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Abstract

Random and Small-scale Quantum Ergodicity

Robert Chang

This thesis contains results in mathematical quantum ergodicity in a probabilistic or
a complex analytic setting. For the former, we show that a random orthonormal basis
of spherical harmonics is almost surely quantum ergodic, in which the randomness is
induced by the generalized Wigner ensemble. For the latter, we show that small-scale
quantum ergodicity holds on a compact Kéahler manifold equipped with a prequantum
line bundle, or the Grauert tube of a compact, negatively curved, real analytic manifold.
Furthermore, the nodal sets of the eigensections or the complexified eigenfunctions are

also equidistributed on small scales.
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CHAPTER 1

Introduction

Quantum ergodicity (QE) concerns the relationship between (the asymptotic behav-
ior of) eigenfunctions of Schrodinger-type operators (1.1) and dynamics of the underlying
Hamiltonian system (1.5). This thesis collects three sets of results on the subject. Theo-
rem 3.1.1 is a phase space realization of the probabilistic QE theorem (Theorem 3.2.2) of
Bourgade—Yau [2] for eigenvectors of random matrices. Theorem 4.1.4 and Theorem 5.1.4
are small-scale QE theorems for eigensections of a prequantum line bundle of a com-
pact Kahler manifold and for complexified eigenfunctions on a Grauert tube. Thanks to
complex analytic techniques, we are able to translate these small-scale equidistribution
results into small-scale distributions of zero sets in Theorem 4.1.2 and Theorem 5.1.1.
Such distribution results are unknown for zeros of real eigenfunctions in the Riemannian

setting.

1.1. Quantum Mechanics

Before quantum mechanics, the hydrogen atom was treated roughly as a 2-body plan-
etary system, with the electron orbiting around the nucleus as prescribed by the classical
laws of motion. There was, however, a serious problem: because the electron is acceler-
ating as it undergoes circular motion, it must lose energy (in the form of electromagnetic
radiation). The classical model would predict that the electron spirals into the nucleus,

contradicting the stability of the hydrogen atom.



The ‘old quantum theory’ in the early 20th century was a first attempt to correct
the classical picture. It was postulated that special periodic orbits are quantized in
accordance with the Bohr—-Summerfield quantization condition to produce certain allowed
states. While this theory works for the Hydrogen atom, it does not extend in any obvious
way to more complicated atoms, like the Helium atom consisting of a nucleus and two
electrons.

In 1926, Schrodinger introduced the eponymous operator
(1.1) Hy, == —h*A+V,

where h is Planck’s constant, A = Z?:l 88722 is the Laplace operator on R3, and V = V(x)
J
denotes multiplication by a potential'. An electron at a fixed energy E(h) is no longer

represented as a point particle, but as an L?-normalized vector” 1) € L*(R3) that satisfies

the eigenequation

(1.2) (@) = B(a), [l = 1.

Classical Hamiltonian mechanics is thereby replaced by functional analysis, namely an
eigenvalue problem for the Schrodinger operator. The time evolution, governed by the
time-dependent Schrédinger’s equation, of an energy state (1.2) is given by

itE(h)

() = e mh(x).

'In the case of the hydrogen atom, V (z) = |z|~'.
2We call 1 a wave function. As seen in (1.3), its modulus squared [¢|? is interpreted as the probability
density of detecting a particle of a given energy at a given region in space.



Schrodinger proposed that the only physically relevant quantities are matrix elements
(A, 9)) p2(rsy of bounded, self-adjoint operators A acting on L?(R?). For instance, when
A = 1p is multiplication by the characteristic function of a nice * B C R?, then the

corresponding matrix element

(13) (1o ) = [ @) do

represents the probability of finding an electron at energy F(h) in the region B C R3.

Matrix elements are invariant under time evolution:

itE(h) itE(h)

<A6T¢,€T¢>L2(R3) =

itE(h)

e h \2<A¢, 7v/}>[/2(]R3) = <A¢> w>L2(R3)’

which explains how an orbiting electron can be moving and ‘stationary’ (in the sense that

it does not spiral into the nucleus) at the same time.

1.2. Hamiltonian Mechanics

While Schrodinger’s ‘new quantum theory’ is elegant and successful in explaining not
only the hydrogen atom, but also much more complicated systems, it replaces intuitions
from classical mechanics by abstract functional analysis. Recall that classically, Hamil-
ton’s equations are used to describe the motion of a point particle in phase space T*R3,

i.e., the cotangent bundle of the configuration space R?. The time evolution of a particle

3The boundary of B must have measure zero.
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at position z with momentum & obeys the system of differential equations

ywzégwwfm»

€)= - (a0, €(1),

(1.4)

where the Hamiltonian
H:T'R R, H(x,6) = |¢f + V()

is the sum of the kinetic and potential energy of the system.
Classical Hamiltonian dynamics refers to the dynamical system generated by the

Hamiltonian flow” (1.4) on the energy surfaces’
gy
Sp = {(@.€) € T'R': H(,€) = B},

The dynamics can be highly chaotic, completely integrable, or somewhere in between

depending on the potential V.

1.3. Quantum ergodicity

The quantum-classical correspondence suggests that in the semiclassical limit A — 0,
the asymptotic behavior of eigenfunctions (1.2) should reflect the dynamics of the classical

4More generally, when working on the cotangent space T*M of a Riemannian manifold (M",g), the
Hamiltonian vector field Xy of a Hamiltonian H is defined by

OJ( . ,XH) = dH,
where w is the natural symplectic form given locally by w = 2?21 d&; AN dx; and dH is the exterior
derivative of H. The Hamilton flow of H is then
(1.5) exp(tXy): T"M — T*M.

It can be shown that the flow preserves energy surfaces.
°Tt is an exercise in symplectic geometry that ¥z is invariant under the flow of H.
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system (1.5). Mathematical quantum ergodicity is the rigorous study of the effects of
classical chaos on high frequency eigenfunctions. The fundamental theorem in this subject
is Theorem 2.3.1. Roughly, it asserts that when the Hamilton flow is ergodic on the energy

surface X g, then eigenfunctions are asymptotically equidistributed in phase space S*Xg.
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CHAPTER 2

Notation and Background

This chapter discusses some basic tools and results in the subject; more technical
background will be recalled as needed in subsequent chapters. We will henceforth assume
that the potential V' vanishes in (1.1) and study Laplace eigenfunctions in relation to the

dynamics of (1.5), which reduces to the (homogeneous) geodesic flow in this setting.

2.1. The Laplacian on a Riemannian Manifold

Let (M, g) be an n-dimensional Riemannian manifold. The Laplacian A, = A with
respect to the Riemannian metric g = (g;i) is the second-order differential operator given

locally by the formula

1 0 [ o)
A — — | g¥\/|det g|— ).
Vdetgj,kzl axj <g ’ ¢ g|8xk)

When M is compact and without boundary, eigenvalues of —A form a discrete set in the
nonnegative real axis with accumulation only at the origin. We list the eigenvalues 0 =
A < A2 < .- 1 oo in increasing order (repeated with multiplicity). The corresponding

L?-normalized eigenfunctions

(2.1) (A+XD)e; =0, lejllezan =1, (@5, 0k 1200y = Gk,
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form an orthonormal basis of L?(M). When convenient, we suppress subscripts and write
(2.2) (A4 X)pr=0

for a general L?-normalized eigenfunction of —A with eigenvalue A\?. Often, the semiclas-
sical parameter h = h; is introduced via a change of variable h = A~!. Then, (2.2) takes

the form

(RA+ 1)), = 0.

The Hamiltonian corresponding’ to the Laplacian is the the metric norm-squared of

a covector. We take its square root and work instead with the Hamiltonian

(23) H(w) = Iy, = ( 3 gij<x>@fk)é,

J,k=1

which corresponds to the operator? v/—A. Since eigenfunctions of —A coincides with
those of v/—A, it is immaterial whether we work with the flow generated by —A or by its
square root. The advantage of (2.3) is that its Hamilton flow (1.5) is the homogeneous
geodesic flow G*(z, ), which can (without loss of generality) be restricted to the energy

surface ¥y = {H = 1}:
(2.4) Gl S*M — S*M, S*M ={(2,6) € T"M : |¢],, = 1} = %1.

IThe principal symbol (2.6) of —A is given by o_a(z,&) = €12 .

2Note that /—A is a pseudodifferential operator. (In fact, by a theorem of Seeley [55], complex powers
of an elliptic pseudodifferential operator on a compact manifold are pseudodifferential operators.) It can
be defined spectrally by the eigenfunction expansion v—A = Z;’;l Aj¢j @ @;, where (A?, ;) are the
spectral data for —A.
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The relationship between ergodicity of G* and the asymptotic behavior of ¢; is summa-

rized in Theorem 2.3.1.

2.2. Standard Quantization

In general, quantization is a recipe for converting classical observables to quantum ob-
servables, i.e., for converting ‘nice’ functions on phase space, called symbols, to (pseudo-
differential) operators acting on some Hilbert space. Excellent references for quantization

and the calculus of pseudodifferential operators include [27, 19, 21, 75].

DEFINITION 2.2.1 (Classical symbol). A classical symbol a € S™ of order m € R is
a smooth function a(x,§) € C*(T*M —{0}) in phase space (away from the zero section)
with the properties’®
(i) |0§‘8§’3a] < Copl&)™ B for all multi-indices o, B, where (£) = (1 + |§|3Z)% is a
smoothed out version of the metric norm of a covector;
(i) a(z,§) ~ 372 aj(x,€), where aj(x, t§) = Haj(x,§) for [§] > 1.
The asymptotic summation notation in (i) means for every J € N, the difference a —

Z;}:O a; satisfies (i) withm = J + 1.

DEFINITION 2.2.2 (Pseudodifferential operator). Given a € S™, define the (Schwartz

kernel of the) operator Op(a): L*(M) — L*(M) by the oscillatory integral

1

(2.5) Op(e) = 53 / | K@ ga(e, O @8 de,

Y

where

3Smooth functions satisfying only the derivative estimate (i) are called Kohn-Nirenberg symbols. Here,
we also require (ii), which is the condition that a is asymptotically polyhomogeneous, so it makes sense
to view it as a function on the cosphere bundle S*M.
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o x is a cutoff localizing near {(x,y) € M xM : d(z,y) < inj(M)}, in which inj(M)
denotes the injectivity radius;
e exp: T'M — M s the Riemannian exponential map;,

e Angle brackets denote the pairing of the vector exp;l(a:) with the covector &.

Then, Op(a) € U™ is a pseudodifferential operator of order m with (full) symbol a € S™.

The map Op: S™ — U™ is a (choice of) quantization. It is unique under change of
quantization and change of local coordinates modulo ™~!. In the reverse direction is

the principal symbol map
(2.6) o: U™ — 5™ A gz, §)

taking a pseudodifferential operator to its principal symbol. Again, uniqueness holds only
modulo lower order terms in S™!. There are generalizations of the definitions above to
incorporate the semiclassical parameter h; these will be presented in Section 5.5 when
small-scale quantum ergodicity (Theorem 5.5.1) is discussed.

More generally, we can quantize symplectic map as unitary Fourier integral operators
(see [62, 28, 75]). These are operators acting on L?(M) whose Schwartz kernels are oscil-
latory integrals similar to (2.5), except that the exponential part (i.e., the phase function)
can have more complicated expressions. Of particular importance is the quantization of

the geodesic flow (2.4) as the half-wave group

Ue)wy) = By = [ yfaggethen @0

TyM
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(Again, x here is a cutoff near the diagonal so that the exponential map is defined.)

Functional calculus implies that U(¢) is defined spectrally as
(2.7) U(t)(x,y) = ) e™s(x) @ o5(y),
j=1

where ()\?, ;) are the spectral data for —A.

2.3. Quantum Ergodicity for Laplace Eigenfunctions

Quantum observables are matrix elements

(2.8) (Apj, pi) L2y

of bounded, self-adjoint operators A on L*(M) relative to an energy eigenstate ¢, in (2.1).
We are interested in the case where A € U0 is a zeroth order pseudodifferential operator
(Definition 2.2.2), so that its matrix elements process useful asymptotics as j — oo.

We give a flavor of how knowledge about (2.8) can be used to relate classical dynam-
ics to the behavior of eigenfunctions®. Notice that Laplace eigenfunctions ¢; are also

eigenfunctions of the half-wave group U(t):
(2.9) Ut)p; = e"™gp;,  U(t) = eV 2
Therefore, at the level of matrix elements there is the identity
(s o5) 20 = (UOAU (<D, ) ar) for all A€ W

4See [75, Chapter 15] for a detailed proof.
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Since the left-hand side is independent of ¢, the right-hand side can be replaced by its

time average:

1 T
0

If the geodesic flow is ergodic on S*M, then the ergodic theorem can be used to convert
this time average into a spatial average®. This leads to the celebrated quantum ergodicity

theorem of Shnirelman [59], Zelditch [66], and Colin de Verdiere [12].

THEOREM 2.3.1 (QE theorem [59, 66, 12]; see also [75, Theorem 15.5]). Let (M, g)
be a compact Riemannian manifold without boundary. Suppose the geodesic flow (2.4) is

ergodic. Then, there exists a density one subsequence of frequencies \;, such that

1
2.10 A i) 2m) — —/ oalz, &) dur  for every A € U°.
( ) < Ik ]k>L (M) ML(S*M) s ( )
Here,
) . #{Xj, <A _ 1.
e Density one means limy_, FEWIB LR anjgigenvalue N 1;
T % el=1 1s the Liouwville surface measure on S*M ;

e 04 is the principal symbol (2.6) of A.

®More precisely, the time-averaged principal symbol o 4),. is converted to its spatial average sz oadur,
assuming that the geodesic flow is ergodic on the energy surface X with respect to the measure py .
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The QE theorem can be rephrased in the following way: Define Wigner distributions®

/ CL(ZC,&) dq)] = <Op(a>¢]7¢]>L2(M)7 ac COO(S*M)
S*M
then QE is equivalent to the weak™® convergence

1

d®;, (z,§) — (S

d,UL (‘7:7 f)

along a density one subsequence’. Since the Liouville measure (which is the natural

measure on S*M coming from the metric g) is supported everywhere on S*M, (2.10) is
interpreted as a statement about the eigenfunctions becoming ‘diffuse’ or ‘equidistributed’
in phase space.

A corollary” of (2.10) is that quantum ergodic eigenfunctions equidistribute in config-

uration space:

i @) PV, () = oy Vel

6Note that the Wigner distributions depend on the choice of quantization. There exist positive quantiza-
tions (such as Friedrichs or anti-Wick quantizations) with the property that @ > 0 implies its quantization
is a positive operator.

7Quamtum unique ergodicity (QUE) is the statement that the entire sequence d®; converges to the
Liouville measure duy without needing to possibly discard a subsequence of density zero. A famous
conjecture of Rudnick—Sarnak [52] postulates that duy, is the unique quantum limit for negatively curved
manifolds. So far, QUE has only been proved for Hecke-Maas forms on arithmetic hyperbolic surfaces
by Lindenstrauss [42] in the compact case and Soundararajan [60] in the noncompact case.

8The set of weak* limits of d®; is independent of the choice of quantization. Every weak* limit (also
called the microlocal defect measures associated to the sequence {¢;}) is a positive probability measure
that is invariant under the geodesic flow.

9This follows from using test functions a(x, &) = a(z) that do not depend on the fiber variable and the
Portmanteau theorem.
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where dV; is the Riemannian volume measure on M.

2.4. Small-scale QE

In the works of Hezari-Riviere [25] and Han [24], QE is shown to hold for a sequence
of operators A = Aj, whose symbols are allowed to depend on the frequency parameter
Aj,.- In particular, eigenfunctions are shown to be equidistributed at length scale that is

logarithmic in the frequency parameter.

THEOREM 2.4.1 (Small-scale QE, [24, 25]). Let (M,g) be a compact, negatively

curved, n-dimensional manifold without boundary. Let
0<a<— and r(\) = (log )
a<g- and r(}) = (log )
Then, there exists a density one subsequence such that
(2.11) eVol(B(z,1;,)) < / ;.17 dVy, < CVol(B(x,r;,))  uniformly for all x € M,
B(x,rjk)

where ¢,C' > 0 depend only on (M, g).

The theorem above (and its semiclassical version Theorem 5.5.2) are small-scale ver-
sions of Theorem 2.3.1. Curiously, even though the latter gives the asymptotics (2.10),
the small-scale version gives only the volume comparison (2.11). This is an artifact of the
technique of the proof, which involves two extractions of subsequences. In the complex
setting described in Section 2.5 and Section 2.7, volume comparison can be used to derive

asymptotic distributions of zero sets.
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2.5. Berezin—Toeplitz Quantization

One drawback of the standard quantization (Section 2.2) is that the procedure does
not readily extend to more general phase spaces (i.e., symplectic manifolds that are not
cotangent bundles). In this section we present a Berezin—Toeplitz quantization scheme

that works for general compact Kéhler manifolds; excellent references include [69, 45, 34].

DEFINITION 2.5.1 (Kéhler manifolds).

e A Hermitian manifold M is a complex manifold endowed with a Riemannian

metric g that is compatible with the complex structure J, i.e.,
g(JX,JY)=9(X,Y) forall X,)Y € TM.
e A Hermitian manifold M is said to be Kahler if the (1,1)-form
w(X,Y):=9(JX)Y) foral X,)Y € TM

1s closed. We call w the Kahler form.
e A prequantum line bundle (L, h) — (M,w) over a Kdihler manifold is a holomor-
phic line bundle whose curvature form' c;(h) coincides with the Kdhler form w.

We assume without loss of generality that L is very ample!'.

Orf e; is a non-vanishing local holomorphic frame for L over an open set U C M, then

J_1
ci(h) = R d0log |ler||n,

1/2 denotes the h-norm of e;..

where ||er||s, := h(er,er)
11By Kodaira’s embedding theorem, a line bundle L satisfying the curvature requirement is ample, i.e.,
there exists Ny € N such that global holomorphic sections of LYo := L®No can be used to embed M
into complex projective space of appropriate dimension. Note that this embedding is not an isometry.
Replacing L by L™, we may assume that L is very ample, i.e., the global sections of L define an

embedding into projective space.
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Let (L, h) — (M,w) be a prequantum line bundle over a compact Ké&hler manifold of

complex dimension dim¢ M = m. The (Liouville) volume form

on M induces an inner product on the space I'(M, L) of global smooth sections of tensor

powers (LY, hY):

(s1,89) = / RN (51(2), s2(2)) dV,, for 1,8, € I'(M,LY),
(2.12) M

[s]lin = (s1,52) for s € T'(M, L™).

Let L*(M, L") denote the completion of T'(M, L) with respect to (2.12). The space
HO(M, L") of global holomorphic sections is a closed subspace of L*(M, L") of dimen-

sion'?

(2.13) dy = dim H(M, L") ~ N™ as N — oo.
A key object is the orthogonal (Szegé) projection

(2.14) My: L*(M, LYY — H(M, LY).

DEFINITION 2.5.2 (Toeplitz operator). The Toeplitz operator (of level N) associated

to the smooth function a € C*(M) is given by"

Myally: HO(M, L™) — H°(M, LN).

12HO(M, LN) is necessarily finite dimensional because of the compactness of M.
BSince the domain of the operator is taken to be the space of holomorphic sections, the right-most factor
of Iy is redundant.
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Here, Il is the Szegd projection as in (2.14), and a denotes multiplication by the function.

The Berezin-Toeplitz quantization scheme is as follows: Given a classical observable!
a € C*(M), we associate to it (a sequence of) Toeplitz operators IIyally acting on the
Hilbert spaces H°(M, L) of global holomorphic sections of tensor powers of a very ample
line bundle (L,h) — (M,w). In other words, the analogue of the quantization (2.5) in
the line bundle setting is the map
C>(M) — ﬁ End(H°(M,LY)),  aw (Hyally)3_,;.
N=1

The quantum observables are, as in the Riemannian case, matrix elements
(ITyallys, s), se€ H' (M, LN).

2.6. QE and Equidistribution of Zeros for Eigensections

Quantum ergodicity can also be studied in the line bundle setting. Recall in the Rie-
mannian case, the geodesic flow (2.4) is quantized as a Fourier integral operator (FIO),
namely the half-wave group, whose eigenfunctions (2.9) coincide with those of the Lapla-
cian. Here, we can similarly quantize a symplectic map x: (M,w) — (M, w) as (a sequence

of) unitary FIOs

(2.15) Uen: HO(M, LYY — H°(M, LY),

HNote that the Kéhler form w is symplectic, so it is natural to regard (M, w) itself (and not its cotangent
bundle) as the phase space.
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and study the relationship between dynamics of y and eigensections sj-v € HO(M, L") of

the quantum map

Ugnst =e™ish sVl =1, 1< 4 <dy,

where N are eigenphases and dy is the dimension as in (2.13). The operator (2.15) is

discussed in Section 4.2.2.

The line bundle analogue of the QE theorem is the due to Zelditch.

THEOREM 2.6.1 (Zelditch [69]; see also [57] for random eigensections). Let (L, h) —
(M,w) be a prequantum line bundle over a compact Kdhler manifold without boundary.
Let x: M — M be an ergodic symplectic map with x*w = w. Let U, y: H'(M,L") —
HO(M, LN) be its quantization. Then, there exists a density one subsequence Jy C

{1,...,dn} of indices, i.e.,

li IV
1m ——-

=1
N—oo dN

)

for which the corresponding eigensections 5;\/ € HO(M, LN) satisfy

jeJ
(2.16) /Mf(z)|sjv(z)|2 av, ;T;) /Mf(z) dV,, for every f € C°(M).
Equivalently, in the notation of weak™ convergence of measures, we have

N 2 JjE€IN
|55 (2)]7dV, Fe. dv,.
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Using complex analytic techniques, equidistribution of L?-mass (2.16) can be used to
prove equidistribution of the zero sets'” of eigensections sV € H°(M,LY). In a local
frame el for LV, we can write sV = fMel¥ with f™) a holomorphic function. Let
9(z) = |ler(2)]|2 = e ¥ where ¢ is the Kihler potential, then [le(2)|2y = g(z)"

and [[sV||2y = [f™)|2¢". The Poincaré-Lelong formula states that the current [Zv] of

integration over the zero divisor of s% is given by

(2.17) [Zw] = \/__18510g|f(m| =

™

V=T

™

d0log ||s™ ||y + Nw, sV e HO(M, L™).

THEOREM 2.6.2 (Shiffman—Zelditch [57]). Under the same assumptions and notation

as i Theorem 2.6.1, we have

/ f(2) {iZSN] Awm ! &/ f(2)dV,,  for every f € C*(M).
M ! M

N N—oo

In the notation of weak convergence of currents, we have

1 e
N2y

2.7. Complexification of Laplace Eigenfunctions to Grauert Tubes

The theory of Grauert tubes acts as a bridge between the Riemannian and the Kahler
setting. In this section we introduce only the basic setup; the geometry and analysis of
Grauert tubes will be recalled in Section 5.2 (see also [22, 23, 38, 39, 36]). The Grauert

tube M., (of radius 79) of a real analytic manifold (M, g) can be identified with the co-ball

158uch precise distribution theorem for real zero sets of Laplacian eigenfunctions on a Riemannian man-
ifold are unavailable.
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bundle B; M (of radius 75), on which a complex structure J = J, compatible with the
Riemannian metric can be defined (see Section 5.2.1). Let w be the canonical symplectic
form on T*M, then the triple (B} M,w,J) is a Kéhler manifold (Definition 2.5.1) with
boundary.

Laplace eigenfunctions (2.1) on M can be complexified to the Grauert tube B} M.
This is done by analytically continuing the eigenfunction expansion (2.7) of the half-wave

kernel U(t) = ¢V=2 in the time and spatial variable
UGT)(Cy) =e ™V 2y =D e e () ®pi(y), TERs, (€ (ByMuw,J)
j=1

It follows that the complexification go;c of an eigenfunction ¢; to BX M is given by

(2.18) P5(Q) =€ (e ™ R (), TERsy, (€ (BLMuw,J).

It can be shown [71, Lemma 1.5] that the L?-masses of goéc, appropriately normalized,
equidistribute in the Grauert tube.

The advantage of working with complexified eigenfunctions on the Grauert tube is
that, similar to the line bundle case, complex analysis lends powerful tools for studying

the zero sets'®
VI
2] = Y _L0010g |65(2)]

Equidistribution of [Z;] is due to Zelditch.

