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Abstract

Essays in Econometrics

Max Tabord-Meehan

This dissertation studies three distinct problems in econometrics. Chapter 1 proposes an
adaptive randomization procedure for two-stage randomized controlled trials. The method
uses data from a first-wave experiment in order to determine how to stratify in a second wave
of the experiment, where the objective is to minimize the variance of an estimator for the
average treatment effect (ATE). I consider selection from a class of stratified randomization
procedures called stratification trees: these are procedures whose strata can be represented as
decision trees, with differing treatment assignment probabilities across strata. By using the
first wave to estimate a stratification tree, the method simultaneously selects which covari-
ates to use for stratification, how to stratify over these covariates, as well as the assignment
probabilities within these strata. My main result shows that using this randomization pro-
cedure with an appropriate estimator results in an asymptotic variance which minimizes the
variance bound for estimating the ATE, over an optimal stratification of the covariate space.
Moreover, by extending techniques developed in Bugni et al.| (2018)), the results presented
are able to accommodate a large class of assignment mechanisms within strata, including
stratified block randomization. I also present extensions of the procedure to the setting of

multiple treatments, and to the targeting of subgroup-specific effects. In a simulation study,
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I find that the method is most effective when the response model exhibits some amount of
“sparsity” with respect to the covariates, but can be effective in other contexts as well, as
long as the first-wave sample size used to estimate the stratification tree is not prohibitively
small. The chapter concludes by applying the method to the study in Karlan and Wood
(2017), where I estimate stratification trees using the first wave of their experiment.
Chapter 2 (which is joint work with Eric Mbakop) studies a new statistical decision rule
for the treatment assignment problem. Consider a utilitarian policy maker who must use
sample data to allocate one of two treatments to members of a population, based on their
observable characteristics. In practice, it is often the case that policy makers do not have
full discretion on how these covariates can be used, for legal, ethical or political reasons.
We treat this constrained problem as a statistical decision problem, where we evaluate the
performance of decision rules by their maximum regret. We focus on settings in which the
policy maker may want to select amongst a collection of such constrained classes: examples
we consider include choosing the number of covariates over which to perform best-subset
selection, and model selection when approximating a complicated class via a sieve. We
adapt and extend results from statistical learning to develop a decision rule which we call
the Penalized Welfare Maximization (PWM) rule. We establish an oracle inequality for the
regret of the PWM rule which shows that it is able to perform model selection over the
collection of available classes. We then use this oracle inequality to derive relevant bounds
on maximum regret for PWM. We illustrate the model-selection capabilities of our method
with a small simulation exercise, and conclude by applying our rule to data from the Job
Training Partnership Act (JTPA) study.
Chapter 3 studies inference in the linear model with dyadic data. Dyadic data are

indexed by pairs of “units”, for example trade data between pairs of countries. Because of
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the potential for observations with a unit in common to be correlated, standard inference
procedures may not perform as expected. I establish a range of conditions under which
a t-statistic with the dyadic-robust variance estimator of Fafchamps and Gubert| (2007) is
asymptotically normal. Using these theoretical results as a guide, I perform a simulation
exercise to study the validity of the normal approximation, as well as the performance of a
novel finite-sample correction. The chapter concludes with guidelines for applied researchers

wishing to use the dyadic-robust estimator for inference
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CHAPTER 1

Stratification Trees for Adaptive Randomization in Randomized

Controlled Trials

1.1. Introduction to Chapter 1

This chapter proposes an adaptive randomization procedure for two-stage randomized
controlled trials (RCTs). The method uses data from a first-wave experiment in order to
determine how to stratify in a second wave of the experiment, where the objective is to
minimize the variance of an estimator for the average treatment effect (ATE). We consider
selection from a class of stratified randomization procedures which we call stratification
trees: these are procedures whose strata can be represented as decision trees, with differing
treatment assignment probabilities across strata.

Stratified randomization is ubiquitous in randomized experiments. In stratified random-
ization, the space of available covariates is partitioned into finitely many categories (i.e.
strata), and randomization to treatment is performed independently across strata. Stratific-
ation has the ability to decrease the variance of estimators for the ATE through two parallel
channels. The first channel is from ruling out treatment assignments which are potentially
uninformative for estimating the ATE. For example, if we have information on the sex of
individuals in our sample, and outcomes are correlated with sex, then performing strati-
fied randomization over this characteristic can reduce variance (we present an example of
this for the standard difference-in-means estimator in Appendix[A.3.1). The second channel

through which stratification can decrease variance is by allowing for differential treatment
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assignment probabilities across strata. For example, if we again consider the setting where
we have information on sex, then it could be the case that for males the outcome under one
treatment varies much more than under the other treatment. As we show in Section [1.3.2]
this can be exploited to reduce variance by assigning treatment according to the Neyman
Allocation, which in this example would assign more males to the more variable treatment.
Our proposed method leverages supervised machine-learning techniques to exploit both of
these channels, by simultaneously selecting which covariates to use for stratification, how to
stratify over these covariates, as well as the optimal assignment probabilities within these
strata, in order to minimize the variance of an estimator for the ATE.

Our main result shows that using our procedure results in an estimator whose asymptotic
variance minimizes the semi-parametric efficiency bound of Hahn (1998), over an “optimal”
stratification of the covariate space, where we restrict ourselves to stratification in a class of
decision trees. A decision tree partitions the covariate space such that the resulting parti-
tion can be interpreted through a series of yes or no questions (see Section for a formal
definition and some examples). We focus on strata formed by decision trees for several reas-
ons. First, since the resulting partition can be represented as a series of yes or no questions,
it is easy to communicate and interpret, even with many covariates. This feature could be
particularly important in many economic applications, because many RCT's in economics are
undertaken in partnership with external organizations (for example, every RCT described
in (Karlan and Appel, 2016|) was undertaken in this way), and thus clear communication of
the experimental design could be crucial. Second, using partitions based on decision trees
gives us theoretical and computational tractability. Third, as we will explain below, using
decision trees allows us to flexibly address the additional goal of minimizing the variance of

estimators for subgroup-specific effects. Lastly, decision trees naturally encompass the type
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of stratifications usually implemented by practitioners. The use of decision trees in statistics
and machine learning goes back at least to the work of Breiman (see Breiman et al., |1984;
Gyorfi et al.l 1996, for classical textbook treatments), and has seen a recent resurgence in
econometrics (examples include |Athey and Imbens| 2016; Athey and Wager| 2017)).

An important feature of our theoretical results is that we allow for the possibility of
so-called restricted randomization procedures within strata. Restricted randomization pro-
cedures limit the set of potential treatment allocations, in order to force the true treatment
assignment proportions to be close to the desired target proportions (common examples used
in a variety of fields include Antognini and Giovagnoli, |2004; |Efron|, 1971; |Kuznetsova and
Tymofyeyev, 2011; Wei, 1978} [Zelen, 1974)). Restricted randomization induces dependence
in the assignments within strata, which complicates the analysis of our procedure. By ex-
tending techniques recently developed in |Bugni et al.| (2018)), our results will accommodate
a large class of restricted randomization schemes, including stratified block randomization,
which as we discuss in Example is a popular method of randomization.

Stratified randomization has additional practical benefits beyond reducing the variance of
ATE estimators. For example, when a researcher wants to analyze subgroup-specific effects,
stratifying on these subgroups serves as a form of pre-analysis registration, and as we will
show, can help reduce the variance of estimators for the subgroup-specific ATEs. It is also
straightforward to implement stratified randomization with multiple treatments. Although
our main set of results apply to estimation of the global ATE in a binary treatment setting,
we also present results that apply to settings with multiple treatments, as well as results for
targeting subgroup-specific treatment effects.

The literature on randomization in RCTs is vast (references in (Athey and Imbens,

2017), (Cox and Reid} [2000)), (Glennerster and Takavarasha, 2013), (Pukelsheim| [2006]),
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(Rosenberger and Lachin, 2015), and from a Bayesian perspective, (Ryan et al., 2016),
provide an overview). The classical literature on optimal randomization, going back to the
work of Smith| (1918)), maintains a parametric relationship for the outcomes with respect
to the covariates, and targets efficient estimation of the model parameters. In contrast,
this chapter follows a recent literature which instead maintains a non-parametric model of
potential outcomes, and targets efficient estimation of treatment effects (see Remark
for a discussion about alternative objectives, in particular maximizing population welfare).
This recent literature can be broadly divided into “one-stage” procedures, which do not
use previous experiments to determine how to randomize (examples include |Aufenanger
2017; Barrios, 2014; Kallus, 2018} Kasy}, 2016]), and “multi-stage” procedures, of which our
method is an example. Multi-stage procedures use the response information from previous
experimental waves to determine how to randomize in subsequent waves of the experiment.
We will call these procedures response-adaptive. Although response adaptive methods require
information from a prior experiment, such settings do arise in economic applications. First,
many social experiments have a pilot phase or multi-stage structure. For example, [Simester
et al.| (2006)), Karlan and Zinman| (2008)), and Karlan and Wood, (2017) all feature a multi-
stage structure, and Karlan and Appel (2016 advocate the use of pilot experiments to
help avoid potential implementation failures when scaling up to the main study. Second,
many research areas have seen a profusion of related experiments which could be used as
a first wave of data in a response-adaptive procedure (see for example the discussion in
the introduction of |Hahn et al., [2011). The study of response-adaptive methods to inform
many aspects of experimental design, including how to randomize, has a long history in the

literature on clinical trials, both from a frequentist and Bayesian perspective (see for example
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the references in (Cheng et al., 2003; Hu and Rosenberger] 2006; Sverdlov, 2015)), as well as
in the literature on bandit problems (see Bubeck et al., [2012]).

Two papers which propose response-adaptive randomization methods in a framework
similar to ours are Hahn et al.| (2011)) and |Chambaz et al.|(2014]). Hahn et al.| (2011)) develop
a procedure which uses the information from a first-wave experiment in order to compute
the propensity-score that minimizes the asymptotic variance of an ATE estimator, over a
discrete set of covariates (i.e. they stratify the covariate space ex-ante). They then use the
resulting propensity score to assign treatment in a second-wave experiment. In contrast,
our method computes the optimal assignment proportions over a data-driven discretization
of the covariate space. |(Chambaz et al.| (2014) propose a multi-stage procedure which uses
data from previous experimental waves to compute the propensity score that minimizes the
asymptotic variance of an ATE estimator, where the propensity score is constrained to lie in
a class of functions with appropriate entropy restrictions. However, their method requires the
selection of several tuning parameters as well as additional regularity conditions, and their
optimal target depends on these features in a way that may be hard to assess in practice.
Their results are also derived in a framework where the number of experimental waves goes
to infinity, which may not be a useful asymptotic framework for many settings encountered in
economics. Finally, the results in both Hahn et al. (2011) and |[Chambaz et al. (2014) assume
that assignment was performed completely independently across individuals. In contrast, we
reiterate that our results will accommodate a large class of stratified randomization schemes.

