lllz, J (Ko, bo)) - 1= — peal2,

where yi, is defined in (B.4.47)), ji. is defined in (B.4.48), and z = (27,u")". Also, by
Lemma [B.4.7, we know that

log T

(B'6'57> H/Lz - MZHQ < Tvl/‘l

(1= p)7* poly (1@l [| K [Ie, 1Bll2 [11ll2, T (Ko, bo)),
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which holds with probability at least 1 —7—¢. Combining (B-6.55), (B.6.56), and (B.6.57),

it holds with probability at least 1 — 76 that

~ log'f
(B.6.58)  |F(¢, &) —F(¢,8)| < T1/a

(L= p)~* - poly ([[K e, [1Bll2 [[12ll2, T (Ko, bo) )
Part 2. We now upper bound |ﬁ(§, €) — F(¢,€)| in the sequel. By definitions, we have

|F(¢.6) — F(¢.©)

- '{E@ ~ D)+ E[@ )T~ (G- 3)DT)¢C ~E@ - D)} € +E@ - e

(B.6.59)

<|[{e@c +B@IIC -BED)} @ + BOE| 10

+|[E@ITE) ¢

Lerneye,

where we define the event &' as

£ = (ﬂ {11124 = e + 1T pgllf = 02(S0)] < G- log T - Hin}) 18

te|T)

where & is defined in (B.4.55). Combining the fact that P(&) > 1 — T-6 and Lemma
B.7.3 it holds that P(£') > 1 — 75 — T-%. Following a similar argument as in Part 1,

it holds from (B.6.59) that

(B660)  |F(C.&)~ F(¢.0) < (% " TL) poly (LK e, b1l lll2, T (Fo. bo))

1/4

for sufficiently large T and T.
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Now, combining (B.6.58|) and (B.6.60)), by triangle inequality, it holds with probability

at least 1 — 76 that

1 log T
_ _'_ —
27T T1/4

[F(C€) = F(G,9)] < ( ) (1= p)7% - poly ([ K1l [[bll2: 11ll2: T (Ko, bo))-

We finish the proof of the lemma. ([l

B.6.9. Proof of Lemma [B.5.2

Proof. Recall that the feature vector 1 (x,u) takes the following form

sy = [Frecle = e =]

Z— [y

We then have

sveclyy” — (L 0 (L NT
(B.6.61) D) — () = vy’ = Ly +0)(Ly + )] ,
y — (Ly +0)

where we denote by y = z — 1., and (2/,u’) is the state-action pair after (z,u) following

the state transition and the policy 7k . Therefore, for any symmetric matrices M, N and
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any vectors m, n, it holds from (B.2.7) and (B.6.61)) that

svec(M) ' o, svec(N)
. { eeM) ) (svectuy™)) (sveelu™ — (Ly+ a)(Ly+ 7] | [svee() }
m y y — (Ly +9) n
= ]Ey,a{ (M, yy ") +m"y) - [(N,yy" = (Ly+0)(Ly +06)") + n"(y — Ly — 0)] }
(B.6.62)
=E,({yy" . M) (yy" — Lyy ' L" — 0, N)) +E, ((yy ", M) -n' (y — Ly))

~~

~~
Al A2

+Ey(m'y - {yy" — Lyy LT — W5, N)) + B, [m"y -n"(y - Ly)],

J/ /

As A,
where the expectations are taken over y ~ N(0,%,) and 6 ~ N (0, U5). We evaluate the

terms A, As, Az, and Ay in the sequel.
For the terms A, and Az in (B.6.62)), by the fact that y = z — pu, ~ N (0, X,), we know

that these two terms vanish. For Ay, it holds that

(B.6.63) Ay=E,m'y-(y—Ly)'n] =E,[m"yy"(I—L)'n] =m'S,(I-L)n.
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For Ay, by algebra, we have

Ar=E,((yy", M) - (yy" — Lyy"LT — W;, N))
=E,((yy". M) - (yy" — Lyy"L",N)) —E,((yy", M) - (¥s5, N))
=Ey[y'My-y" (N —L'NL)y|] — (3., M) - (U5, N)

(B.6.64) = E,unon[u'SYPME u-u VAN — LTNL)SY?u] — (., M) - (U5, N).
Now, by applying Lemma to the first term on the RHS of (B.6.64)), we know that

Ay =2tr[22MEV? . 83N — LTNL)S?]
+tr(SY2MEY?) e [SYA(N — LTNL)SY?] — (2., M) - (Vs, N)
=2(M, S, (N — L'NL)S.) + (., M) - (£, — LY. LT — ¥;, N)
=2(M,Z.(N — L' NL)S.),
where we use the fact that ¥, = LX,L" + Uy in the last equality. By using the property

of the operator svec(:) and the definition of the symmetric Kronecker product, we obtain

that

Ay = 2svec(M) Tsvec[S,(N — LTNL)X, |
= 2svec(M)' [Z, ®, X, — (8.L") ®, (.L")]svec(N)

(B.6.65) = 2svec(M) " [(E. ®, £.)(I — L ®, L) |svec(N).



270

Combining (B.6.62)), (B.6.63), and (B.6.65]), we obtain that

.
svec(M) svec(N)
Ok
m n

= svec(M) ' [2(2, ®, 8.)(I — L®, L) |svec(N) +m'S.(I — L)'n

.
svec(M) 203, @, )1 —L®,L)" 0 svec(N)

m 0 .(I-L0)" n
Thus, the matrix O takes the following form,

2%, ©.5.)( — L, L)T 0
@K,b = 3
0 S.(1—1)7

which concludes the proof of the lemma. [l

B.6.10. Proof of Lemma [B.5.3|
Proof. From the definition of © Kb in (B.2.9)), it holds that
(B.6.66) 1O%k3ll2 < 1+ 1O54lI2 + 1073,

where o, is defined as

_ svec(X,)
0. =Ery, [w(x,u)] =
0k+m
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We bound the RHS of (B.6.66)) in the sequel. For the term @I_{}b&/z, combining Lemma

B.5.2, we have

-7 -1
ols _ 1/2- (I —L®s L) (X, ®3,)" " - svec(X,)
Kp9z =

0k+m

1/2-(I - Lo, L) T(X' @, 3.1) - svec(,)

z

Ok+m

(B.6.67) _ 1/2-(I = L®, L)™' -svec(X]1) |

0k+m

where we use the property of the symmetric Kronecker product in the second and last

line. By taking the spectral norm on both sides of (B.6.67]), it holds that

1953 :ll2 = 1/2 [[(I = L@y L)~ - svee(S1)]|,
<1/2-|[(I = L&, )77, - [lsvec(S7H)]],
<1/2-[1=p2D)] " IS e
<12 VE+tm-[1-p2AD)] 15
(B.6.68) =1/2-VEk+m-[1-pA(L)] " oph(S.),

where in the third line we use Lemma to the matrix L ®, L. Similarly, we upper

bound H@I}}ng in the sequel

(B.6.69) 10l < min{1/2- [1 = p2(1)] opd (), [1 - p(L)] (52}
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Thus, combining (B.6.66|), (B.6.68]), and (B.6.69)), we obtain that

10,3 <1+1/2-VEk+m-[1—p*(L)] " onk(S.)

(B.6.70) +min{1/2- [1 = A1) o2 (52), [1 - p(L)] ok (32) )

Now it remains to characterize o, (2,). For any vectors s € R™ and r € R¥, we have

-
5 5 T T 2
>, = ExNN(MK,b@K)MNWK,bC\w){ [S (JJ — ,uK,b) “+r (u + K,uKb — b)] }
T r
2
= Eeonuestrmnond [(s = K0 (@ = pco) +orn)"}
2
(B.6.71) = ]ExNN(NK,leDK){ [(s — KTT)T(ZE — /LKVb)] } + Epno,n [(JrTn)Q}.

The first term on the RHS of (B.6.71]) is lower bounded as

Exw(w,b,@x){ [(s = K'r)" (2~ MK,b)]Q} = (s = K'r)T®g(s — Kr)

(B.6.72) > |ls — K'r||2 - omin(®Px) > ||s — K73 - 0min(Ps),

where the last inequality comes from the fact that o (Pr) > omin(Vy) by (3.2.3). The

second term on the RHS of (B.6.71|) takes the form of

(B.6.73) Eqnion (o' )] = o?|r|3.
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Therefore, combining (B.6.71)), (B.6.72)), and (B.6.73), we have

T

S
2 > |Is = K73 - owin(Wo) + 07|73

> Ounin (Vo) - 113 + [07 = 1K3 - owmin (Pa)] - [I7]J3.
From this, we know that
(B.6.74) Omin(2;) > min{amin(\llw), o —|K|3- amin(\llw)}.

Thus, combining (B.6.70) and (B.6.74), we know that ”él_(le? is upper bounded by a
constant Ag, where Ax only depends on ||K||» and p(L) = p(A — BK). This finishes the

proof of the lemma. 0

B.6.11. Proof of Lemma [B.6.2

Proof. First, note that the cost function c¢(x, u) takes the following form,

svec [diag(Q, R)}
c(a,u) = Pz, u)" 2Q4x + (e pQuucs + (i) " Rpsfe, + 1" Qp).

2Ry,
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For any matrix V' and vectors v,, v,, it holds that

svec(V)

Erp, [c(x, w)(z, u)] ’ v,

Uy
(B.6.75)
svec|diag(Q, R)] svec(V)
=Erp,{ ¥(z,0)" 2QuKp Y(w,u)’ Uy
2Ry, Vu
N . )

svec(V)
+ By, § ¥(, U)T(M},bQﬂK,b + (N?{,b)TRMTf(,b + 1" Qu) Vs

Uy

-

Do

In the sequel, we calculate Dy and D, respectively.
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Calculation of D;. Note that by the definition of ¥(x,u) in (B.2.5)), it holds that

2
Dy =Eq,, [(z — Mz)Tdiag(Q R)(z— ) + (2 — MZ)T Qukp ]
QRM?(,I;
. [(2 — Mz)TV(Z . qu) + (Z . ,UZ)T (% ]
Uy
BOTO) = Ba, [l = ) ding(@ Rz — )+ (- = i)V = )]
-

2 xT
+ ET"K,I; QMK,b (Z — Mz)(Z _ ILLZ)T v
QRM}L(,b Vy,

Here z = (z',u")" and p, = Er,(2). For the first term on the RHS of (B.6.70)), note

that z — pu, ~ N(0,X%,). Therefore, by Lemma [B.7.1] we obtain that

Eﬂx,b [(2 - ,uZ)Tdiag(Q, R)(z — ) - (2 — NZ)TV(Z - MZ)}
= 2(2.diag(Q, R)X., V) + (2., diag(Q, R)) - (X.,V)

(B.6.77) = svec [2Ezdiag(Q, R)E. + (2., diag(Q, R)) - Zz} Tsvec(V).

Meanwhile, the second term on the RHS of (B.6.76) takes the form of

T

.

2QuKp Uy 2QuKp Uy
(2 —p2)(z — MZ>T = |2

2R, Uy, 2Rpy Uy,

(B.6.78) E

TK,b
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Combining (B.6.76)), (B.6.77), and (B.6.78]), we obtain that

-
2svec X, diag(Q, R)X. + (., diag(Q, R))X. | svec(V)
(B679) D1 == > 2Q/~LK,b Uy
2Ry, Vu

Calculation of D,. By the definition of the feature vector ¢)(z,u) in (B.2.5)), we know

that
-
svec(X,) svec(V)
(B.6.80) Do = (ngpQuicp + (icy) Ry + 1" Qu) | 0, v,
0y, Uy

Now, combining (B.6.75)), (B.6.79)), and (B.6.80)), it holds that

2svec [Ezdiag(Q, R)X, + (X,, diag(Q, R)>EZ]
Eny, [c(w, u)(z,u)] = S 2Quxp

2Ry,

svec(X,)
+ [:u;(,bQ,uK,b + (/flL{,b)TRMq}J{,b + MT@M] 0,, :

0%

which concludes the proof of the lemma. [l
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B.7. Auxiliary Results

Lemma B.7.1. Assume that the random variable w ~ N (0, 1), and let U and V be two

symmetric matrices, then it holds that

E(w' Uw - w'Vw) = 2tr(UV) + tr(U) - tr(V).

Proof. See |Magnus et al.| (1978) and Magnus) (1979)) for a detailed proof. O
Lemma B.7.2. Let M, N be commuting symmetric matrices, and let oy, ..., a,, B1, ..., Bn
denote their eigenvalues with vy, ..., v, a common basis of orthogonal eigenvectors. Then

the n(n +1)/2 eigenvalues of M ®4 N are given by («;8; + «;3;)/2, where 1 < i < j < n.
Proof. See Lemma 2 in |Alizadeh et al.| (1998) for a detailed proof. O

Lemma B.7.3. For any integer m > 0, let A € R™ ™ and n ~ N(0, [,,). Then, there

exists some absolute constant C' > 0 such that for any ¢ > 0, we have
P“??TA?? —E(n' An)| > t} <2-exp [—C - min (7| Al|5?, tHAII?)]

Proof. See |[Rudelson et al.| (2013) for a detailed proof. O
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APPENDIX C

Supplemental Materials in Chapter

C.1. Analysis of Maximum Likelihood Estimation

We denote by

T-1

1
n > “1ogO(Si, Z1)

t=0

L,(©) = -E

the population counterpart of El. We define

1

%TZ [ (vesa- ¢@2<St,z>)2dz] -

We have the following supporting result.
Lemma C.1.1. Under Assumption @, for any ©1, ©, € Fi, it holds with probability at

least 1 — ¢ for any ¢/(NT)? < § < 1 that

(Li(61) = L1(62)) — (L:1(61) — Lu(0))|

logCe- ., 1 \/C@* 1
< o log = log(NT . H? log = log(NT
= ¢ NTk og5 0g(NT) + ¢ NTk (©1,62) 0g5 og(NT),

where H?(©1,0,) is defined in ((C.1.1)).
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Proof. By Theorem |C.7.7] it holds with probability at least 1 — ¢ that

(L1(61) = L1(62)) = (L1(61) = Li(6))|

(C.1.2)

1 * 1
c- i\g]g’j logglog(NT)—i-c-J

1
—log(NT).

log 5

IA

(=

Now, it suffices to upper bound the variance term on the RHS of the above inequality.

NTK

Note that logz < 2(y/z — 1) for any 2 > 0. Thus, for any s € S, we have
/@*(s,z) <log 2222’2)2(12
oo (JE) _)}
—1 [uax{ G (VEr - V1) 5 (VBr - V) s
(C.1.3) §4C’@*/<\/®1(s,z)—\/@2(s,z)> dz,

which implies that

(C.1.4) < 8Ce-H*(01,0,).

% ( O St,Zt>>
2\ "% 0,(5,, 2,)

By plugging (C into , we conclude the proof of the lemma. 0
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C.1.1. Proof of Theorem 4.4.5]

Proof. Proof of the first statement. It suffices to show that with probability at least

1 — 9, we have

-~ ~

Ll(@*) - Ll(@> S aq.

By Corollary [C.7.10}, it holds with probability at least 1 — ¢ that

~ d 0
1. ) * < . max
(C.1.5) H*(©",0) <c NTnlOg 5

where ¢ > 0 is an absolute constant, which may vary from lines to lines. Thus, by Lemma

it holds with probability at least 1 — 4 that

(£109) = £4®)) - (Li(0) - Lu(®)) |

log C@* emax C@* =~ gmax
<ec- dl log(NT . H2(6*,0)dl log(NT
< ¢~ —dlog == log(NT) + ¢ [ -7 H2(6*, ©)dlog —— log(NT)
C@*d emax
1. <c-
(C.1.6) <c NT/ilOg 5 log(NT),

where we use a covering argument and (C.1.5]) in the first and last inequalities, respectively.

Further, by a similar idea as in (C.1.3), we upper bound |L;(©*) — Ll(@)| as follows,

1

-1
~ 1 x
[L1(07) — Li(0)] = |E T g /@*(St,z)logwdz
t=0

@)(St, Z)
C@*d emax

1
NTw 875

(C.1.7) < 20e-H*(©*,0) < c-
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where we use (C.1.5) and Corollary |C.7.10| in the first and last inequalities, respectively.