16As in the line bundle case, we view the zero sets as currents of integration (2.17).
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THEOREM 2.7.1 (Zelditch [71]). Let (M, g) be a real analytic, n-dimensional manifold
without boundary. Suppose the geodesic flow (2.4) is ergodic. Define the complezification

go}c of Laplace eigenfunctions to the Grauert tube My, ~ B: M by (2.18). Then, there

exists a density one subsequence such that
n—1 —1 n—1
AN “’—1 for all f € C(B:,M).
T

1 —
/B Mf{k_jkzj} M- JOOIEly, A o

* - !
b (n—1)
In the notation of weak convergence of currents, we have

*
70

e

Z;) =Y

1 ~

2.8. Random Orthonormal Bases of Eigenfunctions

Much of the difficulty in the analysis of eigenfunctions is the lack of explicit formulae,
except in very special settings. It often helps'” to work probabilistically. One approach
is to decompose the state space H = @y _, Hy into a direct sum of eigenspaces. For
instance, in the Riemannian setting with M = S2, the state space L?*(S?) can be de-
composed into the linear spans of degree N spherical harmonics (see Section 3.1 and
(68, 74]). In the line bundle setting, there is a natural decomposition into a direct sum of
the spaces H(M, LV) (see Section 4.2.1 and [57]). By fixing a background orthonormal
basis {¢1,..., ¢4y} of Hy, any other orthonormal basis {91, ...,%4,} can be uniquely

expressed as the linear combination

dn
U= wppr, 1<) <dy.
k=1

Law of large numbers and concentration of measure are particularly useful.



27

In this way, a random basis of Hy is identified with a random dy X dy unitary matrix
(u;r) € U(dy), and a random basis of H = @y_, Hn is identified with an element of the

product probability space [[x_; U(dw).
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CHAPTER 3

Quantum Ergodicity of Wigner Induced Random Spherical

Harmonics

In this chapter we discuss the notion of a ‘random orthonormal basis of spherical
harmonics’ of L?(S?) using generalized Wigner ensembles and show that such a random
basis is almost surely quantum ergodic. Similar quantum ergodicity results (with vary-
ing degrees of generality) are obtained in [67, 68, 74, 47, 8] for random Laplacian
eigenfunctions defined using Haar measures on unitary groups. Our main contribution,
Theorem 3.1.1, comes from the use of a more general measure than previously studied.
We are able to work with this more general class of measures because Wigner eigenvectors
are asymptotically Gaussian, a result proved in [33, 61] (with additional assumptions on
the moments) and [2]. Our quantum ergodicity statement also provides a semiclassical

realization of the probabilistic ‘local quantum unique ergodicity’ of [2].

3.1. Main Results

The equidistribution condition (2.10) need not hold when the geodesic flow is not
ergodic. On the sphere, for instance, the geodesic flow is completely integrable and
direct computations show that the standard spherical harmonics localize not only on
phase space, but also on the base manifold S2. This fact notwithstanding, it is shown in
[67] that a random orthonormal basis (defined using Haar measures on unitary groups)

of spherical harmonics is almost surely quantum ergodic, a result that is extended to
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Laplacian eigenfunctions on compact Riemannian manifolds in [68, 74, 47, 8]. In this
chapter, we continue the investigation on the sphere and prove quantum ergodicity for a
wider class of ‘random’ spherical harmonics.

Consider the orthogonal decomposition of L?(S5?) into a direct sum of subspaces Hy =
span{Y{ | =N < k < N} spanned by the standard degree N spherical harmonics. Here,
by ‘standard,” we mean spherical harmonics Y{ that are the joint eigenfunctions of the

Laplacian A = Ag2 and the z-component of the angular momentum operator L, = %

d
dp?
that is,

AY¥ = —N(N +1)YE,

19
Yk =kYE
1 0p N N

Let dy = dimHy = 2N + 1 be the dimension of Hy.

Let Hy € Herm(dy) be a generalized Wigner matrix. (See Section 3.2 for background
on random matrix theory.) For —N < k < N, let un, = (unr(a))Y__5 be the eigenvec-
tors of Hy. Our object of study is the Wigner induced random basis {t{)xx}o. 5 for Hy
obtained by ‘transplanting the Wigner eigenvectors onto the sphere’ in the obvious way:

N
(3.1) Y= Y uni(a)Yy, —N<E<N.

a=—N
An equivalent way of thinking about the random basis {¢n} is to identify it with a
unitary change-of-basis matrix Uy = (ung(@))-n<ka<n viewed as an element of the
probability space (U(dy), un). The probability measure py on the unitary group U(dy)

is induced by a generalized Wigner matrix in the following way. Let m be the map from
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Hermitian matrices to unitary matrices modulo the maximal torus U(1)% defined by
7: Herm(dy) — U(dy)/U(1)™, Hy = Ui DX Uy — [Un],

where Uy is a unitary matrix that diagonalizes Hy and D(A) is the resulting diagonal
matrix. If we write p)y for the measure on the Hermitian matrices that describes the
generalized Wigner ensemble, then the induced measure px on the unitary group is simply

the pushforward of p)y under the above map 7, that is,

(3.2) [N = Tl -

The construction of a Wigner induced random basis (3.1) for the finite dimensional
subspace Hy extends naturally to all of L?(S?). Indeed, let U be the operator that
acts block-diagonally on the decomposition L*(S?) = @y, Ha so that the restrictions
Uluy = Un € U(dy) to the subspaces yield a sequence of independent unitary matrices
of the appropriate dimensions. By the preceding paragraph, a Wigner induced random
orthonormal basis ¥ = {¢y 1 }_n<k<n n>0 for all of L?(S?) may be identified with such
an operator U viewed as an element of the product probability space [],-,(U(dn), pn).
Henceforth, when the context is clear, we will refer to ¥ simply as a ‘random basis’ with
the understanding that it is constructed randomly with respect to the product measure
[T

For technical reasons, certain indices k need to be excluded from our computations.

Let 0 < v < % be a positive constant (guaranteed by Theorem 3.2.1), and let

(3.3) Iy =[[-N,—N + NY*JU[[-N + N'"",N — N'""]JU[[N — N'* N]J|
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be the subset of indices —N < k < N that are, in the random matrix theory language, ‘in
the bulk’ and ‘near the edges.” We can only work with indices belonging to Iy because
the asymptotic normality result of Bourgade—Yau (Theorem 3.2.1), which we rely on, is
established only for k € Iy. (The set Iy displayed above is precisely the set Ty in the
statement of Theorem 1.2 in the original paper [2], except that the our indexing convention
is k € [N, N], and the convention of [2] is k € [1, N].) It is expected that Theorem 3.2.1
holds for all indices k (see the remark immediately following Definition 5.1 in [2]). Luckily,
the set Iy is sufficient for deriving a quantum ergodicity statement because we are still
left with a density one subsequence after discarding indices in the intermediate regime,
that is,

[{k € In}|

e NN} "

Given a pseudodifferential operator (see Definition 2.2.2) A € W°(M) of order zero

and a random basis ¥, let Xy = Xa({¢nx}): (U(dn), pn) — Rso be random variables

given by
3.9 Xor = X(00wad) = 7 3 (A es) - (AP
keln
where
1
(35) CU(A) = W /S*M A d[LL

denotes the average of the principal symbol of A. Even though the random variable (3.4)

depends on the choice of a pseudo-differential operator and a random basis, for notational
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simplicity we will continue to write Xy := Xa({¢)nx}). Our quantum ergodicity result

is formulated in terms of Xy.

THEOREM 3.1.1 (QE of random spherical harmonics, Chang [9]). Let ¥ be a Wigner
induced random orthonormal basis of spherical harmonics for L*(S?). Then ¥ is almost
surely quantum ergodic with respect to the product probability measure [ pn in the sense

that

for every A € ¥°(S?).

REMARK 3.1.2. A standard extraction argument' implies the almost-sure existence of

a density one subsequence of random spherical harmonics for which

<AwN,k, wN,k> — w(A).

Note that the random variables Xy are independent by construction. Theorem 3.1.1 is
therefore an easy consequence of the Kolmogorov convergence criterion and Strong Law of
Large Numbers once we show that EXy — 0 and EX% is bounded. Indeed, the following
holds.

THEOREM 3.1.3 (Moment bounds, Chang [9]). We have EXy = O(dy°) and EX3, =

O(d;\fﬁ) for some g, e, > 0 guaranteed by Theorem 5.2.1.

This is a good place for some remarks. First, since we only work with random spherical

harmonics in this chapter, we confine ourselves to describing the construction of random

1See [75, Chapter 15].
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bases on S%. A similar construction that involves partitioning the spectrum of the Lapla-
cian appropriately can be used to make sense of random bases (defined using either Haar
measures or Wigner induced measures on unitary groups) on any compact Riemannian
manifold. Readers are referred to [68, 74, 47, 8] for the general construction. A natural
next step is to extend our quantum ergodicity result to Wigner induced random bases of
Laplacian eigenfunctions or approximate eigenfunctions on other manifolds.

Second, it is known that the eigenvectors of a Gaussian unitary ensemble is distributed
by Haar measure on the unitary group. Since the generalized Wigner ensembles contain
GUE as a special case, the measure with respect to which Wigner eigenvectors are dis-
tributed (i.e., the Wigner induced measure py) is a vast generalization of Haar measure.
It is unknown to the author if such measures can be given an explicit characterization.
Nevertheless, universality results from random matrix theory are robust enough for show-
ing that Wigner induced random bases enjoy the same quantum ergodicity property as
‘GUE induced random bases’ (i.e., random bases defined using Haar measure) on the
sphere.

Finally, the methods presented in this chapter can be used to prove quantum ergodicity
of Wigner induced random spherical harmonics on higher dimensional spheres S? for any
p > 2. It will be clear from the proof that ¢y and &f in the statement of Theorem 3.1.3
are independent of the dimension p because, in the notation of Theorem 3.2.1, we have

g0 = €0(Q1) and g, = £((Q)2) where @1, Q)2 are polynomials of the form

Q1<21, 29, %3, 24) = 21223334 and QQ(Zl, e ,Zg) = 2122232455563728.
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While gg, €;, remain fixed for all p > 2, the dimension dy of the space of degree IV spherical
harmonics grows like NP~ on SP. Substituting the asymptotics for dy into the statement
of Theorem 3.1.3 gives EXy = O(N—®~V) and EXZ = O(N~%®1). Observe that,
for all p sufficiently large, the Borel-Cantelli lemma becomes applicable and implies the
stronger convergence statement that X — 0 almost surely instead of the Cesaro means
3 =0 XN = 0.

The rest of the chapter is organized as follows. Section 3.2 provides a brief summary
of random matrix theory that will be used in our proofs. The key result is Theorem 3.2.1,
which states that Wigner eigenvectors (with the appropriate scaling) are asymptotically
Gaussian random variables. Section 3.3 is devoted to proving Proposition 3.3.1, which is
a special case of Theorem 3.1.3. The techniques developed for this special case extends

easily to prove the main theorems in Section 3.4.

3.2. Background: The Wigner Ensemble and Bourgade—Yau Local QUE

We now summarize a universality result for Wigner eigenvectors proved in [2]. In
keeping with the indexing convention for spherical harmonics, the indices in this section
continue to range from —/N to N. Recall also that dy = 2N + 1.

By a generalized Wigner matrix we mean a Hermitian matrix Hy = (hji)_n<jk<n €

Herm(dy) such that:

e The entries hj;, are independent random variables for j < k, each with mean zero
and variance Eh%, =: 07, satisfying the normalization condition Zjvz, NO =1

for k fixed;
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e There exists a constant ¢; > 0 independent of N such that (¢; N )_1 < a?k <N
for all =N < j,k < N;

e There exists a constant ¢ > 0 independent of NV such that E(h’;khjk) >N~ lin
the sense of inequality between 2 x 2 positive matrices, where h;j, := (Rhjx, Shjx);

e For any ¢ € N, there exists a constant C; > 0 such that for any N and any

—N < j,k <N, we have E|\/dyh;|? < C,.

Let uny = (ung(a)))__y denote the eigenvectors of a generalized Wigner matrix
Hy € Herm(dy). The eigenvectors, indexed by k € [—N, N], are ordered so that the
corresponding eigenvalues form a nondecreasing sequence. Of course, an eigenvector is
well-defined only up to a phase ¢ € U(1). This phase ambiguity may be eliminated, for

instance, by considering instead the equivalence class [uy ).

THEOREM 3.2.1 (Normality for eigenvectors, [2, Corollary 1.3]). Let {Hy} be a se-
quence of generalized Wigner matrices. Let In be the set of indices away from the inter-
mediate regime as defined in (3.3) (note that Iy depends on a parameter v). Then there

exists v > 0 such that for any k € Iy and J C {—N,..., N} with |J| = m, we have
Vdn(ung(a))aes — (/\fj(l) + z'./\fj@));n:1

in the sense of convergence in moments modulo phases, where J\/']-(l),/\/;(Q) are independent
standard Gaussians. More precisely, for any polynomial Q) in 2m variables, there exists

e =¢(Q) > 0 such that for sufficiently large N we have

sup ‘EQ (V 2N (eiw“N,k(Oé%e_iwuN,k(Oé))aeJ>
| J|=m, kEIn
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~EQ ((/\/j(” +iN® VD - Z.Nj(z));n:lﬂ < dye.

Here w a phase independent of Hy and uniform on (0,2m).

In fact, a stronger statement is proved in [2, Theorem 1.2], namely the projection
(q,uny) of an eigenvector to any unit vector ¢ € R is asymptotically normal. As a
corollary, generalized Wigner eigenvectors are ‘locally quantum unique ergodic’ in the
following sense. Let ay: {—N,...,N} — [~1,1] be a function with > an(a) = 0

and let lay| = #{—N < a < N | an(«) # 0} be the size of its support.

THEOREM 3.2.2 (Local QUE for eigenvectors, [2, Corollary 1.4]). Let {Hy} be a
sequence of generalized Wigner matrices. Then there exists € > 0 such that for any d > 0,
there exists a constant C' > 0 so that for every sequence of functions {an} as above and

k € Iy we have

(3.6) P (

where (ANUN g, UNE) = Zg:—N an (o) uyg(a)|?.

dn
W <aNUN,k> UN,k;)

> 5) < C(dy + lan|™),

Theorem 3.2.1 shows that Wigner eigenvectors are asymptotically flat even on small
scales by choosing the test functions ay to have small supports. Note that since the
left-hand side of (3.6) depends only the eigenvectors but not the eigenvalues, the measure

used in Theorem 3.2.2 is precisely the induced measure uy defined in (3.2).
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We take this opportunity to remark that on a compact manifold (M, g), the analogue

to the limiting formula (3.6) given by

(3.7) /Mf(x)|g0k(:c)|2dx — /Mf(x) dr for every f € C(M)

is insufficient for concluding that {(y} is quantum ergodic in the sense of Theorem 2.3.1.
This is because delocalization on the base manifold M is a much weaker condition than

diffuseness in the phase space S*M. For instance, the Laplacian eigenfunctions e

on
a flat torus R™ /277" are delocalized in the sense of (3.7). But, if {\;} is a sequence of
lattice points for which the unit vectors A, /|\x| tend to a limit vector £ € R™, then the
asymptotic formula

. , A
(AetPra) i)y ~ / o (x, —k) dx for every A € W'(R"/277Z")
R /27720 | Ar]

shows that the corresponding weak*® limit is a delta mass on the invariant Lagrangian
torus T C S*M for the geodesic flow. Since there always exists a sequence of Ay /||

converging to arbitrary ¢ € R™, the eigenfunctions e**)

are far from diffuse in phase
space. Of course, in the random matrix setting it is unclear even how to interpret the

phase space when the base manifold is an index set {—N, ..., N}. We will need additional

tools from semi-classical analysis to show that Theorem 3.1.1 holds.

3.3. Towards a Proof of Main Theorems: Rotationally Invariant Case

The purpose of this section is to prove Proposition 3.3.1 stated below. The difference

between the proposition and Theorem 3.1.3 is the rotational invariance assumption we
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impose on A (and hence on the random variable Xy ). This additional assumption allows
us to isolate the key computational techniques and exhibit them in a simpler setting.

To clearly distinguish the special case we are currently considering from the general
case, let us introduce some new notation. Let B € W°(S?) denote pseudo-differential
operators of degree zero that are invariant under z-axis rotations. To these rotationally

invariant operators we associate random variables

(3.8) Iy = ZB({dwa}) = i S |(Biw s tns) — w(B)P,

keln

where Iy is defined in (3.3) and w(B) is defined in (3.5). Our goal is to show the following.

PROPOSITION 3.3.1. In the above notation, we have EZy = O(dy) and EZ% =

O(d~F) for some €,&' > 0 guaranteed by Theorem 3.2.1.

PROOF OF PROPOSITION 3.3.1. Note that the rotational invariance hypothesis im-
plies that the matrix elements (BY{, Yﬁ} vanish whenever o # 3. Rewriting the random
basis elements 1y in terms of spherical harmonics Y using (3.1), the expression (3.8)

becomes

N

In= S| S0 (BYE Yiuxs(@)una(s) — w(B)

N kely lap=—N

2

=— Y D BYR. V) uyi(a)? — w(B)

N keln «
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where

1
S1=7- > (BYS, YUBYR, Y luw ()P luni(B)],

kely a,B

82 = —% > Y B Viluwa@) + - Y w(BF

kEIN « ICGIN

We use the Weingarten formula [64] to compute the expectation EZy = ES; + ES;.

Let (unr(a))-N<ka<ny € U(dy) be a unitary matrix and for 1 < j < m, let kj, K, o, o €

[—N, N] be indices. The Weingarten formula states that the integral

In(m) = /U(d )UN,kl(Oél)'"UN,km(am)UN,k;(ai)"'UN,k’m(Ofin) dUn
N

of a polynomial in the entries of (uyx(a)) with respect to Haar measure dUy has an

asymptotic formula in terms of the Kronecker delta functions on the indices:
(39) IN(Tn) = dji\[m Z 5k1k;.1 504104;1 R 5kzk;m5aeagm + O(d;\[mfl)7

where the sum is over all choices of j1,...,J, as a permutation of 1,...,m. Let Q) be
the polynomial in 2m variables defined by Q((zj, wj)g’";l) ‘=21 ZmWy -+ Wy,. Then, in
the notation of Theorem 3.2.1, direct computation with Gaussian random variables shows

that

(3.10)

1 m
—BQ (MY + N N — i) ) - 1N<m>\ = 0(dy" ™)
N

Putting together (3.9), (3.10), and Theorem 3.2.1 proves the following key lemma.
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LEMMA 3.3.2. Let (uyi(a)) € U(dy) be a unitary matriz. For indices

ki,... km, k1, ..., Kk, € In and ai,...,qp,a,...,a., €[N, NJ,

we have

(3.11) (e (@) - s, (@) ungg (@) - v, (@)

= Ay D Ouasg, s, Otk Gy, + O(d5" )

for some € = ¢(Q) > 0 guaranteed by Theorem 3.2.1.

Returning to the quantity EZy = ES; + ES,, we find that (3.11) implies
E (lun k(@) *lunxs(B8)?) = dy?(1+ 0ap) + O(dy>~5")  for k € Iy,
which gives

312)  BS = — 3 S BYE VOBV YO (juxsle)Pluvs(9)P)

N rely o

1 Y
=S BYE Y (BYL YD) (%u T bus) + O(d? >)
a,B

2
1 L
= (E > (BYE, Yﬁ>> tE > (BY,Y$)? + O(dy™).

«

The first sum in (3.12) can be rewritten using semi-classical analysis. Let [Ty : L?(S?) —
Hy denote the spectral projection onto the eigenspace of degree N spherical harmon-

ics. Let A € W2(S?) be any pseudo-differential operator of degree zero (not necessarily
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rotationally invariant), then Weyl’s law states that

(3.13) di S (avg, ve) = % tr(Ty ATly) = w(A) + O(d3)).

[e7

For the second sum in (3.12), it suffices to note that the squares (AYZ, Y,¥)? of the matrix
elements are uniformly bounded in N because the pseudo-differential operator A € W9(S?)
(again, not necessarily rotationally invariant) is a bounded operator from L?(S?) to itself.
Since we are summing over —N < a < N (i.e., summing dy number of terms) and

dividing by d%, the second sum has only a lower order contribution:
(3.14) % gwm, Y)Y = O(dy).
Combining (3.12), (3.13), and (3.14) yields
ES) = (w(B) + O(dy"))” + O(d3") + O(dy™) = w(B)? + O(dy™),
The asymptotics for ES; is similarly computed. By (3.11), we have
Eluni(a)|? = dyt + O(dy' %) for k € Iy,

whence

B, = 202 S S BV YR Elus () + - 3 w(B)’

kely « N keln

= —2w(B) > (BYY,Yg) (% - O(dN”Z)) + w(B)?

«

= —2w(B)? + w(B)? + 0(dy?),
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where the last equality follows from Weyl’s law (3.13). Adding together the expressions
for ES; and ES; shows that EZy = O(d]_vmin{el’@}) = O(dy’) as the factors of w(B)?
cancel exactly. This proves the first part of Proposition 3.3.1.

The computations for the second moment EZ% is more tedious, but no new techniques
are required. Write a second copy of the random variable Zy with the indices j, 7, in

place of k, «, 5, then direct computation shows
EZ% =T+ Ty + -+ Ts,
where

1
T= Z Z (BYS, Y (BY S, Y [unx(a)*lun 1 (8)]?
N cIn a8,

X (BY, Y) (BY g, Yo) lun ()] Jun (€)
4w(B)

Lh=-——0 DD (BYR YN(BYR, Y lun () *lun i (8)]”
N kjely a,8n
X (BY N, Y un,;(n)]?,
&Y (BY N, Yo lunk (@) Pluni(8)]%
k}jEIN aﬁ
N Y lun (@) (BY R, Y [un,;(n)]?,
kjelny oam

1
N YR v k(@) + o D w(B)"

kjeln o N g jely
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We work out the asymptotics for ET; in detail. Appealing once again to (3.11), we

have

(315)  E(lun(@)Plun(B)lun(mPlun(€)?) = di'(Cr + 61,Ca) + O(dy' ™),

where

Cl = 01(06,6,77,5) = (1 + 66!6)(1 + 57]5)7
02 = CZ(aa 57777 f) = 50”7(1 + 5/35 + 26775) + 5045(1 + 6,377 + 2555)

+ 5577<1 + 25(16) + 555(1 + 2(5775) + 660&5555677?
These imply

Z Ch(a, B,m, E)(BY, YN (BY Y, YA/ (BY R, i) (BYR, Yy)
aBnE

(316) + Zcz B, E)(BY R, Y)W BYE, Yy (BYL, YN (BYS,YE) + O(dy™).
N a.Bm¢

Notice that the leading orders of C'; and Cy are different because there is a factor of dy;
in front of Cy but not C; in (3.15).

Consider the first line of the expression (3.16) (i.e., the part that involves only C}).
Recall that Cy = (1 +0a8)(1+0y¢) = 14 00 + dye + 0apdye contains four terms. We claim
that only the constant term has a top order contribution when computing the asymptotics

of ET7; the other three terms containing Kronecker delta functions all have lower order
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contributions. Indeed, notice that

1 « «
d_4 Z 5@5<BYN7YN><BY]€7Y]€><BY]37Y]G><BY]\£I7Y]€>
Na757n7€

is equal to

1

I D (BYR,YR)HBYR Y (BY, Yy) = O(dy),
N

a,n,g

which is a lower order term because we are summing d number of uniformly bounded
products of matrix elements but dividing by d}.

We now turn our attention to the second line of the expression (3.16) (i.e., the part
that involves only C5). Notice that each term of Cy contains at least one Kronecker delta
function on the indices o, 3,7,£. At the same time, we are dividing the sum by d3.
Therefore, the entire second line is of order at most O(dy?). These observations imply

that the expected value of T} has the simple asymptotics

1 (67 (67 _Ell
BT = oo > (BYSYNBYLYOUBYL Vi) (BYS, Vi) + O(dy™)

4
N o8¢

= w(B)* + O(dy).

Similar arguments show that

4w (B)

2
N

ET, = — Y D (BYR Y (BYx, Ya)(BYy, V)

kjeln a,Bm

1 .
X @(1 + b + Ok (Oan + Oy + 20a503,)) + O(dy?)

= —dw(B)* + 0(dy?),
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2w(B 2 a a 1 —e
ET; = 052 ) D D ABYRYRUBYY YY) 2 (14 0ag) + O(dy™)
N kjely aB N
- 2w(B)4 +O(dy®),
4w( a ya Ui Ui 1 —<3
ET4 — d%v Z Z BYN,Y ><BYN,Y >d2 ( +5k]5an)+0( )
kjeln omn
- 4w(B)4 + O(djfé),
1 —e
ET; = CYR) o Y w(B) +0(dy)
dN
kjelny « k.jeln

= —dw(B)* + w(B)* + O(dy™).
As before, the factors of w(B)?* cancel exactly, and we are left with
EZ% = ET, + - - + ET; = O(dy™" ) = 0(dy).