The chapter proceeds as follows: In Section [I.2] we provide a motivating discussion, an
overview of the procedure, and the formal definition of a stratification tree. In Section [1.3]
we present the formal results underlying the method as well as several relevant extensions. In

Section [1.4] we perform a simulation study to assess the performance of our method in finite
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samples. In Section , we consider an application to the study in|Karlan and Wood (2017)),
where we estimate stratification trees using the first wave of their experiment. Section (1.6

concludes.

1.2. Preliminaries

In this section we discuss some preliminary concepts and definitions. Section [1.2.1
presents a series of simplified examples which we use to motivate our procedure. Section
establishes the notation and provides the definition of a stratification tree, which is a
central concept of the paper. Section [1.2.3] presents a high-level discussion of the proposed

method.

1.2.1. Motivating Discussion

We present a series of simplified examples which we use to motivate our proposed method.
First we study the problem of optimal experimental assignment without covariates. We work
in a standard potential outcomes framework: let (Y (1),Y(0)) be potential outcomes for a

binary treatment A € {0, 1}, and let the observed outcome Y for an individual be defined as
Y=YM1HA+Y(0)(1—-A).

Let
E[Y(a)] = pa, Var(Y(a)) = o}

a

for a € {0,1}. Our quantity of interest is the average treatment effect

0= p1 — po .
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Suppose we perform an experiment to obtain a size n sample {(Y;, A;)}",, where the sampling
process is determined by {(Y;(1),Y;(0))},, which are i.i.d, and the treatment assignments
{A;}™ |, where exactly ny := |nr| individuals are randomly assigned to treatment A = 1, for
some 7 € (0, 1) (however, we emphasize that our results will accommodate other methods of
randomization). Given this sample, consider estimation of 6 through the standard difference-

in-means estimator:

It can then be shown that

where
2 2
.07 0p
v= 2
T 1l—m

In fact, it can be shown that under this randomization scheme V/ is the finite sample variance
of the normalized estimator, but this will not necessarily be true for other randomization
schemes. Our goal is to choose 7 to minimize the variance of 9. Solving this optimization

problem yields the following solution:

01
n* =

o1+ 0g

This allocation is known as the Neyman Allocation, which assigns more individuals to the
treatment which is more variable. Note that when o2 = o7, so that the variances of the
potential outcomes are equal, the optimal proportion is 7* = 0.5, which corresponds to the
standard “balanced” treatment allocation. In general, implementing 7* is infeasible without
knowledge of of and of. In light of this, if we had prior data {(Yj, A;)}7-, (either from a

first-wave or a similar prior study), then we could use this data to estimate 7*, and then use
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this estimate to assign treatment in a subsequent wave of the study. The idea of sequentially
updating estimates of unknown population quantities using past observations, in order to
inform experimental design in subsequent stages, underlies many procedures developed in
the literatures on response adaptive experiments and bandit problems, and is the main idea

underpinning our proposed method.

Remark 1.2.1. Although the Neyman Allocation minimizes the variance of the difference-
in-means estimator, it is entirely agnostic on the welfare of the individuals in the experiment
itself. In particular, the Neyman Allocation could assign the majority of individuals in the
experiment to the inferior treatment if that treatment has a much larger variance in outcomes
(see [Hu and Rosenberger| 2006 for relevant literature in the context of clinical trials, as well
as Narita| (2018)) for recent work on this issue in econometrics). While this feature of the
Neyman Allocation may introduce ethical or logistical issues in some relevant applications,
in this paper we focus exclusively on the problem of estimating the ATE as accurately as

possible. See Remark for further discussion on our choice of optimality criterion. m

Next we repeat the above exercise with the addition of a discrete covariate S € {1,2, ..., K'}
over which we stratify. We perform an experiment which produces a sample {(Y;, A;, S;)}",
where the sampling process is determined by i.i.d draws {(Y;(1), Y;(0), S;)}, and the treat-
ment assignments {A;}"_,. For this example suppose that the {A;}!' , are generated as fol-
lows: for each k, exactly ni(k) := |n(k)m (k)| individuals are randomly assigned to treatment
A =1, with n(k) := X", 1{S; = k}.

Note that when the assignment proportions 7 (k) are not equal across strata, the difference-

in-means estimator s is no longer consistent for #. Hence we consider the following weighted
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estimator of 6:

bo =3 "Wy

n

where 0(k) is the difference-in-means estimator for S = k:

(k) := nik‘) D VAL{S; =k} - mZK(l — ANI{S; = k} .

=1 i=1

In words, fc is obtained by computing the difference in means for each k& and then taking
a weighted average over each of these estimates. Note that when K =1 (i.e. when S can
take on one value), this estimator simplifies to the difference-in-means estimator. It can be

shown under appropriate conditions that
V(e —6) 5 N(0,V2)

where

S o2(k) . o3(k) 2
Vo= Y P(S=k ElY(1)-Y(0)|S =k]—E[Y(1)-Y(0 ,
2, ) (G2 B8 4 ey ) - viols = 1 - BY0) - YO

with o%(k) = E[Y(d)?|S = k] — E[Y(d)|S = k]*>. The first term in V5 is the weighted
average of the conditional variances of the difference in means estimator for each S = k.
The second term in V5 arises due to the additional variability in sample sizes for each S = k.
We note that this variance is the semi-parametric efficiency bound derived by [Hahn| (1998))
for estimators of the ATE which use the covariate S. Following a similar logic to what was
proposed above without covariates, we could use first-wave data {(Y}, A;, S;)}7; to form a
sample analog of V5, and choose {7*(k)}%_, to minimize this quantity.

Now we introduce the setting that we consider in this paper: suppose we observe cov-

ariates X € X < R? so that our covariate space is now multi-dimensional with potentially
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continuous components. How could we practically extend the logic of the previous examples
to this setting? A natural solution is to discretize (i.e. stratify) X into K categories (strata),
by specifying a mapping S : X — {1,2,3,..., K}, with S; := S(X;), and then proceed as in
the above example. As we argued in the introduction, stratified randomization is a popular
technique in practice, and possesses several attractive theoretical and practical properties. In
this paper we propose a method which uses first-wave data to estimate (1) the optimal strat-
ification, and (2) the optimal assignment proportions within these strata. In other words,
given first-wave data {(V}, A;, X;)}72, from a randomized experiment, where X € X < RY,
we propose a method which selects {m(k)}f_, and the function S(-), in order to minimize the
variance bound in [Hahn| (1998). In particular, our proposed solution selects a randomization
procedure amongst the class of what we call stratification trees, which we introduce in the

next section.

Remark 1.2.2. Our focus on the minimization of asymptotic variance is in line with
standard asymptotic optimality results for regular estimators (see for example Theorems
25.20 and 25.21 in Van der Vaart, 1998). However, accurate estimation of the ATE is
not the only objective one could consider when designing an RCT. In particular, we could
instead consider using an ATE estimator to construct a statistical decision rule, with the
goal of maximizing population welfare (see Manski 2009 for a textbook discussion). If, as
in Manski| (2004)), we evaluate decision rules by their maximum regret, then our optimality
objective would be to design the randomization procedure in order to minimize the maximum
regret of the decision rule. We remark that selecting a randomization procedure to minimize
asymptotic variance may in fact reduce pointwise regret, when paired with an appropriate
decision rule. In particular, Athey and Wager| (2017) derive a bound on regret whose constant

scales with the semi-parametrically efficient variance. Our method selects a randomization
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procedure which minimizes this variance, and hence subsequently minimizes the constant in

this bound. =

1.2.2. Notation and Definitions

In this section we establish the notation of the paper and define the class of randomization
procedures that we will consider. Let A; € {0,1} be a binary variable which denotes the
treatment received by a unit i (we consider the extension to multiple treatments in Section
[1.3.2), and let Y; denote the observed outcome. Let Y;(1) denote the potential outcome of
unit ¢ under treatment 1 and let Y;(0) denote the potential outcome of unit 7 under treatment
0. The observed experimental outcome for each unit is related to their potential outcomes
through the expression:

Vi =Yi(D)A; +Yi(0)(1 — A;) .

Let X; € X — R? denote a vector of observed pre-treatment covariates for unit i. Let Q
denote the distribution of (Y;(1),Y;(0),X;) and assume that {(Y;(1),Y;(0), X;)} , consists

of n i.i.d observations from ). We restrict () as follows:

Assumption 1.2.1. ) satisfies the following properties:
e Y(a) € [-M, M] for some M < o, for a € {0,1}, where the marginal distributions
Y (1) and Y (0) are either continuous or discrete with finite support.
e XeX = ijl[bj,Cj], for some {b;, ¢;}I_, finite.
e X = (X¢,Xp), where Xc € R4 for some dy € {0,1,2,...,d} is continuously distrib-
uted with a bounded, strictly positive density. Xp € R4 s discretely distributed

with finite support.

Remark 1.2.3. The restriction that the Y (a) are bounded is used several times through-

out the proofs for technical convenience, but it is possible that this assumption could be
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weakened. In applications it may be the case that X as defined above may not be continu-
ous on X j[bj, ¢;], but is instead censored at its endpoints; see for example the application

considered in Section [LAl Our results will continue to hold in this case as well. m

Our quantity of interest is the average treatment effect (ATE) given by:
0 = E[Y;(1) = Y;(0)] .
An experiment on our sample produces the following data:
{Wikiy = {(Yi, A, Xo) ey

whose joint distribution is determined by (), the potential outcomes expression, and the
randomization procedure. We focus on the class of stratified randomization procedures:
these randomization procedures first stratify according to baseline covariates and then assign
treatment status independently across each of these strata. Moreover, we attempt to make
minimal assumptions on how randomization is performed within strata, in particular we
do not require the treatment assignment within each stratum to be independent across
observations.

We will now describe the structure we impose on the class of possible strata we consider.
For L a positive integer, let K = 2 and let [K] := {1,2,...,K}. Consider a function
S: X — [K], then {S7(k)} | forms a partition of X with K strata. For a given positive
integer L, we work in the class S(-) € Sy, of functions whose partitions form tree partitions
of depth L on X, which we now define. Note that the definition is recursive, so we begin

with the definition for a tree partition of depth one:
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d
Jj=1

Definition 1.2.1. Let I'; < [bj,¢;], let I' = X'_, I';, and let v = (z1,22,...,24) €. A

tree partition of depth one on " is a partition of I' which can be written as

FD(jv 7) Y FU(ja 7) ;

where

Cp(j,y) ={rel 1z <~}
Ly(f,y) ={vel 2; >},

for some j € [d] and v e T';. We call T'p(j,7v) and L'y (j,7) leaves (or sometimes terminal

nodes), whenever these are nonempty.

Example 1.2.1. Figure [1.1] presents two different representations of a tree partition of
depth one on [0, 1]%. The first representation we call graphical: it depicts the partition on a
square drawn in the plane. The second depiction we call a tree representation: it illustrates
how to describe a depth one tree partition as a yes or no question. In this case, the question

is “is x1 less than or greater than 0.577.

T2

0.5 x

Figure 1.1. Two representations of a tree partition of depth 1 on [0, 1]%.
Graphical representation (left), tree representation (right).