Now, by combining ((C.1.6) and (C.1.7)), it holds with probability at least 1 — § that

~ -~ A~ *d
L1(0") — L1(©) < ¢ Co

Qmax
' NTw log 5 log(NT) = ay,

which concludes the proof of the first statement.
Proof of the second statement. By Lemma [C.1.1], with probability at least 1 — ¢, for

any © € confy, , we have

(Li(6") = L1(0)) = (L:(6") — Li(®) )

Co+
NTk

log C@*
NTk

H?(©*,0)dlog QH;X log(NT),

(C.1.8) <c dlog QH;X log(NT) + ¢ - \/

where we use a covering argument. In the meanwhile, by the first statement, we have

©* € conf! , with probability at least 1 —¢. Thus, we have

~ ~ o~ ~

(C.1.9) 109 — T.(0)| < |T.(e") - L1<@)] + ‘131(@) - Ll(G)‘ < 204,

~ ~ ‘

where we use the fact that © € conf), .- By combining ((C.1.8) and (C.1.9)), with probability

at least 1 — 4, it holds for any © € conf, that

(C.1.10)

L1(©) = L1(©7)

Co+
NTk

IOg O@* emax
<c- dl
=N %S

log(NT) + ¢ -

H?(©*,0)dlog ergax log(NT).
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On the other hand, it holds for any s € S that
" O(s, 2) , O(s, 2)
_ AT ds > I\
/@ (s,2)log @*(s,z)dz_ 2/@ (s,2) < o (5.2) 1]dz
— / <@*(s, 2) + 0(s,2) — 24/0O(s, 2)0%(s, z)) dz

/< O*(s, z) + sz)dz,

which implies that
(C.1.11) Li(©) — Li(0%) > 2H?*(6%,0).

By combining ((C.1.10|) and ((C.1.11]), we have

log Ce- O max \/ Co- Oruax
2 * < c- . 2 *
H*(©%,0) <c NTx dlog 5 log(NT) + ¢ NT/<;H (0*,0)dlog 5 log(NT),

which implies that

C@* d ernax
log

2 * < o
HO7,0) < e o 5

log(NT).

Now, by Lemma , with probability at least 1 — 4§, it holds for any © € conf. . that

vl

which concludes the proof of the second statement. O

T—

Co-d. . 0
. 2 < . max
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C.2. Proofs of Results in

We provide proofs of results in §4.2l We first present proofs for §4.2.2] then we present

proofs for §4.2.1]

C.2.1. Proof of Lemma [4.2.7]

Proof. By Assumption @, we know that

w“(St)Rt

|: ZtTAtﬂ'(At | St)
A*(Sy, Ap)O* (S, Zy)

y

is well-defined. Further, we observe for any ¢ € {0,1,...,7 — 1} that
Zt—l—AtTr(At ‘ St)
A*

(Si, A)O* (S}, Z) St]

g [Z (e ) (5) 1A, = o)
- Z K A*(Sy, a)O*(St, Z;)db(S)

’U)W(St)Rt

R<St, Ui, a, St+1, Ut—H)

|

acA

B [ ZTan(a|Sy)d™(S;) 1{A; = a}
= B | T R5 678, z) Sy Ui a) | Sf]

acA
_ Z]E _ZtTcm(a ’ St)d”(St)IP’(At = a | St, Ut, Zt)
A*(S,, a)d*(S)0(S, Z)

T'(St, Ut, (l)

)

st]
acA -

1 7T<(Z | St)d”(St)}P’(At = a | St, Ut, Zt = Z)
o E r(Sy, Uy, a
;ZG;;&J K-1 { A*(Sy, a)d*(Sy) (5, U, a)

- Z il Llfz)Scf;r(St)EUt [r(St, Uty a) | S,
acA

acA -

o [(a] S)dT(S)P(A; = a| S, Us, Z = a)
=2 _E A (S, ) (S))

T(St, Ut, (l)

)

where in the first equality, we use the definition of w™(s); in the second equality, we use

Assumption @; in the third equality, we use Assumption @; in the forth equality, we use
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Assumption |(¢); while in the fifth equality, we use Assumption @ Now, by Assumption
4.2.6, we know that Ey, [r(St, U, a) | St] = 7(St, a), where the function 7 is independent of

t. Therefore, we have

T-1
1 Z5 Ay (A | Sy)
E|= ! ™
T;A%HMM&@w@%
T-1
1 (a]Sy)d"(Sk)
— 7 E Z (St7 )
T t=0 acA db(St)
T-1
1 /ﬂﬂ%%) b
== r(s,a)p(s)ds
r=ial P
= /71’((1 | s)d™ (s)7(s,a)ds = J(m),
acA
which concludes the proof of the lemma. O

C.2.2. Proof of Lemma [4.2.8

Proof. Similar to the proof of Lemma [4.2.7] in §C.2.1] we observe that

T-1

122 ZT Ad™ (Sp)m(As | Sp) /f V™ (3
tﬂA&&&@(m&

(C.2.1)

Similarly, we have

(C.2.2)

Z ZTAtdﬂ- St (At | St) f(S )
A&&&@(&w)t“

= /f(s’)d”(s)w(a | S)P(S' =s|S =s,A=a)ds'dads.
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Meanwhile, by the definition of d"(s,a), we have

d™(s') = (1 - ) Z WACH
= (1 —7)v( Z Y PTa(s

=(1-7) ( +727 / (Sty1=15"| S =5, Ay = a)m (a|s)pf(s)dsda>
(C.2.3) =(1—9)w()+ 'y/IP’(S’ =55 =sA=a)r(als)d"(s)dsda,

where we use the assumption that Sy | (St, At) is time-homogeneous. Combining ((C.2.1])

and (C.2.2)), we have

T-1

TA,:d’r Sp)m(As | S
Z0 St,At db St)( (Z|t | ;t) (f( t) - Vf(St—H))]

= /f(s’) <d’r(s') - ’y/d”(s)w(a |)P(S"' =515 =sA= a)dsda) ds’
= (1) [ £ = (1= 2B [£(S)),

where we use (C.2.3) in the forth equality. This concludes the proof of the lemma. [

C.2.3. Proof of Lemma [4.2.4]

Proof. Similar to the proof of Lemma [4.2.7] in §C.2.1] we observe that

E |: ZJA()?T(AO | S()
A*(Sy, Ag)P(Zy | So)

RQ‘SO_S:|

(C.2.4) — Eu, | > w(al So)r(So, Uo, a) ) So=s| = E.[Ro| S0 = s,

acA
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where E,[-] denotes that the expectation is taken w.r.t. Ay ~ m(-|Sp). Similarly, by

]

= [ Z] Aim(Ay | S))
=K -GEZATV(G|SO)E _A*(Sl,Al)P(Zl | 51>R1

Assumption [.2.3 we observe that

ZJA()?T(AO | S()) ZFAlﬂ'(Al | Sl)

E R
{A*(So, A))P(Zy | So) A*(Sy, AV P(Z1]51)

So,Uo,Ao = a:| ‘So = S]

I ZTA17T(A1|51
=E E|E 1 A =
> rlal SE | [A*(ShA) P15 Rl\sl,m] | S0, Uo, 40 = Mso 5

Lac A
—E |3 w(a] So)E B[Ry | S1,Th] | So. Un, Ao = d] (50:5 —E,[R | S = s.
Lac A
Now, by induction, it holds for any ¢ > 0 that
! ZTAWA|S) PR
s pezsy) |50 = Bl S

which implies that

VT(s)=E

— © Z]Am(A;]S))
;7& (};[A(SWA) (Zj]Sj)>

SO:S].
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To show that the IV-aided Bellman equation holds, by a similar argument as in ((C.2.4)),

we observe that

ZTA()?T(A() | S()) :|

E 0 V™(S,)| Sy =s

{A*(Sow‘lo)P(Zo|50)7 (S]] So
[ ZT Ao (Ao | So) 72T Am(A]S))

) t+1 j _
A (So, A0)P(Zo] 50) ;7 At HA* (S, A)P(Z; | S;) S| [So=s

! Z] Aym(A;]S;)
=K Z’Yth<HA* S]’A) (ZlS >‘SO_S .

Thus, we have

ZS—A()W(AO ‘ So)
A*

(o, A0) P(Zo | So)(RO +V7(51)) ‘ So = s}

=V7(s).

g T ZTAm(A;]S)) o _
Z” AL A GS A P(Z 1 S) ‘0 °

Similar results also hold for any ¢ > 0. This concludes the proof of the lemma. OJ

C.2.4. Proof of Corollary

Proof. We have

ZT Am(A] S)) .
E {f () A (s, Ao (8, z) BtV <St“>>1

ZtTAﬂr(At | Sy)
- [f (Se)E [A*(Sh 4)6° (5, 21)

=E [f(St)Vﬂ(St)] )

(R 2V (i) | |



288

where the last equality comes from Lemma [£.2.4 By summing all ¢ € {0,1,...,7 — 1},

we conclude the proof of the corollary. O

C.3. Proofs of Results in §4.4.1]

C.3.1. Proof of Theorem [4.4.9]

Proof. By the definition of J(7) in (4.1.2)), we proceed as follows,

J(m") = J(7wr)

= (1= 7)Esov [V™ (So) = V™(S0)]

< (1= Espes [V7(S0)] = min min (1= 7)Eg,e [0(S0)
(A,@)Gconfgo ><conf}11 veconf‘(’fvf(A,@,Tr)
(C.3.1)
< (1= )Es V7 (S)] = min min (1—7)Esym [0(S0)].

(A,@)econfgo ><conf2;‘1 vEconf‘gvf(A,@,w*)

where in the first inequality, we use Lemma |4.4.7; while in the last inequality, we use the

optimality of 7ys. It suffices to characterize the RHS of the above. We proceed ((C.3.1]) as

follows,

J(m") = J(7we)

(C.3.2)
< max max |(1 = MEsear[v(S0)] = (1 = ) Esomn [V (S0)] |-

- 1 f *
(A,@)econfgo xconf,,, veconfy (A,0,m*)
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Meanwhile, by Lemmas [£.2.7] and [£.2.8] we have

(1= 9)Espms [V7(S0)] = J(a*) = E

9

T-1
1 * ZTAt’/T*<At ’ St)
— w™ (S, L R
T ; ( t)A*(St,At)G)*(St, Z)

(C.3.3)

(1 = 7)Esom [v(So)] = E

1 T-1 . ZtTAtﬂ'*(At ’ St)
72 )5, agers, z V0 - 7v<5t+1>>] .

Now, by plugging (C.3.3)) into the RHS of (C.3.2)), we obtain

J(m*) = J(7f) < max max O™ (v, w™ ; A*,0%)

(A,@)Gconfgo ><confétl veconf‘gvf(A,G),w*)

By continuing the above inequality, we have

J(m") = J(7wr)

< max max max |7 (v, g; A*, ©7)

(A,@)Econfgo ><conf,1)(1 v€conf‘gvf(A,@,7r*) gEW

= max max max max {9 (v, g; A*, 0%), =@ (v, g; A*, 0%) }
(A,@)E(:onfgto><con1’(111 veconf‘c’fvf(A,G),ﬂ*) geWw

= max max max max {9 (v, g; A*, 0%), &7 (v, —g; A*, 0%) }
(A,@)Econf(o)(o><conf(:§¢1 vewnf‘éfvf(A,G),n*) geW

.
= max max max ¢ (v, g; A*, ©)
(A,@)Econfgo><com°(1)¢1 veconf‘gvf(A,G,n*) geEW

C2.C2.C,

1 1
S C 1 — (60 + £I)LH\/NTKJ . Q:J:OJ'H,W,V,H . 10g 5 ]-Og(NT)7

where in the first inequality, we use Assumption [4.4.6; in the third equality, we use the fact
that W is symmetric; while in the last inequality, we use Lemma [£.4.8] This concludes

the proof of the theorem. O
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C.3.2. Proof of Lemma [4.4.7]

Proof. By Assumption [£.4.6, we know that V™ € V. Thus, to show that V™ €
conf("lfvf(A*, ©*, ) with a high probability, it suffices to show that

(C.3.4) max PV, g; A, 07) — max PL(T%- o, 0 AT, 07) < o,

In the follows, we show that (C.3.4) holds with a high probability. For the simplicity of
notations, we denote by ®7(v, g; %) = ®J(v, g; A*,0%) and V] = V3. g. for any (7,v,g).
Note that

Ig%% O (V™ g; %) — r;le% 5(VT, g; %)

-~

— (I,7r V7r . _ (I)7r V7r . (I)7r V7r . _ (I)ﬂ' P .
E]%%( vf( >ga*) ge%( vf( 79,*)‘*’%% vf( 7ga*) ge%( vf(v*agv*)

+ max O5(07, g5 %) — max G(uy, g )

< max PL(V™, g; %) — max OL(V™, g5 %) + max OL(v], g %) — max DUV, g5 %)

< 2max
veY

max (v, g; +) — max Dy(v, g; #)

(C.3.5)

< 2maxmax (v, g3 %) — Pe(v, g3 %)

’ ~
’

where in the first inequality, we use maxgeyw P%(V™, g; %) = 0 while maxgeyw ®(v, g; %) >

0 for any v. In the meanwhile, by Theorem [C.7.6] with probability at least 1 — ¢, it holds
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for any (m,v,g) € II x ¥V x W that

ConC, 1
CaCoC [Svyn -log = log(NT),

<c
- 1—7 NTk )

(C.3.6) ‘@f(v, g; %) — ®G(v, g %)

where we use Assumption [(b)] and ||g||c < C; for any g € W. Now, combining (C.3.5)
and ((C.3.6), with probability at least 1 — 9, we have

* * E3 1
) CA O@ C Q:WVV’H . log g 10g(NT> = O,

EI\)W V™ a i ZI\)W ~T . <
Ig%%( vf( 7g7*) I;é%( vf(U*7g7*> =cC 1 — NTk

which implies that V7™ € conf‘c’fvf(A*, ©* m) for any 7w € II. This concludes the proof of the

lemma. O

C.3.3. Proof of Lemma [4.4.8

Proof. Since v € U(A,e)econfgoxconfélconf‘;fvf(A,@,7?), there exists a pair (A,0) €
confo x conf, such that v € conf‘é’i{(&,é,w). For the simplicity of notations, we de-
note by
(C.3.7) ¥ € argmin max ®%(v, g; A, ©),

veY  9EW

Le., v =% 5, which is defined in (4.3.2). By the definition of v and v € conf‘(;fvf(ﬁ, (:j,ﬂ'),

we know that

(C.3.8) max (v, g; A, ©) — max Oy(v, g; A, 0) < our.
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Note that
q)ﬂ' A* @*
I;é%( vf(vagv ) )
= max ®7(v, g; A*, 0*) — max O (v, g; A*, O (v, g; A*, O
Ig%% vf(U=g7 ) ) Igré% Vf(U,g7 ’ )—i—IgIé%{ vf(v7g7 ) )
— (v, g; A, © (v, g; A, 0) — (7, 9; A, ©
gé%( vf(U’gv ) )_'_gé%( vf(vvg7 ) ) gé%( vf(vvga ) )

(7, g; A, ©) — max 7T, g; A, © (v, g; A, ©
+gé% vf(vvga ) ) Ig%%( Vf('U,g, ) )—*—I;é%( vf('Uvg7 ) )

<2 max P (v,9; A, © — 9 v,q; A, © max ®7(v, ;Z,é
= 7 (0,9,0,0)e(VWV,Fo, F1) vf( g ) vf( g ) +\g€W f( g )/
Te:n:(l) Ter;nr(ll)

(C.3.9)
+ max EI\)Cf(U7 g; A*7 6*) - ZI\)\7/r1’(v7 g; Aa é)’ +avf7
\geW
Terr;r(III)

where we use ((C.3.8) in the last inequality. Now we upper bound terms (I), (II), and (I1T)
on the RHS of (C.3.9).

Upper Bounding Term (I). By Theorem |C.7.6[ with probability at least 1— 4, it holds

for any (v,g,A,0,m) € (V, W, Fy, F1,11) that

CaCo-Cy [€rymwym, 1
. Wl sV 1 _1 NT
1~ NTr 1085 o8N T),

(v,9:8,0) = O(v,: 4, 0)| < c

which implies that with probability at least 1 — d, we have

Ca-Co-C, |C 1
. A S FD,‘FI,W,V,H log - log(NT)

0. <
(C.3.10) Term (I) < ¢ - NTx 5
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Upper Bounding Term (II). We introduce the following lemma to help upper bound
term (II).
Lemma C.3.1. Suppose oy and «; are defined in Assumption 4.4.4. With probability

at least 1 — 4, for any (A, ©,7) € confo, x conf), x II, we have

1
(€0 + &)Ly | Roemwvat o Lo v,

C3.C3.C
™ (o7 A < . JATTOr R
max vf(UA7®7g7 7@) >c NTk 0

geWw 1-—

where U7 g is defined in (4.3.2)), { and &, are constants defined in Assumption m

Proof. See for a detailed proof. O

By the definition of v in (C.3.7)) and Lemma with probability at least 1 —d, we

have

1
(€ + &) L Eror vt log ~ log(NT).