This concludes the proof of Proposition 3.3.1. U

3.4. Proof of Main Theorems

We now return to Theorem 3.1.1 and Theorem 3.1.3, which do not have invariance
assumptions on the operator A € W°(S?). This means that we can no longer assume
a priori (as we did in the previous section) that the matrix elements (AY,Y%5) vanish
for a # B. We will show, however, that by taking a Fourier series representation of the
operator A and using orthogonality properties of the spherical harmonics, the general case

reduces to the rotationally invariant case.
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3.4.1. Reduction to Fourier coefficients

The goal of this section is to obtain a Fourier series representation for a general pseudo-
differential operator. Let ry denote rotation about the z-axis by angle @, that is, if we

write a point 2 = (cos T sin , sin 7 sin ¢, cos ¢) € S? in spherical coordinates, then
ro(z) := (cos(7 — 0) sin ¢, sin(7 — ) sin p, cos ).
Given A € U9(S?), form a new operator
Ag = rpAr*, € WO(S?),

where (150)(z) := p(rg(z)) for any smooth function ¢ € C*(S?). For n € Z, the Fourier

coefficients A(n) of Ay are defined by
(3.17) A(n) ::][ e M Ay df € WO(S?).
S1

These new operators are related to the original operator A in the following way.

LEMMA 3.4.1. The partial sums ZMSNA(n) converge in the operator norm to A as

N — oo.

Proor oF LEMMA 3.4.1. Let Dy denote the generator of z-axis rotation so that

1y = e~ Do Then, since Dy and 7} commute, we have

0 g . . o . 1 1
%Ag = <%7’9> A?"_e + 7"914 (%T—O) = Z(DQA@ — AgD@) = ; adD‘9 (Ag) < \IJO(M)
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This implies that the map 6 — Ay is differentiable, and by elementary properties of

convolution with the Dirichlet kernel Dy (0) = ij:_ v €% we get uniform convergence
N N
Y Am) =) ][ e " Agdf = 4 Dy(0)Agdf — Ay = A. O
n=—N n=—N st st

LEMMA 3.4.2. Forn # 0, we have ||A(n)|| = O(n™") for every ¢ > 1.

PROOF OF LEMMA 3.4.2. Integrating (3.17) by parts gives

. 2
nA(n) = %G_WGAQ

— ][ e adp,(Ag) df = —][ e ™% adp,(Ag) db.
=0 S1 S1

It follows that integrating by parts ¢ times yields

(—n)*A(n) :]él e (adp,)"(Ag) db.

Since (adp, ) (Ag) € WO(S?) for all £ > 1, we conclude that n‘||A(n)| = O(1). O

A

These lemmas allow us to replace A with finite sums of the form >° _y A(n). We
record several facts about the operators fl(n) First, conjugating by rotation A —
rpAr*, = Ay changes the principal symbol of A by the canonical transformation on

the cosphere bundle:

0.4,(7,€) = oa(ro(2), (Drg(x))"'€).
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It follows from definition (3.17) of A(n) that

. w(A4) ifn=0,
318 wdw)i= [ ] e oo, (Dro() 1) dods =
1
SIS 0 if n #£ 0,
where the latter equality follows from interchanging the order of integration and using
the fact that the Liouville measure py, is invariant under canonical transformations.
Second, from the definition of spherical harmonics, for each fixed n the matrix elements
of A(n) are related to those of A by the identity

X (AYg, Yy ™) ifa=p+n
(3.19) (A(n)Yg,YE) = simultaneously for all N.

0 ifa#pB+n

In other words, the infinite block-diagonal matrix with blocks ((A(n)Yﬁ,Yﬁ))gﬁsz is
obtained from the infinite block diagonal matrix with blocks ((AY, Y@)g s—_n by re-
placing all the entries except those on the nth diagonal above (or below, depending on

the sign of n) the main diagonal by zeros.

3.4.2. Computations with Fourier coefficients

Having defined Fourier coefficients fl(n) and discussed their properties, we proceed to

compute the expected value and second moment of the associated random variables

= Z| NNk Uve) — w(A(n))]?

kEIN
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( N 2
1
— DD (AR Y uns(@)uyi(a) —w(A)|  ifn=0,
N kely la=—N+n
= < )
1 al e
. oI DD (AYE YR Muvs(@)uni(a —n) if n # 0,
LN kely la=—N+n

where the second equality is obtained by first writing ¢y, in terms of Y§ using (3.1),
and then applying (3.18) and (3.19). We make the crucial observation that the discussion

following (3.19) implies the identity
(3.20) Xy =Y Wyn foreach N=0,1,2, ...
neZ

The asymptotics for EW,, y and EW,% N can be easily computed.

LEMMA 3.4.3. For each fized n € Z, we have EW,, xy = O(dy") and EW} y = O(dy)

for some e, > 0 guaranteed by Theorem 5.2.1.

PROOF OF LEMMA 3.4.3. Thanks to (3.19), we recognize that A(0) is a rotationally
invariant operator of the kind considered in Section 3.3. Thus, when n = 0 the statement
of the lemma follows from Proposition 3.3.1.

When n # 0, expanding the square yields

Wan = % DD AAYR YETHAYR, Yy uns(@)un i (B)un (e = n)un (B — n).

kely a,B

Appealing once again to the asymptotic formula (3.11), we find

E (uN,k(a/)uN,k’(ﬁ>uN,k(a - n)uN,k(ﬁ - n)) = d]_VQ((Sa,oz—néﬁ,,B—n+5a,,6’—n5,8,o¢—n)+O<d]_\72_8)~
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Since n # 0 by hypothesis, by what is now a standard argument we conclude that all the
terms in the expression of EW,, x that contain Kronecker delta functions are of order at
most O(dy'), so EW,, x = O(dy°).

The second moment computation is equally straightforward. Indeed, we have

1 a ya—n -n -n -n
Win == DD AYR YR TIAY R Y AY L YT AY R, YT

N kjeln a8,

X unp(Q)unp(B)uni(a —n)un k(B — n)un;(n)un;(§)un;(n —n)un (€ —n).

It is easy to verify using (3.11) that the expected value of the product of eigenvector
components is asymptotically zero because every term in the asymptotic formula contains

a factor of 64 q—p forn=1,...,4. O

3.4.3. Approximation argument

We finish the computations for EXy and EX% by an approximation argument.

PrROOF OF THEOREM 3.1.3. Fix some small constant w > 0, then by (3.20) there
exists M > 0 such that Z\n|>M Wnn < w. Using Lemma 3.4.3 for the asymptotics of

EW, n yields

EXy < E( 2 Wn,N+°"> = 3 EWow +w=0(dy) +w.

[n|<M In|<M
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The asymptotics for the second moment is similarly computed using the elementary

inequality (a; + -+ + a,,)? <m(a? + -+ + a?)) and Lemma 3.4.3:

2
EX} < E< Z Wn,N—l—w)

In|<M

<S@MA+1) Y EWZy+2w Y EW,y+w

In|<M [n|<M

= O(dF) + O(dyF) + W’

Since w is arbitrary, Theorem 3.1.3 is proved with £y = ¢ and ¢}, = min{e, &'}.

O

PROOF OF THEOREM 3.1.1. Let 0% = EX% — (EXy)? be the variance of the ran-

dom variable X . Theorem 3.1.1 shows that the sequence {Xx} satisfies Kolmogorov’s

convergence criterion, that is, Y %_, 0% /N? < co. We may therefore invoke the Strong

Law of Large Numbers to conclude that the partial sums ﬁ ZAN/LO X converge to its ex-

pected value almost surely. But EXy = O(dy"), which implies that the expected values

of the partial sums converge to zero, finishing the proof of Theorem 3.1.1.

U
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CHAPTER 4

Log-scale Equidistribution of Zeros of Quantum Ergodic

Eigensections

This chapter concerns the small-scale equidistribution of masses and of zeros of holo-
morphic eigensections in the line bundle setting introduced in Section 2.5-Section 2.6.
The main theorems, Theorem 4.1.2 and Theorem 4.1.4, are small-scale versions of the
ones presented in Section 2.6.

Let (L,h) — (M,w) be a prequantum line bundle over a compact Kéhler manifold
of complex dimension m without boundary(Definition 2.5.1). Under certain quantization

conditions (discussed in Section 4.2.2 and [69]), a symplectic map

x: (M,w) = (M,w), X'w=uw

on the base manifold can be quantized as a sequence {U, y}3%_; of unitary Fourier integral

Toeplitz operators
Uyn: H(M, LYY — H°(M, L")

acting on the spaces H°(M, L") of global holomorphic sections of LY with the inner

product (2.12) induced by h.
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The eigensections sé-v € H°(M, L") of the operators U, y are characterized by

N 0N i N .
Ux,NSj =e' N’Jsj ) 1 S] S dN7

where €V are eigenphases and dy = dim H(M, LY). We write

Zgy = {zeM:s¥(z) =0} and [Zsﬂ = gaélog [N (2)[l;n + Nw

for the zero set of sj-v and the current of integration' over the zero set of sj-v , respectively.
Assuming y is ergodic, Zelditch [69] proved that the eigensections of the quantum maps
U,.n are quantum ergodic. Moreover, Nonnenmacher—Voros [50] and Shiffman-Zelditch
[57] (see also Rudnick [51] for the modular surface setting) proved that the zeros of ‘almost
all” quantum ergodic eigensections are asymptotically equidistributed with respect to the
Kéhler volume form: There exists a subsequence I' C {(N,j): N >1,j=1,...,dy} of
density one for which

(4.1) lim f(z) {ingv} Aw™ ! :/ fﬂ for all f € C(M).

M N % - om!

(N,j)er
N—oo

4.1. Main Results

Let m = dim¢ M. Fix a logarithmic scale €y depending on parameter ~:
_ L.
(4.2) ey = |log N|77 for some constant 0 < v < 6 independent of N.
m

The main purpose of this paper is to show (with additional assumptions on x, described

below) that the equidistribution result (4.1) holds with the domain of integration M

'Recall the Poincaré-Lelong formula (2.17).
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replaced by any ball B(p,ey) centered at p € M with radius ey = [log N|~7 for any
v < (6m)~1. This is what is meant by “equidistribution of zeros at the logarithmic scale.”

To obtain this log-scale improvement, we use two dynamical properties of x:

e For T € Z, let x* denote the T-fold iterate of x (or of its inverse xy !, depending

on the sign of T'). By the chain-rule x satisfies the exponential growth estimate
(4.3) X" |2 = O(eT1%)  for some fixed constant § > 0 independent of 7.

In particular, if y lifts to a contact transformation y on the unit co-disk bundle
X — M (see Section 4.2.2), then ||F o X*||2, = Op(e?T1%) for any F € C=(X).
e We assume that y has sufficiently fast decay of correlations®. Namely, that there

exist constants 0 < 3 < 1, ¢; > 0, and ¢y = c(8) > 1 such that®

(4.4) \ /M (goxT)fdV — /M fav /M gdv\gcl<1+|T|>—02||f||co,ﬁ||g||co,ﬁ

for all f,g € C%*(M). Here and throughout,

is the normalized volume form.

The explicit error estimate in Egorov’s theorem for Toeplitz operators (Proposition 4.3.1,
proved in Section 4.6) relies on assumption (4.3). Assumption (4.4) is used in the proof

of logarithmic decay of quantum variances (Theorem 4.1.6) in Section 4.3.
2Even though an exponential decay rate (i.e., with (14 |T])~¢ replaced by e=¢IT!) is often assumed in

the literature, much less is necessary for the proof; this was also noted in Schubert [53].
3Note that this condition implies y is mixing and hence ergodic.
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4.1.1. Log-scale equidistribution of zeros

The log-scale equidistribution of zeros states that zeros in balls of radii ey are uniformly
distributed with respect to the volume form (4.5). It is simplest to state the result by
dilating such shrinking balls by ¢3! back to a fixed reference ball of radius 1. In a local

Kéhler normal coordinate chart (U, z) with z = 0 at p, define local dilation maps
(4.6) D?: B(p,1) — B(p,e), D.z =¢z.

Here we abuse notation by writing B(p, 1) when we mean the image of the metric unit
ball centered at p in the local coordinate chart based at p. The inverse dilation is defined

by
(D?)~": B(p,e) = B(p,1).

REMARK 4.1.1. Recall Kahler normal coordinates z1,- -+ , z,, centered at point z, are

holomorphic coordinates in which zy has coordinates 0 € C™, and

w(z) = ZZ dz;j Ndz; + O(|z]%).

j=1
We may also choose a local reference frame ey, of the line bundle in a neighborhood of z

such that the induced Kdahler potential p takes the form
p(z) = 12" + O(|2[*).

See [20] for background.
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Let DP* be the corresponding pullback operator on forms. For simplicity of notation

we denote the pullback (D?)*~! of the inverse dilation by D?, so that
DZ,: D" H(B(p, 1)) = D THTH(B(p,€),

where D™~ 1™=1 ig the space of compactly supported smooth (m — 1,m — 1) test forms.

In particular, for n € D™~ 1"=1(B(p,1)), we have

1 1
D'y A —|Z. :/ ( A —DP*[Z,» >
/Bme) "N 2] B(p,1) TN 2]

THEOREM 4.1.2 (Equidistribution of zeros, Chang—Zelditch [11]). Let (L, h) — (M, w)
be a prequantum line bundle. Let x satisfy (4.3) and (4.4). Let {sV, ..., séVN} be an or-
thonormal basis of eigensections of U, y acting on H°(M, LN). Then, for every 0 < v <
(6m)~ and ey = |log N|™7, there exists a full density subsequence T' C {(N,j): j =

1,...,dn} such that for every p € M,

1 j)—>00
N2, P [ Zon ] W) 7ee, Wb in the weak sense of currents on B(p, 1),

where wf = 2£7T185 log |2|? is the flat Kdhler form in Kdihler normal coordinates at p.

REMARK 4.1.3. The weak convergence statement in Theorem 4.1.2 means

1
/ (77 N~ D2, [ZS.N]> — / nAwg +o(1)
B(p,1) Ney ! B(p,1)

for every test form n € D™ 1(B(p,1)).
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The key ingredients of the proof are the log-scale mass comparison result (Theo-
rem 4.1.4), the Poincaré-Lelong formula (2.17) and compactness results on logarithms of

scaled sections.

4.1.2. Log-scale equidistribution of mass

The equidistribution result of Theorem 4.1.2 is based on log-scale volume comparison

theorems similar to those of Hezari-Riviere [25, Lemma 3.1] and Han [24, Corollary 1.9].

THEOREM 4.1.4 (Equidistribution of masses, Chang—Zelditch [11]). Under the as-
sumptions of Theorem 4.1.2. Then, given any 0 < ' < (6m)~! and %y = |log N|™"" as
defined by (4.2), there exist a full density subsequence I' and constants Cy, Co uniform in
p € M and independent of N such that

Vol(B(p,ely)) _ Vol(B(p,ely))

C N2y av < C
T Vol(M) /B(M : s Wl 4V < =000

as '3 (N,j) = oc.

Here, AV is the normalized volume form (4.5).

There is no need to put primes on 7 or €y in the statement above, but we do so to
foreshadow that in the proof of Theorem 4.1.2, the result of Theorem 4.1.4 is applied
with v < 7 and €}y < en. The comparison (as opposed to asymptotic) result on log-scale
mass equidistribution is sufficient for deriving equidistribution of zeros at a slightly larger
logarithmic scale. In fact, only the lower bound is used, and the bound itself is much

stronger than necessary for the proof.
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Theorem 4.1.4 is based on a quantitative quantum variance estimate (Theorem 4.1.6)
in the holomorphic setting. Before stating the estimate, we record here another one of its

corollaries, which is analogous to [24, Corollary 1.8].

PROPOSITION 4.1.5 (Asymptotics for fixed center, Chang—Zelditch [11]). Assume the
hypotheses of Theorem 4.1.2. Fixz zg € M. Then, given any 0 < v < (4m)~! and ey as

defined by (4.2), there exists a subsequence I',, C {(N,7)} of density one such that

Vol(B(z9,en)) _
SN2y dV = ’ + o([log N|~2™),
Lo s Voo + ol log NT")

Here, AV is the normalized volume form (4.5).

Recall dim¢ M = m, so % = C(M, g)e3 = C(M, g)|log N|=>™7. The differ-
ences between Proposition 4.1.5 and Theorem 4.1.4 are that the former is an asymptotic
result for a fixed base point, whereas the latter is a comparison result that holds for all

points in M. Moreover, in the former case the range of values that + can take is improved.

Proposition 4.1.5 is not used in proving Theorem 4.1.2 or Theorem 4.1.4.

4.1.3. Log-scale quantum ergodicity

By the quantum variance associated to f we mean the quantity

dn 2

N2 _
S /M SISV |2 dv ]g fav

j=1

4.7 Wn(f) = for f € C*(M).

1
dn

Here, dV is the normalized volume (4.5). Thanks to Egorov’s theorem for Toeplitz oper-
ators (Proposition 4.3.1, proved in Section 4.6) and the decay of correlations assumption

(4.4), we show the quantum variance has a logarithmic decay rate when f € C*(M):
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THEOREM 4.1.6 (Decay of quantum variances, Chang—Zelditch [11]). Assume the
hypotheses of Theorem J.1.2. Then, there exists a constant ko > 0 independent of N such

that for every 0 < B < 1 and for every f € C*(M),

(M lZes 11132 log N|? 11205
VN(f)_O(logN +0 Nz +0 NlogN )’

where || - ||cos is the B-Hdolder norm.

We specialize to the following logarithmically dilated symbols. In Kahler normal
coordinates, let f.,, € C3°(B(z0,2),R) be a smooth cut-off function that is equal to 1 on
B(zp, 1), vanishes outside of B(zy,2) and satisfies 0 < f,, < 1. For “small-scale quantum

ergodicity,” we work with locally dilated symbols (recall the notation (4.6)) of the form

fae(z) :=D2f,(2) = f(g) € C5°(B(29,2¢),R), where zy € M and € > 0.

Then set € = ey. It follows from Theorem 4.1.6 that, to leading order in N, the quantum

variance associated to such symbols have the estimate

VN (faen) = Ol follgo s [log NP7~

L

& we have 290 —1 < 0. Since the second term is smaller than

Since 0 < f < 1and v <

the first, we obtain:
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COROLLARY 4.1.7 (Decay of quantum variances 2, Chang—Zelditch [11]). Let ey be

as defined in (4.2). Under the same hypotheses as in Theorem 4.1.2, we have

Vn(fapen) = Ol f2o 1205 log NP7,
where the error estimate is uniform in 2.

An application of Corollary 4.1.7 and a covering argument together imply Theo-

rem 4.1.4.

4.1.4. Further results

The results of this paper are the line bundle analogues of the small-scale quantum er-
godicity results in the Riemannian setting proved in [25, 24]. Specializing to the torus
T? = R?/277Z¢, Lester—-Rudnick [41, Theorem 1.1] proved the stronger uniform mass

distribution result

1 / ) ‘
S o [2de — 1] =0,
VOI(B<Z/7 T)) B(y,'r‘)‘ o ‘

for a density one subsequence of Laplace eigenfunctions. The supremum is taken over the

lim  sup
k—o0 B(y,r)eB;,

set B;, of balls B(y,r) C T? of radii r > )\;/(2#2”0(1).
For Hecke modular eigenforms, Lester-Matoméki-Radziwilt [40, Theorem 1.5] proved
that for a sequence {f;} of Hecke modular cusp forms of weight k, there exists a certain

0 > 0 such that

sup
RCF

drdy 3 dzxdy e
[ners -2 [ 'sceaogk) e
R Yy TJr Y
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where the supremum is taken over all rectangles R with sides parallel to the coordinate
axes. This is a stronger result because it is valid for all Hecke eigenforms and because
the supremum is taken over rectangles of any size rather than of size comparable to
e = |logk|~7. The authors also proved [40, Theorem 1.1] the equidistribution of zeros

(again without needing to possibly discard a density zero subsequence of f;.’s):

+ O (r(log k)"”g)

= /7

H B A =0) 3 [
#ka T JB(20,r)

when r > (log k)~9/%%=,

In the line bundle setting, Shiffman—Zelditch [57] proved equidistribution of zeros
(not at the logarithmic scale) for random orthonormal bases of H(M, LY) as well as for
eigensections of quantized ergodic symplectic maps. It is probable that Theorem 4.1.2

can also be generalized to random orthonormal bases using the construction discussed in

Section 2.8.

4.1.5. Existence of quantizable ergodic symplectic maps

An obvious question is whether quantizable ergodic symplectic maps satisfying the decay
of correlations condition (4.4) exist on a given Kéhler manifold. (Any diffeomorphism
satisfies the exponential growth estimate (4.3) automatically.) There seem to exist few
studies of ergodic symplectic dynamics in dimensions > 2. After consulting with several
experts in the field, we give a brief summary of the examples that we are aware of.

The simplest and most-studied examples are hyperbolic symplectic toral automor-
phisms induced by an element of Sp(2n,Z) and small perturbations of such automor-

phisms (see [69, 30] for their Toeplitz quantizations). More generally, any hyperbolic
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or Anosov symplectic diffeomorphism satisfies the assumptions. There is a quantization
condition, but as explained in [17], it is always satisfied if one tensors with a flat line
bundle and modifies the contact form.

Most studies of smooth ergodic maps concern volume preserving diffeomorphisms.
Studies of ergodic symplectic diffeomorphisms on manifolds other than tori are rare except
in dimension two, in which case ergodic (indeed, Bernoulli) symplectic diffeomorphisms
are known to exist (see [29] and [1, Theorem 1.26]) on surfaces if any genus. As mentioned
above, they are quantizable. We also mention that pseudo-Anosov diffeomorphisms are
singular ergodic symplectic diffeomorphisms which are smooth away from a finite number
of singular points. They act hyperbolically with respect to two transverse (singular)
measured foliations. Since they are singular, our techniques do not apply directly but
it is plausible that they can be modified by suitably cutting off singular points. These
examples may turn out to be the most explicitly computable ones on surfaces other than
tori and are very likely to satisfy all the conditions of this article.

In higher dimensions, Anosov diffeomorphisms have been studied on certain types
of nilmanifolds in addition to tori (see [13]). Partially hyperbolic symplectic diffeomor-
phisms are studied in [48]. There are further partially hyperbolic examples obtained
by perturbation. As explained to the authors by A. Wilkinson, a symplectic toral au-
tomorphism (or any partially hyperbolic symplectic diffeomorphism) can be perturbed
to produce a symplectic diffeomorphism which is stably accessible (see [16]). Moreover,
if the original map is “center bunched,” then the perturbed map is stably ergodic (see
[7]). These examples are additional to the usual Anosov diffeomorphisms of tori and their

perturbations. We refer to these articles for the definitions and further discussion.
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4.2. Background: Quantization of Symplectic Diffeomorphisms

This section explains the quantization U, y of a symplectic diffeomorphism x: (M,w) —
(M,w) as unitary FIOs. Additional background and notation are found in Section 2.5—

Section 2.6.

4.2.1. Hardy space of CR holomorphic functions

Let (L*, h*) be the dual line bundle to L — M. Thanks to the positivity of ¢;(h), the unit
co-disk bundle D* C L* relative to the dual metric h* is a strictly pseudoconvex domain

whose boundary
X =0D"={vel":h*(v,v)=1} C L

is a CR manifold. The Hardy space H?(X) is the space of square integrable CR functions
on X, or equivalently the space of boundary values of holomorphic functions on the unit
disk bundle with finite L?*(X) norm.

We introduce a defining function p for X, which will be featured in the Boutet de
Monvel-Sjostrand parametrix. We write points in the co-disk bundle as z = (z, e} (2)),

where A < 1 and €} (2) is a normalized dual frame centered at z € M. Define
(4.8)  p:D* =R, p(z,Aei(2)) =1 —|A*%*) where ¢ is the Kihler potential.

Then p is a defining function for X satisfying (i) p is defined in a neighborhood of X; (ii)

p > 0in D*; (iii) p =0 on X; (iv) dp # 0 near X. Define the contact form

a=dl|x.
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Let 79 be the natural circle action on X, that is, rpz = €z for + € X. Note that a

section s € H°(M, L) determines an equivariant function § on L* by the rule
$(z,A) = (A\s(z)), z€eM,XelLl.

It is easy to verify restricting 5 to X yields §(rgx) = e?3(x). Conversely, a section

N

sV € H°(M, L") determines an equivariant function $¥ on L* whose restriction to X

satisfies $(N)(rgz) = €™V (x). The map sV + §V is in fact a unitary equivalence

between the space H°(M, LY) of holomorphic sections and the weight spaces

HY/(X) = {F € HX): F(rox) = ¢ F(x)} with H*(X) =5 H}(X).

N>0

The Szego6 projector is the orthogonal projection
I: L*(X) — H*(X)
and its Fourier components are denoted by

My: L2(X) = H3(X).

4.2.2. Quantization of symplectic maps

We use the dynamical Toeplitz quantization method of [69]. A symplectic map x: M —
M is quantizable if and only if it lifts to a connection-preserving contact transformation

x: X — X, that is, y*a = a. Denote by

Ty: L*(X) — L*(X), TiyF =Fox
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the pre-composition by the lift y. Note that ¥ commutes with the natural circle action
rg on X, and ||X|[c2(x) = ¢ |[x]|c2() for some constant c.
The quantization of a quantizable map x is defined to be a unitary Fourier integral

operator
(4.9) U, :=oTIl: H*(X) — H*(X).