Next we define a tree partition of depth L > 1 recursively:
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Definition 1.2.2. A tree partition of depth L > 1 on I' = N

j=11j 1s a partition of T

which can be written as Fg_l) V) ngL_l), where

T80~V s a tree partition of depth L —1 on Tp(j,7) ,

I‘gjL_l) is a tree partition of depth L —1 on I'y(j,7) ,

for some j € [d] and v eT';. We call I‘E)L_l) and FE,L_D left and right subtrees, respectively,

whenever these are nonempty.

Example 1.2.2. Figure depicts two representations of a tree partition of depth two

on [0, 1]2.

X2

0.5 0.9 1

Figure 1.2. Two representations of a tree partition of depth 2 on [0, 1]%.
Graphical representation (left), tree representation (right).

We focus on strata that form tree partitions for several reasons. First, these types of
strata are easy to represent and interpret, even in higher dimensions, via their tree represent-
ations or as a series of yes or no questions. We argued in the introduction that this could be of
particular importance in economic applications. Second, as we explain in Remark and

the Appendix, restricting ourselves to tree partitions gives us theoretical and computational
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tractability. In particular, computing an optimal stratification is a difficult discrete optim-
ization problem for which we exploit the tree structure to design an evolutionary algorithm.
Third, the recursive aspect of tree partitions makes the targeting of subgroup-specific effects
convenient, as we show in Section [1.3.2

For each k € [K|], we define 7 := (m(k))X_; to be the vector of target proportions of units
assigned to treatment 1 in each stratum.
A stratification tree is a pair (S, 1), where S(-) forms a tree partition, and 7 specifies the

target proportions in each stratum. We denote the set of stratification trees of depth L as

TL.

Remark 1.2.4. To be precise, any element 7' = (S,7) € T is equivalent to another
element 7" = (S, n") € T, whenever T” can be realized as a re-labeling of T'. For instance,
if we consider Example [1.2.1| with the labels 1 and 2 reversed, the resulting tree is identical
to the original except for this re-labeling. 77, should be understood as the quotient set that

results from this equivalence. m

Example 1.2.3. Figure depicts a representation of a stratification tree of depth two.
Note that the terminal nodes of the tree have been replaced with labels that specify the

target proportions in each stratum.

(7(1) = 03] [n(2) =0.7] [n(3) = 0.5] (m(4) —0.4]

Figure 1.3. Representation of a Stratification Tree of Depth 2
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We further impose that the set of trees cannot have arbitrarily small (nonempty) cells,

nor can they have arbitrarily extreme treatment assignment targets:

Assumption 1.2.2. We constrain the set of stratification trees T = (S,7) € Ty such
that, for some fired v > 0 and § > 0, (k) € [v,1 —v] and P(S(X) = k) > 0 whenever
S(k) # &.

Remark 1.2.5. In what follows, we adopt the following notational convention: if S~ (k) =

&, then E[W|S(X) = k] = 0 for any random variable W. =

Remark 1.2.6. The depth L of the set of stratification trees will remain fixed but

arbitrary throughout most of the analysis. We return to the question of how to choose L in

Section [[.3.2] m

For technical reasons, we will impose one additional restriction on 7;,. We emphasize
that this assumption is only used to avoid issues which may arise from the potential non-

measurability of certain objects.

Assumption 1.2.3. Let ’TLT c T, be a countable, closed subset of the set of stratification

1

trees . We then consider the set of stratification trees restricted to this subset.

Remark 1.2.7. A restriction similar to Assumption [1.2.3] was recently considered in
Kitagawa and Tetenov| (2018)) in order to avoid measurability issues. Note that, in practice,
restricting the set of stratification trees to a finite grid satisfies Assumption [1.2.3] However,

our results also apply much more generally. =

Here “closed” is with respect to an appropriate topology on 77, see Appendix for details. It is possible
that Assumption could be eliminated by using the theory of weak convergence developed by Hoffman-
Jorgensen, see [Van der Vaart and Wellner| (1996) for a textbook discussion.
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Recall that we are interested in randomization procedures that stratify on baseline co-
variates and then assign treatment status independently across strata. For T = (S, 7), let
S; := S(X;) be the strata label for an individual i. For each T € T, and given sample of
size n, an experimental assignment is described by a random vector A™(T) := (A;(T)),
for each T € Ty. For our purposes a randomization procedure (or randomization scheme) is a
family of such random vectors A™ (T for each T = (S, 7) € T;. The only assumptions that
we require on the randomization procedure are that the assignments are exogenous condi-
tional on the strata, and that the assignment proportions converge to the target proportions

asymptotically. Assumptions [1.3.4] and [1.3.5] re-state these conditions formally. Examples

and illustrate two such randomization schemes which are popular in economics,
and many more schemes have been considered in the the literature on clinical trials: ex-
amples include Efron| (1971)), |Wei (1978]), |Antognini and Giovagnoli (2004)), and Kuznetsova

and Tymofyeyev| (2011)).

Example 1.2.4. Simple random assignment assigns each individual within stratum k
to treatment via a coin-flip with weight (k). Formally, for each T, A™(T) is a vector with

independent components such that

P(A(T) = 11S; = k) = n(k) .

Simple random assignment is theoretically convenient, and features prominently in papers on
adaptive randomization. However, it is considered unattractive in practice because it results
in a “noisy” assignment for a given target 7(k), and hence could be very far off the target
assignment for any given random draw. Moreover, this extra noise increases the finite-sample
variance of ATE estimators relative to other assignment procedures which target 7(k) more

directly (see for example the discussion in Kasy, [2013).
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Example 1.2.5. Stratified block randomization (SBR) assigns a fixed proportion 7 (k) of
individuals within stratum & to treatment 1. Formally, let n(k) be the number of units in

stratum k, and let ni(k) be the number of units assigned to treatment 1 in stratum k. In

SBR, ni(k) is given by

SBR proceeds by randomly assigning n; (k) units to treatment 1 for each k, where all

(o)

possible assignments are equally likely. This assignment procedure has the attractive feature
that it targets the proportion 7 (k) as directly as possible. An early discussion of SBR can
be found in Zelen (1974). SBR has recently become a popular method of assignment in
economics (for example, every RCT published in the Quarterly Journal of Economics in

2017 used SBR).

1.2.3. Overview of Procedure

In this section we provide an overview of our procedure, before stating the formal results in
Section [1.3] Recall the setting from the end of Section given first-wave data, our goal
is to estimate a stratification tree which minimizes the asymptotic variance in a certain class
of ATE estimators, which we now introduce. For a fixed T" € 7, consider estimation of the

following equation by OLS:

Y; = Ek]a(kn{& — k) + Zk:ﬁ(k:)l{Ai = 1,8 =k} +u; .
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Then our ATE estimator is given by

where n(k) = >, 1{S; = k}. In words, this estimator takes the difference in means between
treatments within each stratum, and then averages these over the strata. Given appropriate
regularity conditions, the results in Bugni et al.| (2018) imply the following result for a fized
T =(S,meTy

Va(0(T) = 0) 5 N(0,V(T))

where

and

0a(k) = E[Y(a)*|S(X) = k] = E[Y (a)|S(X) = k]*.

Again we remark that this variance is the semi-parametric efficiency bound of Hahn
(1998) amongst all (regular) estimators that use the strata indicators as covariates. We pro-
pose a two-stage adaptive randomization procedure which asymptotically achieves the min-
imal variance V/(T') across all T' € Ty,. In the first stage, we use first-wave data {(Y}, A;, X;)}72,
to estimate some “optimal” tree T which is designed to minimize V(7). More formally, what

we require is that

V() —Vv**>o0,
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as m — oo, where V* is the minimum of V(7') in 7. We show in Proposition that a

straightforward way to construct such a 7' is to minimize an empirical analog of V(T):

~pug o~
T eargjr%%lV(T) :

where ‘N/() is an empirical analog of V(-) defined in Appendix . In general, computing
TEM involves solving a complicated discrete optimization problem. In Appendix , we
describe an evolutionary algorithm that we use to solve this problem. In Section |1.3.2] we
describe a version of this estimator that selects the appropriate depth L via cross-validation.

In the second stage, we perform a randomized experiment using stratified randomization
with A®™(T) to obtain second-wave data {(Y;, A;, X;)}"_,. Finally, to analyze the results
of the experiment, we consider the use of two possible estimators. The first estimator we
consider “pools” the first-wave and second-wave data together. To accomplish this, we
stratify on the experimental waves; that is, we append an extra stratum which contains
the first-wave data, indexed by k& = 0, to T. We call the resulting stratification tree an
“augmented” tree, and denote it by T, (see Example for an illustration). We then
use all of the available data when estimating the saturated regression. The resulting pooled
estimator is denoted by é(T) The second estimator we consider uses only the second-wave
data to estimate the ATE. We call this estimator the unpooled estimator and denote it by

0(T). From now on, we state all of our results for the pooled estimator 6(7"), with the

understanding that analogous results hold for the unpooled estimator as well (see Remark

for details).

Example 1.2.6. Figure depicts a representation of an augmented tree. First the tree
partitions the first-wave data into its own stratum indexed by k£ = 0, and then proceeds as

before.
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(7(1) =0.3) (7(2) =0.7] (x(3) = 05] [n(4) = 0.4]

Figure 1.4. An Augmented Stratification Tree

Remark 1.2.8. In applications it may also be the case that the first-wave experiment
was itself stratified. It would then be natural to incorporate this stratification into the
specification of the augmented tree 7. Analogous results to what we derive in Section

will hold in this case as well. =

From now on, to be concise, we will call data from the first-wave the pilot data, and data

from the second-wave the main data. To summarize, the method proceeds as follows:

OUTLINE OF PROCEDURE

e Obtain pilot data (Y}, Aj, X;)7;.
e Use pilot data to construct T’ (either TFM or the cross-validated version TCV defined

in Section [1.3.2)).

e Perform a randomized experiment using A™(T) (as defined in Section [1.2.2) to

obtain main data (Y;, A;, X;)i .



33
e Perform inference on the average treatment effect using é(T), where 7' is the aug-
mented tree as described above.

In Section [1.3.1, we provide conditions under which

VN(@(T) ~6) 5 N(O,V)
where N =m + n, as m,n — o0. We also describe a consistent estimator of the asymptotic
variance. In Section [1.3.2] we consider several extensions of the procedure: to multiple
treatments, to the targeting of subgroup-specific effects, as well as to using cross-validation

to select the depth L of the stratification tree.

Remark 1.2.9. It is common practice in the analysis of RCTs to estimate 6 by running

OLS on a linear regression with strata fixed effects:
Y, = BA; + > 6(k)L{S; = k} +u; .
k

If the assignment targets 7(k) are not equal across strata, as in this paper, then B is not a
consistent estimator of §. However, it can be shown that B is consistent when the assignment
targets are equal across strata. Moreover, in the special case where assignment is conducted
using a randomization procedure with “strong balance”, such as SBR, this estimator has
the same limiting distribution as 0 (see Bugni et al., |2018| for details). It can be shown
that our results continue to hold with this alternative estimator, as long as the assignment
proportions 7 (k) are restricted to be equal, and SBR is used as the randomization procedure.
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1.3. Results

In this section we derive the theoretical properties of our estimator. Section[1.3.1] presents
the main result of the paper, that 0 (T) is asymptotically normal with minimal variance in 77,
and describes a consistent estimator of its asymptotic variance. Section[1.3.2|presents several
extensions: a cross-validation procedure to select the depth L of the stratification tree, as

well as extensions for the targeting of subgroup specific effects and to multiple treatments.