C3.C3.C,
3. <. JATTOR T
(C.3.11) Term (IT) < ¢ — T 5

1

Upper Bounding Term (III). Note that

EI;Cf(”a g; A*7 6*) - (/ISCf(U7 g; za é)’

|z

(C.3.12)

T-1

l ZtTAtW(At | St) B ZtTAﬂT(At | St) v
7 2. 9(%) (A*(St, A)O* (St Z)  A(Sh, A)O(S,, Zt)> (Bety (St“))]

t=

+ |E

1 T—1 Z;AHT(At | St) B ZtTAtﬂ'(At | S;) .
g ; e <A*<5t, ANO(Si, Z)  A(S,, A)O(Sh, zt)) (Bt (Sm))] ‘ :
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For the first term on the RHS of (C.3.12)), by Theorem |C.7.6, with probability at least

1 — 4, it holds for any (v, g,7) € V x W x II that

~ 1 < ZT Ar(Ar| Sy) ZT A(A | Sy)
(B-E) |72 0(s) (A*(st, AN (St Ze)  A(S,, A)O(S:, Zt>> et W(St“))] |
(C.3.13)

t=0

Ca-Co-C, \/Q:]-'o]-' wya, 1
. /1y sV 1 _1 NT .
T, NTr 85 loe(NT)
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For the second term on the RHS of (C.3.12]), with probability at least 1 — 9, it holds that

T-1

1 Z5 A (A | Sy) _ zZ! A (A] Sy) v
2_9(5) (A*(St,At)@*(St, Z) NS, A)B(S. Zt)) e (St“))] ‘

1 1 1
1 -7 T 0 A(SﬁAJé(St,Zt) A*<St7At)@*(St7Zt)

C 1| 0°(8,2) —0(8,2)  A*(S,A)— A(S, A
l—v |T A(S;, A)O(Sy, Z,)O* (S, Zy)  A*(Sy, A)A(Sy, A)O*(Sy, Zy)

P35 - 4650

(C.3.14)

Co-

CaxCox C 1
i(ﬁoc@* N7 G log <log(NT) + 6 Cary | 12

1
1 log(NT
> 1_ ~ NTr 5 Q:]:1 0g < 5 Og( )> ;

where in the first inequality, we use the fact that ||v]je < 1/(1 — ) and ||g|lec < Ci;
in the third inequality, we use Cauchy-Schwarz inequality; while in the last inequality,

we use Assumption with the fact that (ﬁ, é) € com‘gO x conf, . Now, by plugging

(C.3.13) and into , with probability at least 1 — 9, it holds for any
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f
v E U(A,@)EconfgoXconf}llconf‘o’évf(A, O,7), g €W, and 7 € II that

ach(Ua g, A*7 @*) - ZI;Cf(”? g, Aa é)’

C3.C3.C. 1 1
(0315) S C- %(fg + fl)\/N—M . Q:J'—o,]ﬁ,W,V,H : log S 10g<NT)

Now, by plugging (C.3.10)), (C.3.11)), and (C.3.15)) into (C.3.9)), with probability at

least 1 — ¢, it holds for any v € U(A@)econfgoXcon%lconf‘c’fvf(A, ©,7) and 7 € II that

2 2
max ®7(v, g; A", 0%) < c¢- Ca-Co-C

1 1
max < T (Go+&)ln \/m “€xm Wy - log < log(NT),

which concludes the proof of the lemma. O

C.3.4. Proof of Lemma

Proof. Note that
P (D7 WANG
glé% vf(/UA,®797 ) )

= O (VR o, ;A\, O) — O™ (T, NANG) O™ (T, NHANG)
1;%% (VAo 9 ) ge% (VA e g )‘1”19%%( (VA e g )

— max EI\)\T/rf(‘/ﬂ—a 95 A? ®> + max (/ﬁcf(vﬂ’ 9g; A, @) — max (I)z/rf(vﬁa 9; Aa @)
geWw gew

geWw

q)ﬂ- T A - (I)fr ™ A* *
+rgré% (VT g, A O) max WV, g9, A%, 07)

<2 (v, g; A, ©) — BT (v, g; A
>~ IiIEaB(Ig%%( vf(vag7 9 ) vf(v7g7 7@)

(C.3.16)

+ max [P (V™, g; A, ©) — OT(VT, g; A*,0%)],
geWw
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where we use the fact that v} g € argmin, ), maxgeyy &)fo(v, g; A, ©) in the last inequality.
In the meanwhile, by Theorem [C.7.6] with probability at least 1 — ¢, it holds for any

(v,9,m) € V x W x II that

.. CaxCo+Cy €y
1—7 NTk

1
log(NT).

(C317) [ B5(v,9:4,0) = (0,92, 0)| < :

log —

Also, we upper bound the second term on the RHS of ((C.3.16)) with probability at least
1 — ¢ by a similar argument as in (C.3.14)),

[R5V, 9;A,0) — @RV, g; AT, ©7)]

(C.3.18)

Co-

CnrClon C 1
< < GaCo-C <5009* 2% ¢ 7 log = log(NT) + £,Ca- N

1
1 log(NT
1—~ NTk 5 %A Ogé og( )) )

where in the first inequality, we use the fact that ||V, < 1/(1 —7) and ||¢]|c < Cs; in

the third inequality, we use Cauchy Schwarz inequality; while in the last inequality, we use

Assumption with (A, ©) € conf x confl, . Now, by plugging (C:3.17) and (C-3.18)

into ((C.3.16)), with probability at least 1—4, it holds for any (A, O, ) € com‘gO X com‘i1 x 11

that

C3.C3.C. ¢
max O7(0} g, 9; A, 0) < c- ZATYO T (e 4+ &) Ly Fo,F1, W V.1 log

log(NT
geEW 1—7 NTk 0g(NT),

J

which concludes the proof of the lemma. O
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C.4. Proofs of Results in

C.4.1. Proof of Theorem 4.4.13

Proof. Before the proof of the theorem, we first introduce some supporting results as

follows. We define the population counterpart of Emis(w, T A, ©) as

1 Atﬂ' At‘St)
Lis(w, m; A, ©) w(S;) R,
( ZASt,At 65, 2) oD e

for any (w, 7, A, ).
Lemma C.4.1. It holds for any (7, w) € II x W that
Lmis(wwy T, A*7 @*) - Lmis(wa e A*7 @*) O (w7 Vﬂ—v A*7 @*)7

mis

where V7 is the state-value function defined in (4.1.2)).
Proof. See §C.4.4] for a detailed proof. O

Lemma C.4.2. Suppose that (g, a1, aumis) is defined in Lemmas|4.4.11) With probability

at least 1 — 4, it holds for any (A, ©) € conf,, x conf, that

min Lis(w, 75 A*, ©) — min Lis(w, 75 A, ©)
weconfy®. (A*,0%,1*) weconfy ™. (A,0,7*)
2 2
CX.Cg.C.

1 1 )
Se o (& + fl)\/mﬁfo,ﬁ,w,v log log(NT) =€}

Proof. See for a detailed proof. O
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Lemma C.4.3. With probability at least 1 — ¢, it holds for any (w, A, ©,7) € W x Fy X

fl x II that
‘Lmis(wu Ue Aa @) - 2—/\mis(U)7 Ue Aa @)’
1 1 ~
< ¢ Cp-Co-C, m@fmfl’w’n log 5 log(NT) =&y
Proof. See for a detailed proof. O

Now we start the proof of the theorem. By the definition of J(m), it holds with

probability at least 1 — ¢ that

J(T(*) - J(%mis) = Lmis(wﬂ*77r*; A*v @*) - Lmis(wﬁmisa %mis; A*a @*>

S Lmis(ww*a 71-*; A*a 6*) - min Lmis(wa /ﬂ\-mis; A*a 6*)

wECOnfglrisis (A*,G*ﬁr\mis)
S Lmis(ww 3 W*; A*7 @*)

— min mm Lmis(wu %mis; Au @)
(A,@)Econfgo><conf(111 weconfg’® (A0, Fmis)

is

S Lmis(wﬂ* 3 7T*; A*7 @*>

— min min Lis (W, Tis; A, ©) + €1,
(A,@)Econfgo ><conf(1)t1 weconfy . (A0, mis)

(C.4.1) < Lis(w™ 75 A%, ©)

— min min Lis(w, 75 A, ©) + €,
(A,@)Econfgo><conf(111 weconfg ™. (A,©,m*)

is

where we use Lemmal4.4.11|in the first inequality; we use Assumption that (A*, ©*) €

confg0 X confi1 with probability at least 1 — § in the second inequality; we use Lemma
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in the third inequality; while we use the optimality of 7 in the last inequality.

Now, by applying Lemmas |C.4.2| and |C.4.3] we obtain from (C.4.1)) that

J(T) = J(Fmis) < Lnis(w™ , %5 A, 0%) — _ lesni(lg* or ) Lis(w, 5 A™,©%) + €] + 281,
weconfg® 0%
< max o (w, V™ A%, 0%)| + ¢} + 28,
weconfg‘:ﬂsis (A*,0*,7*)
< max max |7 (w, f; A%, 0%)| + ¢} + 26,
weconf®. (A*,0% %) fEV
< max max max { @7 (w, f; A*, ©%), =07 (w, f; A*,0%)}
weconfy s, (A*,0%,m*) fev
—+ 82 —+ QgL
< max max max { O (w, f; A%, %), @7 (w, —f; A*,0)}
weconf’anriﬂsis (A*,0%,7%) fEV
+e7 + 26,
(C.4.2) < max max &7 (w, f; A%, 0%) + &} + 261,

chonfg‘Eis(A*,e*,ﬂ*) fev
where in the second inequality, we use Lemma |C.4.1; in the third inequality, we use

Assumption while in the last inequality, we use the fact that V is symmetric.

Now, by Lemma 4.4.12| and plugging the definition of £, and €7 into ((C.4.2)), it holds with

probability at least 1 — ¢ that

N C3.C3.C, 1 NT
(") = J (Tmis) < ¢ - %(ﬁo + f1)\/m Crmwyn - log 5

which concludes the proof of the theorem. O
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C.4.2. Proof of Lemma [4.4.11]

Proof. First, by Assumption 4.4.10] we know that w™ € W. For notation simplicity,

we denote by 7. (w, f;*) = w, f; A%, 0%) and W] = Wi« o for any (m,w, f). Note

mlS (

that

max B, (w, ;) — max O, (@7, f;4)

_ @ﬂ T PT P T
= max (w f’ ) meas( mls(w f? )+ma‘3( mls( 7f7 ) mea‘gc mls( *7f7*)

fE mis
o+ max O (07, £ ) — max B (@7, ;%)

< max ®T (W™, f3%) — r?ag@&ls( w”, f; )+I;lax<1>$m( W7, f3%) — max BT, (@7, f; *)

fev fey
<2 ) i
mex \max @, (w, f; ) — max Sy, (w, f; %)
(C.4.3)
<9 ‘@ﬂ, )
< 2Ry | P S3#) = Pl )]

where in the first inequality, we use the fact that w™ = argmin, ), maxsey O7 . (w, f;*);
while in the second inequality, we use w™ € W by Assumption [4.4.10} In the meanwhile,
by Theorem with probability at least 1 — 9, it holds for any (w, f,7) € W x V x II

that

(C.4.4) ’<I>mls w, f;%) = O, f1%)| < - =2 _@7 \/ - Cvn log < log(NT),
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where we use Assumption [(b)] Now, combining (C.4.3) and (C.4.4)), with probability at

least 1 — ¢, we have

max ¢7

Fev mis(wﬂ7 f? *) - 1}1685( ®§1is

(W7, f;%)

Ca+Co-C, 1 1
sc- Al _67 \/NTKJ €y log 5 log(NT) = s,

which implies that w™ € confi™® (A*,©* ). This concludes the proof of the lemma. O

C.4.3. Proof of Lemma [4.4.12]

Proof. Since w € U(A@)eConfgoXcon%lconfgﬁs(A,@,7?), there exists a pair (A, ©) €
conf x confy, such that w € confgl;is(z, O, 7). For the simplicity of notations, we denote

by

(C.4.5) W € argminmax 7. (w, f; A, ©),
wew feV

le,w = @2,6’ which is defined in (4.3.5]). By the definition of w and w € confgliis(ﬁ, 0,7,

with probability at least 1 — 4, it holds for any 7 € I and w € conffiis(ﬁ, o, 7) that

(646) max &\)gis(u% f; Z, (:j) — max EI\);is

D AL O) < e
fev feV (w7 f7 ) ) — amls
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Further, we observe that

[OX < A* @*
max O (w, f; A7, 07)
(C.4.7)
< T (w, [;A,0) — BT (w, f; A, 0)| + max &7, (@, f; A, ©
- (w,f,A,@)Ig(%v,fo,fl) mis (W, f ) (w, f ) ?25{ (w, f z
Term () Term (I1)

+amiS7

+ r?ag( )&\);is(wa f7 A*a @*) - El\)glis(wu fa Aa é)
€

J

'

Term (I1I)
where we use (C.4.6) in the last inequality. Now we upper bound terms (I), (II), and (III)
on the RHS of (C.4.7).

Upper Bounding Term (I). By Theorem [C.7.6, with probability at least 1 —4, it holds

for any (w, f,A,0,7) € W, V, Fy, F1,11) that

OA* C@* C*
=~

1 1
\/N Cro 7wy log 5 log(NT),

o7 (w, f; A, 0) — &7, -A@’<
m1s(w7f7 3 ) m1s(w7f7 5 ) S C Th

which implies that with probability at least 1 — d, we have

OA* C@* C*

(C.4.8) Term (I) < ¢ T

1 1
\/NT/@ Cry 7w,y log 5 log(NT).