Here, o is a zeroth order symbol that makes the operator U, defined by (4.10) unitary. Its
existence is guaranteed by the construction in [69]). We emphasize again that T}, denotes
translation by the lifted map; such translation is not well-defined on the base because it
does not preserve the line bundle.

Under the identification H*(X) = @y, H3(X), U, decomposes into a sequence of

unitary Fourier integral operators U, y defined by
(4.10) Uyn = yonTy: Hy(X) — HY(X).

Here, oy is a zeroth order symbol making U, y unitary. The Fourier coefficients ITy have
an explicit parametrix given in (4.12).
4.2.3. Boutet de Monvel-Sjostrand parametrix for the Szegé projector

In preparation for the proof of Egorov’s theorem for Toeplitz operators (Proposition 4.3.1),
we briefly recall the Boutet de Monvel-Sjostrand parametrix for the Szegé kernel. Let

II(x,y) denote the kernel of the Szegd projector Il in (4.9), that is,

MF(z) = /X Mz, y) F(y) dV(y) for all F € L2(X).
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It is proved in [5] that II is a complex Fourier integral operator of positive type. Near the

diagonal, there is a parametrix of the form

H(z,y) ~ / e s(z,y, t) dt,
0

where

s(x,y,t) ~ Z t" s (2, y)
n=0

belongs to the symbol class S™(X x X x R>g) and ¢ € C*°(D* x D*) is a complex phase
of positive type. (Recall that D* stands for the unit co-disk bundle, of which X is the
boundary.)

The phase function ) is obtained as the almost-analytic continuation of the defining

function p in (4.8). Explicitly, for x; = (z;, A\je}(2;)) € D*, we have
1 P COREICH U
w(xl,fg) = - 1—)\1)\26 2 3 (21,22 ’
i

where (21, Z2) is obtained from the Kéhler potential ¢ by writing ¢(z1) = ¢(z1, z1) on the
diagonal of M x M and extending to a neighborhood of the diagonal. When the metric is
real analytic the extension is analytic; in the general C* case it is almost-analytic. If we
assume in addition that z; € X lie on the co-circle bundle, then A; = € is uni-modular,

whence z; = (z;,7;) and

1 z z _ .
(4.11) (1, 22) = Y(21, 71, 22, T2) = — (1 — e¢(21)¢<22)+“”(21’Z2)e’(7172)) on X X X.
i
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The kernels of the partial Szeg6 projectors Il in (4.10) are the Fourier coefficients of

(z,y):

(4.12) HN(:U,y):/ /eiN@eiW(""z’y)s(mx,y,t)d@dt
o Js

:N/ / NIt ro )l g (o . Nt) dfdt,
0o Jst

where the second line follows from a change of variable ¢t — Nt.

4.2.4. Off-diagonal estimates and scaling asymptotics

We will be using two off-diagonal estimates for the lifted Szegé kernel on X x X. Again,
write x; = (z;,7;) for points in the co-circle bundle X. Let d(z,w) be the distance with
respect to the Kahler metric on M.

The first is an Agmon-type estimate giving global off-diagonal bounds:
(4.13)

Ty (21, 22)| < Alee_A”/Nd(zl’z?) for constants Ay, A, independent of N, zq, 7o

due to Lindholm [43], Delin [14] and others. The second is a near diagonal Gaussian

decay estimate: There exists A3 < 1 independent of N, x1, x5 such that

=

1 _
(21, 29)] < (— + 0(1)) Nme— 72 Nd2)? | O(N™*°) whenever d(z,w) < N75.
7Tm

We refer to [57, 58, 46] for background and references.
We further use near off-diagonal scaling asymptotics from [58, 44]. At each z € M

there is an osculating Bargmann—Fock or Heisenberg model associated to (T,M, J,, h.).
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Let (u,01,v,60) be linear coordinates on T,M x S' x T,M x S'. The model Heisenberg

Szegd kernel on the tangent space is denoted by
(4.14) - (u,601,0,60,) : L*(T.M) — H(T.M, J.,h.) = H,.

We recall that the semi-classical Szeg6 kernels of the Heisenberg group have the form

(415) HE(I‘I; xz) — iNmeiN(nsz)eN(z1-227%|zl‘2,%|22|2).
m

In [44] the notion of K-coordinates is introduced, refining the notion of Heisenberg
coordinates in [58]. These are Kéhler-type coordinates in which (4.14) equals (4.15) to
leading order (up to rescaling):

004 — L (]2 2 0O — S5 — Ly — ]2
H;Yi]\i(u,el,v,QQ) — mez(91 Gg)euv 5 (Ju[?+[v]*) S me'L(Gl 02)62\s(uv) 5 lu—v|

The lifted Szeg6 kernel is shown in [58] and in [44, Theorem 2.3] to have the following

scaling asymptotics.

THEOREM 4.2.1. Fiz Py € M and choose a K-frame centered at Py. Then, identifying

coordinates (21,71, 22, T2) on X? with coordinates (u,01,v,0y) on (T,M x SY)2, we have

N_mHN < u 91 (% 92)

\/_N7N7ﬁvﬁ

K
= HZE%(“? 917 v, 92) (1 + Z N_T/QbT<P07 u, U) + N_(K+1)/2RK<P07 u, v, N)) )

r=1
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where Hfzﬂi 1s the osculating Bargmann—Fock Szegd kernel for the tangent space T, M ~

C™ equipped with the complex structure J, and Hermitian metric h,. Here,

= Zi[;/(f] 25262] (12)*Qra.3r—2j, where Qy o q is homogeneous of degree d and
I T 2
Pa(u,v) =u-v— §(|U| + [v]*);

(in particular, b, has only even homogeneity if r is even, and only odd homogene-
ity if r is odd);
d HRK(PO,U,U,N)”Cj(ﬂu\glg’ lv|<p} < CK,j,p Jorj > 0,p>0 and CK,j,p is indepen-

dent of the point Py and choice of coordinates.

4.3. Proof of Theorem 4.1.6: Logarithmic Decay of Variances

The variance estimate is similar to the ones given in [57, 53, 54, 25, 24|. A key
ingredient is Egorov’s theorem in the Kéhler setting, whose proof is deferred to Section 4.6.
Let m: X — M be the natural projection from the unit co-disk bundle to the base
manifold. A function f € C*°(M) pulls back F' := 7*f to a function on X that is
constant along the fibers X — M. Recall also that y: X — X is the contact lift of a
symplectic diffecomorphism x: M — M for which the exponential growth estimate (4.3)

and the polynomial decay of correlations (4.4) apply.

PROPOSITION 4.3.1 (Egorov’s theorem with remainder). Let My denote multiplica-
tion by a smooth function F := 7*f € C*°(M) that is the lift of some f € C>®°(M). Let

T € 7 be an integer. Then

UL (I Mplly) (U )T = Ny MpogrIly + RY,
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where F o xT denotes the T-fold composition of F with X, and R is a Toeplitz operator

with

L n(rEy RE) = o Lz,
dn N N e

In particular, at the level of matriz elements one has
(UunTINMpTIn (U3 )" sj' 5) = (Tn Mpoge sy’ s7') + 0( Tal® %oTl)

Taking Proposition 4.3.1 for granted, we proceed to prove Theorem 4.1.6. We write

each integral in the Cesaro sum (4.7) as a matrix element:
(4.16) ][ FE)s¥ iy dV = Iy Mpllysy, s).
M

It is convenient to introduce shorthands for the time-averages:

( T
[HNMFHN XN HNMFHN)U;T;\H
T
(4.17) 1 n
Flp = F
| Myl = Mgy

Since sj-v are eigensections of U, n, we may replace IIy Mplly in (4.16) by its time average

defined in (4.17):

(4.18) /M SNV |2 dV = ([T MpTylrs, sV
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Proposition 4.3.1, that is Egorov’s theorem, gives
(4.19) [y MpTly]r = Oy[Mp]rIly + R

with the remainder term satisfying the error estimate

T2 F||2 260|T|
o) |F)2ae )

1 *
— Tr[(RY) R§€)J=0( <

dy

Here the exponential growth condition (4.3) on y is used.
By substituting (4.19) into (4.18), the quantum variance (4.7) can be rewritten as

dn

1
dn M

9 dn 2 9 dn @ 9
<= Mplps s _][ avl 2 ‘R N N
_dN;<[ sy ) i +dN;<NSJ %)

Applying the Cauchy—Schwarz inequality to the first term and the error estimate (4.20)

to the second term, we find

TQHFH%ze”“'T')

2
dV—i—O( N

N2y — av
Pl 2 ]i /

2

dn
2 T2HF”22225O|’1\
<—E ’T— ’dL SN 2Nd[/+(9< C )
de 1)M i )M | / I N

2

T2||F||%2625°'T')

[In(z, 2) dV—I—O( N

(121) -2f 'mT— f rav

Recall (cf. [70, 57]) the pointwise expansion for the Bergman kernel along the diagonal:

My(z,2) = agN™ + a1 (2)N™ ' 4+ ag(z)N™ 2 -+ -,
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where the coefficients a;(z) are invariant polynomials in derivatives of the metric h, and
where the leading order coefficient is a constant equal to ag = ¢;(L)™/m!. Combining the

Bergman kernel expansion with (4.21) yields

vt < (2855 v o(3)) ([ i f sav

Set

2 2 2 250|T]
T4\ F| 70

T=T(N log N
(V) = 45 log N,
then, thanks to the decay of correlations assumption (4.4), we get (for all 0 < 5 < 1)

| fl120.5 | f1|22 [log N|? | flle0.5
win -0 () +o (VIegEh) co (o).

(Note ||F||lc2 = ||fllcz by definition of FF = #*f.) This completes the proof of Theo-

rem 4.1.6.

4.4. Proof of Theorem 4.1.4: Log-scale Mass Equidistribution

4.4.1. Proof of Proposition 4.1.5

We begin by defining constants x1, ko that will appear in the proof. Let x; be any constant

satisfying

(4.22) 0 <k <1—4my.
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It follows that
k1 <1—4y(m+p) forsome0< [ <1,
whence
(4.23) llog N|*7~1 < [log N|~4m™—F1,
We also let k5 be any constant satisfying

(4.24) 0 < ko < %

Now fix zy € M. Define symbols py € C§°(B(20, 1 + 2|log N\_%, 0,1]) by

1 forzGB(z0,1+|logN|_%),
pn(2) = v
0 for z ¢ B(zp, 1+ 2|log N| 71).

Note that the support of py depends on N. We perform a further rescaling
(4.25) (Dy) pn(2) = pn(ey'2).

The statement of Corollary 4.1.7 (which follows easily from Theorem 4.1.6 as discussed

in Section 4.1.3) with f,, ., replaced by py(ey'z) becomes

2

1
= O(llon 0.5 log NP7

N _N -1
dy Z <M(D;1$)*pst »5j > —]i pn(ey 2)dV

=1

(4.26) < O([lpnl[Z0.s llog N[~ log N|~™)
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for any k; satisfying (4.22). In the last line we used (4.23).

Now apply Markov’s inequality P(X > a) < a 'EX. We view each term of the sum
on the left-hand side of (4.26) as a random variable indexed by (N, j). The probability
measure is the normalized counting measure on the indices {0 < j < dy}. Finally take a
to equal |log N|° (for some small £ > 0) times the right side of (4.26). It follows that for
any constant ky satisfying (4.24) there exists a full density subsequence I, C {(N, )}
such that the corresponding eigensections satisfy

(4.27)

1
—1 N |12 -1
pn(en )85 iy — / pn(ey' 2
/B(zo,2) e 2) ! I Vol(M) B(z0,2) ()

< Cllpllco.s llog N|~*"[log N| =

for (N,j) € I',,. In other words, almost all the terms in the averaged sum (4.27) each
satisfies the slightly worse than the average upper bound C||px||co.s|log N|72™7|log N |~"2.

We then have

[ eavs [ el e av
B(z0,en)

B(z0,2)
1

< AV +C sllog N|72™ |log N|~"2
Vol(B(zp,en)) ( oy 2 oy
’ log N| 2™~ 58 1 NQ"W“?).
voiar) € (log NI + flpwlicoslog N

The first inequality follows from the definition (4.25) of px. The second inequality follows
from the estimate (4.27). The third inequality follows from the support condition of (4.25)

and from the volume of spherical shells (the “thickness” of the shell being 2|log N |_%):

/ pn(en'z)dV :/ . pn(ex'2) dV+/ pn(en2)dV
B(20,2) B(z0,14+2|log N| A+1)\B(z0,1) B(20,1)
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< e / v AV + / dv
B(z0,1+2[log N|~ B+I)\B(20,1) B(z0,en)

< Ce¥|log N| ™71 + Vol(B(z0, ),
where C' depends only on (M,w) and the choice of p.
Note that ||pn||cos < C(|log N|%)_5, which gives

Vol(B(zo,en)) _ _Bry _Bry
Mizy dv < ’ C|log N|~2™7( |log N|~#+1 + |log N|~ 5+
Lo 5 v < SR Cllog NI log N g N

~ Vol(B(z,¢n))
~ Vol(M)

(4.28) + o(|log N|~2™7).

(From (4.22) and (4.24) of how k1, ko are defined, we have 0 < Bro/(f+ 1) < 1.)
A similar argument using appropriately chosen py of the form py(z) = pn(32) gives

the opposite inequality

\/OI(B(ZO €N)) _
4.29 M2y dV > ’ + o(|log N|72m™
( ) /(ZO,EN HSJ ||h = ‘rol(M) O(| og | )

for a full density subsequence I} of eigensections. The intersection I", NI} =: T, indexes
a full density subsequence of eigensections for which (4.28) and (4.29) hold simultaneously.

This completes the proof of Proposition 4.1.5.

4.4.2. Proof of Theorem 4.1.4

Note that one must first fix a single base point 2, € M for the asymptotic statement of
Proposition 4.1.5 to hold. To move towards global statements that hold for all z € M

simultaneously, we introduce the concept of a log-good cover, for which we have uniform
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estimates on each element (i.e., a Kéhler ball) of the cover. The existence of a cover

satisfying the following conditions is proved in [24].

DEFINITION 4.4.1. Let ey = |log N|™7 for any fized 0 < v < (6m)~! as before. A

R(&N
a=1

log-good cover Uy is a cover of M by geodesic balls { B(zna,EN) ) with the following

properties:

e The number R(eyn) of balls in the cover is bounded above
R(ey) < ciep™ (dimg M = 2m)

by some constant (independent of N) multiple of e ™.
e An arbitrary ball B(p,en) C M is covered by at most co (independent of N)
number of balls from the cover.

o An arbitrary ball B(p,ey) C M contains at least one of the shrunken balls

B(zN,aa STN)

We now proceed with the proof of Theorem 4.1.4, suppressing the prime notation on ~
and ey. Let 0 <y < (6m)~! be given and set ey = |log N|™7. For each N, fix a log-good
cover Uy as defined above. As before, let 0 < sz’a < 1 be a smooth cut-off function that
is equal to 1 on B(zn,,1), and vanishes outside B(zna,2). Let f.y . on = fov.(Enz2).
(This is a slight abuse of notation, where we mean balls in K&hler normal coordinate
charts centered at zy,.) In what follows, k3 > 0 is a parameter independent of N, j, to

be chosen later.
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The extraction argument uses Markov’s inequality P(X > a) < a 'EX. To this end,
for each 1 < j <dy and 1 < a < R(ey) set

2

Kgai= | [ el V= f fovav
M M

We view Xy ;o as a random variable with respect to the normalized counting measure on

the set of indices 1 < j < dy. Thanks to Corollary 4.1.7 and (4.23), its expected value is
EXn o = O([log N|=U=29) = O(|log N|~ W™ %))  for any s, satisfying (4.22).

(The error is uniform in zy,.) In particular, we may choose k1 to equal

1—6m'y<

(4.30) 0<r:=1—4dm(y+p) <1 forsome0<f< 1.

4dm

It follows from an application of Markov’s inequality with X = Xy ; ; with the normalized
counting measure on {1,...,dy}; and with a = [log N|~(™7=%3) that the ‘exceptional

sets’

2

Mol i= i =t | [ v av = f ey av] = g
M M

satisfy

#8a (V)

y < C|logN|4m7—n3|10gN‘—(4m’y+m) _ O|IOgN’_(1_4m('Y+B)_”3).
N
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Now define ‘generic sets’

Sa(N):={j: 1<j<dy}\Au(N) and X(N):= N Sa(N).

o: B(zN,aen)EUN

The number of elements in the cover Uy is of order e3> = |log N|*™, whence

#N(N 4N, (N
d](V )21_;#

>1- C| log N|2m’y|10g N|_(1_4m(7+6)_53)

-1 C|10gN|—(1—6m”/—4m,8—H3)

(4.31) — 1 by choosing 3, k3 > 0 sufficiently small.

Indeed, by choice (4.30) of 8, we have 1 — 6m~y —4mf > 0, so k3 can always be chosen to
ensure (4.31) holds. This is analogous to the estimate in [25] preceding Lemma 3.1 or in
24, p.3263].

The construction of indexing sets 3(/V) yields a full density subsequence

2= =)

N2>1

such that, for every B(z,,en) € Uy, we have

/ [EA = / Fonmenlls] Tan dV
B(ZN’D”EN) B(012)

o1

~ Vol(M)

VOI(B(ZN’Q, 25]\[))
Vol(M)

/ Jenaen AV + C|10g N|_(2m7+f-i3/2)
B(0,2) ’

+o([log N|7*™)
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< CVOl(B(2n.,en))

simultaneously for all « = 1,..., R(en) as X 5 (IV, j) — oo. The constant C' is indepen-
dent of .
Now let p € M be arbitrary. By construction, the ball B(p,ey) is contained in at

most ¢ number (independent of V) of elements of the log-good cover Uy. Thus,

c2 1
SN 2 dV S / fz e dV—FO IOgN —2mry S CVOl B D eNn
/B(p,EN) Il ZZI Vol(M) Jpz " " ( | ) (B( )

for every p € M as ¥ 5 (N,j) — oco. The constant C' is independent of p. This is the
statement of the volume upper bound.

It remains to repeat the same construction by dilating the symbol 0 < g, < 1 that
is a smooth cut-off function supported in B(z,,1/3) and equals to 1 in B(0,1/6). There

exists a full density subsequence Y’ such that

/ 1Ny dV > / Gor e llsN |2 AV
B(zN,a,N/3) B(za,1/3)

1 /
= Vol(M) Gouens3 AV — Cllog N|~mrtna/?)
Vol(M) Jp(an ui/3) N/3 | |
Vol(B(2n,a,€n/6)) .
| — o([log N| 2™
Vol (M) o([log N| ")

> cVol(B(2Na,€N))

simultaneously for all a = 1,..., R(en) as £ 3 (N, j) — oo. Now let p € M be arbitrary.

Every ball B(p,en) contains at least one element B(zya,en/3) € Uy of the log-good
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cover, whence

/ 15V |28 dV > Vol(B(p,ex)
B(pzsN)

for every p € M as ¥ 5 (N, j) — oo. This is the statement of the volume lower bound.
The intersection I' = X N ¥/ is again a full density subsequence. By construction, the

eigensections indexed by I' satisfy the two-sided bound: for all p € M,

cVol(B(p,en)) < / ||3§VH%LN dV < CVol(B(p,en)) asI'> (N,j) — oc.

B(p7€N)

This completes the proof of Theorem 4.1.4.

4.5. Proof of Theorem 4.1.2: Log-scale Equidistribution of Zeros

Let 0 < v < (6m)~! from the statement of Theorem 4.1.2 be given. We distinguish

two logarithmic scales by fixing another parameter ~':
/ 1 —'\/’ / —y
0<y<y <Gm so that |log N|77 =&y <en = |log N| 7.

Let I" be the full density subsequence corresponding to scale ¢’ as guaranteed by Theo-
rem 4.1.4. We show that the same I' satisfies the statement of Theorem 4.1.2 at the scale
EN > Ely.

In the notation of Section 2.6, relative to a local frame we write the eigensections

locally as

sj-v = f}N)eJLV , f](N) a local holomorphic function.
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The Poincaré-Lelong formula (2.17) reduces the growth rate of zeros to the growth rate of

the local plurisubharmonic function N ! log | f;N) |2 or to the global quasi-plurisubharmonic

function’ ug-N)(z) = N~ log||s}(2)|7~. Fix p € M and consider the dilated function

N 1 «
43 V)= sl vl - 0%

1

el | on B,

where DP is the local dilation defined by (4.6) in Kahler normal coordinates centered at
p = 0. Since D?_ is a local holomorphic map, (4.32) remains quasi-plurisubharmonic. We

state a key lemma:

LEMMA 4.5.1. Let I' be the subsequence of density one for the finer scale €% of The-

orem 4.1.4. For (N,j) € T, the logarithmically dilated potential (4.32) satisfies

N
14\ |2y = 0(€X),

where the remainder is at a coarser scale €.

REMARK 4.5.2. We emphasize that we are assuming the eigensections indexed by I'
satisfy

Vol(B(p,ely)) _ Vol(B(p,ely))

4. My av <
ax) ot [ I <SS

and then inverse dilating B(p,en) to B(p,1), so that any ball B(q,€’y) C B(p,e) gets
inverse dilated to (slightly deformed) by (D2 )~' to (slightly deformed) balls of radius

exely = [log N|="*7 in B(p,1).

4Quasi’ means p.s.h. up to a fixed continuous term, here the potential log g where g(z) := |ler,(2)]|3.
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Let’s assume Lemma 4.5.1 for now and proceed to finish the proof of Theorem 4.1.2.
Using the Poincaré-Lelong formula and the fact that the holomorphic rescaling D? com-
mutes with 90, we obtain

1

—_1 3 (N) 2 \% _1 a N 2 "
| = 27TN@f)logUCj (en2)|” = —ZWNaalog 153 (en2)|lin + DV w.

For every test form n € D™~ 1™"1(B(p,1)) and ' 5 (N, j) — oo, integration by parts and

Lemma 4.5.1 give

1. . v—1 =
/ (7] A NDJEDN [Zsév]) = / n A DEw+ / 5N log || s} (en2) ][5~ 00n(2)
B(p,1) B(p.1) B(p1) <7

(4.34) = / n A D w+ o(ey).
B(p,1)
Locally at p = 0, the Kéhler potential can be written as p(z) = |z|*> + O(]z|*), so
v—1

_ -1 -

with w} the flat Kahler form. Combining (4.34) and (4.35) (and dividing by &%) yields

1
/ <77/\ QDQ*V[ZSN}):/ nAwy+o(l) asT 3 (N,j) — oo,
B(p,1) Ney 7 B(p,1)

which is equivalent to the statement of Theorem 4.1.2.

PROOF OF LEMMA 4.5.1. The argument is similar to the one in [57] except for the
dilation of the plurisubharmonic functions. The log-scale quantum ergodicity successfully

replaces unscaled quantum ergodicity in the key step of the argument due to the fact that
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the local dilation is holomorphic. But we need to use two logarithmic scales and for later
applications we need the remainder estimate.

Let Ny be sufficiently large so that for all N > Ny, ey, is a local frame for L over
an open subset U containing W,l) and el is the corresponding frame for L¥. Since

9(2) = llew ()], we have
led (2)2x = ¢V and s (en2)lBw = 1/ (en2) 29" (en2).

We first show that ||u§-N) |1 — 0, and then indicate how the argument can be adapted to
yield the o(¢%;) improvement.

Observe that any L?-normalized section satisfies

1V ()2 < Tz, 2) = (CW“ ; o(%)) N,

m)!

Hence ||s™(2)||,x < CN™2 for some C < oo and taking the logarithm gives

(i) The functions u¥) are uniformly bounded above on M;

(i) imsupy_,o uny < 0.

Now consider the plurisubharmonic function

1
UJ(.N)(z) =5 log;]f;]\])(aj\;z)|2 = ug-N)(z) —logg(enz) € PSH(B(p, 1)).

](N) are uniformly upper bounded. A standard result on plurisubharmonic

functions (see [26, Theorem 4.1.9]) then implies a subsequence vj(-N’“) either converges

It is clear that v

uniformly to —oco on B(p, 1) or else has a subsequence that is convergent in L (B(p,1)).

loc
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Let us rule out the first possibility. If it occurred, there would exist K > 0 such that

1

N log Hsjy’“(gNkz)HiNk <-1 = ||3§V"(5Nkz)HZNk <e M on B(p,1) forall k > K.
k

Equivalently, the same exponential decay estimate holds on B(p,ey,) for the undilated
sections. But this contradicts the lower bound of (4.33).