1.3.1. Main Results

In this section we present the main theoretical properties of our method. In particular,
we provide conditions under which (7') is asymptotically normal with minimal variance in
the class of estimators defined in Section [1.2.3] as well as provide a consistent estimator
of its asymptotic variance. Recall that our goal is to use pilot data in order to estimate
some “optimal” stratification tree i and then use this tree to perform the experimental
assignment in a second wave of the experiment. To that end, we assume the existence of
pilot data {W;}™, = {(Yi, Xi, Ai)}[{, generated from a randomized experiment performed
on a sample from the same population as the main experiment, which we use to construct
T. Throughout the analysis of this section we consider the following asymptotic framework

for the size of m (the size of the pilot) relative to the size of n (the size of the main study):

Assumption 1.3.1. We consider the following asymptotic framework:

volow)

where N = m +n, as m,n — 0.
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Remark 1.3.1. Rate assumptions like Assumption [1.3.1] are only required to study the
properties of the pooled estimator é(T ). The properties of the unpooled estimator é(f ) can
be derived under the weaker assumption that m — o and n — oo without any restrictions
on their relative rates. In what follows, we state all of our results for the estimator (7))
only, with the understanding that analogous results will hold for é(f) under this weaker

assumption. =

Remark 1.3.2. The asymptotic framework introduced in Assumption will ensure
that the asymptotic variance of é(T) is not distorted. However, this asymptotic framework
requires that m/N vanishes quite quickly, which may inaccurately reflect the finite sample
behavior of our estimator in applications where the first wave of the experiment is large
relative to the second: see for example the application considered in Section [1.5 where two
waves of equal size were used. In Remark [1.3.5| we explain how our results would change in

an asymptotic framework where we allow

()

for 0 < A < 1. See Appendix or details. However, we emphasize here that this

=] 3

alternative framework does not change the mechanics of the procedure in any way. We also

explore the effect of large pilot samples in the simulation study of Section [ ]

In all of the results of this section, the depth L of the class of stratification trees is fixed
and specified by the researcher. We return to the question of how to choose L in Section
1.3.2] Given a pilot sample {W;},, we require the following high-level consistency property

for our estimator 71"
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Assumption 1.3.2. The estimator T, is a o{(W;)™,}/B(Ts) measurable function of the

pilot data® and satisfies
V(T) = V*| *50,

where

V* = inf V(T),
TeTr,

as m — 0.

Note that Assumption does not imply that V* is uniquely minimized at some T € Ty,
and so we do not make any assumptions about whether or not T converges to any fized tree.
In Proposition , we show that a straightforward method to construct such a T is to

solve the following empirical minimization problem:

~pug o~
T earg%ré%lV(T) :

where V(T') is an empirical analog of V(T (as defined in Appendix constructed using
the pilot data. A nice feature of this choice of T is that it also corresponds to minimizing (an
estimated version of) the finite sample variance of our estimator in the case of SBR. In Section
, we consider an alternative construction of 7" which uses cross-validation to select the
depth of the tree. We verify Assumption for TPM under the following assumption
about the randomization procedure used in the pilot study (although we emphasize that this

assumption is not necessary to establish such a result in general):

Assumption 1.3.3. The pilot experiment was performed using simple random assign-

ment (see Ezample[1.2.4).

28(71) is the Borel-sigma algebra on 7Ty, generated by an appropriate topology and o{(W;)™,} is the sigma-
algebra generated by the pilot data. See the appendix for details.
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Proposition 1.3.1. Let TEM be o minimizer of the empirical variance. Under Assump-

tions|1.2.1],11.2.9,11.2.5, 11.3.1] and |1.3.5, Assumption 18 satisfied.

Next, we describe the assumptions we impose on the randomization procedure in the
second-wave experiment. For T = (S, ), let S; := S(X;) and S™ := (S;)7_, be the random
vector of stratification labels of the observed data (note that, although S(+) is a deterministic
function, X; is a random variable and hence the resulting composition S; is itself random).
Let p(k;T) := P(S; = k) be the population proportions in each stratum. We require the

following exogeneity assumption:

Assumption 1.3.4. The randomization procedure is such that, for each T = (S, 7) € Ty:
[(Y:(0), Yi(1), X;)i=y L AW(T)] |5

This assumption asserts that the randomization procedure can depend on the observables
only through the strata labels.

We also require that the randomization procedure satisfy the following “consistency”

property:
Assumption 1.3.5. The randomization procedure is such that

ny(k; T)

= (s T)

sup 20,

TeTL,

for each k € |[K|. Where

This assumption asserts that the assignment procedure must approach the target pro-

portion asymptotically, and do so in a uniform sense over all stratification trees in 7. Other
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than Assumptions [1.3.4] and [1.3.5, we do not require any additional assumptions about how

assignment is performed within strata. |[Bugni et al. (2018) make similar assumptions for
a fized stratification function and show that it is satisfied for a wide range of assignment

procedures, including those introduced in Examples [1.2.4] and [1.2.5] In Proposition |1.3.2

below, we verify that Assumptions [1.3.4] and [1.3.5] hold for stratified block randomization,

which is a common assignment procedure in economic applications.

Proposition 1.3.2. Suppose randomization is performed through SBR (see Ezample

[1.2.5), then Assumptions[1.3.4] and[1.3.5 are satisfied.

Finally, we impose one additional regularity condition on the distribution ) when
(Y(0),Y (1)) are continuous. We impose this assumption because of technical complications
that arise from the fact that the set of minimizers of the population variance V(T') is not

necessarily a singleton:

Assumption 1.3.6. Fiz some a and k and suppose Y (a) is continuous. Let G be the
family of quantile functions of Y (a)|S(X) = k, for S™*(k) nonempty. Then we assume that

G forms a pointwise equicontinuous family.

Remark 1.3.3. To our knowledge this assumption is non-standard. In Lemma we
show that a sufficient condition for Assumption to hold is that the quantile functions be
continuous (i.e. that the densities of Y (a)|S(X) = k do not contain “gaps” in their support),

and that the quantile functions vary “continuously” as we vary S e S;. =

We now state the main result of the paper: an optimality result for the pooled estimator
é(T ). In Remark we comment on some of the technical challenges that arise in the

proof of this result.
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Theorem 1.3.1. Given Assumptions|1.2.1],1.2.2,11.2.5,|1.5.1, [1.5.2, [1.5.4), [1.5.5, and

1.5.6, we have that

where N = m +n, as m,n — 0.

Remark 1.3.4. Here we comment on some of the technical challenges that arise in
proving Theorem [3.3.1} First, we develop a theory of convergence for stratification trees
by defining a novel metric on Sy, based on the Frechet-Nikodym metric, and establish basic
properties about the resulting metric space. In particular, we use this construction to show
that a set of minimizers of V(7T) exists given our assumptions, and that T converges to
this set of minimizers in an appropriate sense. For these results we exploit the properties
of tree partitions for two purposes: First, we frequently exploit the fact that for a fixed
index k € [K], the class of sets {SCYV(k) : S € S} consists of rectangles, and hence forms
a VC class. Second, as explained in Remark [[.2.4] every T' € Ty is in fact an equivalence
class. Using the structure of tree partitions, we define a canonical representative of T' (see
Definition which simplifies our derivations.

Next, because Assumptions [I.3.4] and [1.3.5] impose so little on the dependence structure

of the randomization procedure, standard central limit theorems cannot be applied. When
the stratification is fixed, Bugni et al.| (2018]) establish asymptotic normality by essentially
re-writing the sampling distribution of the estimator as a partial-sum process. In our setting
the stratification is random, and so to prove our result we generalize their construction in
a way that allows us to re-write the sampling distribution of the estimator as a sequential
empirical process (see|Van der Vaart and Wellner, 1996, Section 2.12.1 for a definition). We

then exploit the asymptotic equicontinuity of this process to establish asymptotic normality

(see Lemma for details). m
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We finish this subsection by constructing a consistent estimator for the variance V*. Let
N(k):=mif k =0 and N(k) := n(k) otherwise. Let
Fi= 2357 () -0)
o N
and let
Vy = RViR ,
where Vj,. is the robust variance estimator for the parameters in the saturated regression,

and R is following vector with K + 1 “leading” zeros:

/_
R =10,0,0,...,0, N

We obtain the following consistency result:

Theorem 1.3.2. Given Assumptions|(1.2.1,[1.2.2,[1.2.5,[1.53.1,[1.5.2,[1.5.4], [1.3.5, and

then

where

as m,n — 0.

Remark 1.3.5. In Appendix[A.3.2]we provide results under the “large pilot” asymptotic
framework which we presented in Remark [1.3.2] Here we will briefly preview these results:

under appropriate conditions it can be shown that in this alternative framework,

VN@O(T) — ) % N(0,Vy)
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where

Vi=AV+(1-NV*,

and
o5(0)  07(0)
1= 7(0) " 7(0)

Vo =

In words, we see that the pooled estimator é(T ) now has an asymptotic variance which is a
weighted combination of the optimal variance and the variance from estimation in the pilot

experiment, with weights which correspond to their relative sizes. =

1.3.2. Extensions

In this section we present some extensions to the main results. First we present a version of
T whose depth is selected by cross-validation. Second, we explain how to accommodate the
targeting of subgroup-specific effects. Finally, we explain how to extend our method to the
setting with multiple treatments.

1.3.2.1. Cross-validation to select L. In this section we describe a method to select
the depth L via cross-validation. The tradeoff in choosing L can be framed as follows: by
construction, choosing a larger L has the potential to lower the variance of our estimator,
since now we are optimizing in a larger set of trees. On the other hand, choosing a larger
L will make the set of trees more complex, and hence will make the optimal tree harder
to estimate accurately for a given pilot-data sample size. We suggest a procedure to select
L with these two tradeoffs in mind. We proceed by first specifying some maximum upper
bound L on the depth to be considered. For each 0 < L < L (where we understand L = 0

to mean no stratification), define

V= arg%i% V(T) .



42

Note that by construction it is the case that Vi* > Vi* > V5 > ... = VF. Let T}, be the

stratification tree estimated from class 77, then by Assumption [1.3.2] we have that
V(TL) = V| =50,

for each L < L. Despite the fact that T 1. asymptotically achieves a (weakly) lower variance
as L grows, it is not clear that, in finite samples, a larger choice of L should be favored,
since we run the risk of estimating the optimal tree poorly (i.e. of overfitting). In order to
protect against this potential for overfitting, we propose a simple cross-validated version of
the stratification tree estimator. The use of cross-validation to estimate decision trees goes
back at least to the work of Breiman (see |[Breiman et al} [1984). For an overview of the use
of cross-validation methods in statistics in general, see |Arlot et al.| (2010).