Upper Bounding Term (II). We introduce the following lemma to help upper bound

term (II).
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Lemma C.4.4. Suppose (qg, ) is defined in Assumption [4.4.4. With probability at

least 1 — ¢, for any (A, 0) € confg0 X conf}n and 7 € II, we have

2 2
max q)mls<wA (S} f A @) M

1 1
e log = log(NT
nas T (G +£1)\/NTR€]:0,}—1,W,V,H og < log(NT),

where W} g is defined in (4.3.5)), { and & are constants defined in Assumption M

Proof. See §C.4.7] for a detailed proof. O

By the definition of w in ((C.4.5)) and Lemma |C.4.4] with probability at least 1 — 9, we

have

C2.C2.C

NO» 1 1
(049) Term (II) <c ﬁ(ég + 61)\/@@;0’}‘1’)/\;’]),1'[ log 5 IOg<NT)

Upper Bounding Term (III). Note that

Dl [:47,07) = B (w, 54, 0))
_ 1 (2] A(Ad| S)w(Se)  Z] A(Ad] Sw(Sy) _
<|E-®) 7% (A* S5 7) " K St o) ) (£(5) vf(StH))”

(C.4.10)

T-1

1 ZTAt’YT At | St) ( t) . Z;Atﬂ'(At ’ St)w(St)
A* StaAt @ (St)Zt) A(St,At)(:j(St,Zt)

) (f(St) — ’Yf(StH))] ‘ .

t:0
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For the first term on the RHS of (C.4.10), by Theorem |C.7.6, with probability at least

1 — 46, it holds for any (w, f,m) € W x V x II that

(S, ANO(S1. Z))  A(S,, A)O(S,, Z,)

t=

> (f(St) — ’Vf(StH))] |

A ZT A (A S)w(Sy)  Z] (A | S)w(S,
Z( | S )w(Sh) (A | S)w(S)

CaCo-Cy [€ryrmwyn, 1
< . s/ 1y sV 1 _1 NT .
<o NTr - l0g 5 10g(NT)

For the second term on the RHS of ((C.4.10), by a similar argument as in (C.3.14]), it

holds with probability at least 1 — ¢ that

1= [ Z] Ar(Ay| S)w(Sy)  Z7 Age(Ay | S)w(Sy)
E|— 3 5 Sy) — 7 f (S
T%(A(St,m@ “(S, Zt)  A(Sy, A)O(Sy, Zy) (F50) =7f(Seer))
(C.4.12)
* *C* C
< % (goce* N; ¢, log 5log(NT) +510N\/ N log 5 log(NT)>

where in the first inequality, we use the fact that [|f] < 1/(1 — %) and ||w]|e < Ci;
in the third inequality, we use Cauchy Schwarz inequality; while in the last inequality,

we use Assumption 4.4.4 with the fact that ﬁ, ©) € conf® x confl . Now, by plugging
g a1

and into , with probability at least 1 — 4, it holds for any

w e U(Ave)econfgoXconfélconfgr:s(A, ©,7) and (f,7) € V x II that

Dl [:47,67) = B (w, 54, 0)]
CX.C3.C., 1 1
(0413) <c- %(fg + fﬂ\/m : Q:]-'o,fl,W,V,H : 10g g 10g<NT)
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Now, by plugging (C.4.§ -, and (C.4.13)) into ( , with probability at least

1 — 4, it holds for any 7 € Il and w € Ux g)cconfd xcont! conf™* (A, ©, ) that
) OCO aq mis

ax ®T. (w, f; A*,0%) < %(f —Ff)\/L ¢ lo 1lo (NT)
rjltlelg{ mis\W> J 3 ) ~C 1_,y 0 1 NTrk Fo,F1,W, V11 g(; g )

which concludes the proof of the lemma. O

C.4.4. Proof of Lemma

Proof. Since &7, (w™, V7™; A* ©*) = 0, we have

mis

O (w, VT AY, OF)

mis

= 07 (0, V™ A*,0F) — BT (w", V™ A, 0F)

mis mis

T-1

B 1 Z Ay (Ag | Sy) . - -
=E A*(St7At) “(S,, Zy) (W™ (Se) —w(S)) (VT(S) =V (St+1))]

(W™ (Sy) = w(St)) Ex [VT(St) =YV (St41) | St]]

=B | 2 3 (07(5) — w(S) ErlR, | 1

1 Atﬂ'(At | St)

=K
A*(Sta At) (St; Zt)

(W™ (S;) —w(St)) Ry

t=

== Lmis(wﬂ-a Ue A*a @*) - Lmis(w7 Us A*a @*)7

which concludes the proof of the lemma. 0
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C.4.5. Proof of Lemma

Proof. With a slight abuse of notations, we denote by

wy € argmin Lis(w, 75 A*, ©%), wy € argmin Lis(w, 75 A, ©).
weconfgnrisis(A*,e*,w*) weconfg‘sis(A,G,w*)

Then we have

min Lpis(w, 75 A*, 0%) — min Lis(w, 7 A, ©)
weconfDiS (A* ©% %) w€confg‘£is (A,0,7%)

Ymis

= ‘Lmis(wOﬂT*;A*a @*> - Lmis<w1;ﬂ-*; Av @>|

S |Lmis(w07 ’/T*; A*7 @*) - Lmis(wﬂ-*a 71'*; A*a @*)

+ |Lmis(wﬂ—*7ﬂ-*; A*v 6*) - Lmis(wlaﬂ-*; A*7@*)

+ |Lmis(w17 7T*; A*a @*> - Lmis(wla W*; A7 ®)|

(C.4.14) \@mls (wo, V™5 A%, ©%)| + |07 (wy, VT ; A, 0%)|
Ter‘rr: M Terg(H)

+ ‘Lmis(whﬂ-*; A*a @*> - Lmis<w17ﬂ-*; A7 ®)| .

TV
Term (IIT)

We upper bound terms (I), (II), and (III) on the RHS of (C.4.14)), respectively.
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Upper Bounding Term (I). Note that with probability at least 1 — §, we have

‘@ wo,V”*;A*,@ ) wo,f;A*,@*)

<max‘<1>

mlS mis

= r?gz(max{q)mls (wo, f; A%, 0%), =T (wy, f; A*,©0%)}

mis ’lU(), f7 A*a ) gm(wO? _fa A*7 @*)}

— max max {q)
fey

wo, f; A", 07)

= max émls (

fev

C%.C3.C, 1
_C%<£O+£1) NTk

(0415) Q:]:O Fi, W,V 10g 5 lOg(NT)

where in the first inequality, we use the fact that V™ € V; in the third equality, we use the

fact that )V is symmetric; in the last inequality, by noting that wy € U ©)cconfy, xconf! conf™ (A, 0, 7),
bl « 041 mis

we use Lemma [4.4.12, This upper bounds term (I) on the RHS of (C.4.14)).

Upper Bounding Term (II). Similar to (C.4.15)), note that w; € U(A@)EconfgoXconfélconfgl:is(A, O, ),

it holds with probability at least 1 — ¢ that

(C.4.16)

C2.C2.C,

* * * 1 1
| @ (wy, VT3 A%, ©7) =~ (50+§1)\/N—M€fo,fl,w,v10g5log(NT)a

<c

mis

which upper bounds term (II) on the RHS of (C.4.14).
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Upper Bounding Term (III). Note that with probability at least 1 — ¢, it holds for

any (A, ©) € conf, x conf, that

|Lmis(w17 ﬂ-*; A*v @*) - Lmis(wla ﬂ-*; A? @)’

1 = ( ZTAt’YT At ’ St) . Z;I—At’YT*(At’St) )'LU (S )R
T £ \A*(S,, A)O*(Si, Zt)  A(S, A)O(S, Z)) 7
(C.4.17)
< Ca-Co-C, | &C. P (NT) + £,C Co b tog L1 (NT)
S Carberby | Sobe\[ - S 7 g5 0g 1oa\ Nyt Og5 0og

where we use Cauchy-Schwarz inequality and Assumption f.4.4] in the last inequality.

Now, by plugging (C.4.15), (C.4.16]), and (C.4.17)) into (C.4.14), with probability at
least 1 — 4, it holds for any (A, ©) € conf) x conf, that

min Lpis(w, 75 A", ©) — min Lis(w, 75 A, ©)
weconfgls. (A*,0%,7*) weconf®. (A,©,7%)

C3.C3.C, 1 1
<c- %(ﬁo + &)\/N—M@fo,fl,w,v log < log(NT),

which concludes the proof of the lemma. O

C.4.6. Proof of Lemma

Proof. By Theorem|C.7.6 with probability at least 1—0, it holds for any (w, A, ©,7) €

Wx]—"ox}"lxl'[that

1

Lis(w, m; A, ©) — mls(w m A @)‘ < C'CA*CG*C*\/NT

Cry 7w log — 5 10g(NT)
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which concludes the proof of the lemma. O

C.4.7. Proof of Lemma

Proof. Note that

I}leax cI)mls(wA 0 f A 6)

= maX(I)mls(wA 0. /1A, 0) — max O (W% o, 1 A\, O) —I—maXCI)Tr

Fev Fev , Fev mis

(@2’67 fa A7 6)

_ @7’(’ s A @ﬂ'. i A _ @ﬂ" s A
max mis(W™, ,@)H;lgg mis(W™, [ A, 09) max mis(W™, f;A,0)

q)ﬂ' s . s s . * *
+ max mis(W™, f1A,0) — r)l}ag%s( 3 A,07)
<
< 2maxmax | &p.(w, f; 4, 0) — OT (w, f5 A, 0)
(C.4.18)
+maX|(I)mls(w7r7f;A7 @) - mls(w f A* *)|

where we use the fact that W} o € argmin, ), maxyey d w, f; A, ©) in the last inequal-

mlS(

ity. In the meanwhile, by Theorem with probability at least 1 — ¢, it holds for any

(w, f,m) € W x V x II that

(C.4.19)

CA*CG*C*

w, f1A,0) — T

w, f1A,0)] <

mlS( mlS(

1 1
\/NT/-Q Q:V,W,H IOg 5 IOg(NT) .
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Also, we upper bound the second term on the RHS of (C.4.18|) with probability at least

1 — 0 as follows,

|(I)mls(w7r7 f’ A? @> - m1s(w f A* )‘
ZTAt’YT At | St) ( t) ZtTAtﬂ'(At ’ St)w(st))
- — S,
Z; <A* 5o A0 (50 2) A A)6(S, 2z ) T 7S]
(C.4.20)
OA*C@* CA C@
< —1 — (5009* NTw ——Cx, log — 5 log(NT) + &1 Ca- NTr — 7 log - ; log(NT)>

where we use Cauchy-Schwarz inequality and Assumption f.4.4] in the last inequality.

Now, by plugging (C.4.19)) and (C.4.20) into (C.4.18]), with probability at least 1 — ¢,

it holds for any (A, ©) € conf) x conf, and m € II that

C3.C3.C, 1 1
max Pris(Wp @, f14,0) < %(5@ +&1) \/m(’:fo,fl,w,v,n log < log(NT),
which concludes the proof of the lemma. O

C.5. Proof of Results in

C.5.1. Proof of Theorem 4.4.14

Proof. We split the proof into two case: (i) Assumption holds; (ii) Assumption

[4.4.10 holds.

Case (i): Assumption holds. We introduce the following supporting lemmas.
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Lemma C.5.1. For any policy 7, with probability at least 1 — § with ¢/(NT)? < § <1,

it holds for any (w,v,A,;©,7) € W x V x Fy x F; x II that

‘Ld,(w,v, T A 0) — Zdr(w, v, A, 0O)

CA*C@*C* 1 1 R
=e 1 - \/NT/{Q:}—O’]:“W’V’H 1Ogglog(NT) =er.

Proof. See for a detailed proof. O

Lemma C.5.2. Suppose that (ag, a1, Qmis, ) is defined in Assumption Lemmas

4.4.11} and|4.4.7, With probability at least 1 — 4, it holds for any (A, ©) € conf x conf},

that
min Ly (w,v, 75 A", ©) — min Ly (w,v, 75 A, ©)
(wyv)€confa i o (A*,0%,7%) (w,v)€confa a6 (A,0,7%)
C3.C%.C,

1 1 .
S c ﬁ(&) + 51) NT_/{Q:]:O’]:I’W’V log 5 log(NT) = €.

Proof. See for a detailed proof. O
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By the definition of Lg,, it holds with probability at least 1 — ¢ that

J(1*) = J(Far) = J(7*) — La(w, Vo Ty A*, OF)

< J(m*) — min min _ Lg(w,v,T4r; A, O)
(A,©)€econfl, xconfy, (wv)€confa,,; (A0 Tar)

< J(m*) — min min  Lg(w,v,Tar; A,O) + €1,
(A,@)Econfgo ><con1’(1)t1 (w,v)€confa . aye (A,0,T4r)

< J(7*) — min min Ly (w,v, 7 A, 0©) + €L,
(A,@)Econfg0 ><conf(1)(1 (wyv)€confa ;i a¢(A,0,7%)

(C.5.1) < J(m*) — min min Ly (w,v, 7" A, ©) + 2€p,

(A,©)econfl xconfl, (w,v)€confa, i ay(A,0,m%)

where in the first inequality, we use Assumption that (A*,0%) € com‘g0 X com‘l‘x1
with probability at least 1 — §, and Lemma with Assumption that V7 ¢
confgvf(A*, ©*, Tgr) with probability at least 1—4; in the second inequality, we use Lemma

in the third inequality, we use the optimality of 7g,; while in the last inequality, we

use Lemma again. By combining Lemma |[C.5.2[ and (C.5.1)), we have

< J(m*) — min Ly (w,v, 7" A*,©%) + 26, + €],

(wyv)€confa i o (A*,0% %)

= Lg(w, V™ 7% A*,0%) — min Ly (w,v, 75 A", ©%) + 2, + €],

(ww)€confa . o (A*,0%,7%)

mis

= max + 2, + €]

(ww)econfa . a(A*,0%,7%)

Ly (w, VTt AT O") — Lg(w, v, 7"; A*, 0%)

(v, w™ A, 0) — O (v, w; AF, @*)| + 2€1, + €7,

(wyw)econfa . o (A*,0%,7%)
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where we use the following fact in the last equality,
La(w, V™ 7% A* ©*) — Ly, (w,v, 7% A*, 0%) = O (v, w™ ; A*,0%) — O (v, w; A*, ).

In the meanwhile, note that by Assumption that w™ € W, we obtain from (C.5.2))

that
J(ﬂ-*) N J(%dr> =2 (w,v)EconfaIr.laj(f(A*7@*777*) Cf* (U7 w; A%, ®*>‘ +2e, + 62
C3.C3.C \/ 1 NT
C.5.3 <c.2pierE ¢ log ——
( ) Sc - (§o+&1) N EForwynlog =,

where we use Lemma and plug in the definition of €, and €} in the last inequality.

This concludes the proof of case (i).

Case (ii): Assumption [4.4.10| holds. It holds with probability at least 1 — § that

J(1) — J(Far) = J(7*) = La (W™, v, Tgr; A*, O%)

< J(m*) — min min Ly (w,v, 74, A, O)
(A,©)econfy,  xconfy, | (wyv)€confa i aue(A,0,Tar)

< J(7*) — min min Lar(w, v, Tgr; A, ©) + €1,
(A,0)econfy,  xconfy, | (wv)Econfay,; e (A,0,Tar)

< J(m*) — min min Ly (w,v, 7 A, ©) + €,
(A,©)€confl, xconfl, (wv)€confa, i ay(A,0,7)

where we use Assumption m that (A*,©0%) € confgo x confl, ., with probability at least
1 — 6 and Assumption 4.4.10] that w™ € W for any m € II in the first inequality, we

use Lemma in the second inequality, and we use the optimality of 74, in the last
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inequality. Further, by Lemmas [C.5.1] and [C.5.2] we have

< J(m*) — min min Ly (w,v, 7" A, ©) + 2€,,
(A,0)econfy, xconfy, (wv)€confa, ;i a6 (A,0,7)

< J(m*) — min Ly (w,v, 75 A", ©%) + 2, + €],

(wyw)€confa . o (A*,0% %)

< max
(w,v) €confa i o (A*,0%,7*)

Lo (w™ v, 7% A%, 0%) — Lo (w, v, *; A%, @*)| + 2e; + €]

< (w)ccont max (Ar0m ) (I);*ls<w7 Vﬂ*; A*’ @*) _ (I);*ls(w’ v; A*, @*> + 2/6\[, 4 62
’ Qmis>Xvf ) )
=2 (w,v)€Econf, thax (A*,0%,7*) (I)gis(wv v; A*, @*) + Q/E\L + EE
’ “mis>¥vf I
<2 max maxkpgis(wav;A*;@*)’ + 2/€\L —|—6*L

wEconfis (A* @* r*) vEV
mil:

where in the third inequality, we use the fact that J(7*) = Lg,(w™ ,v,7*; A*, ©*); in the

forth inequality, we use the following fact

Ldr(w7 v, 77*; A*a @*) - Ldr(wﬂ-*vva 7T*; A*> 6*) = _q)::is

(w, VLAY, ") + o (w,v; A*, 0%)

mis

for any (w,v) € WxV; in the fifth inequality, we use the fact that V™ € V by Assumption

4.4.10and V™ € conf‘o’fvf(A*, ©*, 7*) with probability at least 1 —§ by Lemma Now,
by Lemma and the fact that V is symmetric, we obtain that

N C%.C3.C, 1 NT
(054) J(?T*) - J(ﬂ'd,) <c- %(50 + 51)\/m€f07]:1,w7y’n log T,

= 1—~

which concludes the proof of case (ii).

By combining ((C.5.3)) and (C.5.4]), we conclude the proof of the theorem. O
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C.5.2. Proof of Theorem 4.4.16
Proof. Recall that

0" € argmin max PJ(v, w; A*, 0F), w”™ € argmin max ®7 . (w,v; A*, 0F).
vey WEW wew V€V

We split the proof into the following two parts.

Part (i). We first introduce the following lemmas.

Lemma C.5.3. Suppose oy is defined in Lemma and ¢/(NT)?> < 6 < 1. Then
under Assumptions @ and , with probability at least 1 — 9, it holds for any 7 € II

~m f * *
that ™ € conf;, (A*,©%, 7).