Therefore the sequence ’Uj(-N) is pre-compact in L'(B(p, 1)), and every sequence contains
a subsequence, which we continue to denote by {v](-N’“)}, that converges in L'(B(p,1))
to some v € LY(B(p,1)). By passing if necessary to a further subsequence, we may
assume that {UJ(-Nk)} converges pointwise almost everywhere in B(p, 1) to v, and hence by
observation (ii),

v(z) = limsup <u§N’“)(2) — log g(eNkz)) <0 a.. on B(p,1).
(Nk,j)—o00

Let

v*(z) :=limsupwv(w) <0

w—z

be the upper-semicontinuous regularization of v. Then v* is plurisubharmonic on B(p, 1)
and v* = v almost everywhere. We claim that v* = 0. To this end, we use the second

scale 'y. If v* # 0, then
N, x N
o™ + D27 og gl sy = Il sy = 6> 0.

Hence, for some ¢ > 0, the open set U. = {z € B(p,1): v*(2) < —c} is nonempty. For

sufficiently large k, this set contains a ball B(q, 5§Vk5;,i). By Hartogs’ Lemma, there exists
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a positive integer K such that v](»Nk)(z) < —c¢/2 for z € B(g, e’Nksj_Vi) and k > K, that is
||s§-v’“(5Nz)||iNk < e Ne/2 on B(q, ey.en) forall k> K.

But this again contradicts the lower bound in Theorem 4.1.4 on B(g,€l, ). We have
therefore proved ||u§N)||L1(B(p,1)) = o(1).

We now exploit the exponential decay to prove the sharper result ||u§N)H LU(B(p1) =
0(%;). Consider the renormalized sequence

9 (N 1,
€N2u§. ) N—g?VDsN log ||5§V(z)||,211v

Note that this is still an upper-bounded sequence of plurisubharmonic functions because
of the exact cancellation between dilating by D?y and dividing by e2,. Indeed, logg =
2|2 4+ O(|z]*) as |z| — p = 0 in local coordinates, so e5*DP* log g remains bounded.

We now run through the previous argument again with this re-normalized sequence.

If &j,iv;v * — —oo uniformly on compact subsets of B(p, 1), then

1
Nka’f?\;k

2
s (eny2) fome < =1 <= [[s7* (en,2)lhn < €N on B(p,1),

a contradiction to (4.33) as before. The alternative (namely &t]’vivjv * being pre-compact)

leads to the estimate
s (en2)|2n, < e M2 on B(g, el ex)) for all k> K,

again a contradiction. This completes the proof of Lemma 4.5.1. U
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4.6. Appendix: Egorov’s Theorem

The purpose of this section is to prove a long time Egorov’s theorem with remainder
as stated in Proposition 4.3.1. It is convenient to work on the contact manifold (X, «) by
lifting x on M to the contact transformation y on X and viewing sections sj-V € HO(M, L™)
as equivariant functions §§V € L*(X) as discussed in Section 4.2.1.

We recall the setting. Let x be a quantizable symplectic map (whose quantization
U, n is defined in (4.10)) satisfying the exponential growth condition (4.3) and decay of
correlations condition (4.4). Let Mp denote multiplication by F € C*(X) and F o T
the composition of F' with the T-fold iterate of ¥ (or y~!, depending on the sign of T).
Proposition 4.3.1, which is a statement on the base manifold M, is equivalent to the

following statement on the co-circle bundle X.

PROPOSITION 4.6.1. Let x be a quantizable symplectic map on M satisfying conditions
(4.3) and (4.4). Let x denote its lift to (X,«) as a contact transformation. Let F €

C>(X) and T € N. Then
U)ZN(HNMFHN)( ;,N)T = Uy MpogrIln + RE\?),
where RE\?) 15 a Toeplitz operator with
T2

1 T 1 Ty (T
Rl = — (R RY) = Ogn | 1 Fll2ae®™™ )

where the O symbol depends on the metric h and a fired number of derivatives of x, F

depending on the dimension.
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The proposition is the analogue for Toeplitz operators of the well-known estimate of the
Egorov remainder, except that the remainder is stated in terms of the normalized Hilbert—
Schmidt norm rather than the operator norm®. The Hilbert-Schmidt norm is simpler to
estimate since it is defined by a trace, and the remainder estimate is simply the standard
one in the stationary phase expansion of Hérmander [26]. Sharper remainder estimates
have been proved for quantizations of Hamiltonian flows on T*R"™ in [6, Theorem 1.4,
Theorem 1.8]. Subsequently, there are many articles proving related results for 7M. But
there do not seem to exist parallel results for Toeplitz operators in the Kéhler setting,
in particular for powers of a map rather than for Hamiltonian flows. In special cases
such as symplectic toral automorphisms and their perturbations, Egorov’s theorem with
remainder have been proved (see [53, 54]) but the proofs use special properties of the
metaplectic representation and do not generalize to our setting. Egorov’s theorem without
estimate of the time-dependence of the remainder may be obtained from the composition

theorem for Toeplitz operators in [3].

REMARK 4.6.2. The strategy of the proof is to use induction on T. At each stage,
the remainder terms from the previous stage are left ‘untouched’, and are estimated using
that unitary conjugations do not change Hilbert-Schmidt norms. Unlike most statements
of the Egorov theorem, we only need the principal term and a remainder of order N1,
and we do not try to give a formula for the lower order terms in the symbol. Thus, at
the T'th stage we only conjugate by one power of Uy n a Toeplitz operator whose symbol

is of the form F o xT=1. This is why the resulting remainder after T steps involves the

5The more difficult norm estimate of the remainder will be presented elsewhere.
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C? norm of F o xT and otherwise only involves a fized number of derivatives of the data

X, h, F.

4.6.1. Reduction to T =1 case

In this section we reduce the proof of Proposition 4.6.1 to the proof of the following

lemma.

LEMMA 4.6.3. Under the same assumption as Proposition 4.6.1, we have
(4.36) U NIy MpINUS v = HUnMpoglly + Ry,
where Ry is a Toeplitz operator with

1 , 1 ) 1
1Ryl = o= TR ] = O Pl )

We now indicate how Lemma 4.6.3 implies the statement of Egorov’s theorem. The

rest of the section is then devoted to proving Lemma 4.6.3.

PROOF OF PROPOSITION 4.6.1 GIVEN LEMMA 4.6.3. Given T' € N and two opera-

tors U and A, we introduce the shorthand

AdT(U)(A) = UTA(U)T

for the T-fold conjugation of A by U. To keep track of the remainders we henceforth

denote Ry in the statement of Lemma 4.6.3 by Rg\l,). Invoking the assumption (4.3) that
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X712 = O Lemma 4.6.3 reads

Ad(Uy )Ty MpIy = iy Mpoglly + Ry,
L TRy Ry = O~ | F|2ac® ).
dN N N C

We now iterate the conjugation. Conjugating a second time by U, y yields two terms:
(4.37) AUy W) Mplly = Ad(Uy 3Ty MpogIly + Ad(Uy x) RS

It follows from Lemma 4.6.3 (with Mp replaced by Mp.y) that the first term on the

right-hand side of (4.37) equals

Ad(Uy 3Ty Mpoglly = My MpogIly + RS,

(4.38) , ) :
~(2)\x (2 ~

= T ) = O 17 o tlie® ) = O 1Pt

In the error estimate we again made use of the exponential growth assumption (4.3).

The unitarity of U, y implies that the second term Ad(U,, N)R%) in (4.38) satisfies
(139)  TAURY) AU Y] = T Y] = O 1Pl )
Combining (4.37) and (4.38) gives
(4.40) Ad*(Uy x )Ty Mplly = Oy MpoeTly + RY + Ad(U, x)RY.

Set

(4.41) RY .= RY + Ad(U, »)RY,
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then (4.38) and (4.39) imply

1 2 ~ ~
— Tr[(RY)*RY] < — Te[(RY) RS + (RY)*RY]
dy dy
=2 (O L F|Pac ) + O L|F|2ac?
N'ne N e
1
(4.42) =30 (N||F||‘ége450).

The statement of Proposition 4.6.1 with 7" = 2 is proved thanks to (4.40), (4.41) and
(4.42).

The calculation is similar when Ad(U, n) is iterated 1" times. By a similar stationary
phase computation presented in the subsequent section, it is easy to see that on the T'th

iterate, we pick up the leading order term:

Ad(Uy v)IIyMpogr—1lly = Iy MpogrIly + RE\?);

1 e 1 !
= T R = O I ™).

We also have to conjugate the (7' — 1) ‘old’ remainders from the (7" — 1)st iterate:
Ad(U ) BY Y + A (U ) BY ™ + AP (U ) RN+ + AdT (U ) RY .

The Hilbert—Schmidt norm of R%) does not change under conjugation by U, n. Therefore,

the combined remainder term

RY = RY + Ad(U, )RT ™ + AU ) RT ™ + -+ AdT (U, v)RY
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at the T'th stage of the iterate has the estimate

T T
1 My py « L (O p(0) Loz asol
ETY[(RN ) Ry'] < E;Tr[(RN) Ry = T;O N”FHC?6 R E
Replacing each e?® in the above sum by e?®7l for ¢ = 1,2,....T completes the proof
of Proposition 4.6.1 assuming Lemma 4.6.3. U

4.6.2. Proof of Lemma 4.6.3 via stationary phase computation

Let
I—JN = UX7NHNMFHNU;,N and LN = HNMFOXHNy

From the definition (4.10) of Toeplitz quantization, the conjugated operator has the

form

EN == HNO'NT;(HNMFHNTifla'NHN.

Next, insert the identity operator Id = T;-1T}; between the operators Il and Mp in the

above expression. Note that T3 F'T-1 = F o x. Hence, the expression becomes
(443) Z:JN = HNUNH%IMFO)ZH?Z\/&NHN-

where Ty := T{IIyTy1 is the operator with Schwartz kernel T (z, y) = Ty (x(%), x(7))-

In the notation (4.36),

Ry=Ly—Ly= HN(UNnﬁMFoxﬂfv&N - MFO?)HN‘
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Evidently,
(4.44) Tr[RiyRy| = Tr[Li Ly] — 2 Tr[LyLy] + Tr[Ly Ly).

We evaluate each term asymptotically by stationary phase with remainder and add the

terms. Lemma 4.6.3 follows from:

LEMMA 4.6.4. We have

1

1
(4.45) d—Tr[L}‘VLN] :/ |Fo>~<|2dV+O(NHFHQOQe%O).
N M

Moreover,

| 1 1 1 1
- TLVLy] = =TIy L] + O (NnyHQCQe%O) = 7 TrlLyLa] + O(NHFH%;Q&%).

In particular, thanks to (4.44) we have

1 . |
o= T3 Rl = O Pl ).

The first statement (4.45) is the well-known Szeg6 limit formula with remainder. Since
X is symplectic it may be removed from F o y in the integral. The leading order term is
calculated in [3] using the homogeneous calculus of Toeplitz operators. The semiclassical
calculation and the remainder estimate may be calculated by the method below.

For the rest of the section, we calculate the most difficult of the three terms, namely

dy' Tr[f/}‘va], asymptotically to leading order by the method of stationary phase for
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oscillatory integrals with complex phases of positive type. The calculations of the other
two terms are similar and therefore omitted.

All three traces in (4.44) have the same leading order term (4.45), and so the leading
term cancels when taking the sum (4.44). The cancellation between the ‘symbols’ oy and
the Hessian determinants in the calculation of the leading order terms (4.45) is guaranteed
by unitarity of U, n (see also [69] for explicit calculation of the symbol).

From (4.43), we have

1 . 1 . . . .
(446) E TI'[L*NLN] = % Tr [HNa-NH?(VMFio)ZH?(\[O’NHNUNH?](VMFO)ZH?IC\[&N] .

Note that we may drop the factor of IIy at the end when computing the trace. We use

the shorthand

Ui = X;), y;€X.

Recall that oy denotes multiplication by the symbol oy, and the Szegd projectors have

Schwartz kernels

H?V(yb yQ) = HN(?;I, gQ)a

O (yr,y2) = N/ / @iN[*(’Hw(Tew,yz)]s(myhy27Nt> dodt.
0 St

The last equality is the Boutet de Monvel-Sjostrand parametrix introduced in Section 4.2.3.

Using Schwartz kernels, the trace (4.46) can be written as the following oscillatory integral

1 o 1 -~
— Tr[LyLy] = —/(L}kVLN)(:L',x) dx
dn dy Jx
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1

= <N6 / Az, y,0,t)eN V@Yo dthdy) de,
dn Jx X5 (S1)6x (R.)6

where
y:(yl,...,y5)€X5, 0:(91,...,96)6(51)6, t:(tl,...,tG)G(R+)6

and the amplitude and phase function are given by

A = s(rg,x,y1, tiN)on(y1)s(re, 01, U2, taN ) F (G2)s(T0, G2, U3, tslN )on (y3)
X 8(ro,Ys3, Ya, talN )oON (Y1) S (705 Ua, Us, ts N ) F(§5)5(r0, U5, T, te N )on (),
U = t1)(ro,z,y1) — 01 + tat(r9, 01, J2) — 02 + t3(re, 72, U3) — O3

+ 140 (10,y3, Ya) — Os + t500(ro,Ga, Us) — 05 + teh(rogUs, T).

The functions s and ¥ come from the Boutet de Monvel-Sjostrand parametrix (4.12), and
on comes from the quantization formula (4.10).

The method of stationary phase is used to compute the inner integral. The off-diagonal
exponential decay estimate (4.13) for the Bergman kernel allows us to localize the X°-
space integral to the region {d(y;,yx) < N~'/?} and absorb the error in the remainder
estimate for Ry. To locate the critical points of the phase function W, recall from (4.11)

that the function ¢ has the form

_p(z1) _ e(z2) +o

1 L
@w(x,y):—.(l—w,y)) with Az, y) == "3 "5 reCnm) i),
2
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from which it follows

Y(rox,y) = ! (1 - ewA(x,y)).

i
Therefore,

Dy V¥V =Y(rg,x,y1) =0 <= 1= ewlA(x,yl).

The Schwarz inequality shows that a real critical point exists if and only if x = y;. Similar
computations for Dy W demand that g, = g2 = 93, y3 = ys, and g4 = g5 = &. The real

critical point of ¥ must therefore satisfy

(4.47) T=y1=Y2=Ys=Ys = Y.
Consider now the 6; derivative:

Dy

1

U=t Az,y) —1=0 <= 1=—t, Az, y,).

From the constraint (4.47), we must have x = (21,71) = (22,72) = y1, so A(z,y;) = 1.
It follows that #; = —1 and ¢; = 0. Similar computations for Dy, ¥ show that the real

critical point of U satisfies

(448) 91::9620 and tlzztﬁz—l
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Finally, we claim that D, ¥ automatically vanishes at the points satisfying (4.47) and

(4.48). Indeed, at the critical point we have

Dyl\Ij ac:yé:"':ys = _Dyﬂ/J(iU,Zh)lyl:x - Dy1w<g17 g2>|y2=y1=2'

;=0
tj=—1

Recall, however, that along the diagonal of X x X we have

1
dliﬂ = —dz?ﬂ = ;dp|X = Q,

where « is the contact form. Here d; refers to the derivative with respect to the jth slot of

¥(+,-). The assumption that y lifts to a contact transformation, that is, Y*«a = «, implies

_Dylw(‘r7y1)|y1:x_Dy1¢)(glv g2>|y2:y1:$ = a(m)—%dp(f((x)) = O‘('r>_>~(* <%dp) ([E) =0.

Similar computations for D, W show that the real critical points of W are completely given
by (4.47) and (4.48).
It is straightforward to verify that the Hessian at the critical point is a block matrix

of the form

Dtt\Ij - O Dtg\p - —Id Dt]_‘IJ th\If
DoV = —Id DggV =1-Id Dg1 W Dgo¥
Hess V() =
Dy ¥ D1pWV DWW DipW

DoV DypV DUV DyaV




with

DV = —DpV¥ =

Dg]_\p — —DQQ\IJ —

a(z) 0 0
—a(z) o)
0

0 0
0 0 0
0 0 0

—ia(z) 0
ia(z) —ia(z)
0
0 0
0 0
0 0

—da(z) da(x)

do(z)
0
0 0
0 0

0

0 0 |

0 0

0 0

0
—a(z) o)

0 —a()
0 0 -
0 0
0 0

0
ia(z) —ia(z)
0 ia(e) |

0 0

0 0

0
do()

da(z) —da(x)
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= —(Dg V)" = (D1, )",

= —(Dag)" = (D2 V)",

= Dzz‘l’.

This Hessian matrix is invertible by the Schur complement formula (recall that —idp = «

is non-vanishing in a neighborhood of X). The method of stationary phase shows that
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the Schwartz kernel (L% Ly)(z,z) along the diagonal has the expansion

~ o~ N6 '
4.49 LA L ~ Nﬁm—]—k—f—p—q—u—v
(449) (LyLw)(z,2) (N12+10m det Hess W (z))1/2 Z

Jikil,pyq,u,v>0

% Ly (su(, @)sel, 2)3 (3, )47, ) 503, )0 (7, 8) on ()] | F(3) )

where L; are differential operators of order at most 25 that can be explicitly expressed in
terms of s and the Hessian [26, Theorem 7.7.5].

Observe that the leading order term (obtained from the above expression by setting
j=k=--=uv=0)is of order NO(N2H10m)=1/2N6m — Nm  The symbol oy is
constructed to make U, y unitary, i.e., Uy yU, xn = Iy, and by taking the symbol of this

equation it follows that
(4.50) (det Hess W ()" 2s¢(z, 2)%50(Z, 2)*|on (@) [* = 1.

Indeed, if we set F' = 1 so that My = Id, then Ly Ly = UynU; yUynU;y = Id. The
identity (4.50) follows from plugging this particular choice of F' into (4.49). Therefore,
after dividing by dy ~ N™ (for N large enough), the leading order term of dy' Tr[L% Ly]
is of order 0, and is equal to [ |F(Z)|* = [ |F o x|, which agrees with (4.45). The second

order term (cf. [26, Theorem 7.7.5]) of L% Ly(z,z) is bounded above in sup norm by

C Z HD“((det Hess \If(x))_%so(x,x)zsg(i(x),)Z(x))4!0N(ZE)|4|F0)2(55”2)H

oo
lor| <2

oy HD@|FO;<(x)\2

jal<2

o0
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<o(X HDa|Fo>~<<x>|Hm>2

o <2

< O||F||22e™.

for some constant C' that depends on a fixed number of derivatives of the phase function
U (and hence on x) but is otherwise independent of N. Dividing through by dy ~ N™
yields the desired error estimate O(N~!||F||%,e?"). This completes the computation for

Ly.
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CHAPTER 5

Log-scale Equidistribution of Nodal Sets in Grauert Tubes

This chapter discusses small-scale equidistribution results, namely Theorem 5.1.1,
Theorem 5.1.4, and Theorem 5.7.2; for complexified eigenfunctions on Grauert tubes.
Throughout, let (M™, g) be a compact, negatively curved, real analytic Riemannian man-
ifold without boundary. By a well-known theorem of Bruhat-Whitney, M admits a com-
plexification M¢ into which it embeds as a totally real submanifold. The metric g on M
induces a plurisubharmonic function p whose square root \/p: Mc — [0,00) is called the
Grauert tube function. There exists a geometric constant 7o = 79(M, g) > 0 so that, for

each 7 < 719, the sublevel set

M, :={Ce Mc:/p(¢) <7}

is a strictly pseudo-convex domain in M¢. We call M, the Grauert tube of M of radius 7.
The (1,1)-form w := —iddp endows M, with a Kihler metric and (M, g) < (M,,w) is an
isometric embedding. (The unusual sign convention that makes the Kéhler form negative

is adopted from [22].) We write

n

w
5.1 dy:=w" and dy, = — = —.
(5.1) 1 b= g o T, dr

for the Kéhler volume form on M, and the Liouville surface measure on M., respectively.

There exists a diffeomorphism E, defined in (5.8), between M, and the co-ball bundle
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B:M = {(x,&) € T*M : |[{|,, < 7}. The Kahler form w on M, is the pullback under F
of the standard symplectic form on BXM. Conversely, E endows BIM with a complex

structure J, adapted to g. Definitions and background are recalled in Section 5.2; see also

23, 38].

5.1. Main Results

Every eigenfunction ¢; on M admits an analytic extension gp}c to the maximal Grauert
tube M,,. The analytically continued eigenfunctions are smooth on the boundaries 0M,

for every 7 < 1y. The complex zero set of go(jc is the complex hypersurface

Z;={C € My, : 05(C) = 0},

The zero sets define currents [Z;] of integration in the sense that for every smooth (n —

1,n — 1) test form n € D" 1" (M,,), we the pairing

i
(5.2) ([Z;],m) 12/ 7 =/ Q—f‘?aloglso;ﬂ2 A1
Z; My, 4T

is a well-defined closed current'. In the special case n = fw" ™!, the zero set defines a

positive measure |Z;| by

WZl5) = [ gt pecin,),

ISince Z; may be singular, we include background on the last statement in Section 5.8.
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The limit distribution of the zero currents (5.2) has been investigated in [71]. It was
shown that on a compact, real analytic, negatively curved manifold, one has

1 =
(5.3) )\_-[ij] — %8(’9\//_) weakly as currents on M,

Jk

along a density one subsequence of eigenvalues A;,. The motivating problem of this
article is to obtain a similar convergence theorem on balls in M,,\ M with logarithmically

shrinking radii of size

e(A;) == (log A;)™* for some fixed @ > 0 to be specified.

The parameter o depends only on the dimension, and is independent of the frequency A;.
The resulting log-scale convergence theorems, Theorem 5.1.1 and Theorem 5.7.2, along
with their proofs, are generalizations of those in [11] in the setting of eigensections of
ample line bundles over a compact boundaryless Kahler manifold, but have several new

features.

5.1.1. Log-scale equidistribution of zeros

THEOREM 5.1.1 (Equidistribution of complex zeros, Chang—Zelditch [10]). Let (M, g)
be a real analytic, negatively curved, compact manifold without boundary. Let w := —id0p

be the Kahler form on the Grauert tube M,,. Assume that

0<a<————, e(N)=(ogh;)™ ™
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Then there exists a full density subsequence of eigenvalues \;, such that for any f €

C(M.,) and for any arbitrary but fived o € M., \ M., we have
(5.4 S fur
: _ w
A€ )? 1 Uz, 0B(Go.c0,)
e [ FROO(C = Gl A = o)
— —_ N — Go = .

e JBico e, T T e

Here, wy := —id0|S(C — (o)|2, denotes the flat Kihler form in local Kdhler coordinates

centered at (o, with ||, the Euclidean distance. The o(1) remainder is uniform for any

Co lying in an ‘annulus’ 0 < 7 < \/p(Go) < 7.

Theorem 5.1.1 is deduced from a rescaled version given in Theorem 5.7.2. The latter
theorem is stated using the holomorphic dilation introduced in Section 5.3.1. Briefly,
define dilation operator Dgg)\j): ¢ — ¢+ e(N\)(¢ — ¢) in Kéhler normal coordinates
around (p. The zero currents [Z;] on shrinking balls B((y,e(\;)) pulls back to currents
Dg?;j)[Zj] on a fixed unit ball B((yp,1) C C". The normalizing factors in Theorem 5.1.1
arise from homogeneity and rescaling: w™™* wi~! are homogeneous of degree 2n — 2 and

£90|3(¢ — €o)lg, is homogeneous of degree 1. The scaling of the nodal current on the left

side is the same as that of its limit current £99|(¢ — (o)l go-

REMARK 5.1.2. In the statement of Theorem 5.1.1, the center (y is arbitrary but fixed
in the interior of M. ,\M and only the radii of the balls are shrinking. Also, note that ¢,
must lie away from the totally real submanifold M of M., or equivalently the zero section

On of B M. Reasons are discussed in Section 5.1./.
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REMARK 5.1.3. The zero sets Z; may be singular, but it is known that the singular
set of the real nodal set is of real codimension four (see Section 5.8). For generic metrics,

all of the nodal sets are reqular [63].

5.1.2. Log-scale equidistribution of masses

Knowledge of the log-scale L? masses of eigenfunctions is required to deduce Theo-

rem 5.1.1. To state the relevant result, we need some more notation:

0;(C) = 165 lom ey L2081 1c)): U;(¢) == .' ; (C € My \ M)

In words, the normalizing factor ©;(C) is the L*norm (of the restriction ¢ |on Jno)) of
@5 along the boundary of the Grauert tube of radius \/p(¢). The function Uj is the (the

unrestricted) complexified eigenfunction go}c normalized by this L?-norm. Finally, let

5 (Z) lon,

u(Z):=U.(Z =
(2) = Uil&) lone-= 1o T o

J

: (Z € OM,, 0 <1 <1)

be the restriction of U; to the Grauert tube of radius \/p(¢) = 7. (We denote points by
Z instead of ¢ when working on a fixed slice 9M,.) The global behavior of L? masses
of U; and ] are known. Specifically, Zelditch [71, Lemma 1.4, Lemma 4.1] proved the

J

existence of a density one subsequence {¢p;, } of orthonormal basis such that
(5.5) Uj ™ =" and  |u] |*dp, — dp.

in the sense of weak™ convergence on C(M,,) and on C(9M,) for each 0 < 7 < 79, respec-

tively. (Recall (5.1) for the definitions.) Integrating over M., (resp. OM,) implies the L?
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masses of Uy, (resp. u}, ) become equidistributed in all of M, (resp. M, ). It is not known
whether the convergence (5.5) holds at logarithmic length scales (i.e., simultaneously on
all Kéhler balls of logarithmically shrinking radii). Luckily, all that is needed for the proof

of Theorem 5.1.1 is a uniform L? volume comparison theorem, which we presently state.