The cross-validation procedure we propose proceeds as follows: let {W;}", be the pilot
data, and for simplicity suppose m is even. Split the pilot sample into two halves and denote
these by D; := {WZ}Z/f and D, := {W;}}, ,, respectively. Now for each L, let YN}EI) and
T L(z) be stratification trees of depth L estimated on D; and Dy. Let VI(-) and V@ (.)
be the empirical variances computed on D; and Dy (where, in the event that a cell in the
tree partition is empty, we assign a value of infinity to the empirical variance). Define the

following cross-validation criterion:
~ 1 /~ ~ ~ ~
VEV = S (VO (T) + PO (T10))

In words, for each L, we estimate a stratification tree on each half of the sample, compute
the empirical variance of these estimates by using the other half of the sample, and then
average the results. Intuitively, as we move from small values of L to large values of L, we

would expect that this cross-validation criterion should generally decrease with L, and then
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eventually increase, in accordance with the tradeoff between tree complexity and estimation

accuracy. We define the cross-validated stratification tree as follows:

~

TV =1T; |

with

~

OV
L:arglenVL ,

where in the event of a tie we choose the smallest such L. Hence TV is chosen to be the
stratification tree whose depth minimizes the cross-validation criterion ‘N/LC vV If each T, is
estimated by minimizing the empirical variance over Ty, as described in Sections and
[1.3.1] then we can show that the cross-validated estimator satisfies the consistency property

of Assumption [1.3.2

Proposition 1.3.3. Under Assumptions|1.2.1,1.2.2,{1.2.3,[1.5.1] and|1.3.5, Assumption

1.3.9 is satisfied for TOV = fLEM in the set Tz, that is,

V(TY) = VE| =50,
as m — 0.

Remark 1.3.6. Our description of cross-validation above defines what is known as “2-
fold” cross-validation. It is straightforward to extend this to “V-fold” cross-validation, where
the dataset is split into V' pieces. Breiman et al. (1984) find that using at least 5 folds is
most effective in their setting (although their cross-validation technique is different from
ours), and in many statistical applications 5 or 10 folds has become the practical standard.
For our purposes, we focus on 2-fold cross validation because of the computational difficulties
TEM,

we face in solving the optimization problem to compute [ ]
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In light of Proposition [1.3.3] we see that all of our previous results continue to hold while
using TCV as our stratification tree. However, Proposition does not help us conclude
that 7€V should perform any better than YN’E in finite samples. Although it is beyond the
scope of this paper to establish such a result, doing so could be an interesting avenue for
future work. Instead, we assess the performance of TCV via simulation in Section , and
note that it does indeed seem to protect against overfitting in practice. In Section [1.5] we
use this cross-validation procedure to select the depth of the stratification trees we estimate
for the experiment undertaken in Karlan and Wood| (2017).
1.3.2.2. Stratification Trees for Subgroup Targeting. In this subsection we explain
how the method can flexibly accommodate the problem of variance reduction for estimators
of subgroup-specific ATEs, while still minimizing the variance of the unconditional ATE
estimator in a restricted set of trees. It is common practice in RCTs for the strata to be
specified such that they are the subgroups that a researcher is interested in studying (see
for example the recommendations in |Glennerster and Takavarashal, [2013). This serves two
purposes: the first is that it enforces a pre-specification of the subgroups of interest, which
guards against ex-post data mining. Second, it allows the researcher to improve the efficiency
of the subgroup specific estimates.
Let S" € S/ be a tree of depth L' < L, whose terminal nodes represent the subgroups of
interest. Suppose these nodes are labelled by g = 1,2, ..., G, and that P(S'(X) = g) > 0 for

each g. The subgroup-specific ATEs are defined as follows:
09 = E[Y(1) - Y (0)|5"(X) = ¢] .

We introduce the following new notation: let 7.(S’) < T be the set of stratification trees

which can be constructed as extensions of S’. For a given T' € T1(S"), let K,(T') < [K] be
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the set of terminal nodes of T" which pass through the node g in S’ (see Figure for an

example).

Figure 1.5. On the left: a tree S’ whose nodes represent the subgroups of
interest.

On the right: an extension T € T5(S"). Here K1(T) = {1,2}, Ko(T) = {3, 4}

Given a tree T € T1(S’), a natural estimator of #9) is then given by

where n'(g) = 3, 1{S"(X;) = g} and B(k) are the regression coefficients of the satur-
ated regression over T'. It is then straightforward to show using the recursive structure of

stratification trees that choosing T" as a solution to the following problem:

will minimize the asymptotic variance of the subgroup specific estimators é(g), while still
minimizing the variance of the global ATE estimator 6 in the restricted set of trees TL(S).
Moreover, to compute a minimizer of V(T') over T.(S’), it suffices to compute the optimal

tree for each subgroup, and then append these to S’ to form the stratification tree. Finally,
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the appropriate analogues to Theorems |3.3.1| and |1.3.2| for the estimators 0 will also follow

without any additional assumptions.

In Section [1.5] we illustrate the application of this extension to the setting in |[Karlan
and Wood| (2017). In their paper, they study the effect of information about a charity’s
effectiveness on subsequent donations to the charity, and in particular the treatment effect
heterogeneity between large and small prior donors. For this application we specify S’ to be
a tree of depth 1, whose terminal nodes correspond to the subgroups of large and small prior
donors. We then compute T for each of these subgroups and append them to S’ to form
a stratification tree which simultaneously minimizes the variance of the subgroup-specific
estimators, while still minimizing the variance of the global estimator in this restricted class.
1.3.2.3. Extension to Multiple Treatments. Here we consider the extension to multiple
treatments. Let A = {1,2,...,J} denote the set of possible treatments, where we consider
the treatment A = 0 as being the “control group”. Let Ay = AU {0} be the set of treatments

including the control. Our quantities of interest are now given by

for a € A, so that we consider the set of ATEs of the treatments relative to the control. Let
0 := (04)aca denote the vector of these ATEs.

The definition of a stratification tree T' € Ty, is extended in the following way: instead of
specifying a collection 7 = (7(k))E_, of assignment targets for treatment 1, we specify, for
each k, a vector of assignment targets for all a € Ay, so that 7 = ({Wa(k)}aer),le, where

each 7, (k) € (0,1) and >, 4. Ta(k) = 1. We also consider the following generalization of our
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estimator: consider estimation of the following equation by OLS

Yi= Y aB)1{Si =k} + > > Ba(k)1{Ai = a,8; = k} +u; ,

ke[K] aeA ke[K]|

then our estimators are given by

n

0u(1) = 3 "0 5y

Now, for a fixed T € 7Ty, the results in [Bugni et al| (2018) imply that /n(6(T) — 6) is

asymptotically multivariate normal with covariance matrix given by:
V(T) = > p(k;T) (Vi (k; T) + Vy (k5 T))
k
with
Vu(k; T) := outer [(E[Y (a) — Y(0)|S(X) = k] — E[Y(a) =Y (0)]) :a € A] ,
o5 (k) oa(k)
Vy (k;T) := =2 () +di « tae
() St + g (Z57) o 4)
where the notation v := (v, : a € A) denotes a column vector, outer(v) := vv’, and ¢y
is a vector of ones of length M. Note that from the results in |Cattaneo (2010), this is the
semi-parametric efficiency bound in the multiple treatment setting for the discretization S(-).
Because we are now dealing with a covariance matrix V(7T') as opposed to the scalar
quantity V(T'), we need to be more careful about what criterion we will use to decide on
an optimal 7. The literature on experimental design has considered various targets (see
Pukelsheim| 2006|, for some examples). In this paper we will consider the following collection

of targets:

V* = min [[V(T)]] ,
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where || - || is some matrix norm. In particular, if we let || - || be the Euclidean operator-
norm, then our criterion is equivalent to minimizing the largest eigenvalue of V(7'), which
coincides with the notion of E-optimality in the study of optimal experimental design in the
linear model (see for example Section 6.4 of [Pukelsheim| [2006)). Intuitively, if we consider
the limiting normal distribution of our estimator, then any fixed level-surface of its density
forms an ellipsoid in RMI. Minimizing |[V(7)|| in the Euclidean operator-norm corresponds
to minimizing the longest axis of this ellipsoid.

If we consider the following generalization of the empirical minimization problem:

TEM = in ||V(T
argjrngrLlHV( I

where YN/(T) is an empirical analog of V(7'), then analogous results to those presented in
Section|1.3.1|continue to hold in the multiple treatment setting as well, under some additional

regularity conditions (see Appendix for precise statements).

1.4. Simulations

In this section we analyze the finite sample behaviour of our method via a simulation
study. We consider three DGPs in the spirit of the designs considered in |Athey and Imbens

(2016)). For all three designs, the outcomes are specified as follows:

Yi(a) = ko(Xi) + va(X5) - €0y -

)

Where the €,; are i.i.d N(0,0.1), and k,(-), v4(-) are specified individually for each DGP
below. In all cases, X; € [0, 1]¢, with components independently and identically distributed

as Beta(2,5). The specifications are given by:
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Model 1: d = 2, ko(x) = 0.2, yy(z) = 5,

k1(z) = 10z11{x; > 0.4} — 5xo1{zs > 0.4} ,

vi(z) = 10x,1{zy > 0.6} + Sxo1{zy > 0.6} .

This is a “low-dimensional” design with two covariates. The first covariate is given a higher
weight than the second in the outcome equation for Y'(1).

Model 2: d = 10, ko(z) = 0.5, vp(x) = 5,
10 A )
ki(x) = Y (=110 1 a; > 0.4},
j=1

10
vi(z) = > 107 1{x; > 0.6} .
j=1
This is a “moderate-dimensional” design with ten covariates. Here the first covariate has
the largest weight in the outcome equation for Y (1), and the weight of subsequent covariates

decreases quickly.

Model 3: d = 10, ko(x) = 0.2, vy(z) =9,

Kk1(r) = i(—l)”m S{x; > 0.4} + i(—1)j15 ‘1z > 0.4},
vi(7) = 23] 10 - 1{z; > 0.6} + i 5-1{z; > 0.6} .

This is a “moderate-dimensional” design with ten covariates. Here the first three covariates
have similar weight in the outcome equation for Y'(1), and the next seven covariates have a
smaller but still significant weight.

In each case, kq(-) is calibrated so that the average treatment effect is close to 0.1, and

vo(+) is calibrated so that Y;(1) and Y;(0) have similar unconditional variances (see Appendix
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for details). In each simulation we test five different methods of stratification, where
we estimate the ATE using the saturated regression estimator described in Section [1.2.3]
In all cases, when we stratify we consider a maximum of 8 strata (which corresponds to a
stratification tree of depth 3). In all cases we use SBR to perform assignment. We consider
the following methods of stratification:

e No Stratification: Here we assign the treatment to half the sample, with no strati-
fication.

e Ad-hoc: Here we stratify in an “ad-hoc” fashion and then assign treatment to half
the sample in each stratum. To construct the strata we iteratively select a covariate
at random, and stratify on the midpoints of the currently defined strata.

e Stratification Tree: Here we split the sample and perform a pilot experiment to
estimate a stratification tree, we then use this tree to assign treatment in the second
wave.

e Cross-Validated Tree: Here we estimate a stratification tree as above, while selecting
the depth via cross validation.

o Infeasible Optimal Tree: Here we estimate an “optimal” tree by using a large auxili-
ary sample. We then use this to assign treatment to the entire sample (see Appendix
for further details).