Proof. See for a detailed proof. O

Lemma C.5.4. Suppose that (ag, o, ayf) is defined in Assumption and Lemma

and ¢/(NT)?> < § < 1. Then under Assumptions 4.2.2 4.2.3| 4.4.3| and 4.4.4] with

probability at least 1—9, it holds for any policy 7 € [Tand v € Ua,0)econfd, xconfl, conf‘o’fvf(A, O, )

that

max ®J(v, g; A¥,0%) < ¢ (g + £1>\/N—T/<; Crmwyn-logs log(NT)

geWwW - 1—

DLV, g; A*, ©7).
+£}%% vf(v ) 95 ) )

Proof. See for a detailed proof. O



317

By the definition of Lg,, it holds that
J(7*) — J(Tar)
= J(7*) — Lg,(w, V%d“,%dr; A", 0%)
- J(ﬂ-*) - Ldr(w7 ’ﬁﬁdrv %dr; A*7 @*) + Ldr(w7 ;Jﬁdrv /ﬂ\-dr; A*a @*) - Ldr(wa Vﬁjr) %dr; A*7 @*)
Note that

(656) !Ldr(w, ’17%dr, %dr; A%, @*) — Ldr(w, V%dr, /7'(\'d,»; A¥, @*) < C*CA*C@*E\],?.

In the meanwhile, by Assumption £.4.4] and Lemma [C.5.3] it holds with probability at

least 1 — ¢ that

Ly, (w, 07 Tq,; A", ©%) > min min _ Lg(w,v,T4r; A, O)
(A,©)econfl, xconfy, (wv)€confa, ;a6 (A.0,Far)

> min min Lar(w, v, T4; A, ©O) — €,
(A,@)Gconfgo ><conf(1)(1 (wyw)€confa i o (A,0,7q)

min min Lg(w,v, A, 0) — €L,
(A,@)Econfgo ><conf(1)(1 (wyv)€confa ;i a(A,0,7%)

V

V

min min Ly (w,v, 7" A, ©) — 2€,
(A,G))Econfg0 xconfl, (wv)€confa ;. ac(A,0,7%)

(C.5.7)

where in the second inequality, we use Lemma [C.5.T} in the third inequality, we use the

optimality of 74; in the forth inequality, we again use Lemma [C.5.1] Now, by plugging
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(€.5.6) and (C.5.7) into (C.5.5), we have

(C.5.8) < J(r*) — min min Ly (w,v, 75 A, O)

(A,@)Gcom‘?XO ><confclz1 (wyv)€confa i o (A,0,7%)

(059) + 2€L + O*CA*CQ*&‘,){'

By combining Lemma |C.5.2{ and (C.5.8)), we have

< J(m*) — min Lagr(w, v, 7% A, 0%) + 26, + €} + C.Ca-Corek
(w,v)econfamis,avf(A*,@*,ﬂ*)
= Lg(w, V™ 7" A%, ©) — min Lg(w,v, 75 A*, ©F)
(wyv)€confa . o (A*,0%,7%)

—+ 2/€\L -+ G*L + O*CA*O@*Eyf

Lo (w, V™ 7% A*, ©%) — Lg(w,v, 7%; A%, 0%)

= max
(ww)€econfa . o (A*,0%,7%)

mis

+ 2/€\L -+ 62 -+ C*CA*C@*E%

= max : }@cf*(v, w™ ; A*, %) — O (v, w; A*,0%)

(wyv)€confa . o (A*,O% 7

+ Q/E\L -+ E*L + C*CA*C@*E%,
where we use the following fact in the last equality,

Lo (w, V™ 7% A*, ©%) — Lg(w,v, 7% A*, 0%) = O (v, w™ ; A*, 0%) — &7 (v, w; A*,0%).
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We upper bound the first term on the RHS of (C.5.10)) as follows,

max
(’u},’U)ECOﬂfamis ’avf(A* e ’ﬂ'*)

Z/rf* (U7 wﬂ*; A*’ @*) - (I)z/rf* (U7 w; A*, @*)

< max max |<I>Cf (v, 0™ ; A%, 0%) — OT (v, w; A*,0F)
vEconf‘gvf(A*,e*,Tr*) wew

+ max |<I>Cf* (v, w™ ; A*,0%) — T (v, 0" ; A*, ©%)

vey

(C.5.11) <2 max max |7 (v, w; A*, ©%)|

- veconf‘gvf(A*,G)*,ﬂ*)WEW

)

+ max |77 (v, w™ s A, 0%) — B (v, 0™ ; A*,0%)

where in the first inequality, we use triangle inequality; in the second inequality, we use

the definition of w™ that W™ € W. By Lemma and Assumption 4.4.15| we obtain
from ((C.5.11]) that

m* . A* *\ (I)ﬂ'* CAF *
(wm)EConfaII:ilsiaj;(A*7@*771-*) vf (U7 w- ’ © ) vf (U, w; s S )
C2.02.C, T :
(0512) ~ C - Al _9 (50 + 51)\/N—TK: . €F07-F17W7V7H . log 5 log(NT)

+ 2max O (07, g; A%, 07) + Ca-Corelf /(1 — 7).
ge
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Also, we have

T ot Ak *
max Oy (U7, 9; A7, ©7)

— q)ﬂ* ~* A* @* o (I)Tr* VTK'* A* @* q)w* V7r* A* @*
Ig%%( vf(v ) 95 ’ ) Iglé%{ vf( ) 95 ’ )+Igr£’/§ vf( ) 95 ) )

= max <I>\’ff* (5”*,9; A*,©") — max <I)\’,Tf*(V“*,g; A", 0%)

geWw geWw

= max [0 (77, g; A", 07) — @ (V™ g; A", ©)
geWw

(C.5.13)

S C*CA* C@*é‘vvf,

where we use Assumption [4.4.15/in the last inequality. By plugging (C.5.12)) and (C.5.13))
into ((C.5.10)), we have

NT

1
(& + 51)\/N—M€fo,f1,w,v,n log 5

C2.C2.C,

(C.5.14) J(m*) = J(7ar) < ¢ -

+ 3Ca«Cagx (C*Eyf—l- 63,/}} (1 — ’y)) ,

where we plug in the definition of €;, and €] in the last inequality.

Part (ii). We first introduce the following lemmas.
Lemma C.5.5. Suppose au is defined in Lemma [4.4.11] and and ¢/(NT)? < § < 1.
Then under Assumptions @ and [4.4.3] with probability at least 1 — ¢, it holds for any

7 € Il that w™ € conﬂiis(A*, O* ).

Proof. See for a detailed proof. O
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Lemma C.5.6. Suppose that (ag, aq, amis) is defined in Assumption and Lemma

4.4.11} and ¢/(NT)? < 6 < 1. Then under Assumptions 4.2.2] [4.2.6, |4.4.3| and 4.4.4 with

probability at least 1—0, it holds for any 7 € ITand w € U ©)econfd, xconf! conf™ (A, 0O, )
) « aq mis

that
W L C3.C2.C, 1 1
I}le%( Plis(w, 1A%, 07) <c- %(5@ +&1) NTr Cr 7wy - log 5 log(NT)
@ﬂ'. T _A* * .
+max &y, (07, f; A7, 07)
Proof. See for a detailed proof. O

By the definition of Lg,, we have

(C.5.15)

= J(ﬂ-*> - Ldr<wﬁdr7 U, %\dr; A*7 6*) + Ldr(@%drv v, %dr; A*a @*> - Ldr(wﬁdra U, %\dr; A*a 6*)
By Assumption [4.4.15] we have

(C.5.16)  |Lar(@™, v, Tgr; A", 07) — Lge(w™, v, Tge; A*, 0)| < Oa-Co-epr/ (1 — ).

mis
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In the meanwhile, by Assumption and Lemma [C.5.5] it holds with probability at

least 1 — ¢ that

Ly (0™ v, Tgp; A, ©%) > min min _ Lg(w,v,T4r; A, O)
(A,@)Econfg0 ><conf(111 (wyv)€confa i a(A,0,Tqr)
> min min _ Lg(w,v, T4 A, 0) — €
(A,@)Econfgo ><conftll1 (w,v)€confa i o (A,0,Tq)
> min min Lg(w,v, 7 A,0) — €L,
(A,@)Econfgo ><conf(1)(1 (wyv)€confa . a(A,0,7%)
(C.5.17) > min min Ly (w,v, 75 A, ©) — 2€,

(A,@)Econfgo ><con1’(111 (wyv)econfa ;i a(A,0,7%)

where in the second inequality, we use Lemma [C.5.1} in the third inequality, we use the

optimality of 74,; in the forth inequality, we again use Lemma [C.5.1] Further, combining

Lemma and (C.5.17)), we have

(C.5.18)

~Tdr S~ OUAE (O : XA K (O ~ *
Lg (W™ v, Tg; A*,0%) > min Lg(w,v, 7 A", ©%) — 26, — €.
(wyv)€confa i o (A*,0% %)
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Now, by plugging (C.5.16)) and ((C.5.18)) into ((C.5.15)), we have

(C.5.19)

< J(m*) — min Ly (w,v, 7" A*,0%)

(w,v)€confa i a(A*,0% %)
+ 26, + €} + Ca-Corenyy/(1 =)

La(w™ v, 7% A%, 0%) — Lg,(w, v, 7*; A*, ©%)

IN

max
(w,U)ECOhfamis,avf (A* " ’ﬂ-*)

+ 26 + €] + C’A*C’e*snwﬁs/(l —7)

O™ (w, V™ ; A%, 0%) — T

mis

(w,v; A*, ©%)

= max
(wyv)€confa i o (A*,0%,m%)

+ 26 + €; + CasCorel /(1 — ),

where in the second inequality, we use the fact that J(7*) = Lg,(w™ , v, 7*; A*, ©*); in the

last equality, we use the following fact

Lo (w, v, 7% A*,0%) — Lg(w™ ,v, 7% A%, 0%) = =0T (w, V™ ; A*,0%) + &7 (w, v; A*, %)



324

for any (w,v) € W x V. We upper bound the first term on the RHS of (C.5.19) as follows,

T T A K * ™ CAK *
max @mls(w,V ;AT O ) (Dmls<wavaA ,© )
(w,w)€confa i o (A*,0% %)
CAK Ok ™ ™A OF
< max max ‘(I)mls w,v,A ,@ ) (Dmls< aA 76 )

B wEconflis (A* ©* %) veEY
mis

+ma:><:|<1>mls (w, V™ A%, 0%) — T (w, 0" ; A*, 0F)

<2 max max ’@mls w,v; A*,0%)|
chonFé‘I‘jis(A*,G* ) veEV

+max|<I>mlb (w, V™ ; A%, 0%) — T (w, 0" ; A*, 0%)

C3.C3.C. 1 1
<c- %(50 + f1)\/m - Cry 7wy - log 3 log(NT)

(C.5.20) +2max O (W™, f; A, 0%) + C.Op-Core’s.,
€V
where in the first inequality, we use triangle inequality; in the second inequality, we use the

definition of o™ that 9™ € V; in the last inequality, we use Lemma and Assumption

4.4.15] In the meanwhile, by Assumption [4.4.15] we have

maXCDLS(N”,f; A*,0%)
fev

< P ~qr* A* @* PT T* A* PT T A* @*
max @ (07, AT, 07) — max O (w™, fi AT, 07) + max @ (w™, f; A% 67)
= O™ (W™, f: A*, OF o ™ LAY O
= max (@™ f1 A%, 0) — max mis(W™ fi A, 07)

< max’q)rms AT 0%) — T (w ’T*,f;A*,@*)‘
fev

(C.5.21)
S CA*C@* mls/(l - f}/)
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Now, by plugging (C.5.20]) and ( into ( , we have

~ C3.C3.C, 1 NT
(0522) J(TF*) - J(der> S C- %(&) + 51)\/]\7—1%6]:0’]:1,1/\/7\)71‘[ IOg T

+ 3CA*O@* (C mls + Erzvns (1 — ’}/)) .

By combining (C.5.14]) and (C.5.22)), we have

C3.CE.C, NT
%( +&) \/NT Cr.mwynlog ——

+ 3Ca-Co- min{C*syf+53,/}’ (1—7), C. mlSJranHS (1—7)}

J(r*) — JFe) < c-

which conclude the proof. O]

C.5.3. Proof of Lemma

Proof. By Theorem|C.7.6] with probability at least 1—4, it holds for any (w,v, A, 0, 7) €

W xV x Fy x Fp x II that

.. Ca«Co-C,
I—7

1 1
\/N Cry 7wy log 5 log(NT),

Ly (w,v,m; A, 0) — Edr(wav7ﬂ-;A7 @)‘ < Tk

which concludes the proof of the lemma. 0
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C.5.4. Proof of Lemma

Proof. With a slight abuse of notations, we denote by

(wo, vo) € argmin Lar(w, v, 7" A", 07),
(w,’U)ECOnfamis,avf(A* e ’ﬂ—*)

(wy,v1) € argmin Lar(w,v, 75 A, ©).
(wvv)econfo‘misvo‘vf(A’@’ﬂ-*)

Then we have
min Ly (w,v, 7" A", ©) —
(w7v)€confamis7o‘vf(A*’@*’ﬂ-*)

min Ly (w,v, 7 A, ©)

(w,v)econfamis ,avf(AveﬂT*)

= |Ldr<w07’UO77r*; A*a @*) - Ldr(wlavhﬂ—*; Av ®)|

S ‘Ldr(w07UOa7T*; A*a 9*) - Ldr<w7r*7U077T*; A*a 9*)

+ |Lae(w™, vy, 75 A*,©%) — Ly, (wy, v1, 7% A", 0]
+ | Lar(wy, vy, 5 A", ©%) — Lo, (wr, v1,m; A, ©)]
(C.5.23)

= ‘q);rn*is(w(bvﬂ*;A*?@*) - q)ﬂ—* (w()uUO;A*?@*)

mis

J/

TV
Term (I)

+ @I (wy, V™ A%, 0%) — T (wr, vi; A, OF)

mis

J/

Vv
Term (II)

+lLdr(w17vlaﬂ*; A*7 @*) - Ldr(wlavlvﬂ-*; Av ®)|7

>
v~

Term (I1T)

where in the first inequality, we use triangle inequality and the fact that Ly (w™ , v, 7*; A%, ©%)

J(m*) for any function v; while in the last equality, we use the following equality for any
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(w, v),
Lo (w, v, 7% A, 0%) — Ly (w™ ,v, 7% A%, 0%) = =0T (w, V™ ; A*, ©%) + T (w, v; A*,0%).

We upper bound terms (I), (II), and (III) on the RHS of (C.5.23|), respectively.

Upper Bounding Term (I). Note that with probability at least 1 — §, we have

(wo, V™ ; A%, 0%)| < max‘@mls wo, 3 A*,0%)|

mlS

|7

1?635( maX{ mis U}o, f7 ) ) mls(w()? f’ ’ )}

= maxmax { @] (wo, f; A*,0%), ®T. (wo, — f; A*,0%)}

fey

= max CIDmls(wo, f; A%, 0%

fey

C2.C2.C,
C - —_—
1 —

1 1
(&0 + &) \/N—TKQIO,E,W,V log 5 log(NT),

where in the first inequality, we use the fact that V™ € V: in the third equality, we use the
fact that V is symmetric; in the last inequality, by noting that wy € U a g)econf? | xconfl, confl, (A, 0),

we use Lemma [4.4.12, Similarly, we have

o C2.C2.C, 1 1
| O (wo, vo; A*, ©%)] < ¢ %(50 +§1)\/N—M€fo,f1,w,v logglog(NT),
which implies that
C2.C2.C. \/ 1 1
.5.24 T H<e =—— —_— log = log(NT).
(C.5.24) erm (I) < ¢ 1=~ (S0 +&1) NTHQ}'O,]—H,W,V g5 og(NT)
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Upper Bounding Term (II). Similar to ((C.5.24), with probability at least 1 — §, we

have

e e et 1

(C.5.25) Term (II) < e SRS oA Yoo

1
7= Crm oy log < 5 log(NT).

Upper Bounding Term (III). Note that with probability at least 1 — ¢, it holds for

any (A, ©) € conf, x conf, that

Term (III)

T-1

]_ ZTAt']T At | St) ZtTAt']T*<At | St)

T 2 ( (51, A)0"(S, Z1) ~ A(S:, AO(S., Zt>> wr(5e) (B 101(8enr) = a5

(C.5.26)
Cr-Co-C, Chas 1 Co-

< T — * —— - *
S (foce NTHQ:]:O log ; log(NT) + &Ca NTn - Cr log - 3 10g(NT)>

where we use triangle inequality and Assumption [4.4.4]in the last inequality.