THEOREM 5.1.4 (Equidistribution of masses, Chang—Zelditch [10]). Let (M, g) be a
real analytic, negatively curved, compact manifold without boundary. Let w := —i@g\/ﬁ

denote the Kdhler form on the Grauert tube M,,. Assume that

1

0<a<-——1
SN 3Be o)

e(A;) = (log ;)™=
Then there exists a full density subsequence of eigenvalues \;, such that for arbitrary but
fized o € M, \M, there is a uniform two-sided volume bound

56)  NoL(Bo )< [ U < OVOL (G 2(3))

The constants c,C are geomelric constants depending only on \/p(Co); they are uniform

for any (o lying in an ‘annulus’ 0 < 71 < \/p(¢o) < To.

REMARK 5.1.5. Only the lower bound in the statement of Theorem 5.1./ — used cru-
cially in a proof by contradiction argument for Proposition 5.7.5 around (5.42)—(5.43) —

15 needed to imply Theorem 5.1.1.

Log-scale results of this kind, which we briefly recall in Section 5.5, were first proved in
the real domain by Hezari-Riviere [25] and Han [24]. In the setting of a general compact,
negatively curved, Kéhler manifold (not necessarily real analytic), an analogous result

can be found in [11, Theorem 2].
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1

REMARK 5.1.6. The semiclassical notation h := X7 is also used throughout Sec-

tion 5.4-Section 5.6, in which we write 6(h) = |logh|=* = (log \)™® = £(\); see (5.18).

5.1.3. Outline of proof

Theorem 5.1.4 is proved by expressing the L? mass of u} (resp. Uj) in terms of matrix
elements of Szeg6-Toeplitz operators on OM.. for 0 < 7 < 7y (resp. Bergman-Toeplitz op-
erators on M, ). We show that a certain Poisson-FBI transform conjugates a (smoothed)
characteristic function of the ball B({y,(A;)) to a semiclassical pseudodifferential oper-
ator acting on L?(M) whose symbol has the same properties as (but does not coincide
with) the small-scale symbols used in [24]. This conjugation allows us to derive Proposi-
tion 5.6.2, a variance estimate for matrix elements in the complex domain, by relating it
to the known variance estimate in the real domain of [24].

Once the variance estimate is proved, the comparability result of Theorem 5.1.4 follows
the path in [25, 24, 11]. Namely, one chooses an appropriate covering of M., and extracts
a subsequence of eigenvalues of density one for which one has simultaneous asymptotic
log-scale QE for the balls in every cover. The balls are ‘dense enough’ that one obtains
good upper and lower bounds for eigenfunction mass in any logarithmically shrinking ball.

Lastly, to derive Theorem 5.1.1 from Theorem 5.1.4, we follow the method of [57, 11]
that uses well-known facts about plurisubharmonic functions. We begin by rewriting the
zero current [Z;] as &0 of plurisubharmonic functions using the Poincare-Lelong formula

(5.33). A standard compactness theorem yields the desired result.
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5.1.4. Singular behavior along the real domain

We briefly discuss the reasons for requiring centers (y of balls to lie in M, \ M.

The key tool in studying the mass and zeros in the complex domain is the complexified
Poisson operator P™: L2(M) — O™ (M, ) defined in Section 5.2.3. By O~"% (9M,) we
mean the Hardy-Sobolev space of boundary values of holomorphic functions in M, with
the designated Sobolev regularity. This Hilbert space is the quantization of the symplectic
cone ¥, C T*(0OM,) defined in Section 5.2.2, an R,-bundle ¥, — 9M,. The Poisson
operator is a homogeneous Fourier integral operator with positive complex phase adapted
to the homogeneous symplectic isomorphism ¢, : T*M \ 05y — 3, of (5.10).

The homogeneous theory becomes singular along the zero section 0,;, or equivalently
along the totally real submanifold M. This reflects the fact that the eigenfunctions ¢;
microlocally concentrate on energy surfaces {|£|, = A;}, the characteristic variety of A +
/\5. In the semiclassical setting of h?A +1 (with h = /\]-_1), the eigenfunctions concentrate
on S*M. The energy level 1 is arbitrary here and depends on the choice of constant C' in
the semiclassical scaling h; = C)\j_l. One may adjust it so that eigenfunctions concentrate
on any energy surface 0B*M ~ OM, with respect to semiclassical pseudodifferential
operators Ophj(a). But this scaling breaks down on the zero section.

The singularity of the theory along the zero section may be seen in Theorem 5.4.1.
When conjugated back to the real domain, the symbols become functions of |£| and are
singular when & = 0. It seems that the behavior on the zero section can be studied by using
an adapted class of observables that smoothly interpolates between pseudodifferential
operators when 7 = 0 and Toeplitz operators when 7 > 0. We hope to clarify this issue

in the future.
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5.2. Background: Microlocal Analysis on Grauert Tubes

5.2.1. Grauert tube and the co-ball bundle

The readers are referred to [22, 23, 38, 39] for the analysis of the complex Monge—-
Ampere equation, the Grauert tube function, the geometry of Grauert tubes and related
topics. Here we provide only a brief summary of some notation and theorems needed for
this paper, following [71, 73].

A real analytic manifold (M, g) always possesses a complexification Mc, that is, a
complex manifold of which M is a totally real embedded submanifold. Let exp,: T M —
M be the Riemannian exponential map, i.e., exp, & = mexp =2, where m: T*M — M
is the natural projection and Ez is the Hamiltonian flow of [¢ 2. The analyticity of M

implies that the exponential map admits an analytic extension
(5.7) exps: U, C TiM ® C — Mc

defined in a suitable domain U, C T} M. Its restriction to the imaginary axis (that is,

the analytic extension in ¢ of exp,(t£) to imaginary time ¢ = 7) is denoted by
(5.8) E: B:M — Mc, (2,€) — E(x,€) = expS(i€).

For all 7 > 0 sufficiently small, (5.8) is a diffeomorphism between the co-ball bundle

B:M = {(x,§) € T*M : [¢],, < 7} and the subset

MTiz{CEMCI\/ﬁ(C)<T}CMc.
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Here, |/p is known as the Grauert tube function, and its sublevel set M. is known as the
Grauert tube (of radius 7). The restriction E |sp:as of (5.8) to the co-sphere bundle is
a CR holomorphic diffeomorphism between the two strictly pseudo-convex CR manifolds
0B:M and OM,.

The square p of the Grauert tube function is a strictly plurisubharmonic function

uniquely determined by two conditions:

e It is a solution of the Monge-Ampeére equation (05\/@" = Oy, where ) is the
delta-function on the real manifold M with respect to the volume form dVy;

e The Kihler form w := —iddp restricts to g along M.

If we write r(z, y) for the Riemannian distance function on M, then r?(z,y) is real analytic
in a neighborhood of the diagonal in M x M. It possesses an analytic continuation 72(¢, ¢)
for ¢ € M¢ in a sufficiently small neighborhood of the totally real submanifold M. The

plurisubharmonic function is related to the Riemannian distance function by

1 _
p(O) = =37(6,0
For the trivial case M = R", we have M¢ = C" and /p(¢) = 1/ —1(¢ — ¢)? = |S¢|. More

examples are found in [71].

5.2.2. Szego6 projector

Let O(0M;) denote the space of CR holomorphic functions on dM,. We use the notation

O T (M) = W*HT (OM,) N O(dM,)
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for the subspace of the Sobolev space W*+"7" (OM,) consisting of CR holomorphic func-
tions. The inner product is taken with respect to the Liouville surface measure (5.1). The

Szeg6 projector
(5.9) I, : L*(0OM,) — O°(OM,)

is the orthogonal projection onto boundary values of holomorphic function. It is well-
known (cf. [5, 49, 23]) that II, is a complex Fourier integral operator of positive type,

whose real canonical relation is the graph of the identity map on the symplectic cone
Y, ={(Z;rd\/p(Z)) € T*(OM,) : Z € OM,, r > 0}

spanned by the contact form d°\/p = —i(0 — 9),/p on OM.. Since X, is an R, -bundle

over OM.,, we can define the symplectic equivalence of cones:

(5.10) L T"MN\O = X, i (x,6) = (E(x,Té—|>, |f|dc\/ﬁE(x7Ti ) :

]

5.2.3. Poisson-wave operator

A key object in our analysis is the Poisson-wave operator
PT: LA(M) — O"T (OM,).

(Unlike for the Szegd projector (5.9), 7 appears as a superscript here because we will
be considering semiclassical Poisson-wave operators, which are denoted by PJ.) The
Poisson-wave operator is obtained from the half-wave operator by analytic extension in

the time and spatial variables. Specifically, recall that the half-wave operator is given by
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U(t) := V=2 When t = ir lies in the positive imaginary axis, P7 := U(it) = e V"2
is a complex Fourier integral operator known as the Poisson-wave operator. As discussed
in [4, 23, 36|, for 0 < 7 < 79 and y € M fixed, the Poisson kernel P7(-,y) = U(it, -, y)
extends to a holomorphic function on M..

Take for concreteness the wave kernel on R™ as an example. The Euclidean wave

kernel

Ult,2,y) = / eilelitea—) g

analytically continues to (it,z +ip) € C; x C™ by the integral formula

n

PT(:E + ip, y) _ / e TlEl pil&z—y+ip) de,

which converges absolutely for |p| < 7.
On a general Riemannian manifold there exists a similar Lax-Hormander parametrix

for the wave kernel:

(5.11) Ult,z,y) = / el e @ At v, y, €) dE,
T;M

where | - |, is the metric norm function at y, and where A(¢, z,y,£) is a polyhomogeneous
amplitude of order 0. The holomorphic extension x + ( to the Grauert tube M, at time

=47 is a Fourier integral operator with complex phase of the form

(5.12) P((,y) = / e TGP O AL, ¢y, €) d.
T*M

Y
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The complexified exponential map expg appearing in the phase function of the parametrix
above is the local holomorphic extension of the Riemannian exponential map as defined
in (5.7). It is easy to see that the integral converges absolutely for |/p(¢) < 7. We refer
to [62, 35, 72] for proofs and background. The following result is stated by Boutet de

Monvel [4]; proofs are given in [72, 35].

THEOREM 5.2.1. Let v, T*M \ 0 — X, be the symplectic equivalence defined by
(5.10). Then the Poisson-wave operator P™: L*(M) — O(OM.,) with the parametriz given
n—1

by (5.12) is a complex Fourier integral operator of order —"= associated to the positive

complex canonical relation

I'={(y,n,t(y,m)} CT*M x %..

Moreover, for any s,
PT: WH(M) — 05 (OM,)
s a continuous isomorphism.

It is helpful to introduce the framework of adapted Fourier integral operators. This
notion is defined and discussed in the [3, Appendix A.2]. If X, X’ are two smooth real
manifolds, and ¥ C T*X \ 0, ¥’ C T*X’ — 0 are two symplectic cones, then a Fourier
integral operator F' with complex phase is adapted to a homogeneous symplectic diffeo-
morphism x: X — Y if the canonical relation of F' is a positive complex canonical relation
whose real points consist of the graph of x and if the symbol of F is elliptic. Theorem 5.2.1

may be reformulated in this language as follows: P7 is a Fourier integral operator with
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complex phase of order _an1 adapted to the symplectic isomorphism ¢,: T*M \ 0 — 3.
given by (5.10). The point of the reformulation is that one may identify the graph of
L, with the graph of G, where G'(z,¢) = |¢|G!(z, é—‘) is the homogeneous geodesic flow

defined on T*M \ 0. Its analytic continuation in ¢ is also homogeneous, so we have

@ (2.) = el (. %).

It is observed in [73] that ¢, (y,n) = G (y,n). Thus, G’ gives a homogeneous symplectic
isomorphism G : T*M \ 0 — 3,.

In light of Theorem 5.2.1 and the calculus of FIOs, the operator

(5.13) A™ = (PT*PT)"2: LA(M) — L*(M).

n—

is an elliptic, self-adjoint pseudodifferential operator of order Tl with principal symbol

n—1

5~ With principal

1€ |nT_1 Equivalently, P™ PT is a pseudodifferential operator of order —
symbol [£ ]’%. An immediate consequence of Theorem 5.2.1, (5.13) and the symbol

calculus of FIOs is the following.

PROPOSITION 5.2.2. The operator V™ := PTA™: L*(M) — O°(OM,) is unitary (of

order 0) with an approximate left inverse given by V™*A™P™. Moreover,
(AT P™: O°(OM,) — L*(M)

18 an approximate left inverse to PT.
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5.2.4. Analytic continuation of eigenfunctions via the Poisson-wave kernel

Let {¢;} be an orthonormal basis of Laplacian eigenfunctions on (M, g) with eigenvalue
—/\5. Then the half-wave kernel U(t,z,y) = *V~2(x,y) admits the eigenfunction ex-

pansion

U(t,z,y) Ze”’\ﬂgpj (y).

It follows that the holomorphic extension to M, x M of the Poisson kernel is given by

PT(¢y) =Ulim, ¢y) = > e ™8(Qei(y), (G y) € My x M.
7=0

We therefore obtain a formula for the analytic extension gp}c of an eigenfunction ¢; to the

Grauert tube. Specifically, if Z € M, (so in particular \/p(Z) = 7), then

(5.14) o5(2) = N (PT,)(2) = PN(PT)(2), 7 € OM,.

5.2.5. Szeg6—Toeplitz multiplication operators

Let M, be a Grauert tube of some fixed radius 7y. For 0 < 7 < 7 we consider operators

of the form
(5.15) IL.all,: O°(OM,) — O°(OM,),

where by an abuse of notation we write a for multiplication by the symbol a € C*°(9M,).
The operator (5.15) is an example of a Szegé—Toeplitz operator. More generally, such an

operator of order s acting on H?*(9M,) is of the form IT,QII,, with Q a pseudodifferential



115

operator of order s. For this article it suffices to take () = a to be a multiplication
operator. A Szeg6—Toeplitz operator might be homogeneous or semiclassical depending

on the nature of Q).

5.2.6. Poisson conjugation of Szeg6—Toeplitz operators

The conjugation of a Toeplitz multiplication operator by the Poisson-wave FIO is studied

in [71, Lemma 3.1} and in [73, Section 4.1]

LEMMA 5.2.3. Let a € C*®°(M,,) and let PT be the Poisson-wave operator defined by

(5.12). Then the conjugation

PIL.all,P™ € U "z (M)

is a pseudodifferential operator with principal symbol equal to (the homogeneous extension
_n-1
of) a(z,&)|Ely 2 . Moreover, let VT be the unitary operator defined in Proposition 5.2.2,

then

VT ,all, VT € UO(M)
with principal symbol equal to (the homogeneous extension of ) a(x,§).

Note that

VTILall, VT = ATP™ 11, all, PTA",

so that the second statement follows from Proposition 5.2.2 or from the first by (5.13).
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REMARK 5.2.4. The factors of 1L, are redundant here because, by Theorem 5.2.1, PT

maps into the range of 11,.

5.3. Balls and Dilation in Grauert Tubes

The purpose of this section is to introduce the balls and local dilation that are relevant

to the calculus of pseudodifferential operators with log-scale symbols.

DEFINITION 5.3.1. We define Kdhler balls B(Co,e(\;)) in the Grauert tube to be balls
with respect to the Kihler metric w = —i00p. For reasons discussed in Section 5.1.4, we
consider Kdhler balls whose centers (o € M, \ M do not lie on the totally real submanifold
M. The radii e(\;) = (log ;)™ shrinks logarithmically relative the frequency parameter

A\

j -

We also need to introduce local dilation centered at points (y € M;,. When working
with holomorphic or plurisubharmonic functions, we always use local holomorphic dila-
tion. But when working with dilated symbols we may use more general dilation that are
more convenient. A technical point to address is that the local dilation does not preserve
the family of Kahler balls. But for centers close enough to the real domain M, the metric

is almost Euclidean on logarithmically shrinking balls.

5.3.1. Holomorphic dilation

Let ¢ = E(x0,&) € M, be fixed and consider a local Kahler normal coordinate chart
around (y [20]. In such a chart, the Kéhler potential satisfies p(¢,¢) = |(C — G)|* +

O(IS(¢ — G)|Y), so that 09p = go + O(|(C — (o)[?), where gq is the standard Euclidean
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Hermitian metric. We denote the unit ball centered at ¢, in this local Euclidean metric

by B(Co, 1)
The local holomorphic dilation of B((y, 1) in Kéhler normal coordinates ¢ centered at

Co € M, \ M is defined by

(5.16) Dy B(Go, 1) = B(Go,e(V), ¢ G+ (N = Go).

This choice of local dilation is not adapted to Grauert tube geometry in that sense
that the e-dilate of a point in M, is not necessarily a point in dM.,. But since the metric
and tube function are almost Euclidean in shrinking balls one has constants ¢4, Cy > 0 so

that

ca=(MVP(C) < VA(D6) < Coe(NVA(C)

provided ,/p(C) is small enough. Indeed, it suffices to verify the inequalities for the

Euclidean metric, where /p(¢) = |3¢| and where Cy = ¢, = 1.

5.3.2. Phase space dilation

Theorem 5.4.3 introduces another type of dilation, which is more conveniently expressed in
terms of the usual cotangent coordinates (x, ). The dilation in local coordinates centered

at (zo,&) € OBIM is of the form

Té —&o
e(A)

T — X

(5.17) (2,€) (x0+ ) (20, &) € OB M.
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Note that the unit vector £ := £/|¢| is scaled by the parameter 7 = |£o|s,, With (zo, &)
the fixed center of dilation.

This is closely related to, but not identical to, the dilation introduced in [24]. In that
article one fixes a point (zg,&) € S*M = 0B} M in the unit co-sphere bundle and dilates

by
r — g

e(N)

Both types of dilation are homogeneous in . The one essential difference is that in (5.17),

(l‘,f)'-) <I0+ &0 + ), (l’o,fo)ES*M.

we allow [£y|,, = 7 and Tf to be any positive numbers bounded away from zero; they
need not be the same. Thus, we are not only localizing in the direction of co-vectors but

also in their norms.

5.4. Poisson Conjugation of Semiclassical Toeplitz Operators to Semiclassical

Pseudodifferential Operators

In this section, we generalize the conjugation result of Lemma 5.2.3 in two ways. On
one hand, we let the symbol depend on the frequency A, similar to the §(h)-(micro)localized
symbols (5.26) in the Riemannian setting. On the other hand, we consider Bergman-
Toeplitz operators, realized as direct integrals of Szeg6-Toeplitz operators. We show that
conjugation by the FBI transform takes a decomposable, log-scale Bergman-Toeplitz op-
erator to a semiclassical pseudodifferential operator with a log-scale symbol.

It is convenient to introduce the semiclassical parameter

(5.18) h:=X" h?E; =X, 6§(h):=logh|™® = (logA\)~* =&(}).
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In this semiclassical notation, the Laplacian eigenfunctions satisfy Ap; = h™2Ejp; =

5.4.1. Semiclassical Poisson-wave operator

The Poisson kernel (5.12) may be realized as a semiclassical Fourier integral operator
with the introduction of a semiclassical parameter h. In the Euclidean case, we define the

semiclassical Poisson kernel to be

Py(z,y)=h™" / et lev8 Tl ge |

n

Here, we use the semiclassical Fourier transform

Fuuly) = h™" / e~ 109 f(y) dy,

n

to diagonalize P™ = ¢~ ™V=2. It is evident that P = P7 by changing variables £ — &/h.

Indeed,

P}Iei@c,k)/h _ 6—7'|k|/h6i<x,k)/h.

Thus Py is still the homogeneous Poisson operator e~V ~2.
The same change of variables is valid in the manifold setting (5.11) and we continue
to denote the Poisson operator in semiclassical form by Py. The semiclassical version of

the zeroth order unitary operator V7 from Proposition 5.2.2 is denoted

N[

Vil = Pl(P[*P])"2: L*(M) — O°0M.,).
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5.4.2. Log-scale symbols and semiclassical pseudodifferential operators

Let 0 < a < 1 be a smooth cutoff function that is equal to 1 on B(0,1) C C™ and vanishes
outside B(0,2) € C". We use (5.8) to identify M., with B; M. Using local coordinates
induced by eXpzo Ty M ® C — M, consider symbols that, near (zo,&) € dB:M, are

locally of the form

(5.19) %IZ)&) (z,€) := (950 + xé?h:;:o’go - 55&50) '

Symbols of the type (5.19) satisfy the estimate
(5.20) ypﬂ 9”0 50 | < Cb(h)71,

and are said to belong to the symbol classes Sg(h). More generally, a function b €

C>®(T*M) belongs to the symbol class Sf(h) if

(5.21) sup 97070 < Cpo6(h) PP 4 |¢)2) B 10072
(z,£)eT*M

for some constant Cjg ., independent of h.
The semiclassical pseudodifferential operator quantizing a symbol a is defined by the

usual local (semiclassical) Fourier transform formula

1 i
(2 h)n / €E<§7x_y>a(l‘7€7 h) d€
s n

The quantization of a symbol b € S(’;“(h) is denoted by Op,,(b) € \Ilé(h We refer to [24] for

Opy(a)(z,y) :=

a discussion of the symbol classes S(’;(h) and [75] for symbol classes and quantizations in

general.
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5.4.3. Semiclassical Poisson conjugation of log-scale Toeplitz operators

THEOREM 5.4.1. Let (x0,&) € OBZM be fized. For symbols afS 0.t0) ¢ C>(M.,) of the
form (5.19), we have

(5.22)

~

— =6+ M)) < W&?<M)

Tk X n—1 _n
Py ap 11, P} = Op, (h elld (9co+ 0

5()

modulo h5(h)f2\115_(2)771 (M) and

T % 0,50 —* Té_f
Vh H'r l(;(h'E 11 Vh _Oph< <x0+ 6( )07£0+ (5(h)0)> € \Ij(s(h)(M)

modulo ho(h)=*Wg,,(M). Note that the T-scaling affects only £:=¢/¢).

REMARK 5.4.2. Note that the factors of Il are redundant because PT maps into the
range of IL,. We prove only (5.22) as the second conjugation statement may be proved

using the first statement and the composition rule for pseudodifferential operators.

PROOF OF THEOREM 5.4.1. The proof is essentially the same as in Lemma 5.2.3,
since the dilation has no effect on the properties of the conjugation. Indeed, conjugation
by the Fourier integral operator P, preserves the symbol class S:;(h). Since a((sfff(’) is
a function on OM,, it defines a homogeneous symbol of order zero on ¥, in the fiber
direction. Under conjugation by Py it goes over to a pseudodifferential operator of order

zero on M whose symbol is the transport ag(of")(bT(x, €)) to T*M \ 0y, with ¢, given by

(5.10). If m,: ¥, — OM., is the natural projection then

L aéxz)&o (ZL‘ é-) aéf’gEO)(E(I,Té)), é:
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For 7, §(h) small enough we may use the Euclidean approximation to the distance function.
If we center the local coordinates at (zg, &) then the cutoff as a function on 7*M has the

form

(5.23) af:fzf“w(x,s)):aGw%@ﬁg@f"), i S

Thus, P} *HTagg(CZfO)HTP,Z is a homogeneous pseudodifferential operator with dilated sym-
bol.

We now provide more details. Since the calculation is local we first provide a proof in
the Euclidean case.