We perform the simulations with a sample size of 5,000, and consider three different
splits of the total sample for the pilot experiment and main experiment when performing
our method (for all other methods all 5,000 observations are used in one experiment). For
all cases with a pilot, the pilot experiment was performed using simple random assignment
without stratification. To estimate the stratification trees we minimize an empirical analog

of the asymptotic variance as described in Appendix [A.4]
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We assess the performance of the randomization procedures through the following criteria:
the empirical coverage of a 95% confidence interval formed using a normal approximation, the
percentage reduction in average length of the 95% CI relative to no stratification, the power
of a t-test for an ATE of 0, and the percentage reduction in root mean-squared error (RMSE)
relative to no stratification. For each design we perform 5000 Monte Carlo iterations. Table

[I.1] presents the simulation results for Model 1.

Sample Size Criteria

Pilot Main Stratification Method Coverage %ALength Power %ARMSE

No Stratification 94.4 0.0 78.6 0.0

Ad-Hoc 94.5 -7.0 83.8 -7.1

Strat. Tree 94.4 0.0 77.1 2.0

100 4900 CV Tree 94.9 -5.1 81.3 4.8

Infeasible Tree 94.7 -19.0 91.4 -18.3

No Stratification 94.6 0.0 78.3 0.0

Ad-Hoc 94.3 -7.0 83.4 -6.8

Strat. Tree 94.5 -13.5 88.1 -13.1

500 4500 CV Tree 94.8 -12.9 88.2 -13.2

Infeasible Tree 94.1 -19.0 92.1 -18.3

No Stratification 94.4 0.0 77.4 0.0

Ad-Hoc 94.4 -7.0 2.7 -7.0

Strat. Tree 94.3 -12.0 86.2 -11.5

1500 3500 CV Tree 94.3 -11.7 85.9 -11.9

Infeasible Tree 94.4 -19.0 92.2 -19.6

Table 1.1. Simulation Results for Model 1

In Table , we see that when the pilot study is small (sample size 100), our method
can perform poorly relative to ad-hoc stratification. However, the CV tree does a good job
of avoiding overfitting, and performs only slightly worse than ad-hoc stratification for this
design. When we consider a medium-sized pilot study (sample size 500), we see that both the
stratification tree and the CV tree outperform ad-hoc stratification. To put these gains in

perspective, the ad-hoc stratification procedure would require 500 additional observations to
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match the performance of the stratification trees, and the no-stratification procedure would
require 1500 additional observations. Finally, when using a large pilot study (sample size
1500), we see a small drop in performance for both trees. This drop in performance can be
explained through the alternative “large-pilot” asymptotic framework that we introduced in
Remark [I.3.5] Summarizing the results of Table [I.1] the CV tree seems to do a good job of
preventing overfitting and in general performs as well or better than the stratification tree in
all three scenarios. Overall, the stratification tree and CV tree display modest gains relative

to ad-hoc stratification in this low-dimensional setting. Next we study the results for Model

2, presented in Table

Sample Size Criteria
Pilot Main Stratification Method Coverage %ALength Power %ARMSE
No Stratification 94.1 0.0 46.8 0.0
Ad-Hoc 94.8 -1.8 48.2 -3.7
Strat. Tree 94.4 7.0 42.1 6.5
100 4900 CV Tree 94.1 -7 53.2 v
Infeasible Tree 94.2 -19.6 64.4 -19.5
No Stratification 94.2 0.0 46.1 0.0
Ad-Hoc 94.4 -1.8 48.6 2.1
Strat. Tree 94.5 -12.7 58.0 -13.5
500 4500 CV Tree 94.5 -14.0 58.1 -13.7
Infeasible Tree 94.3 -19.7 65.0 -194
No Stratification 93.9 0.0 46.6 0.0
Ad-Hoc 94 4 -1.8 49.0 -1.8
Strat. Tree 94.0 -12.4 57.9 -11.7
1500 3500 CV Tree 94.1 -12.1 58.9 -11.9
Infeasible Tree 93.8 -19.7 65.9 -18.6

Table 1.2. Simulation Results for Model 2

In Table [I.2] we see that for a small pilot, we get similar results to Model 1, with the
CV tree again doing a good job of avoiding overfitting. For a medium-sized pilot, both trees

display sizeable gains relative to ad-hoc stratification. To put these gain in perspective, both
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the ad-hoc stratification and the no-stratification procedures would require 1500 additional
observations to match the performance of the stratification trees. To summarize the results
of Table [1.2] we again have that the CV tree performs best across all three specifications.
For small pilots it does a good job of preventing overfitting, and for larger pilots it displays
sizeable gains relative to ad-hoc stratification. Finally, we study the results of Model 3,

presented in Table [1.3]

Sample Size Criteria

Pilot Main Stratification Method Coverage %ALength Power %ARMSE

No Stratification 95.4 0.0 30.9 0.0

Ad-Hoc 95.1 -2.2 31.7 -0.6

Strat. Tree 94.5 16.3 24.2 19.5

100 4900 CV Tree 94.8 1.0 30.4 2.1

Infeasible Tree 94.6 -7.4 36.0 -5.5

No Stratification 95.2 0.0 30.9 0.0

Ad-Hoc 95.4 -2.2 32.2 -4.5

Strat. Tree 94.4 2.1 32.4 -1.1

500 4500 CV Tree 95.4 -1.9 31.7 4.4

Infeasible Tree 95.1 -74 35.0 -9.8

No Stratification 94.2 0.0 30.9 0.0

Ad-Hoc 94.8 -2.2 31.9 -3.1

Strat. Tree 94.6 -4.0 32.1 -4.7

1500 3500 CV Tree 94.4 -3.5 32.1 -2.7

Infeasible Tree 95.0 -7.4 35.2 -7.5

Table 1.3. Simulation Results for Model 3

In Table [1.3] we see very poor performance of our method when using a small pilot.
However, as was the case for Models 1 and 2, the CV tree still helps to protect against
overfitting. When moving to the medium and large sized pilots, we see that both trees
perform comparably to ad-hoc stratification. We note that the gains from stratification

in this design are quite small. For example, the no-stratification procedure would require
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only 200 additional observations to match the performance of ad-hoc stratification, and
approximately 500 additional observations to match the performance of the optimal tree.

Overall, we conclude that stratification trees can provide moderate to substantial im-
provements over ad-hoc stratification, with the greatest improvements coming from DGPs
with some amount of “sparsity”, as in Model 2. The cross-validation method seems most
robust to the choice of pilot-study size, however, in general we caution against using the

method with very small pilots.

1.5. An Application

In this section we study the behavior of our method in an application, using the experi-
mental data from Karlan and Wood, (2017)). First we provide a brief review of the empirical
setting: |[Karlan and Wood (2017) study how donors to the charity Freedom from Hunger
respond to new information about the charity’s effectiveness. The experiment, which pro-
ceeded in two separate waves corresponding to regularly scheduled fundraising campaigns,
randomly mailed one of two different marketing solicitations to previous donors, with one
solicitation emphasizing the scientific research on FFH’s impact, and the other emphasizing
an emotional appeal to a specific beneficiary of the charity. The outcome of interest was the
amount donated in response to the mailer. |Karlan and Wood, (2017) found that, although
the effect of the research insert was small and insignificant, there was substantial hetero-
geneity in response to the treatment: for those who had given a large amount of money in
the past, the effect of the research insert was positive, whereas for those who had given a
small amount, the effect was negative. They argue that this evidence is consistent with the
behavioural mechanism proposed by Kahneman| (2003)), where small prior donors are driven
by a “warm-glow” of giving (akin to Kahneman’s System I decision making), in contrast

to large prior donors, who are driven by altruism (akin to Kahneman’s System II decision
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making). However, the resulting confidence intervals of their estimates are wide, and often
contain zero (see for example Figure 1 in [Karlan and Wood, 2017). The covariates available
in the dataset for stratification are as follows:

e Total amount donated prior to mailer
e Amount of most recent donation prior to mailer (denoted pre gift below)
e Amount of largest donation prior to mailer

e Number of years as a donor (denoted # years below)

Number of donations per year (denoted freq below)

Average years of education in census tract

Median zipcode income
e Prior giving year (either 2004/05 or 2006/07) (denoted p.year below)
As a basis for comparison, Figure depicts the stratification used in [Karlan and Wood

(2017).

Figure 1.6. Stratification used in |[Karlan and Wood| (2017)

We estimate two different stratification trees using data from the first wave of the exper-

iment (with a sample size of 10,869) that illustrate stratifications which could have been
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used to assign treatment in the second wave. We compute the trees by minimizing an em-

pirical analog of the variance, as described in Sections|1.2.3|and [1.3.1} The first tree is fully

unconstrained, and hence targets efficient estimation of the unconditional ATE estimator,
while the second tree is constrained in accordance with Section to efficiently target
estimation of the subgroup-specific effects for large and small prior donors (see below for a
precise definition). In both cases, the depth of the stratification tree was selected using cross
validation as described in Section , with a maximal depth of L = 5 (which corresponds
to a maximum of 32 strata). When computing our trees, given that some of these covariates
do not have upper bounds a-priori, we impose an upper bound on the allowable range for the
strata to be considered in accordance with Remark (we set the upper bound as roughly
the 97th percentile in the dataset, although in practice this should be set using historical
data).

Figure depicts the unrestricted tree estimated via cross-validation. We see that the
cross-validation procedure selects a tree of depth one, which may suggest that the covariates
available to us for stratification are not especially relevant for decreasing the variance of the
estimator. However, we do see a wide discrepancy in the assignment proportions for the
selected strata. In words, the subgroup of respondents who have been donors for more than
16 years have a larger variance in outcomes when receiving the research mailer than the
control mailer. In contrast the subgroup of respondents who have been donors for less than

16 years have roughly equal variances in outcomes under both treatments.

3Replication data is available by request from Innovations for Poverty Action. Observations with missing
data on median income, average years of education, and those receiving the “story insert” were dropped.
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m(1) = 0.47 m(2) = 0.78

Figure 1.7. Unrestricted Stratification Tree estimated from [Karlan and Wood
(2017)) data

Next, we estimate the restricted stratification tree which targets the subgroup-specific
treatment effects for large and small prior donors. We specify a large donor as someone
who’s most recent donation prior to the experiment was larger than $100. We proceed by
estimating each subtree using cross-validation. Figure depicts the estimated tree. We see
that the cross-validation procedure selects a stratification tree of depth 1 in the left subtree
and a tree of depth O (i.e. no stratification) in the right subtree, which further reinforces

that the covariates we have available may be uninformative for decreasing variance.

Figure 1.8. Restricted Stratification Tree estimated from Karlan and Wood
(2017)) data
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The results of this exercise suggest a potential added benefit from using our method:
when using cross-validation, the depth of the resulting tree could serve as a diagnostic tool
to help assess the potential gains from stratification in a given application. In particular, if
the procedure outputs a very shallow tree given a relatively large sample, this may suggest
that the potential gains from stratification are small. To further assess the potential gains
from stratification in this application, in Appendix we repeat the simulation exercise of
Section [1.4] with an application-based simulation design, where we treat the sample data as
the true DGP. There we find that using an “optimal” stratification tree of depth 2 results
in an 8% reduction in RMSE and a 6% reduction in CI length relative to no stratification
(using a CV tree with a maximum depth of 2 results in a 3% reduction in RMSE and a
2% reduction in CI length). This again reinforces that the gains from stratification may be

fairly small in this setting.