Now, by plugging ((C.5.24)), (C.5.25)), and (C.5.26) into (C.5.23)), we conclude the proof

of the lemma. ]

C.5.5. Proof of Lemma

Proof. By the definition of v™ in (4.4.2]), we know that v € V. Thus, to show that

0™ € confy, (A*,© ) with a high probability, it suffices to show that

(C.5.27) max O (7", g; A*, %) — maXEI;\’,Tf(@Z*’@*,g; A, 0%) < .

geWw gew
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In the follows, we show that ((C.5.27) holds with a high probability. For the simplicity of
notations, we denote by ®7(v, g; %) = ®J(v, g; A*,0%) and V] = V. g. for any (7,v,g).

Note that

1;%%(@( , G5 ) rgré%(@ff(@f,g;*)

= max O (0", g; o o, o507, g3
max (07, g3 %) — max &7 (07, g; * )+max (07, g %) — max o (07, g5 %)

(I)ﬂ T . (I)
—|—Ig1é%( Vf(v*,g, ) ngé%( (*797 )

~

< max OT(D", g; %) — max OT(T", g; *) + max (07, g; ) — max PT(TT, g; %)

gew geEW geEW geEW
<2 QJ o7
R s (v 93%) = gy Bl 9529
(C.5.28)
<2 ‘E)” S%) — B0, g;
— I};leagigé% vf(vvg7*) vf(v7g7*) )

where in the first inequality, we use the fact that max,eyy @7 (07, g; %) < maxgew (v, g; *)
for any v due to the definition of v™ in (4.4.2]); while in the second inequality, we use the
fact that o™, 07 € V. In the meanwhile, by Theorem [C.7.6] with probability at least 1 —4,

it holds for any (m,v,¢g) € Il x ¥V x W that

Ca-Co-C, € 1
c. 220 W’V’H-log—log(NT),

(C.5.29) ’cbcf(v, g:%) = (v, g )| < e [ Tup = log

where we use Assumption @ and [|g|lec < C. for any g € W. Now, combining (C.5.28))

and ((C.5.29)), with probability at least 1 — 9, we have

1
—log(NT) = aus,

max O (7, g; %) — max (07, g; %) < Ca-CoCy [wyn 5

geEW geW - 1—7 NTk

- log
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which implies that v™ € conf‘;fvf(A*, ©*, ) for any 7 € II. This concludes the proof of the

lemma. O

C.5.6. Proof of Lemma

Proof. Since v € U(A,Q)EConfgoxconfélconffvf(A,@,W), there exists a pair (A,0) €
confo x conf, such that v € conf‘c’fvf(ﬁ,é,ﬂ). For the simplicity of notations, we de-
note by

v € argmin max icf(v, g; A, 0),
vey  9EW

ie., vl = @E,é’ which is defined in (4.3.2)). By the definition of v' and v € conf‘c’fvf(ﬁ, e,7),

we know that

(C.5.30) max ®7%(v, g: A, ©) — max O (vf, g A, O) < auy.

geWw

Note that

(I)ﬂ' A* @*
Ig}le%( Vf<U,g7 ) )

<2 ma T(0,9; A, 0) — BT(v, g; A, ©)| + max BT (v!, g; A, ©
= g A OV FF) 0,9 ) = Pulv.g ) geW (v’ g )
Term (1) Term (I1)
(C.5.31)
+ ma | B0, g; A7, 07) = B(v, 95 A, ©)| +aur
geEW

g

Term (III)
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where we use ((C.5.30)) in the last inequality. Now we upper bound terms (I), (II), and
(III) on the RHS of (C.5.31)).

Upper Bounding Term (I). By Theorem |C.7.6{ with probability at least 1 — 4, it holds

for any (v,g,A,0,7) € (V, W, Fo, Fi, 1) that

Ca-Co-Cs |Cxr 7wy
1—7 NTk

3 1
P5(v,9: A, 0) — DY(v, g; A, @)‘ < log 5 log(NT),

which implies that with probability at least 1 — d, we have

* * * 1
' Ca-Co+Cy  [€x, 7oy ~log(NT).

(C.5.32) Term (I) < ¢ 5

log

Upper Bounding Term (II). Recall that ™ € argmin, ., max,ew ®%(v, w; A*, ©F).

Note that

max ®7(vf, g; A, 6)

geWwW
< 2maxmax |07 (v, g; A, ©) — O(v, g: A, @)‘
T
+ max Bl(v 19;A,6) - rgré%ﬁ( ,g,A,@)ﬂLmayg@ (77,9:7,0)
(C.5.33) < 2%16&5(2%% ‘(I)Vf(v,g; A,0) — dl(v, g; A, @)‘
+ max BT (D7, g; A, ©) — OT(7, g; A*, 0%) —|—max<1> (07, g; AT, 07),

where we use triangle inequality and the fact that v' € argmin, ), max,ew <T>3f(v, ;A\, 0)

in the last inequality. In the meanwhile, by Theorem [C.7.6] with probability at least 1—4,
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it holds for any (v, g,7) € V x W x II that

Ca-Co-Cs [y
1—7 NTk

(C.5.34)  |om(v,g: A, ) — (v, g; A, @)] log = log(N'T).

J

Also, we upper bound the second term on the RHS of (C.5.33|) with probability at least

1 — ¢ by a similar argument as in (C.3.14]),

m(07, 9; A, ) — OL(T", g; A, ©)

(C.5.35)

Cr+CoC, Ca- Co~
< -_— * *
~ 11— ~ (foC@ NT €.7:0 log 5 log(NT) + fch NT

Cr log - 5 log(NT)>

where in the first inequality, we use the fact that ||v]je < 1/(1—7) and [|¢]|s < Ci; in the

third inequality, we use Cauchy Schwarz inequality; while in the last inequality, we use

Assumption [4.4.4| with (A, ©) € conf® x confl . Now, by plugging (C.5.34) and (C.5.35)
g ai

into ((C.5.33)), with probability at least 1—4, it holds for any (A, O, ) € confg0 X com‘}%1 x 11

that
(C.5.36)

C3.C3.C, Crom « O
Term (II) < ¢- %(fo—i—&) %VI:VHI gélog(NT)—i—maX(b (07, g; A, O).
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Upper Bounding Term (III). Note that

(v 9: A", 0°) = B(v.9: 5, 6)

. 1 < ZT A(A, ] Sy) ZT A (A, ] Sy)
<|(E-E) |7 ;“S’f) (A*(St, A0 (S, Z)  A(S, A)B(Sh, Zt)> et Mst“))] |
(C.5.37)

1 ,Ii < Z At']T(At | St) ZtTAtﬂ'(At | St)
9(St) -

*(St, A)O* (S, Z) K(St,At)(:)(St,Zt)> (R, +vv(St+1))] ‘

t=

For the first term on the RHS of (C.3.12)), by Theorem |C.7.6, with probability at least

1 — 0, it holds for any (v,g,7) € ¥V x W x II that

Iy 1 Z7 Am(A; | Sy) Z7 Am(A; | Sy)
(E-E) |7 ;9(&) (A*(st, )67 (50 20)  A(S,, A (S, Zt)> et W(St“))] ‘
(C.5.38)

CaCe:C, |C 1
. A S) FO,fl,W,V,H log - log(NT) .

<c
- 1—x NTk 0

For the second term on the RHS of (C.5.37)), by a similar argument as in ((C.3.14)), with

probability at least 1 — ¢, it holds that

T—
Z AtW(At|St) ZtTAtW(AHSt)
— = — Ry +~v(S
Z; (A* (St A)O*(Si, Z)  A(Sy, A)O(S;, Z2) (Be - 70(5e))
(C.5.39)
Ca-~Co-C, Cax 1 Co~ 1
< . — N _
e (foce 2, log < 1og(NT) + 60| 1o, log 5log<NT>>,

where in the first inequality, we use the fact that ||[v||e < 1/(1—7) and ||g||cc < C.; in the

third inequality, we use Cauchy Schwarz inequality; while in the last inequality, we use
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Assumption with the fact that (A, ©) € conf)_ x conf, . Now, by plugging (C.5.38)
and ((C.5.39)) into (C.5.37)), it holds with probability at least 1 — § that

(/I;z/rf<va g; A*7 @*) - EI;Cf(”? g; AJ é)‘

2 2
(C.5.40) <. G0l

1 1
< T (Gt f1)\/m - Cxy 7w - log < log(NT).

J

Now, by plugging (C.5.32), (C.5.36]), and (C.5.40) into (C.5.31)), with probability at

least 1 — ¢, it holds for any v € U(A’@)econfgoXconfalconﬂ’fvf(A, ©,7) and 7 € II that

CQ*CQ*C*
max (v, g; A*,0%) < ¢. A9

1 1
— -log = log(NT
max < o (& +€1)\/ N1 Crrwy - log 5 log(NT)

(Dﬂ ~r A* @*
+£}%%( vf(v 797 ) )7

which concludes the proof of the lemma. 0

C.5.7. Proof of Lemma

Proof. First, by the definition of w™ in (4.4.2)), we know that w™ € WW. For notation

simplicity, we denote by ®7. (w, f;*) = @F .

(w, f; A*,0%) and W] = W}.ge. for any
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(m,w, f). Note that

r;lgg%ls(w fi*) — r;lg§<1>7élls(A ;%)
—r;lggqﬂls(w”,f;) r?g%m(w”,f; )+I§1a5<<1>$15(w”,f;) Iyggf%sf )
+r;}gxq>$m( wy, fix) — r}ng%b(A ; %)

<maxq)mls< 7(7f; ) maX@mlS( W)f; )+man)mls( :7f7 ) maX(I)gns( :7f7*)

fev fev fev
< 9 (I)W P~ .
gle% I}leax mlS( f ) maX mls< ) f7 *)
(C.5.41)
<2 B, f14)
II?G% I}leax mis U}, f’ *> mls(w f )

where in the first inequality, we use the fact that max ey @7, (W™, f;%) < maxjey OF . (WF, f; *)
by the definition of w™ in (4.4.2)); while in the second inequality, we use the fact that
@7 € W. In the meanwhile, by Theorem [C.7.6] with probability at least 1 — 4, it

holds for any (w, f,7) € W x V x II that

* * Uy ]_
(C542) [T, (w, 1) — (w0, f10)| < e E2 C@CMN Eyomatlog - log(NT),

- 1—7 Tk )

where we use Assumption @ Now, combining ((C.5.41]) and (C.5.42)), with probability

at least 1 — 9, we have

max O (@7, ;%) — max O, (47, £ %)

CaCo-C, \/ 1 1
<c- log -1 NT) = mis)
S w7y v log < 1og(NT) = a
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which implies that w™ € conf;nris(A*, ©*, 7). This concludes the proof of the lemma. O

C.5.8. Proof of Lemma

Proof. Since w € U(A’@)econfgoXconfalconfgﬁs(A,@,7?), there exists a pair (A, ©) €
confg0 X com‘iYl such that w € confg’i(z, o, 7). For the simplicity of notations, we denote

by

(w, f; A, ©),

wh € argmin max o7
wew eV

mis

ie., wh = w5 & which is defined in (4.3.5]). By the definition of w' and w € conf‘;liis(&, o, ),

with probability at least 1 — ¢, it holds for any 7 € II and w € confgisis(ﬁ, é, 7) that

™ . T (wl e < .
(C.5.43) Tj{lg@(q)mls( A 0) — r)r}ea@(q)mls( 1A O) < s

Further, we observe that

max & (w, f3 A, 07)
(C.5.44)
< A, 0 A, 0 > (wh A D
o (w:vave)rggﬁ}(,V,fo,fl) mlS(w f ) mls(w f ) +max mls( 7f7 ) )l
Term (1) Term (1)
e | B, (w0, £5.A%,67) = B, (w, 5 K, 6)| 4,

Term (III)

where we use ((C.5.43)) in the last inequality. Now we upper bound terms (I), (II), and
(III) on the RHS of (C.5.44)).
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Upper Bounding Term (I). By Theorem |C.7.6{ with probability at least 1— 4, it holds

for any (w, f,A,©,7) € W, V, Fy, F1,11) that

O Normes 1 1
mls(w f A @) mls(w f A @)‘ Al _67 \/NTRQ:}—O,]:DW,V,H lOgglOg(NT),

which implies that with probability at least 1 — d, we have

(C.5.45) Term (I) < ¢

Ca~Co+C, 1 1
ikt \/ Cry 7 wvn 10g510g(NT)-

1—7 NTk

Upper Bounding Term (II). Recall that w™ € argmin, ., max,ey ®7, (w, v; A*, ©F).

mis (

Note that

max @7, (w!, f; A, 0)

fev mis

1A 0) —max @™ (wh, f; A, ©) + max 7, (wl, f; A, ©)

_ T
maX @ feV mlS fev mlS

feV mis <

— max ®", (w “,f;g,é)+max<f>;is(zﬂ“,f;z,@) max 7. (w ”,f;ﬁ,é)

mis mis

fev fey fev
—|—rnax<I>mlS( ", [ A, )
< T A, 0) — A ’
2maxmax | br(w, 5 A, 0) T (w, £ A, ©)
(C.5.46)
+rnax‘(1>mlb a", fiA,0) — T (@7, f; A*, 0%) +1}1a5<®;15( w”, f; A%, 0%),

,f1A,0)

where we use triangle inequality and the fact that w' € argmin,, max ey (I)mls(

in the last inequality. In the meanwhile, by Theorem [C.7.6, with probability at least 1 —4,
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it holds for any (w, f,m) € W x V x II that

(C.5.47)

. Ca-CoC, \/ 1 1
m1s<w f A @) mls(w f A @> 1 — NTKQ:V,W,H 10g510g(NT)

Also, we upper bound the second term on the RHS of ((C.5.46)) with probability at least

1 — 9 as follows,

or. (@7, f; A, 0) — BF. (@7, f; A*,0%)

mis mlS

T-1
| ZT At(Ar | S)w(Sy) 2T Aer(Ag | S,)w(S,)
o ]E - t t t t t . i t t~ t t S . S
T o (A*(St,At)@*(St,Zt) A(S,, A)O(S,, Z0) (f(S) =7 f(Se41))
(C.5.48)
_— . 1 log(NT . 1 log(NT
— 1 _/y <€0C@ NT Q:]'—O Og 5 Og( )+€10A NT Q:]'—l Og 5 Og( )) ?

where we use Cauchy-Schwarz inequality and Assumption [£.4.4] in the last inequality.

Now, by plugging (C.5.47) and (/C.5.48)) into ((C.5.46)), it holds with probability at least
1 — ¢ that

(C.5.49)

C%.C3.C. ¢ 1
Term (IT) < c- Al—g(fo +&) Mlogglog(NT) + max Or. (W™, fi A, 0%).
-7

NTk
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Upper Bounding Term (III). Note that

m1s<w f A* *) mls(w f A @)
Ly Zi Ar(Ai] S)w(S)) _ Z} Aym(A¢ | Sp)w(S}) _
<|(B-E) |+ Z (A*<st,At>@*(st,zt) 5. 00805 2) ) (£(5.) 7f(5t+1)>”
(C.5.50)

= (ZTAtw A S)w(S)  ZT Ar(A] S)w(S,)

St A)O*(Si, Zi)  A(Sy, A)O(Sy, Zy) ) (f(Se) = Wf(StJrl))] ‘ :

=
For the first term on the RHS of (C.5.50), by Theorem |C.7.6, with probability at least

1 — 4, it holds for any (w, f,m) € W x V x II that

(B~

(C.5.51)

A ZT A (A S)w(Sy)  Z] A (A | S)w(S,
Z( | Sow(S) (A | S)w(S)

(S A0 (St Z))  A(S,, A)B(Si, Z) ><f <5t>—vf<5t+1>>”

CaCo-Cy |€r 7 wym, 1
. /1y sV 1 _1 NT .
1—~ NTr 85 loeNT)

For the second term on the RHS of ((C.5.50)), by a similar argument as in (C.3.14]), it

holds with probability at least 1 — ¢ that

A 2] A (A | S)w(Sy)  Z] A (A | S)w (S
Z( | Syw(S,) (A | S)w(S)

St’At @ (St7 Zt) &(St,At)é(St, Zt) > (f(St) B Vf(S”l))] ‘

(C.5.52)
e e el .
_ 2Cs-Co-C (5009* Ch

Cor

log(NT) NSION NTr

Q:]:o IOg

1—7 NTk

1

where in the first inequality, we use the fact that [|f] < 1/(1 —7) and ||w]|ew < Ci;

in the third inequality, we use Cauchy Schwarz inequality; while in the last inequality,



340

we use Assumption with the fact that (A, ©) € conf) x conf, . Now, by plugging

(C.5.51) and ((C.5.52)) into (C.5.50)), with probability at least 1 — ¢, it holds for any

w e U(A@)econfgoXconf}llconfiis(A, ©,7) and (f,7) € V x II that

D, f47,07) = B (w, £:5,0)|
C3.C%.C, 1
(C.5.53) <c- %(f +&1) NTx Cry 7wy - log 5 log(NT).