5.4.3.1. Euclidean case. Write Z = x; +i¢7p with |p| = 1 and centering the dilation at

Zy = xo + 1. We do not assume 7 = |{y|. The composition has the form

Pr L ag L P (2, y)

:thn nl/ Vo /h T1 — Xg Tp_&) 5 désd y
T S N 5y 0t Ty ) o),

where do(p) is the standard surface area measure on S"~!. The phase is

Wo(&1, 60, 21,0 2,y,7) = —7(|& ] + |&2]) + i1, 21 +imp — y) — (e, — (21 — iTD))

We note that

RYy = —7(|&| + |&]) —7(& — &,p) <0

with equality if and only if fl = —ég = =p, that is, the Schwartz kernel integral is of

smooth and of order O(h*). We absorb the factor apply the complex stationary phase
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method to the dzid&do(p) integral. The critical point equations for SV in (zq,&;) are

Ay, SVy =0 = & = =&,
d@%\lfo =0 <= z1=12

The extra dp integral localizes at the above point. Since the dzd, integral has a non-
degenerate Hessian, we may eliminate the dx,d&; integrals by stationary phase, obtaining

a simpler oscillatory integral

—2n+n,__n—1 Wy/h T — Zo 7-p_é“O
i [ o gt Tt et

with
\Ijl<€17p;x7y77-) = _2T|€1‘ - 2T<£1,p> + 7:(51,3(3 - y)

Applying the method of stationary phase (steepest descent) to the integral over S™~! gives
the critical point equation p = —51, i.e., the point where the phase is maximal. It follows
that
P a(xo,&))H Pl (z,y)
h Hrlsgy  Hrp (0, Y

n— n— , r—x ré —
:h—2n+n+Tl7_n—l—Tl 5 ez(&,x—y)/ha<x0+ 5(h)0750+ gg(h)£0)d§1

modulo terms of order hd(h)~2 (since each derivative of the symbol pulls out a factor of

5(h)).
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5.4.3.2. General Riemannian manifold. The proof is similar on any real analytic
Riemannian manifold. In place of the integral over R™ x S" ! we now have an integral
over Z € OM, or (x1,sp) € 0B:M with |p| = 1 under the map Z = E(xy, sp). Using the

parametrix (5.12), we have

Pr T ag 1L P (2, y)

— et [ e a my+ T ey 80N 4T e deydp, (2)
TrMXTyMxOM, 6(h)

o(h)

with
U = —7 ([&1]s + [€2ly) +i(&1, (exp,) "1 (2)) — (&, (expy) ' (2)).

The phase is only well-defined when Z is sufficiently close to x and to y, but the phase
is non-stationary and the integral is exponentially decaying otherwise. The only points for
which the integral is not exponentially decaying are those Z satisfying 3(&;, (exp‘[y:)_1 (2)) =
7]&1| (and a similar condition holds with y replaced by x and & replaced by &). Note
that (expS)~1(Z) e U, Cc TyM @ C.

The critical set C'y of the phase is defined by

Cy = {(xvny;glagéa Z) : d517§27Z\IJ = 0}

The associated canonical relation is defined by the embedding

(5.24) vy: Cy = T°M xT*M, (x,y,7:&1,&,2) = (x,d, ¥, y, —d, V).
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The composite operator is manifestly a Fourier integral operator with complex phase, and
is a pseudodifferential operator if and only if C'y = Ap«prx7+as (the diagonal).

Let Z = E(x1,7p). Then the critical point equations are

(i) de, U =0 <= (expy) ! (Z) = =it <= m1 =y, p=—itéy,
(i) dz¥ = dz ({(exp}) " (2), &) — (expy)~(2),&1)) = 0,
(iii) de,¥ =0 <= (expC) 1(Z) = —ir&,.

Equations (i) and (iii) show that

Z = expf(iTég) = expf(—zﬁ’fl).

This implies that Z € 77! (x) N7 (y), where 7,.: OM, — M. Of course, these fibers are
disjoint unless x = y, so only in that case does there exist a solution of the critical point
equation. It then follows that él = —52.

To see that § = —& on the critical point set, we use further use (ii). There only
exists a solution of the critical point equations when z = y, and then we may write

Z =u+1w € T;M ® C and study the restricted critical point equation
dzV =0 < duﬂ} (<U + iU,§2> — <U, + Z.?)7£1>) =0.

Just using u € Ty M already shows that & = & on the critical set.

To calculate (5.24) we may use the Euclidean approximation to the phase based at
(x,£&1) because on Cy only the first order terms in the Taylor expansion of ¥ contribute.
But then it is evident that d, V¥ = & = —d,¥|,—, = &, proving that the canonical relation

is the diagonal.
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The principal symbol of P/*I1, P](x,y) is calculated in [71] and the principal symbol
of PJ *HTag?fLSﬁO)HTP{ (x,y) is the same multiplied by the value of a((;(czfo) at the critical
point. Note that because of the symbol class we are working with, the sub-leading term
is of order hd(h)~? as each derivative of the symbol pulls out a factor of 6(h)~!. If we use

V)7 in place of P/ as in Proposition 5.2.2 then the principal symbol is the one stated in

Theorem 5.4.1. O

5.4.4. Comparison of symbols

We note that symbols of the form (5.23) are not quite the same as the log-scaled symbols
ab (x,& h) of (5.26) considered in [24]. However, as long as (20, &) are fixed at a positive
distance from the real domain M, the same symbol estimates (5.20) are valid. Also note
that it is not necessary to multiply by a cutoff (|¢]) to S*M since the cutoff a? (z,&; h)
is supported in a shrinking Kéhler ball around E(xg,&y). In fact, we define the sequence
h; so that eigenfunctions concentrate on the energy surface OM,, with [{],, = 7o. There
is no difficulty as long as 75 > 0. We continue to use the notation Op,(a) for semiclassical

pseudodifferential operators with symbols of the form (5.23).

5.4.5. Decomposable Poisson—FBI transform and Bergman—Toeplitz operators

In this section we introduce a Poisson FBI transform taking L?(M) to a weighted Hilbert
space of holomorphic functions on M, rather than to CR-holomorphic functions on OM..
As explained in Section 5.4.6, it is defined in a novel way by a direct integral of Poisson
transforms P?, and therefore all of its main properties flow from those established above

for the Poisson kernel. The main result is the conjugation Theorem 5.4.3.
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5.4.6. Weighted Bergman space and Poisson—FBI transform

The Poisson kernel endows O°(M,) with a plurisubharmonic weight e~v?/". We define

A (M, =5 e 2P i)

to be the Hilbert space of holomorphic functions on M, that lie in L2(M,,e=2v?/"dy). Tt

is isometric to the Hilbert space
H = {fh T e V" f e A%(M,} C L3(M,,dp)

endowed with the inner product of L*(M,, du).

It is useful to regard H ; as a direct integral

(S5
H, = . ]Hz(aMT)dT
,T0

of Hilbert spaces H?(OM,). Here, f[(e)am] H?*(OM,)dr denotes the space of L? sections

f(1) € H?(OM,) of the Hilbert bundle, and the direct integral formula follows from

ine=["(/ N O (2))

We then define the ‘moving Poisson operator’ or FBI transform by

Fubini’s theorem,

Tof() = PO f(¢) = / PYROC ) f(y) AV (y),  C € My,

M
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We claim that Ty : L*(M) — H s is a unitary operator. To see this, we use that P7 is

unitary from L?(M) to each integrand, and observe that

S
Thz/ P}:dT

[0,70]

is the direct integral of a family of unitary operators index by 7.

5.4.7. FBI conjugation theorem

Next we define Bergman—Toeplitz operators. For a € C*(M,,) define

N =
Opy(a) = /[ 11 (alonr, )11, dr.

0,70]

Implicitly H*(OM,) L H?*(OM,) if 7 # o. This is a decomposable operator.

THEOREM 5.4.3. For symbols a((;(c}(:fo) € C*(M,,) of the form (5.19), we have

(5.25) T30y (agie™ )T,

o </o | h%lm%la(% * %O’fo * Tg(;)&))(h) Y

Note that (5.25) follows from (5.22) thanks to the identity

T Oy, (a)Th = / Pr*Opy (a) P dr.
0

(M).
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Indeed, a multiplication operator is automatically decomposable and the Schwartz kernel
is
T0
| meowonenad = [T ([ rrw 20z dnz)
My, 0 oM,

By Theorem 5.4.1, each integrand of the du,(Z) integral in the expression above is a
semiclassical pseudodifferential operator by (5.22). The entire d7 integral is therefore an
integral of an analytic family (in 7) of semiclassical pseudodifferential operators on M

with the prescribed principal symbol.

5.5. Log-scale Quantum Ergodicity in the Real Domain

A key part of our analysis is to relate log-scale quantum variance estimates in the com-
plex domain to those in the real domain, and reduce variance estimates to the small-scale
quantum ergodicity results on negatively curved Riemannian manifolds due to Hezari-
Riviere [25] and Han [24]. We briefly review their results in preparation for the next
section.

As before, let 6(h) = [|logh|™®, with the semiclassical parameter given by (5.18).
Consider compactly supported smooth functions that, near zy = (x¢, &) € S*M, can be

locally expressed as

~

§

) ot € s

(5.26) 650 = b0+ S50 o+

where b € C2°(R" x R"!) is some compactly supported smooth function and where ¢ €

C>®((1—1/2,1+1/2)) is a smooth cutoff function that is identically 1 on (1—1/4,1+1/4).?

2There is a misprint in [24] where the support is said to be (—2, %) around the zero section 0j;. In fact,

2
it needs to be around S*M
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It is easy to see that such a function belongs to the symbol class Sg(h) by verifying the
symbol estimate (5.21). The following result pertains to J(h)-microlocalized symbols

(5.26).

THEOREM 5.5.1 (Han [24, Theorem 1.6]). Let (M™,g) be negatively curved (not
necessarily real analytic). Let

1
0<a<m,0§6<1—2a(2n—1) or a=0, =1

Set 6(h) = [log h|=®. Then for any orthonormal basis {¢;} of h*A, we have

2
= O(5(h)*®"V[log h| 7).

pn—1 Z

E;€[1,1+4h]

(Opn(a’ )y 05) — ][ o
S* M

Here, Opy, is a suitable semiclassical quantization, and duy, is the Liouville measure.

A covering argument using balls of inverse logarithmic radii implies the next volume

comparison result.

THEOREM 5.5.2 ([24, Corollary 1.9]; see also [25, Lemma 3.1]). Let (M™,g) be neg-

atively curved (not necessarily real analytic). Let

1
0<ac< I and r(A) = (logA\)™.

Ten, there exists a full density subsequence such that

cVol(B(z,rj,)) < / ](pjk|2 dV < CVol(B(z,rj,))

B(Ivrjk)

uniformly for all x € M, where ¢,C' > 0 depends only on (M, g).
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REMARK 5.5.3. An important technical point for this article is that the proofs of the

theorems hold for symbols in Sg(h) ; the precise form of ago s not relevant.

5.6. Proof of Theorem 5.1.4: Log-scale QE in Grauert Tubes

We introduce some notation. Let

0;(() = ||90;c 001 /50y HLQ(aM\/ﬁ(C))

denote the L?-norm of gp? restricted to the boundary of the Grauert tube of radius /p(().

Let

denote the normalized complexified eigenfunction. We will also consider its restriction to

OM.. for each 0 < 7 < 7 fixed:

5 (Z) lon,

165 lons,

(5.27) WH(Z) = U;(Z) |ons,=

J

. (ZzeoM,).

L2(OM;)
Note that the denominator in (5.27) is a constant (depending on 7), and the numerator

is a CR~holomorphic function on 9M..
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5.6.1. Variance estimates in Grauert tubes

We begin with a log-scale variance estimate for symbols on OM,, which parallels [11,

Theorem 4]. Using the £ map (5.8) to identify B M with M, we henceforth write
a0, = alt € C°(My),  Go= B
s(h) *= G5(n) ) 0 = E(x0,&)

for small-scale symbols of the form (5.19). We write Z in place of { when restricting to

the boundary dM,, so for instance
ag(()h)(C) lonr, = ag‘fh)(z% Z € OM..
PROPOSITION 5.6.1. Let (M™, g) be negatively curved and real analytic. Let

1
0<a<m,0§6<1—2a(2n—1) or a=0, =1

Set 6(h) = [logd|=* as in (5.18). Let {p;} be an orthonormal basis of eigenfunctions for

A. Then for every 0 < 1 < 15 and every (o € M.\M, we have

2

hn—l Z

Ej€[1,1+44]

1
¢o T 2 . ¢o
/MT agy (2)uf(2)[* dpr (Z) PRGITA] /BMT agipy(Z) dpir

= O(3(h)**"Vllog h| 7).

The remainder is uniform for any (o in an ‘annulus’ 0 < 71 < /p(¢o) < To.

PROOF OF PROPOSITION 5.6.1. We use Theorem 5.4.1 to transport matrix elements

on M, to matrix elements of pseudodifferential operators on L?(M). Since the restriction
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¢ (Z) to dM, is a CR-holomorphic function, it satisfies IL.¢5(Z) = ¢5(Z). Moreover,

e~V D)/h — =27/ on 9M,. Therefore,

G T 2 _ C—-2 G C C
| D de(2) = 1Sy (o e 5 L

2T/h||¢] ||L2 oM,) <a§(()h)HTP}:(70]7HTP}Z,—QD]>L2(M)

B <P}:*H7a5(()h)HTPf:90j7 ©3)L2(a)

(5.28) ST pr
(PPl g;, 90j>L2(M)

The last equality follows from setting ag‘()h) = 1, which implies

1= 2T/h||90] ||L2 OM,) (P 1L Py, 90j>L2(M) :

By Theorem 5.4.1, P,:*HTaé‘zh)HTP,: is an h-pseudodifferential operator with principal

symbol

n—1 _n 75 50
R O R

By taking aé(h) =1 in Theorem 5.4.1, the denominator Py *Il, P] = P;* Py is found to be
an h-pseudodifferential operator with principal symbol k"7 |§ |_7 The quotient (5.28)

may be rewritten using Theorem 5.4.1:

/ A ()T () dpr(2)
OM,

(Om (511" a (0 + 55060+ TG81) ) 0093+ OO() )

(O, (1316175 ) s, %>L2(M) + O(hd(h)?)
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- <Oph (( It Ti&f’)) goj,soj>L2(M) +O(h3(h)?)

— T* G T oA ) -2
(5.29) - <vh a0, 11, V; ¢],¢]>L2(M)+O(h5(h) ).

As noted in Remark 5.5.3, Theorem 5.5.1 applies to symbols in the symbol class Sg(h)

But V711, aé(h IV, € \Pg(h)(M), so the proof is complete. O

PROPOSITION 5.6.2. With the same notation and assumptions as in Proposition 5.6.1:

For every (o, € M, \ M and a(;zh), we have

/M W (O //mif(haM (Z)dTQ

70

hn—l Z

Ej€[1,14h]

— O(5(h)*[log h] 7).

The remainder is uniform for any (o in an ‘annulus’ 0 < 7 < /p(¢o) < To.

PROOF OF PROPOSITION 5.6.2. Rewrite the integral over M, as an iterated integral:

/MT %(h( OIU;(¢ / / a5 h) (2)| dp.-(Z)dr.

0
We make two observations. First, for the outer integral it suffices to integrate over 7 €
[\/P(Co) —26(h), \/p(Co) + 26(h)] thanks to the choice (5.19) of symbols. Second, the inner

integral may be replaced by matrix elements of V;"* Il ag, 1LV} at the cost of O(hd(h)~ 2)
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in light of (5.29):

VP(Co)+26(h ] )
/ o (OIU; (¢ /f Vi TLaf, V5, 5 ) dr + O(hd(h) %))
TO p

VP(Co)+26(h
/ v,;*n a0 L Vi 5, ¢]> dr + O(hs(h) ™).
N

T al0 (Z
We now subtract [° [, M, % dp(Z)dr from both sides of the equality and then square

both sides. The error is then of order h26(h)~2, which we move to the left-hand side of

the equality to conserve space:

+ O(h*5(h)™?)

|/M (010, (¢ //BMMTaM i (2yir]

V(o) +25(h) a$,\ (2) d
- )\ 4) T
— (aa(wy? | [ VT, Vi) — [ a1 (7)
VP(Co)—26(h) < " 5 e J> M, ;LT(aMT) 45(h)
VA(Co)+25(h) ANOA dr
S 4(5}?, 2/ V’T*H CL HTVTQO‘,QO‘ _/ 5(h) _ 7 o
( ( )> VP(Co)—26(h) < " 6(h Y j> OM, :U’T(aMT) ( ) 46<h)
VB(Co)+26(h) a®, (2) 2
:45(h)/ VL, TV @), @ —/ SOhta du-(2)| dr.
v/P(Co)—26(h) < " o(k) e ]> oM, /J/T(aMT)

t dr

For the inequality we used tha )

is a probability measure on the interval [\/p((o) —

26(h),/p(Co) + 26(h)], so Jensen’s inequality applies. Performing the Cesaro sum and
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using Proposition 5.6.1, we find

2

/M WO 0OF du(6) - [ /W ;‘ng A (Z)idr

pn—1 Z

E;€[1,14h]
V/P(Co)+28(h)
< 46(h) / C6(h)**Ylog h|=? dr
V/(Co)—26(h)
= O(0(h)™[log h|™?) + O(R*6(h) 7).
This completes the proof. O

5.6.2. Proof of Theorem 5.1.4 using Proposition 5.6.2

We now have enough tools to tackle the key volume comparison estimate Theorem 5.1.4,
which is a Grauert tube analogue of Theorem 5.5.2. The proof uses the covering argument
of [25, §3.2], [24, §5.2], [11, §4.2]. In what follows we revert to using A-notation. Recall
from (5.18) that the semiclassical h-notation in Proposition 5.6.1 and Proposition 5.6.2;

in particular, we have 0(h) = [logh|~® = (log A\)~* = e()).

PrOOF OF THEOREM 5.1.4. Let 79, 7 be fixed with 0 < 71 < 79. In what follows we
work with centers ¢, that lie in the fixed ‘annulus’ M, \ M., on which the errors remain

uniform estimates. As in [24, Lemma 5.1], for every £()), there exists a log-good cover

= {B(Cr, e(A)) 1D

of M, \ M,, by balls of radii ce(\) such that

(i) The number R(g()\)) of elements in the covering satisfies ¢;e(A) 72" < R(e())) <

c2e(N) 72" where ¢, ¢o are independent of £(\).
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(ii) Any B(¢',e(\)) € M, \ M, is covered by at most c3 (independent of £()\))
number of elements of U,.

(ili) Any B(¢',e(N)) C M, \ M., contains at least one element of {B((, %5()\))}52(”)

We proceed to provide the extraction argument. For each
(5.30) A€ MNA+LL 1<k <R(EN),

Set

2

ak\ (O|U; | dp — / / dquT
‘/ ()\) | | oM, ,UT ’T

(The two subscripts j,k correspond to the subscript j for the eigenvalue A; and the
subscript k& for the points (j.) Also, let 5/ > 0 be a parameter to be chosen later and

define ‘exceptional sets’ by
Ay = {j: A€ MAH1], X > (M) (log )\)_B/}.

We claim

#Ak

(5.31) < Clog \) P+

Indeed, this follows from Markov’s inequality P(X;; > x) < 2 'EX;;. We view X
as real-valued random variables index by j. The probability measure is the normalized

counting measure on the set of indices j satisfying (5.30). Thanks to Proposition 5.6.2,
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for all such j the expected value of this random variable is
EXji = O(e(A)"(log ) ™),

with the error is uniform in ¢, € M, \ M,, for k = 1,2,..., R(e()\)). Finally, setting
r =e(N)*™(log )™ in the inequality yields (5.31).

Moreover, the union
R(e(N)
A= M
k=1
of the exceptional sets satisfies

4A

(5:32) 15

< CRE))(log ) # = Ce(3) 2 (log \)# = C(log Ae—5+7"

Recall from Proposition 5.6.2 that 0 < § < 1 —2a(2n—1), so 5’ > 0 can always be chosen
small enough such that the quantity (5.32) tends to zero whenever 2na—(1—2a(2n—1)) <
0. This corresponds to the range of « in the statement of Theorem 5.1.4.

Consider now the ‘generic set’

Y= {j: A € [MAF 1T\ A,

which is by construction a subsequence of full density:

# —on g
A1 >1—Ce(N)(log \) P — 1.
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If j € 3, then we must have

2
2 s()\
‘/ o O s = //aM o aM S

simultaneously for all k = 1,2,..., R(¢(\)), that is,

< e(A\)*"(log \) ¥

/M Sty (OIU; > dps < OVOL,(B(Gi (X)) + 0(e(A)*" (log A)772).

0

If (' € M, \ M is an arbitrary point, then the ball B(¢’,£(});)) is contained in at most ¢,
number (independent of \) of elements of the log-good cover U\, whence we obtain the

upper bound

I oy TS €S VOl (B(Giys20))) + ol (g ) #12) < CVOI(BC, ()

(=1

The constant C' = C'(M, g) is independent of ¢’ throughout.

It remains to extract another full density subsequence ¥’ using symbols of the form
b () := b((/e) in local coordinates centered at (y. Here, 0 < b < 1 is taken to be a smooth
cut-off function that equals 1 on B(0,1/6) C C" and vanishes outside B(0,1/3) C C".

Repeating the same arguments, we see that for j € ¥, we have

/ (U, dpu > eVOl(B(G,£(2;)/6)) — o([log A|™*7%)
B(Ge(0)/9)

simultaneously for all k = 1,2,..., R(¢(\)). Let (' € M, \ M be arbitrary. Every ball

B({',e(A;)) contains at least one element B((’,e(A;)/3) € Uy of the log-good cover, whence

/ |U;[* dV > eVol(B(Gry, £(X))/3)) > eVol(B(',e(A)))-
B¢ ()
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Again, it is easy to verify that ¢ = ¢(M, g) is independent of ¢’. This is the statement of
the volume lower bound.
The intersection I' = ¥ N/ is again a full density subsequence. By construction, every

7 € I' satisfies the two-sided bound:

cVol, (B(¢', e(A)))) < /B(C’ . \U;|? dpn < CVol(B({',2();)))  for all ' € M, \ M.

This completes the proof of Theorem 5.1.4. O

5.7. Proof of Theorem 5.1.1: Log-scale Equidistribution of Complex Zeros

Recall from the previous section the two key objects of study:

0,(0) =165 |y 2y and  Ui(Q) = =2 :

By the Poincaré-Lelong formula [20, p.388, Lemmal, the current of integration [Z;] over

the zero set Z; = {¢ € My, : ¢5(¢) = 0} is given by the identity
Lo 2 _ ! a5 cz_ a5 2 _ L o5 2
(5.33) %8810g|Uj] = %8alog|<pj |* — ﬁﬁﬁlog 05 = [Z;] - %8810g e5.

To study the currents [Z;] at logarithmic length scales, let Dg((’;j) denote the corre-

sponding pullback operator corresponding to the local holomorphic dilation map (5.16).
This allows us to work not on shrinking balls B((y,(\;)) but on a fix-sized ball B((p, 1),
which is more convenient. The (normalized) small-scale version of (5.33) becomes

?

(534) 27T>\j€()\j)

00D} ) log|Uy[?
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_ 1 Co*

¢ 2 *
Aie(A)) a(Aj)[Zj] B 2ﬂ)\j€(>\j)8aD§?Aj) log ©7 as currents on B((o, 1).

We used the fact that the local dilation map Dg?A]_), being holomorphic, commutes with

00.

REMARK 5.7.1. The A;' normalization is already present in (5.3), due to [71]. Here

1

there is an additional factor of e(A;)~", which comes from the proof of Proposition 5.7.4,

specifically (5.41).

5.7.1. Proof of Theorem 5.1.1 using Theorem 5.1.4

We rescale the convergence statement (5.4) as in (5.34), so that the various objects are
defined on a fixed-sized ball B((p, 1) that does not change with respect to the frequency
A.

We point out a subtlety involving the parameter o > 0 in the proof of Theorem 5.1.1
using Theorem 5.1.4. Namely, if a full density subsequence satisfies volume comparison
(5.6) at length scale e(\;) = (log \;) ™%, then it satisfies the zeros distribution result (5.4)
at a coarser length scale £'(\;) := (log \;)™ for any o/ < a. This inequality is strict — see
the argument around (5.42)—(5.43). To emphasize the role of the two scales, we restate

Theorem 5.1.1 and Theorem 5.1.4 as follows.

THEOREM 5.7.2. Let (M, g) be a real analytic, negatively curved, compact manifold
without boundary. Let w := —i00p denote the Kdihler form on the Grauert tube M,,.
Assume that

1

0<a/ < -
=% S 9B 1)

e'(A;) = (log ;)™
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Then there exists a full density subsequence of eigenvalues \j, such that for arbitrary but
fized ¢y € M, \M, there is a uniform two-sided volume bound

(5'35) CVOlw<B(C0,€I(/\jk))> < /B(C O ))|U]’k‘2d:u < CVOIW<B(C0>€I()‘jk>))'

The constants c,C" are geometric constants depending only on \/p(Co); they are uniform
for o lying in an ‘annulus’0 < 11 < \/p(Co) < To.

Moreover, for any « satisfying

1

0<a<a <
TP D,

£(Aj) = (log A;)™7,
the full density subsequence satisfying (5.35) also satisfies

(5.36) Dgoj\kj)[ZA].k] - %85|%(C —Co)lgo as currents on B((p,1).