1.6. Conclusion

In this paper we proposed an adaptive randomization procedure for two-stage randomized
controlled trials, which uses the data from a first-wave experiment to assign treatment in a
second wave of the RCT. Our method uses the first-wave data to estimate a stratification tree:
a stratification of the covariate space into a tree partition along with treatment assignment
probabilities for each of these strata. The main result of the paper showed that using our
procedure results in an estimator with an asymptotic variance which minimizes the semi-
parametric efficiency bound of |Hahn| (1998)), over an optimal stratification of the covariate
space. We also described extensions which accommodate multiple treatments, as well as
to target subgroup-specific effects. In simulations, the method was most effective when the

response model exhibited some amount of “sparsity” with respect to the covariates, but was
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shown to be effective in other contexts as well, as long as the sample size of the pilot being
used to estimate the stratification tree was not prohibitively small.

Going forward, there are several extensions of the paper that we would like to consider.
First, many RCTs are performed as cluster RCTs, that is, where treatment is assigned at a
higher level of aggregation such as a school or city. Extending the results of the paper to this
setting could be a worthwhile next step. Another avenue to consider would be to combine
our randomization procedure with other aspects of the experimental design. For example,
Carneiro et al. (2016 set up a statistical decision problem to optimally select the sample
size, as well as the number of covariates to collect from each participant in the experiment,
given a fixed budget. It may be interesting to embed our randomization procedure into a
similar decision problem. Finally, although our method employs stratified randomization,
we assumed throughout that the experimental sample is an i.i.d sample. Further gains may
be possible by considering a setting where we are able to conduct stratified sampling in the
second wave as well as stratified randomization. To that end, Song and Yu (2014)) develop

estimators and semi-parametric efficiency bounds for stratified sampling which may be useful.
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CHAPTER 2

Model Selection for Treatment Choice: Penalized Welfare
Maximization

2.1. Introduction to Chapter 2

This paper develops a new statistical decision rule for the treatment assignment problem.
A major goal of treatment evaluation is to provide policy makers with guidance on how to
assign individuals to treatment, given experimental or quasi-experimental data. Following
the literature inspired by Manski (2004) (a partial list in econometrics includes Armstrong
and Shen, 2015} |Athey and Wager, 2017} |Bhattacharya and Dupas|, [2012; Chamberlain), [2011;
Dehejia, 2005, Hirano and Porter], 2009; Kasy, 2014; Kitagawa and Tetenov], 2018; [Kock and
Thyrsgaard, 2017; [Schlag, 2007; Stoye, 2009, 2012} [Tetenov, 2012), we treat the treatment
assignment problem as a statistical decision problem of maximizing population welfare. Like
many of the above papers, we evaluate our decision rule by its maximum regret.

Often, policy makers have observable characteristics at their disposal on which to base
treatment, however, they may not always have full discretion on how these covariates can
be used. For example, policy makers may face exogenous constraints on how they can use
covariates for legal, ethical, or political reasons. Even in cases where policy makers have

leeway in how they assign treatment, plausible modeling assumptions may imply certain

O(continued from previous page), NASMES 2017, and the Bristol Econometrics Study Group for helpful
comments, as well as Nitish Keskar for help in implementing EWM. This research was supported in part
through the computational resources and staff contributions provided for the Social Sciences Computing
Cluster (SSCC) at Northwestern University. All mistakes are our own.
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restrictions on assignment. |[Kitagawa and Tetenov (2018) develop what they call the Empir-
ical Welfare Maximization (or EWM) rule, whose primary feature is its ability to solve the
treatment choice problem when exogenous constraints are placed on assignment. EWM will
play an important role in the development of our rule, which we call the Penalized Welfare
Maximization rule (PWM).

The PWM rule is designed to address situations in which the policy maker can choose
amongst a collection of constrained allocations. To be concrete, suppose we have two treat-
ments, and we represent assignment into these treatments by partitioning the covariate space
into two pieces. We can then think of constraints on assignment as constraints on the al-
lowable subsets that we can consider for the partitions. |[Kitagawa and Tetenov| (2018) focus
on deriving bounds on maximum regret of the EWM rule for a fized class of subsets of
finite VC dimension (see |Gyorfi et al.| (1996) for a definition). In this paper, however, we
consider settings where the class of allowable subsets is “large”. We approach the problem
by approximating our class of allowable allocations by a sequence of subclasses of finite VC
dimension. We establish an oracle inequality for the regret of the PWM rule which shows
that it behaves as if we knew the “correct” class to use in the sequence. We then use this
result to derive bounds on the maximum regret of the PWM rule in two empirically relevant
settings.

The first setting that we consider is one where the class of feasible allocations has infinite
VC dimension. In particular, we argue that economic modeling assumptions may sometimes
put restrictions on the unconstrained optimum that naturally generate classes of infinite
VC dimension. For example, plausible assumptions may only impose shape restrictions on
the optimal allocation. To solve the optimal welfare assignment problem in this setting, we

approximate these large classes of feasible allocations by sequences of classes of finite VC
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dimension. The strength of the PWM rule in this setting will then be to provide a data-
driven method by which to select an “appropriate” approximating class. In doing so we will
derive bounds on the maximum regret of the PWM rule for a large set of classes of infinite
VC dimension.

The second setting we consider is one where the class of feasible allocations may have
large VC dimension relative to the sample size. This could arise, for example, if the planner
has many covariates on which to base assignment. As is shown in Kitagawa and Tetenov
(2018), when the constraints placed on assignment are too flexible relative to the sample size
available, the EWM rule may suffer from overfitting, which can result in inflated values of
regret. By the same mechanism that allows PWM to select an appropriate approximating
class in our first application, we can use PWM in order to select amongst simpler subclasses
in this setting as well, in a way that improves the performance of the allocation rule in finite
samples. We illustrate PWM'’s ability to reduce regret in a simulation study where the policy
maker has many covariates on which to base treatment assignment, but does not know how
many to use when performing best-subset selection.

The PWM rule is heavily inspired by the literature on model selection in classification:
see for example the seminal work of Vapnik and Chervonenkis (1974)), as well as |Gyorfi
et al. (1996), Koltchinskii| (2001)), [Bartlett et al.| (2002)), [Scott and Nowak! (2002), Boucheron
et al| (2005), Bartlett| (2008), [Koltchinskii (2008) among many others. The theoretical
contribution of our paper is to modify and extend some of these tools to the setting of
treatment choice. As pointed out in Kitagawa and Tetenov| (2018]), there are substantive
differences between classification and treatment choice: observed outcomes are real-valued
in the setting of treatment choice, and only one of the potential outcomes is observed for

any given individual. When we say that we extend these tools, we mean that we prove
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results for settings where the data available to the policy maker is quasi-experimental. As
we will see, in such a setting the policy maker’s objective function contains an estimated
quantity, which is not an issue that arises in the classification problem. In deciding which
tools to extend, we have attempted to strike a balance between ease of use for practitioners,
theoretical appeal, and performance in simulations. The connection between classification
and treatment choice has been explored in various fields, including machine learning, under
the label of policy learning (see Beygelzimer and Langford, 2009; |Kallus, |2016; Swaminathan
and Joachims| 2015} Zadrozny| 2003, among others), and in epidemiology under the label of
individualized treatment rules (examples include |Qian and Murphy), [2011} |Zhao et al., 2012).
Kitagawa and Tetenov| (2018)) and |Athey and Wager| (2017) provide a discussion on the link
between these various literatures.

The remainder of the paper is organized as follows. In Section [2.2] we setup the notation
and formally define the problem that the policy maker (i.e. social planner) is attempting
to solve. In Section [2.3] we introduce the PWM rule and present general results about its
maximum regret. In Section 2.4 we perform a small simulation study to highlight PWM'’s
ability to reduce regret when performing best-subset selection. In Section [2.5( we derive
bounds on maximum regret of the PWM rule when the planner is constrained to what we
call monotone allocations, and then illustrate these in an application to the JTPA study.

Section 2.6] concludes.

2.2. Setup

Let Y; denote the observed outcome of a unit ¢, and let D; be a binary variable which
denotes the treatment received by unit 7. Let Y;(1) denote the potential outcome of unit
i under treatment 1 (which we will refer to as “the treatment”), and let Y;(0) denote the

potential outcome of unit ¢ under treatment 0 (which we will refer to as “the control”). The
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observed outcome for each unit is related to their potential outcomes through the expression:
(2.1) Y: = Yi(1)D; + Yi(0)(1 - D;) |

Let X; € X < R% denote a vector of observed covariates for unit i. Let Q denote the dis-
tribution of (Y;(0),Yi(1), D;, X;), then we assume that the planner observes a size n random

sample

(KaDhXi)?:l ~ P" y

where P is jointly determined by @), and the expression in (2.1)). Throughout the paper we

will assume unconfoundedness, i.e.

Assumption 2.2.1. (Unconfoundedness) The distribution @ satisfies:
((Y(l),Y(O)) 1 D) ‘X .

This assumption asserts that, once we condition on the observable covariates, the treat-
ment is exogenous. This assumption will hold in a randomized controlled trial (RCT), which
is our primary application of interest, since the treatment is exogenous by construction. This
assumption is sometimes also made (possibly tenuously) in observational studies; it is a key
identifying assumption when using matching or regression estimators in policy evaluation
settings with observational data (Imbens| 2004, provides a review of these techniques, and
discusses the validity of Assumption in economic applications).

The planner’s goal is to optimally assign the treatment to the population. The objective
function we consider is utilitarian welfare, which is defined by the average of the individual

outcomes in the population:

EolY()I{X e G} +Y(0)1{X ¢ G}] ,
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where G © X represents the set of covariate values of the individuals assigned to treatment.
The planner is tasked with choosing a treatment allocation G < X using the empirical data.

Using Assumption [2.2.1 we can rewrite the welfare criterion as:

Bl O] + En[ (15 ~ T ) HX <61

where e(X) = Ep[D|X] is the propensity score. Since the first term of this expression does
not depend on G, we define the planner’s objective function given a choice of treatment

allocation G as:

W(G) = EP[C(/)?) - 11/(_1 ;()?))>1{X e G}] .

Let G be the class of all feasible treatment allocations. Here, we consider the possibility
that the planner may be restricted in what type of allocations she can (or wants to) consider.
These restrictions may arise from legal, ethical, or political considerations, or could arise as

natural constraints from the economic model. Consider the following three examples of G:

Example 2.2.1. G could be the set of all measurable subsets of X'. This is the largest
possible class of admissible allocations. It is straightforward to show that the optimal alloc-

ation in this case is as follows: define
7(x) := E[Y(1) = Y(0)|X = «]
then the optimal allocation is given by
Grg:i={reX:7(x) =0},

which assigns an individual with covariate x to treatment or control depending on whether

the conditional average treatment effect at x is non-negative.
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Example 2.2.2. Suppose X < R, and consider the class of threshold allocations:
G={G:G=(—0,z]nX or G=[r,0)nX, for zeX}.