Now, by plugging (C.5.45), (C.5.49)), and (C.5.53)) into (C.5.44)), with probability at

least 1 — ¢, it holds for any = € Il and w € U(A@)econfgoXcon%lconfgﬁs(A, O, ) that

v e C%.C%
Ijrcleaacq)mls(wava a@ ) <c- A = él \/NT Q:]'-o Fi, WV I ° IOgSIOg(NT)
@71' s . A* *
+max &, (07, f; A7, 07),
which concludes the proof of the lemma. O

C.6. Proof of Results in

C.6.1. Proof of Theorem 4.5.1]

Proof. We denote by (7, A, v) the solution of (4.5.1)). Note that (1 —v)Eg,~.[v(So)]
is a lower bounded real-valued convex functional w.r.t. v, and M~ ™ is also a convex

functional. In the meanwhile, we have J\//j\j} (UA- o) = 0. Thus, by Theorem 1 of §8.6 in
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Luenberger| (1997), strong duality holds, i.e.,

max min {(1 — ) Esy~ [0(So)] + A - <]\/4\ff* (v) — Oévf> }

A>0 veV

(C.6.1) — min max {(1 ) Esyn [0(S0)] + A (1\7’? (v) — avf> } .

veY A>0

By Lemma m, it holds with probability at least 1 — ¢ that ]\//.7\,7}(‘/%) < ays. Thus, with

probability at least 1 — §, we have

J(@) = J (@)

= (1= )Esys [V7(S0) = VF(So)]

< (1= ) Esoms [V7(50)] = (1 = 1)Esion [V(S0)] + X+ (MHVT) - avr) )

< (1= 7)Esoms [V (S0)] = min { (1 = 1)Esm [0(S0)] + A - (M(0) — ave) |

= (1= Espmy [V (S0)] = maxmaxmin { (1 = 9)Esyms [0(S0)] + A+ (M) - avr) }
(C.6.2)

= (1= 4)Esy [V™(S0)] — maxmin {(1 ) Esyn [0(S0)] + A - (J\Yf (v) — avf) } :

A>0 veV

where in the second inequality, we use the fact that V™ € V; in the third inequality, we

use the definition of 7 and X; in the last inequality, we use the fact that #* € II. By
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combining (C.6.1]) and (C.6.2)), we have

J(r*) — J(7)

< (1 =7)Esyw [V™ (So)] — minmax {(1 — ) Esy~w [0(So)] + A - (/\\,7}*(1)) - avf)}

veEY A>0

< (1= 1Esomw [VT(S0)] = min (1= 97)Esyes [0(So)]

veEY: ]\/Zv";* (v)<ows

(C.6.3)
< max |(1 —7)Esy~r [Vﬂ*(SO) —v(So)] | :

veEV: J/\/[\J;* (v)<ows

Note that by Lemmas [£.2.7 and [£.2.8] we have

(C.6.4) (1= 7)Espms [V (So) — v(Sp)] = @ (v,0™ ; A*,0%).

By plugging (C:6.4) into (C:63), we have

J(r*) = J(7) < max ‘@Cf*(v,w”*;A*, o)

veEV: ]/\4\\/7}* (v)<awf

aac
Se =T

1 1
(&0 +&)Ln \/N—T/f -Cr.rwyn - log 5 log(NT),

where in the last inequality, we use Lemma with the fact that w™ € W. This

concludes the proof. O

C.7. Auxiliary Results

We introduce auxiliary results used in the paper. We provide the proofs of these

results in §C.8 We first introduce the following definition of S-mixing coefficient.
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Definition C.7.1. Let {Z;};>¢ be a sequence of random variables. For any 4, j € NU{oo},
we denote by ag the sigma algebra generated by {Zy}i<x<;. The S-mixing coeflicient of
{Zi}i>0 is defined as B(t) = sup,, Epeqn [SupAEUzOH |IP(A|B) —P(A)]].

We introduce the following form of S-mixing coefficient for Markov chains.
Lemma C.7.2. Suppose {Z;}+>0 is a Markov chain with initial distribution ¢. It holds

that

80 < 5 [ Ioe12) = paaOllrvdpans(z) + 5 [ 1pel-12) = panOllredd ),

where t' = |t/2] and p,(-|2) is the the marginal the distribution of Z,, given Z, = z for

any n € [N].

Proof. See the proof of Lemma 1 in Meitz and Saikkonen| (2021)) for a detailed proof.

O

Following from Lemma [C.7.2] we can upper bound the [S-mixing coefficient for a
Markov chain {Z;};>¢. Before that, we impose the following assumption on {Z;};>o.
Assumption C.7.3. The Markov chain {Z;};>o with initial distribution ¢ admits a
unique stationary distribution pg.e over Z and is geometrically ergodic, i.e., there ex-

ists a function ¢: Z — [0,00) and a constant £ > 0 such that

1Pstat (-) = pe(- [ 20)[lry < ¢ (20) - exp (=2rt),

where p;(- | z9) is the marginal distribution of Z; given Zy = z, and there exists a positive

absolute constant ¢ such that [ ¢(2)d¢(z) < c and [ p(2)dpsat(2) < c.
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Lemma C.7.4. Suppose {Z;}1>0 is a Markov chain satisfying Assumption [C.7.3] Then

we have B(t) < ¢ - exp(—kt) for any ¢t > 0.

Proof. For any t > 0, by Lemma |C.7.2], we have

B0 < 5 [ I012) = e Ollevedpan(2) + 5 [ Ipe(-12) = paa)rvdd(2)
< %/go(z) - exp (—kt) dpsias(2) + g/gp(z) -exp (—kt) d((2)

<c- exp(_"it)a

where in the second and last inequalities, we use Assumption [C.7.3] This concludes the

proof of the lemma. O

C.7.1. Concentration Inequality for Geometrically Ergodic Non-Stationary

Sequence

We first introduce the following lemma, which is a straight-forward genelization of Berbee’s
lemma (Berbee, 1979).
Lemma C.7.5. For any k£ > 0 and a random sequence {Y;}5_,, there exists a random

sequence {Y;}5_, such that

(1) {Y;}:_, are independent;
(2) for any 1 < /¢ <k, }7@ and Y, have the same distribution;

(3) for any 1 < € < k, P(Y; # Yy) = Blo({Ye }o ), o({Vi}))-

Proof. See Lemma 2.10 in |Barrera and Gobet| (2021)) for a detailed proof. U
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We introduce the following Hoeffding’s Inequality and Bernstein’s Inequality for geo-
metrically ergodic non-stationary sequences.
Theorem C.7.6 (Hoeffding’s Inequality for geometrically ergodic non-stationary se-
quences). We denote by {X;};>0 C X a Markov chain satisfying Assumption[C.7.3] Then
for any function f: X — [—fmax, fmax], it holds with probability at least 1 — § with

¢/(NT)* < § <1 that

where {{X;}/ 7' }iciv) consists of N iid. trajectories with length T > 0 generated from

the same distribution as {X;}>¢.
Proof. See for a detailed proof. O

Theorem C.7.7 (Bernstein’s Inequality for geometrically ergodic non-stationary se-
quences). We denote by {X;}>0 € X a Markov chain satisfying Assumption |C.7.3] Then
for any function f: X — [~ fmax, fmax), it holds with probability at least 1 — § with

¢/(NT)? < § <1 that

T-1
; 1
LSS jox)
i€[N] t=0 t:O
s 1 T-1
<cp 22 Jog = log(NT) +cy - f(X ] log = log(NT)
NTr 5 NTli T 2

where ¢; and ¢y are positive absolute constants, and {{X;}/ ' }icv consists of N i.i.d.

trajectories with length 7' > 0 generated from the same distribution as { X} }+>o.
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Proof. See for a detailed proof. O

C.7.2. Empirical Processes for Geometrically Ergodic Non-Stationary Sequence

For any conditional probabilities p; (v | ) and p2(y | z) such that (z,y) € X x Y, we define

the squared Hellinger distance as follows,

B |2 [0) = 5 [ (VirloT2) = Vielu ) o

We further assume that ) is a discrete space. We denote by p*(y | ) the true conditional
probability of y € Y given z € X. Also, let {(X;,Y})}i>0 C X x Y be a Markov chain
such that Y; ~ p*(-| X;) and satisfies Assumption [C.7.3] Further, we denote by s the
marginal distribution of X; for any ¢ > 0. In the meanwhile, with y = 1/T" - ZtT:_Ol [bi, WE

define the generalized squared Hellinger distance over p as follows,

H?(p1, p2) = BExpr [B* (p1(-] X), pa(- | X))] -

In the meanwhile, we are given a data set {{(X}, Y,")}{ ' }ie(v] consisting of N independent
trajectories of length 7', where {(X7,Y;)} ! is generated from the same distribution as

{(Xt,Y}) hi>0. We construct the following maximum likelihood estimator for p*,

(C.7.1) pE argmaxE[logp(Y|X N Z Zlogp Y| X)).

1€[N] t=0

We also define

1o plyle) +pi(y )
9p(2,y) = 7 log 2 (5 [ 2)
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for any (z,y) € X x Y.
Now, we are ready to introduce the following lemma.

Lemma C.7.8. We have

o (ﬁz p*,p*> < (E-E) [g5(x, 7)),

I (p1 p* pe p><—H2(p1,pg),

2 72 -2

* + * *
H*(p,p") < 16H? (%p )

pr(- %) = pa(- [2)ly < 2V2R (pa(- [ ), pa(- | 2)) -
Proof. See for a detailed proof. O

We define the entropy integral as follows,

T5(5,P"(5)) = max {/; (HB@,F”(&)))”Q du, 5} ,

2/210

where HB(u,fl/Q(é)) is the entropy of the space 7_31/2(5) with bracketing, and 7_91/2(5) is

defined as follows,
51/2(5) _ {]_)1/2: P c P and H?(ﬁ7p*) S (52}

Now, we introduce the following theorem, which upper bounds the distance between p
and p*.

Theorem C.7.9. We take U(d) > Jg(J, 7_31/2(5)) in such a way that ¥(4)/6? is a non-
increasing function of 6. Then for a universal constant ¢ and any 6 > dyr, where

dyr satisfies that V' NTO3, > c¥(dyr), it holds with probability at least 1 — ¢/k -
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exp(—NTkd?/(c*1log(NT))) — ¢/(N*T?) -log(4/4) that

H*(p,p*) < &2,

where p is defined in (C.7.1)).

Proof. See for a detailed proof. O

We study the following case, where P is a parametric class.
Corollary C.7.10 (Parametric Class). Suppose P = {pg: 0 € R? and 0]l < Omax}-

Then with probability at least 1 — ¢ with ¢/(N?T?) -log(NT) < 6 < 1, we have

emax
log log(NT),

H2(ﬁ,p*)§C‘ 5

NTk

where ¢ > 0 is an absolute constant, which may vary from lines to lines.

Proof. Note that

T5(8,P%(5),d) < 64/dlog efg

By taking U(d) = dv/d1og(Omax/9), we have

6

P (HQ(@P*) <c- log ngax log(NT)) >1-94

NTg

with ¢/(N?T?) -log(NT) < 6 < 1, which concludes the proof of the corollary. O
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C.8. Proofs of Auxiliary Results

C.8.1. Proof of Theorem

Proof. We take 7 = min{7,3/k - log(NT)}, and denote by Eg,t[-|] the expectation

taken with respect to the stationary distribution of {X;};>9. We observe the following

decomposition,
1 T-1 =
T S R | f(Xt)]
zE[N} t=0 t=0
- 1 T—1 1 7—1
=7\ ¥ f(Xy) —E ;Zf(Xt)] ]
i€[N] t=0 t=0

(111)
In the follows, we upper bound terms (I), (II), and (III), respectively.

Upper Bounding Term (I). Since {{X,f}tT:Bl}z‘e[N] are 1.i.d. accross each trajectory, by

standard Hoeffding’s inequality, with probability at least 1 — §, we have

(C.8.1) | < fmax,/%logg.
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Upper Bounding Term (II). We consider an auxiliary Markov chain {{)?f}tT:})l}ie[N},
where the i-th trajectory {)?Z}f:_ol is sampled such that )?5 ~ Pgtat- Here pgiar is the

stationary distribution of {X;};>¢. Similarly, we define the following quantity,

() = =g 3 X %D ~ B [F(X)],

i€[N] t=T7

Now, for any z > 0, we upper bound the difference P((II) > z) — P((II) > z) as follows,

(C.8.2)
P((Il) > z) — P ((ﬁ) > a:) < NEE pe(- | Xo) = patas ()|l rv] < ¢ NT exp(—#7).

Thus, by (C.8.2), to upper bound P((II) > ), it suffices to upper bound P((II) > z).
To upper bound ]P((INI) > x), we take T'— 7 = 2ks, where k and s are two positive
integers for the simplicity of presentation. We partition the set {7,7+1,...,7 — 1} as

follows,

J={r,7+1,....7t+s—-1}, J={r+s,7+s+1,...,7+25s—1}, ...,

Jop—1 ={T =25, —2s+1,...., T —s—1}, Jy={T—-s,T—s+1,..., 7 —1}.

Under such a partition, we see that UgcjonJe = {7, 7+ 1,...,T — 1} and J, N Jy = @ for

any ¢ # 0'. Also, for any i € [N], we define

ZE = ()?Z)tEJe
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for any ¢ € [2k]. Now, for any i € [N], by Lemma|C.7.5] there exists a sequence {W} }epon),

where W, = (Y )tes, such that

(1) {W{}iepn are independent;

(2) for any ¢ € [2k], W/} and Z; have the same distribution;

1), 0({Z;})).

(3) for any £ € [2k], B(W; # Z{) = Blo({Zi}rep-

Note that the following inclusion relation holds,

for any x, € R. Thus, we have

P(()>z)<P kiN > ZfX’ Eqtas[f

1€[N],¢ is odd tGJg

1 Z
+P | > ZfX

1€[N],¢ is even tEJg

1
S P /{I_N Z Z f YZ stat

1€[N], is odd tE.]g

1
Py Zf

i€[N],¢ is even tGJg

’;;sz) +2kB(s),

< 2exp (—

fX)] =z

{ > FXD) = Equlf(X)] > a:g} C {% DA = Baa (X)) > m} U{W; # Zi}

stat <X>] > X

fX)) 2

stat

)] = +Z (W; # Z;)

L€(2k]

where we use Hoeffding’s inequality in the last line. Similarly, we have

2

P ((ﬁ) < —m) < 2exp (— 1;:]\2:5

max

) +2kB(s).
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Thus, we have

kN 2?2
2f2ax

P(|(II)] > z) < 4exp (— ) +4kB(s) + ¢+ NT exp(—kT).

Now, by taking s = 3log(NT)/k, it holds with probability at least 1 — ¢ with ¢/(NT)?* <

0 <1 that

24 4
8. < - log < :
(C.8.3) (ID)] < fmax\/ N 108 5 10g(NT)

Upper Bounding Term (III). We observe that

-1
fmax
(C.8.4) |(IID)| < finax - E c-exp(—kt) <c- NaTE
t=1

Combining Everything. Now, by combining (C.8.1)), (C.8.3)), and (C.8.4)), it holds with
probability at least 1 — & with ¢/(NT)? < § < 1 that

1 — 1 — 8 . 4
NT ZZf(XZ)—E TZﬂXt)] < ¢ fmax mlogglog(NT),
i€[N] t=0 t=
which concludes the proof of the theorem. O

C.8.2. Proof of Theorem

Proof. The proof follows from the proof of Theorem [C.7.6] in §C.8.1] For the com-

pleteness of the paper, we present it here. We take 7 = min{7’,3/x-log(NT)}, and denote

by Egat]] the expectation taken with respect to the stationary distribution of {X;}:>.
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We observe the following decomposition,

T— 1 T-1
Z f(Xt)]
ze[N t=0 t=0
1 T—1 1 7—1
= % No f(X ; Z f(Xt)] ]
i€[N] t=0 t=0

g

—
=

T (N zzw Eu [f(X)]

1€[N] t=T

(I

(11)
In the follows, we upper bound terms (I), (II), and (III), respectively.