/\jkg()‘jk) (

Here, Dg():j) denote pullback by the local holomorphic dilation (5.16) and go denotes the

flat metric. Equivalently, for every test form n € D=1 (B((y, 1)),

1 i -
I8 D2 = [ A LOBI(C = Gl + ol
/B(COJ) Ae(Nj) EREE T Jpy 90

REMARK 5.7.3. By a partition of unity argument, Theorem 5.7.2 for general test
forms supported on Kdhler balls implies Theorem 5.1.1 for test forms on M, of the form

fw" Y with f € C(M,,).

The volume comparison (5.35) has already been proved in the previous section. Com-
paring what is left to prove — namely (5.36) — with the identity (5.34), we see that it

suffices to establish Proposition 5.7.4 and Proposition 5.7.5 below.
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PROPOSITION 5.7.4. For the entire sequence of eigenvalues \;, for every (o € M, \M,

we have

Co* 2 B
—27r)\ pgy )8(9D ylog ©F — 88| (C—Co)lgy as currents on B((p, 1).

Here, | -|,, denotes the Euclidean distance.

PROPOSITION 5.7.5. There exists a full density subsequence of eigenvalues \j, such

that, for every (o € M, ,\M, we have
(1) (Aie(X)) " og Dy U, [* = 0 strongly in LY (B(Go, 1));

(i) (Ae(As))" laalogDiA U [2 = 0 weakly in D101 (B(Gy, 1)).

5.7.2. Proof of Proposition 5.7.4 using pseudodifferential operators

Using (5.14), we see
(5.37) 95 (Q) = VPPV (C), (€ My,
Therefore,

Co* G
De((),\j)Qj(C) DE?)\ H% |3Mf(C) HL2 (OM s5(¢))

_ C C
- <HD§?; RO 7HD§?;J'>‘/'5(O% >L2 (o

2

C
©; lom .
J E?A VA<

L (8M s )\f(C))

Mo
D) \//3(4))

2D VRO < DY | /B(C) Do | /B(C) >
5.38 = =(Aj) Py | . P ey vy ‘
( ) DE?,\]-)\/Z’(C) ¥js i L2)
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The last equality follows from (5.37).

The operators

Co* . Co -~
A(e(\),/p(Q)) = PPtV pPEGHVAO) o D)

DS VPO

forms an analytic family in the parameter \/p(¢) € (0, 7] with A(e();),/p(¢)) — Id as

n+1

VP(¢) — 0. It is easy to see using the Schur-Young test that (1+A)~"2 A(e) € W7 (M)

is a uniformly upper bounded family of operators on L*(M) (see [71, (34)]). Therefore,

n+1

writing A(e(;), /p(C)) = (14 A)" % (1 +A)""5 A(e())), /p(C)), we find

< ClOg )‘j

(5.39) <C—

1 DENIV(SR DO /(0) >
“log { P70 0o POy s
Y g< DY} VRO ] o

for some C' independent of . Combining (5.38) and (5.39) gives

. 1 . -
log Dg‘()/\j)@j(C)Q = Dg?kj)\/ﬁ(g) +O(X; log ).

(5.40) =W

1
27T/\j5()\j)

Recall from Section 5.2 that the Grauert tube function p is related to the complexified

Riemannian distance function r on M¢ x M¢ by

Q)= =320, C=expl(ie) € My,

Taylor expanding the metric yields /p(¢) = [S(¢ = ¢o)lgo +O(S(C = Co)[Z,), in which |- |,

denotes the flat metric. This gives rise to the A\; — oo asymptotics

(541) DL VA(Q) = MDISEC = Gl + O(eN)D), ¢ = expl(i&) € My,
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The statement of Proposition 5.7.4 is now an immediate consequence of (5.40) and (5.41).

5.7.3. Proof of Proposition 5.7.5 using subharmonic function theory

Proposition 5.7.5 is modeled after arguments that have appeared in [57, 71, 11]. Given
(o € M, \M, consider the family of plurisubharmonic functions

1
= Cox |, ,C|2
U= 3y 108 Dt s € PSH(B (G, 1).

(The functions v; are indeed subharmonic because gpg-: are holomorphic by construction.)

We claim

(i) {v;} is uniformly bounded above on B((, 1);

(ii) limsup, ., v;(¢) < 24/p(¢) on B((p, 1).
Notice supg ¢, 1) Dg?:\kj)|Uj|2 = SUPp (¢, e(a|Uj[*- To prove the first statement, it suffices to
obtain a uniform upper bound on each slice OM, N B({y,();)) that is independent of 7.
Since u} € O™ (M), we see (cf. [71, §5.1])

sup |U;]* < supluf[* < Nfl|ufllizon,) = A
OM-NB(Co.e(A))) OM-

Rewriting the left-hand side as U; = &5 /(|5 120m ), taking the logarithm, dividing by
A;, and finally using the limit formula of Proposition 5.7.4 finishes the proof of (i) and
(ii).

It follows from a standard compactness theorem on plurisubharmonic functions [26,
Theorem 4.1.9] that either v; — —oo locally uniformly, or there exists a subsequence that

is convergent in L} (B((y,1)). The first possibility is easily ruled out. Indeed, if it were

loc
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true, then

log Dg‘g;j)|Uj|2 < —1 on B((,1) forall \; > 1

Aje(A))

— |Uj]* < e M) on B((y,e();)) for all \j > 1,

contradicting the mass comparison assumption (5.35).

REMARK 5.7.6. By a covering argument similar to the proof of Theorem 5.1.4, it is
easy to see that if a sequence {U;} satisfies volume comparison (5.35), then it satisfies
volume comparison at all coarser length scales e(\;) = (log A\;)™ for o/ < a < m

Therefore, v; has a subsequence, which we continue to denote by v;, that converges in
L'tov € L'(B((y,1)). By passing to yet another subsequence if necessary, we may assume
that the convergence to v is pointwise almost everywhere. The upper-semicontinuous
regularization

v*(¢) := limsupv(n) < 24/p(C)

n—¢

of v is then a plurisubharmonic function on B((p, 1) and v; — v* pointwise almost every-
where.” The upper bound of 2,/p(¢) follows from claim (ii) above.

Set

Yi=v"—2,/p<0 on B(,1).

3A similar argument is used in [57, Lemma 1.4], which gives further details. See also [32] for background.
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Assume for purposes of a contradiction that [|A;'e(A;) ™" log Dg(():\kj) U1 M| L2 (B(cony =6 > 0.

It follows that

(5.42) Wi :={¢ € B(G,1) : ¥(¢) < —0/2}

is an open set with nonempty interior. The shape of Wj is unknown — it may have a very
small inradius — but it is a fixed (independent of \;) open set. To gain control over this
unknown set Wy, we make use of the volume comparison assumption (5.35) that takes

place at the finer scale £'(\;) = (log \;)™® for o/ < . From this assumption we know

/ |U; W™ > eVol,(B(Co, €'(N;)))  for all ¢' € M, \ M.
B(¢"e'(A))

Rescaling yields
XU DS U 2 VoL (Bl /(A)e™ ),

B G (y)
Notice in the above integral the radii £'(\;)e~'()\;) = log(\;) =@~ of the domain of inte-
gration shrinks to 0. Therefore, there exists (' € M,, \ M for which B({’,£'(A\;)e 1 (}))) C
W for all \; sufficiently large.

On one hand, from the definition (5.42), we know that on all of W5 — and in particular

on B((',&'(\;)e ();)) — we have the upper bound )\;180\]')_1 log Dg&j)\UjP < —=0/2,ie.,
(5.44) DU < enis) ¢ e B(C e/ (V)e7' (), A > 1.

Clearly, the exponential decay upper bound (5.44) is incompatible with the logarithmic

lower bound (5.43) as A\; — oo. This shows by way of contradiction that the original
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assumption

12 "e(Ag) " og DX U Pl Bigony = 6> 0

does not hold, thereby proving Proposition 5.7.5 (i), from which Proposition 5.7.5 (ii) is
an immediate consequence. Combining (5.34), Proposition 5.7.4, and Proposition 5.7.5

(ii), we obtain the zeros distribution statement of Theorem 5.7.2:

x Py
ml)g()x\j)[z’\jk] — ;88\%@ —Co)lgo as currents on B((p, 1)

for a full density subsequence satisfying volume comparison at the finer scale /. This

concludes the proof of Theorem 5.1.1.

5.8. Appendix: Currents of Integration over Singular Varieties

In general, the zero set X of a holomorphic function on a complex manifold V is
called a complex analytic variety (which could also be the common zeros of finitely many
holomorphic functions). See for instance [65]. It has a decomposition into a regular set
R(X) and a lower-dimensional singular set S(X), i.e., X = R(X) U S(X) where R(X)
is a manifold and dim S(X) < dim X (see [31, Theorem 2.1.8]). In [31, Theorem 3.1.1]
it is proved that if X a k-dimensional complex subvariety of a complex manifold V' and

u € A?**(V) is a smooth (2k)-form then

X = [ [ o

is a closed current (due to Lelong [37]). King used Federer’s geometric measure theory

[18] to study such currents. A modern exposition can be found in [15, Example 1.16].
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5.8.1. Shiffman’s Appendix

We asked B. Shiffman for further references on currents of integration over singular an-
alytic varieties. He wrote the following addition to the Appendix, and refers to [56,
Lemma A.2] for an elementary proof.

Here is a simpler way to show that [X] = [Zf] is a well-defined current: It suffices
to show that the set R(X) of smooth points has finite volume in a neighborhood U of a
singular point z5. By the Weierstrass preparation theorem applied to f, it follows that
projections from X NU to coordinate hyperplanes have finite fibers of bounded cardinality
(for good coordinates) and therefore Vol(R(X)NU) = fR(X)mU w" ! < oo,

The fact that Poincaré-Lelong holds at the singular points follows from the fact
that the singular set S(X) has Hausdorff (2n — 3)-dimensional measure 0, and there-
fore |00 1og |f|||(S) = 0, since the total variation measure of a current of order zero and
dimension p vanishes on sets of Hausdorff p-measure zero. (In fact, S(X) is a subvariety

of real codimension 4).



1]

[9]

[10]

[11]

150

References

Luis Barreira and Yakov Pesin. Introduction to smooth ergodic theory, volume 148 of
Graduate Studies in Mathematics. American Mathematical Society, Providence, RI,
2013.

Paul Bourgade and Horng-Tzer Yau. The eigenvector moment flow and local quantum
unique ergodicity. Comm. Math. Phys., 350(1):231-278, 2017.

L. Boutet de Monvel and V. Guillemin. The spectral theory of Toeplitz operators,
volume 99 of Annals of Mathematics Studies. Princeton University Press, Princeton,
NJ; University of Tokyo Press, Tokyo, 1981.

Louis Boutet de Monvel. Convergence dans le domaine complexe des séries de fonc-

tions propres. C. R. Acad. Sci. Paris Sér. A-B, 287(13):A855—-A856, 1978.

Louis Boutet de Monvel and Johannes Sjostrand. Sur la singularité des noyaux de
Bergman et de Szeg6. pages 123-164. Astérisque, No. 34-35, 1976.

A. Bouzouina and D. Robert. Uniform semiclassical estimates for the propagation of
quantum observables. Duke Math. J., 111(2):223-252, 2002.

Keith Burns and Amie Wilkinson. On the ergodicity of partially hyperbolic systems.
Ann. of Math. (2), 171(1):451-489, 2010.

Nicolas Burq and Gilles Lebeau. Injections de Sobolev probabilistes et applications.

Ann. Sci. Ec. Norm. Supér. (4), 46(6):917-962, 2013.

Robert Chang. Quantum ergodicity of Wigner induced spherical harmonics. J. Spectr.
Theory, 8(2):523-540, 2018.

Robert Chang and Steve Zelditch. Log-scale equidistribution of nodal sets in grauert
tubes. Journal de Mathématiques Pures et Appliquées, 2018.

Robert Chang and Steve Zelditch. Log-scale equidistribution of zeros of quantum
ergodic eigensections. Ann. Henri Poincaré, 19(12):3783-3814, 2018.



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

151

Yves Colin de Verdiere. Ergodicité et fonctions propres du laplacien. Comm. Math.
Phys., 102(3):497-502, 1985.

Karel Dekimpe and Kelly Verheyen. Constructing infra-nilmanifolds admitting an
Anosov diffeomorphism. Adv. Math., 228(6):3300-3319, 2011.

Henrik Delin. Pointwise estimates for the weighted Bergman projection kernel in

C", using a weighted L? estimate for the 0 equation. Ann. Inst. Fourier (Grenoble),
48(4):967-997, 1998.

Jean-Pierre Demailly. Analytic methods in algebraic geometry, volume 1 of Surveys of
Modern Mathematics. International Press, Somerville, MA; Higher Education Press,
Beijing, 2012.

Dmitry Dolgopyat and Amie Wilkinson. Stable accessibility is C! dense. Astérisque,
(287):xvii, 33-60, 2003. Geometric methods in dynamics. II.

Frédéric Faure and Masato Tsujii. Prequantum transfer operator for symplectic
Anosov diffeomorphism. Astérisque, (375):ix+222, 2015.

Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen
Wissenschaften, Band 153. Springer-Verlag New York Inc., New York, 1969.

Gerald B. Folland. Harmonic analysis in phase space, volume 122 of Annals of Math-
ematics Studies. Princeton University Press, Princeton, NJ, 1989.

Phillip Griffiths and Joseph Harris. Principles of algebraic geometry. Wiley-
Interscience [John Wiley & Sons|, New York, 1978. Pure and Applied Mathematics.

Alain Grigis and Johannes Sjostrand. Microlocal analysis for differential operators,
volume 196 of London Mathematical Society Lecture Note Series. Cambridge Univer-
sity Press, Cambridge, 1994.

Victor Guillemin and Matthew Stenzel. Grauert tubes and the homogeneous Monge-
Ampere equation. J. Differential Geom., 34(2):561-570, 1991.

Victor Guillemin and Matthew Stenzel. Grauert tubes and the homogeneous Monge-
Ampere equation. II. J. Differential Geom., 35(3):627-641, 1992.

Xiaolong Han. Small scale quantum ergodicity in negatively curved manifolds. Non-
linearity, 28(9):3263-3288, 2015.



[25]

[26]

[27]

28]

[33]

[34]

[35]

[36]

[37]

152

Hamid Hezari and Gabriel Riviere. P norms, nodal sets, and quantum ergodicity.
Adv. Math., 290:938-966, 2016.

Lars Hormander. The analysis of linear partial differential operators. I. Classics in
Mathematics. Springer-Verlag, Berlin, 2003. Distribution theory and Fourier analysis,
Reprint of the second (1990) edition [Springer, Berlin; MR1065993 (91m:35001a)].

Lars Hormander. The analysis of linear partial differential operators. II1. Classics in
Mathematics. Springer, Berlin, 2007. Pseudo-differential operators, Reprint of the
1994 edition.

Lars Hormander. The analysis of linear partial differential operators. IV. Classics in
Mathematics. Springer-Verlag, Berlin, 2009. Fourier integral operators, Reprint of
the 1994 edition.

A. Katok. Bernoulli diffeomorphisms on surfaces. Ann. of Math. (2), 110(3):529-547,
1979.

Dubi Kelmer. Arithmetic quantum unique ergodicity for symplectic linear maps of
the multidimensional torus. Ann. of Math. (2), 171(2):815-879, 2010.

James R. King. The currents defined by analytic varieties. Acta Math., 127(3-4):185—
920, 1971.

Maciej Klimek. Pluripotential theory, volume 6 of London Mathematical Society
Monographs. New Series. The Clarendon Press, Oxford University Press, New York,
1991. Oxford Science Publications.

Antti Knowles and Jun Yin. Eigenvector distribution of Wigner matrices. Probab.
Theory Related Fields, 155(3-4):543-582, 2013.

Yohann Le Floch. A brief introduction to Berezin-Toeplitz operators on compact
Kadahler manifolds. CRM Short Courses. Springer, Cham, 2018.

Gilles Lebeau. The complex poisson kernel on a compact analytic riemannian mani-
fold. http://www.math.ucla.edu/ hitrik/lebeau.pdf.

Eric Leichtnam, Francois Golse, and Matthew Stenzel. Intrinsic microlocal analysis
and inversion formulae for the heat equation on compact real-analytic Riemannian
manifolds. Ann. Sci. Ecole Norm. Sup. (4), 29(6):669-736, 1996.

Pierre Lelong. Intégration sur un ensemble analytique complexe. Bull. Soc. Math.
France, 85:239-262, 1957.



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

153

Laszl6 Lempert and Roébert Széke. Global solutions of the homogeneous complex
Monge-Ampere equation and complex structures on the tangent bundle of Riemann-
ian manifolds. Math. Ann., 290(4):689-712, 1991.

Léaszl6 Lempert and Robert Széke. The tangent bundle of an almost complex mani-
fold. Canad. Math. Bull., 44(1):70-79, 2001.

Stephen Lester, Kaisa Matomaki, and Maksym Radziwil 1. Small scale distribution
of zeros and mass of modular forms. J. Eur. Math. Soc. (JEMS), 20(7):1595-1627,
2018.

Stephen Lester and Zeév Rudnick. Small scale equidistribution of eigenfunctions on
the torus. Comm. Math. Phys., 350(1):279-300, 2017.

Elon Lindenstrauss. Invariant measures and arithmetic quantum unique ergodicity.
Ann. of Math. (2), 163(1):165-219, 2006.

Niklas Lindholm. Sampling in weighted LP spaces of entire functions in C" and esti-
mates of the Bergman kernel. J. Funct. Anal., 182(2):390-426, 2001.

Zhiqin Lu and Bernard Shiffman. Asymptotic expansion of the off-diagonal Bergman
kernel on compact Kéahler manifolds. J. Geom. Anal., 25(2):761-782, 2015.

Xiaonan Ma and George Marinescu. Holomorphic Morse inequalities and Bergman
kernels, volume 254 of Progress in Mathematics. Birkhauser Verlag, Basel, 2007.

Xiaonan Ma and George Marinescu. Berezin-Toeplitz quantization on Kéahler mani-
folds. J. Reine Angew. Math., 662:1-56, 2012.

Kenneth Maples. Quantum unique ergodicity for random bases of spectral projec-
tions. Math. Res. Lett., 20(6):1115-1124, 2013.

Karina Marin. C"-density of (non-uniform) hyperbolicity in partially hyperbolic sym-
plectic diffeomorphisms. Comment. Math. Helv., 91(2):357-396, 2016.

Anders Melin and Johannes Sjostrand. Fourier integral operators with complex-
valued phase functions. In J. Chazarain, editor, Fourier integral operators and par-
tial differential equations, Lecture Notes in Mathematics, Vol. 459, pages 120-223.
Springer-Verlag, Berlin-New York, 1974. Colloque International, réuni a 1’'Université
de Nice, Nice, du 20 au 25 mai 1974.

Stéphane. Nonnenmacher and André Voros. Chaotic eigenfunctions in phase space.
J. Statist. Phys., 92(3-4):431-518, 1998.



[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[63]

154

Zeév Rudnick. On the asymptotic distribution of zeros of modular forms. Int. Math.
Res. Not., (34):2059-2074, 2005.

Zeév Rudnick and Peter Sarnak. The behaviour of eigenstates of arithmetic hyper-
bolic manifolds. Comm. Math. Phys., 161(1):195-213, 1994.

Roman Schubert. Upper bounds on the rate of quantum ergodicity. Ann. Henri
Poincaré, 7(6):1085-1098, 2006.

Roman Schubert. On the rate of quantum ergodicity for quantised maps. Ann. Henri
Poincaré, 9(8):1455-1477, 2008.

Robert T. Seeley. Complex powers of an elliptic operator. In Singular Integrals (Proc.
Sympos. Pure Math., Chicago, Ill., 1966), pages 288-307. Amer. Math. Soc., Provi-
dence, R.I., 1967.

Bernard Shiffman. Introduction to the Carlson-Griffiths equidistribution theory. In
Value distribution theory (Joensuu, 1981), volume 981 of Lecture Notes in Math.,
pages 44-89. Springer, Berlin-New York, 1983.

Bernard Shiffman and Steve Zelditch. Distribution of zeros of random and quantum
chaotic sections of positive line bundles. Comm. Math. Phys., 200(3):661-683, 1999.

Bernard Shiffman and Steve Zelditch. Asymptotics of almost holomorphic sections
of ample line bundles on symplectic manifolds. J. Reine Angew. Math., 544:181-222,
2002.

A. 1. Shnirelman. FErgodic properties of eigenfunctions. Uspehi Mat. Nauk,
29(6(180)):181-182, 1974.

Kannan Soundararajan. Quantum unique ergodicity for SLo(Z)\H. Ann. of Math.
(2), 172(2):1529-1538, 2010.

Terence Tao and Van Vu. Random matrices: universal properties of eigenvectors.
Random Matrices Theory Appl., 1(1):1150001, 27, 2012.

Francois Treves. Introduction to pseudodifferential and Fourier integral operators.
Vol. 2. Plenum Press, New York-London, 1980. Fourier integral operators, The Uni-
versity Series in Mathematics.

K. Uhlenbeck. Generic properties of eigenfunctions. Amer. J. Math., 98(4):1059-1078,
1976.



[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

155

Don Weingarten. Asymptotic behavior of group integrals in the limit of infinite rank.
J. Mathematical Phys., 19(5):999-1001, 1978.

Hassler Whitney. Complex analytic varieties. Addison-Wesley Publishing Co., Read-
ing, Mass.-London-Don Mills, Ont., 1972.

Steve Zelditch. Uniform distribution of eigenfunctions on compact hyperbolic sur-
faces. Duke Math. J., 55(4):919-941, 1987.

Steve Zelditch. Quantum ergodicity on the sphere. Comm. Math. Phys., 146(1):61-
71, 1992.

Steve Zelditch. A random matrix model for quantum mixing. Internat. Math. Res.
Notices, (3):115-137, 1996.

Steve Zelditch. Index and dynamics of quantized contact transformations. Ann. Inst.
Fourier (Grenoble), 47(1):305-363, 1997.

Steve Zelditch. Szeg6 kernels and a theorem of Tian. Internat. Math. Res. Notices,
(6):317-331, 1998.

Steve Zelditch. Complex zeros of real ergodic eigenfunctions. Invent. Math.,
167(2):419-443, 2007.

Steve Zelditch. Pluri-potential theory on Grauert tubes of real analytic Riemannian
manifolds, 1. In Spectral geometry, volume 84 of Proc. Sympos. Pure Math., pages
299-339. Amer. Math. Soc., Providence, RI, 2012.

Steve Zelditch. Ergodicity and intersections of nodal sets and geodesics on real ana-
lytic surfaces. J. Differential Geom., 96(2):305-351, 2014.

Steve Zelditch. Quantum ergodicity of random orthonormal bases of spaces of
high dimension. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.,
372(2007):20120511, 16, 2014.

Maciej Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathe-
matics. American Mathematical Society, Providence, RI, 2012.



	Abstract
	Acknowledgements
	Table of Contents
	Chapter 1. Introduction
	1.1. Quantum Mechanics
	1.2. Hamiltonian Mechanics
	1.3. Quantum ergodicity

	Chapter 2. Notation and Background
	2.1. The Laplacian on a Riemannian Manifold
	2.2. Standard Quantization
	2.3. Quantum Ergodicity for Laplace Eigenfunctions
	2.4. Small-scale QE
	2.5. Berezin–Toeplitz Quantization
	2.6. QE and Equidistribution of Zeros for Eigensections
	2.7. Complexification of Laplace Eigenfunctions to Grauert Tubes
	2.8. Random Orthonormal Bases of Eigenfunctions

	Chapter 3. Quantum Ergodicity of Wigner Induced Random Spherical Harmonics
	3.1. Main Results
	3.2. Background: The Wigner Ensemble and Bourgade–Yau Local QUE
	3.3. Towards a Proof of Main Theorems: Rotationally Invariant Case
	3.4. Proof of Main Theorems

	Chapter 4. Log-scale Equidistribution of Zeros of Quantum Ergodic Eigensections
	4.1. Main Results
	4.2. Background: Quantization of Symplectic Diffeomorphisms
	4.3. Proof of Theorem  4.1.6: Logarithmic Decay of Variances
	4.4. Proof of Theorem  4.1.4: Log-scale Mass Equidistribution
	4.5. Proof of Theorem  4.1.2: Log-scale Equidistribution of Zeros
	4.6. Appendix: Egorov's Theorem

	Chapter 5. Log-scale Equidistribution of Nodal Sets in Grauert Tubes
	5.1. Main Results
	5.2. Background: Microlocal Analysis on Grauert Tubes
	5.3. Balls and Dilation in Grauert Tubes
	5.4. Poisson Conjugation of Semiclassical Toeplitz Operators to Semiclassical Pseudodifferential Operators
	5.5. Log-scale Quantum Ergodicity in the Real Domain
	5.6. Proof of Theorem  5.1.4: Log-scale QE in Grauert Tubes
	5.7. Proof of Theorem  5.1.1: Log-scale Equidistribution of Complex Zeros
	5.8. Appendix: Currents of Integration over Singular Varieties

	References