Upper Bounding Term (I). Since {{X;}; ' }ic(n] are 1.i.d. across each trajectory, by

standard Bernstein’s inequality, with probability at least 1 — d, we have

B 2
2o . 2 4 1 2
< z = Z -z
(D] < SN log5 +4 NE <T ;ZO f(Xt)) log(s

2 from . 2 4 [13 . 2

Upper Bounding Term (II). We consider an auxiliary dataset {{X Vo bien, where

the i-th trajectory {X/ Z}T ! is sampled such that Xé ~ Pgtat- Here pgiap is the stationary
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distribution of {X;};>¢. Similarly, we define the following quantity,

() = 77— 5 2 (XD ~ B [F(X)].

1€[N] t=T7

Now, for any = > 0, we upper bound the difference P((I1) > z) — P((II) > z) as follows,

(C.8.6)
P((I1) > o) — P (1) > o) < NS E | Xo) — P )llrv] < ¢ NT exp(—r).

Thus, by (C.8.6), to upper bound P((II) > ), it suffices to upper bound P((II) > z).
To upper bound P((II) > z), we take T — 7 = 2ks, where k and s are two positive
integers for the simplicity of presentation. We partition the set {7,7+1,...,7 — 1} as

follows,

Jy={r,7+1,....7+s—-1}, J={r+s,7+s+1,...,7+25s—-1}, ...,

Jop1={T—-28,T—2s+1,....,. T —s—1}, Jyp={T—-s,T—s+1,...,T—1}.

Under such a partition, we see that UgejorJe = {7, 7+ 1,...,T — 1} and J, N Jy = @ for

any ¢ # 0'. Also, for any i € [N], we define
Zlé = ()zti)tEJe

for any ¢ € [2k]. Now, for any ¢ € [N], by Lemma|C.7.5] there exists a sequence {W} }repon,

where W/} = (Y}!);es, such that

(1) {W{}sepn are independent;
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(2) for any ¢ € [2k], W} and Z; have the same distribution;

(3) for any ¢ € [2k], P(W; # Z}) = B(c({Z} Yoep-1). c({Z;})).

Note that the following inclusion relation holds,

{ Zf XZ statf(X> >$g}_{ Zf stat (X)]ZW}U{WE?QZE}
tedy

for any x, € R. Thus, we have

P((ﬁ)2x>gﬂj’ % Z Zf XZ Estat[f(X)] = @

1€[N],¢ is odd tEJg

—i—IP)(kLN Z Zf XZ Egtat| (X)]>:L’)

i€[N],{ is even tEJg

<IP<]$V > wa Eetat] (X)]>a:)

€[N],¢ is odd tGJg

1

Pliy 2 Zle Eaul /(X)) 22 | + Y BW; # Z})
1€[N],¢ is even tEJg e (2k]
3k2N2a?
<exp | — —
6> ic(N].¢ is oda B [(% > e, f(YtZ)> ] + 2 fnax Nk
3k2N2 2
(C.8.7) Fexp | — i : +2KB(s),

6 ZiE[N],€ is even E |:<% ZtEJZ f(iéz)) :| + 2fmaxNkI
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where we use Bernstein’s inequality in the last line. Note that for any (i, ¢) € [N] x [2k],

we have
(C.8.8)
1 _ 2 1 T-1
’ (gZﬂm) = Buae [F(X)] SE| = 37 F(X0| 4+ FruTe - exp(—7).
tedy t=7

Combining ((C.8.7)) and (C.8.8)), we have

<2exp | — + 2k5(s).
6k (B [ S F(X02] + f20eB()) + 2V 5

p ((I~I) > x) 3k2N?z?

Similarly, we have

3k*N2z?
66N (E [ X0 (X0 + f2uB()) + 2fnaNka

P ((INI) < —x) < 2exp [ — + 2kB(s).

Thus, we have

B 3k? N2z?
6EN (B [ 1 F(X02) + FuB(0)) + 2Nk

P(|(ID)] < #) < dexp

+4kp(s) + ¢+ NT exp(—kT).

Now, by taking s = 3log(NT)/k, it holds with probability at least 1 — 4 with ¢/(NT)?* <

0 <1 that

2fmax 2 4
8. )| < log = 4 4 E
(C.8.9) (D} < 557, los 5 + JNTK}

1 = 9
§ 2 _
T g - f(Xt) ] lOg 6
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Upper Bounding Term (III). We observe that

T-1
fmax
(C.8.10) |(TIT)] < frax - g c-exp(—kt) <c- a7z
t=r1

Combining Everything. Now, by combining (C.8.5)), (C.8.9), and ((C.8.10)), it holds

with probability at least 1 — § with ¢/(NT)? <6 < 1 that

1 T-1 i
7 2 2 (X)) —E

%tzéﬂx,:)]

i€[N] t=0
T-1
MU fa . 2 1 2
< log = log(NT) + 4 E|= X;)?| log=log(NT
— NTK/ Og 5 Og( )+ 8 NTKJ T — f( t) ] Og 5 Og( )7
which concludes the proof of the theorem. O

C.8.3. Proof of Lemma

Proof. The proof follows from the proofs of Lemmas 4.1 and 4.2 in |Geer et al.| (2000)).

First Inequality. By the optimality of p, we have
E [logp(Y | X)] > E [log p™ (Y | X)],
which implies that

J1og Lagazi=o,
p
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where p* and i are empirical counterparts of p* and . Now, by the concavity of log(-),

we have

D * 1 1
logp+p > —lo P P

By the above two inequalities, we have

! o1 Papt
ogz/log%dﬁ*dugﬁ/log“p dp*dji
p

2p*
1 PP 1/ p+p
== /1 dp*dji — dp*dp) + = [ 1 dp*d
2/og2p*(pu pu)+2 0g 5 dpidu
~ 1 4 p*
(C.8.11) :<IE—IE> [gﬁ]+§/1ogp2+f dp*dp.
p

In the meanwhile, by the fact that log z < 2(y/z — 1) for any z > 0, we have

1 p+p° p+p

—/logp+p dp*d,ug/ ptp —1|dp*du

2 2p* 2p*
B p+p . 1, 1 p+p
_/< p P TP T Q)dyd“

) - 2
p+p

=—/§< : —W) dydp

(C.8.12) = (pJ;p ,p*).

By combining (C.8.11]) and (/C.8.12]), we conclude the proof of the first inequality.
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Second& Third Inequality. We denote by p = (p + p*)/2 for any p. We note the

following two facts,

1
/2—|—p§/2
_1/2 _1/23\/_
Dy + Dy
_1/2  _ 2 . _1/2 _ _ b1 — D2 Ly 1/ 2 1/2
‘p}/ — 5y (pl/ +p”>—\p1—p2|= 5 =§‘p1/ p”’(pi/Qer/)-

Thus, we have

‘_1/2 _1/2 1 .p}/Q —i—p;/Q . ‘ 1/2 p1/2 \/_ 1/2 1/2
_1/2 |, —1/2 =
p}/ +p2/ 2

which implies the second inequality. The third inequality can be proved in a similar way.

Forth Inequality. We note that

Ipr (- [2) = po(- [ )], = / Ip1(y|2) = pa(y | 2)| dy

- / (g1 2)"* = paly | 2)"%) (a(y | 2)'72 + paly | 2)'7%) dy

- \// <p1(y|x)l/2—P2(y|w)1/2)dy\// (pr(y | 2)172 + pa(y | 2)1/2) dy

< 2\// (p1(y] 2)Y2 = paly | )1/2) dy = 2v2h (p1 (- | 2), pa(- | 7)) ,

which concludes the proof. O
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Proof. The proof follows from the proof of Theorem 7.4 in Geer et al. (2000). We

define the events
E={weQ: H(p,p*) > 0*}.

Conditioning on &, we have

N — 1 02
(C.8.13) (E - E) l95] > H*(p,p") > 1—6H2(p,p )> 16

where the first two inequalities come from Lemma [C.7.8, We further define

= {wGQ: sup (IE—]E) [9,] — H*(P, p") ZO}.

pEP: H2(p,p*)>62/16

By (C.8.13) and the definitions of £ and &£, we observe that &€ C £. Thus, we only

need to upper bound P(ET). To do so, we use a peeling argument as follows. Let L =

min{¢: 27152 /16 > 1}. We observe that
L
(C.8.14) P(EN) <> P(E)).
=0

where

ﬁ:{weﬁsu%EM—E@Dzﬂﬁﬂ%.

PEP;

Here P, = {p € P: H*(p,p*) < 27162/16}. To upper bound P(E]), we introduce the

following result.
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Theorem C.8.1. Given a Markov chain {Z;}:>9 C Z satisfying Assumption [C.7.3, and

take
(C.8.15) v < O1VNTR?/K,
(C.8.16) v < 8VNTR,
R
(C.8.17) v > Cp - max {/ (HpK(u, G, P)* du, R} )
v/(26v/NT)
(C.8.18) v > Cy/(NT)?,
(C.8.19) C3>C*Cy + 1),

where Hp i (u, G, P) is the generalized entropy with bracketing. Then we have

>

T-1
vl i
P | supVNT WZZQ(ZQ—]E

9€9 i€[N] t=0

1 T-1
72 _9(%)
t=0

<4C V2K N 2
=% “PLT18C2(C) + ) R2log(NT) ) T NPT

where {Z/}]2'} is generated from the same distribution as {Z;}y>¢ for any i € [N].

Proof. See for a detailed proof. O

To invoke Theorem we take

v=VNT-2%%/16, K =1, R=2Y%, C, =15 C=¢/64, Cy=c/16, Ch=ec.
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It is easy to verify that (C.8.15)), (C.8.16), (C.8.18)), and (C.8.19)) hold. For (C.8.17)), since
VNT6%r > c¢¥(dnt), which implies that

U(Onr) W (2425)
VNT > c- >0 —o
T CITF P

where we use the fact that ¥(§)/§? is a non-increasing function of . Thus, we have

R
16a > ¢ - max {/ (Mg (u,{gy: p € Pe}, o)) "? du,R} :
v/ (25V/NT)

which justifies (C.8.17) by noting that K = 1. Here, we use the fact that

HB,l(u,{gpipePg},P)gHB< 1ﬂ:pe%}).

Ev{ﬁ

Thus, by using Theorem [C.8.1] we have

NTr26? 2
P(&)) < %exp ( " )

~ 2log(NT)) " N2T?

Further, by combining ((C.8.14}), we have

z ) Ty ey

2
P(ST)SEGXP <_NT/£5 > c 4
K

which concludes the proof of the theorem. O

C.8.5. Proof of Theorem

Proof. We take 7 = min{7, 3/k-10g(GmaxNT') }, where Gyax = max{maxgeg max.cz g(z), 1},

and denote by Eg[-] the expectation taken with respect to the stationary distribution of
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{Z:}+>0. We have the following decomposition,

P | supVNT NTZZgZZ

9€g i€[N] t=0

1€[N]
T-—T1 -— v
Egtat|9(Z)| —E| —=—— A >
7 (Baslo2) B | S0t m)
1 T—1 1 T—1 v
<P|swp |~ 9(ZH-E|=D 9(Z)| | =
o T\ N7 22 2 7 e 3VNT

(C.8.20)

T —
+ P | sup
Y T

_7_ ZE[ZN];Q - stat (Z>] Z gm )
SSHPT;T/g(z)Tl_Ti:(pstat(z)_/pt('z'ZO)dC(ZO)) dz

9€g t=T1

where the last inequality comes from the fact that

T—71
sup

geg

ﬁiﬂ(zt)

t=1

(Estat[g(Z)] -

T-1
1
S fgmax Z c: eXp<_Ht) S gmaxc eXp<_HT) S

t=1

(%

3

3
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where we use the fact that v > Cy/(NT)? for some constant Cy. Thus, we only need
to upper bound the two terms on the RHS of (C.8.20). We first introduce the following
supporting results.

Lemma C.8.2. Take

v < O1vnR?*/K,

v < 8/nR,

R
v > Cj - max {/ (log./\/’BJ((u,Q,P))l/2 du,R} ,
v/(2%/n)

C2>C*COy+1).

Then we have

02
- E N_Elg(Z > < TN Do
d Sglég \/ﬁ n ie[n}g(ZZ) [9( )] Zv|=Cow ( 02(01 + 1)R2) 7

where {Z; }icjn) are i.i.d. samples drawn the same distribution as Z.
Proof. See Theorem 5.11 in (Geer et al.| (2000) for a detailed proof. O

Lemma C.8.3. Given a f-mixing sequence {Z;};>0 C Z with coefficient §(t) for any

t > 0. There exists a sequence {Z;}.} C Z and a set J such that

(1) Jisapartition of {0,1,...,7T—1},i.e,,UjesJ ={0,1,...,T—1} and JiNJy = &
for any Ji, Jy € J;
(2) for any 0 <t <T — 1, Z; and Z; have the same distribution;

(3) for any J € J, {Z/}ics is an independent sequence;
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(4) it holds for any u € R that

T-1
1
(g S5 Ko 1)
t=0
<Z]P’<sup||ZgZ* |Zth > )
Jeg  \959 Wl ey teJ
+ ) |- B(min{lty —to]: ty £ by € T}).
Jeg
Proof. See Theorem 2.11 in Barrera and Gobet| (2021) for a detailed proof. O

We upper bound two terms on the RHS of ((C.8.20)) as follows.

Upper Bounding the First Term on the RHS of (C.8.20). To upper bound the

first term, we invoke Lemma Since the sequence

7—1
1 7
{_ E Q(Zt)}
T
t=0 1€[n]

is i.i.d., we have

7—1 7—1
) 1 v
P | sup — 9(Z{)—E|=)> g(Z >
geg T NT ;}; ; ! T 3VNT
02T 2
C.8.21 <C — <C S —
( ) =Y eEp ( 9r2C2(C, + 1)R2) e ( C2(C + 1)R2)

Upper Bounding the Second Term on the RHS of (C.8.20). To upper bound the

second term, we note that

T—r1 v
P su (Z8) = Egue [9(2)] | > — (i) + (ii),
gegp T _7_ ZE[ZN;.Q tat ( )] Bm () ()
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where
(i)=P | su r-r Z Z (Z)) 9(2)] | = -
T\ VT ) e & Tg = 3VNT
P | sup LT zz — Ban [9(2)] | > —
geg T T—7) el Tg Bsiar g ~ 3VNT |’
(i) =P supT_ . Z Zg Estat [9(2)] | = -
geg T ze[N]t - 3VNT

Here {Z}T are an auxiliary sequence for any i € [N], where Z! is sampled from the

stationary distribution of the sequence {Z;};>o. To upper bound (i), we note that

T-1
1
(C.8.22) (i) < Z Zc -exp(—kt) < NTcexp(—kT) < NapE
1€[N] t=T7

To upper bound (ii), we invoke Lemma by taking
J={N,Jay ..., Js}, Jij={r+j-174+j+s—1,...,T —s+j} for any j € [s].

Then there exists a sequence {{Z*}1-  biev) such that Z* and Z! have the same distri-

bution for any (i,t); {{Z; }e 7 }tie[n) are independent; and it holds for any v € R that

) < 3P (s 77 30 S 02 ~ B 0(2)] > i | (0= 7))

16 [N] ted;

U2

<s-Cexp (—9502(01 n 1)R2) + (T —7)B(s),




367

where we use Lemma in the last inequality. Now, by taking s = min{7,3/x -
log(NT)}, we have

V2K 1

Ci+1)R? log(NT)> T N

. 3C
(C.8.23) (i) < ——exp (— 807

where we use Lemma to upper bound [(s). Now, by combining (C.8.22) and
(C.8.23)), we have

T-1
T—r 1 ; v
P | su Z}) — Egat |9(Z >
T\ N 2 29D B b)) 2 s
3C V2K 2
8.24 < . .
(C:8.24) =T O ( 18C2(Cy + 1) R? log(NT)) N

Combining Everything. By plugging (C.8.21)) and ({C.8.24)) into (C.8.20)), we have

~

-1

! 9(Z)

T

t

T-1
1 %
P | sup VNT | < >N g(z)-E

9€9 i€[N] t=0

> v

i
o

< V2K n 2
=% “PATI8C(C, + ) R2log(NT) ) T NPT

which concludes the proof of the theorem. O
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