Such a class G would be reasonable, for example, when assigning scholarships to students:
suppose the only covariate available to the planner is a student’s GPA, then it may be school

policy that only threshold-type rules are to be considered.

Example 2.2.3. Let X = X} x X, < R?, and consider the class of monotone allocations:
G={G:G={(w1,22) € X| 22 = f(x1) for f: Xy —> X, increasing}} .

As an example, consider again the setting of assigning scholarships to students (Example
, but now suppose that the covariates available to the planner are parental income
(1) and a student’s GPA (z3). The allocation rules considered in G are such that the GPA
requirement for scholarship eligibility increases with parental income. In fact, even if the
planner is not exogenously constrained to such allocations, this type of shape restriction could
arise naturally from an economic model. Suppose, for instance, that the outcome of interest
depends only on a student’s innate “ability” (which is unobservable) and on whether or not
the student receives the scholarship. Furthermore, suppose that the planner can only use
information on GPA and parental income to assign scholarships, which have a per-unit cost.
Under some modeling assumptions (outlined in Appendix on the outcome equation,
and the relationship between the distributions of ability, GPA, and parental income, it can

be shown that the optimal allocation is in G. See Appendix for details.
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Given a feasible class G, we denote the highest attainable welfare by:

W :==supW(G) .
Geg

A decision rule is a function G from the observed data {(Y;, D;, X;)}", into the set of
admissible allocations G. We call the rule that we develop and study in this paper the
Penalized Welfare Mazimization (or PWM) rule. As in much of the literature that follows
the work of Manski| (2004), we assume that the planner is interested in rules G that, on
average, are close to the highest attainable welfare. To that end, the criterion by which we

evaluate a decision rule is given by what we call maximum G-regret:
sup Epn[W§ — wW(@)] .
P

We note that, in contrast to many papers on statistical treatment rules which employ
maximum-regret criteria, this notion of regret is defined relative to the optimum attained
in G, which is not necessarily the first-best unrestricted optimum (see Example . Kit-
agawa and Tetenov| (2018)) and |Athey and Wager| (2017)) are recent papers which also focus

on the G-regret criterion.

2.3. Results

In this section, we present the main results of our paper. In Section [2.3.1] we review
the properties of the empirical welfare maximization (EWM) rule of Kitagawa and Tetenov
(2018)), which will motivate the PWM rule and serve as an important building block in its
construction. In Section [2.3.2] we define the penalized welfare maximization rule and present
bounds on its maximum G-regret for general penalties. In Section [2.3.3] we illustrate these

results by applying them to some specific penalties. In Section we present results for a
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modification of the PWM rule for quasi-experimental settings where the propensity score is

not known and must be estimated.

2.3.1. Empirical Welfare Maximization: a Review and Some Motivation

The idea behind the EWM rule is to solve a sample analog of the population welfare max-
imization problem:

Grwu € arg max W, (G) ,
Geg

where

22)  Wa(G) = %Z””Xi cG) e %Z [(2&9) _ ?(_1;()%‘)))1{)(@- ccyl.

In general this problem could be computationally challenging. However, Kitagawa and
Tetenov| (2018)) show that solving such a problem is practically feasible for many applic-
ations by formulating it as a Mixed Integer Linear Program (MILP): see Appendix for
details. Note that to solve this optimization problem, the planner must know the propensity
score e(+). This assumption is reasonable if the data comes from a randomized experiment,
but clearly could not be made in a setting where the planner is using observational data.
Kitagawa and Tetenov| (2018)) derive results for a modified version of the EWM rule where
the propensity score is estimated, which we will review in Section [2.3.4]

To derive their non-asymptotic bounds on the maximum G-regret of the EWM rule,
Kitagawa and Tetenov] (2018) make the following additional assumptions, which we will also

require for our results:

Assumption 2.3.1. (Bounded Outcomes and Strict Quverlap) The set of distributions

P(M, k) has the following properties:
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e There exists some M < oo such that the support of the outcome wvariable Y is

M M].

contained in [—%-, 5

e There exists some k € (0,0.5) such that e(x) € [k, 1 — K] for all .

The first assumption asserts that the outcome is bounded. Since the implementation of
the EWM rule or the PWM rule does not require that the planner knows M, and the existence
of some bound on outcomes of interest to economics seems tenable (the assumption holds,
for instance, if the outcome variable is binary), we view this assumption as mild. The second
assumption ensures overlap in the covariate distributions, and is standard when imposing
unconfoundedness. In an RCT, this assumption can be made to hold by design, but may be
violated in settings with observational data.

In order to derive their results, Kitagawa and Tetenov| (2018)) also make the following

assumption, which we will not require:
Assumption 2.3.2. (Finite VC Dimension)' : G has finite VC dimension V < .

Such an assumption may or may not be restrictive depending on the application in
question. Consider Example the class of threshold allocations on R. This class has
VC dimension 2, thus Assumption holds. On the other hand, it can be shown that the
class of monotone allocations on [0,1]? that was introduced in Example has infinite

VC dimension (see (Gyorfi et al.| (1996)).

Given Assumptions [2.3.1] and [2.3.2] Kitagawa and Tetenov (2018) derive the following

non-asymptotic upper bound on the maximum G-regret of the EWM rule:

A M |V
(2.3) sup Epn[Wg - W(GEWM)] < C—Q/—,
PeP(M,k) kN n

ITheir results can also be extended to settings where the class of treatment allocations has sufficiently small
bracketing entropy (as in [Tsybakov, |2004), or Hamming entropy (as in |Athey and Wager, 2017). We will
also not require these types of assumptions.
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for some universal constant C. Moreover, when X has sufficiently “large” support, they

derive the following lower bound: for any decision rule G,

A V-1
(2.4) sup  Epn[WG —W(G)] = RM4| :
PeP(M,x) n

for R a universal constant and for all sufficiently large n. This shows that the rate of

convergence of maximum G-regret implied by (2.3)) is the best possible, i.e. that no other

decision rule could achieve a faster rate without imposing additional assumptions.

Remark 2.3.1. Theorem 2.2 in [Kitagawa and Tetenov| (2018), which establishes ([2.4)),
has another interesting implication: if X has “large” support and we do not impose additional
restrictions on the set of distributions P(M, k), then it is impossible to derive a uniform rate
of convergence of maximum G-regret for any rule, for classes G of infinite VC dimension.
This is in line with the results derived in [Stoye (2009), where he shows that in a setting
with a continuous covariate, and for any sample size, flipping a coin to assign individuals
is minimax-regret optimal despite this rule not even being point-wise consistent. Since we

will be interested in classes G of infinite VC dimension, we will revisit this problem later in

Section 2.3 =

Remark 2.3.2. As pointed out in Kitagawa and Tetenov| (2018), the EWM rule is
not invariant to positive affine transformations of the outcomes, and thus the researcher
could manipulate the treatment rule in settings where they have leeway in how to code the
outcome variable. To deal with this issue they suggest solving a demeaned version of the
welfare maximization problem. In Appendix we discuss the demeaned version of EWM
and repeat the exercises of Sections and using a demeaned version of EWM and

PWM. =
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2.3.2. Penalized Welfare Maximization: General Results

We now consider a setting where the class G of admissible rules is “large”, but can be

“approximated” by a sequence of less complex subclasses G:?
GicG,cGsc---cG.c---=G.

Let Gnk be the EWM rule in the class G,. Then we can decompose the G-regret of the rule

A

G, i, as follows:
Epn[Wg = W(Gn)] = Epn[Wg, — W(Go)] + We — W, .
Given this decomposition, we call
Epn[Wg, — W(Gn,kz)] ,
the estimation error of the rule G’n,k in the class G, and we call
Wg —Wg¢_,

the approximation error (or bias) of the class Gi. Note that since the classes {Gi}r are
nested, the estimation error (respectively approximation bias) is non-decreasing (resp. non-
increasing) with respect to k. If one has sharp uniform bounds on these errors, then an
appropriate choice of k would be one that minimizes the sum of these bounds. In Theorem
[2.3.1] we derive an oracle inequality which shows that PWM selects such a k, in a data-driven
fashion. We use this feature of PWM to derive bounds on maximum regret in two settings

of empirical interest.

2As can be seen from the proofs, the results we present below remain valid even if the sequence {Gr}k is not
nested.
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The first setting we consider is one where G has infinite VC dimension (consider Ex-

amples [2.2.1] and [2.2.3). In this setting, performing EWM on the whole class G may be

undesirable (for example, the regret may not converge to zero). Instead, we apply EWM
to an approximating class Gi, and we allow the complexity of the approximating class to

grow as the sample size increases. We present examples of relevant approximating classes

in Examples [2.3.2] and [2.3.3] below. In Corollary we establish a bound on maximum

regret in this setting.

The second setting that we consider is one where the class G has finite but large VC
dimension relative to the sample size. This situation can arise, for instance, in applications
where the planner has a large set of covariates on which to base treatment, and where the
feasible allocations are threshold allocations (see Example below). The bound on regret
given by increases with the VC dimension V of G, so that EWM tends to “overfit”’ the
data when V' is large relative to the sample size. In such a situation, it may be beneficial to
perform EWM in a class G’ of smaller VC dimension, resulting in a smaller bound on the
estimation error

Epa[We — W (Gewar)] -

However, this will only be useful if it is also the case that
We —Wg

is small. Hence we face the same tradeoff between estimation and approximation error that
was noted above. In Corollary we specialize Theorem to a finite collection of
approximating classes, and then in Corollary establish a bound on maximum regret for
the PWM rule which shows that it behaves as if we knew the correct class G’ to use ex-ante,

in the special case where the optimal allocation G* € G'. We then apply these results to
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select the number of covariates over which to perform best-subset selection with threshold
allocations (see Example below).

We consider the following assumption on our sequence of classes, which we call a sieve

of G:

Assumption 2.3.3. The sequence of classes
gGicGycgsc---CcG,Cc---C @

is such that each class G, has VC dimension Vi, which is finite.
We illustrate this with some examples:

Example 2.3.1. Recall the class of threshold allocations introduced in Example [2.2.2]
Let X = X} x X, < R? and define G% to be the threshold allocations on X; and G% to be
the threshold allocations on X,. We can now define the set of two-dimensional threshold

allocations on X:
G={GcX:G=G,xGy, G eGy and Gye G} .

To make this concrete, suppose that covariates X; and X, respectively denote age and
income. Then G contains (for instance) allocations of the type: “receive treatment if age is
above z; and income is below x,” for some z; and zs.

With K available covariates, it is straightforward to extend this definition to the class of
K-dimensional threshold allocations. For large K, the VC dimension of G can become large

relative to the sample size, and we may want to base treatment only on a smaller subset

3Kitagawa and Tetenov| (2018]) additionally assume that their class G is countable so as to avoid potential
measurability concerns. We instead choose not to address these concerns explicitly, as is done in most of the
literature on classification. See|Van der Vaart and Wellner| (1996) for a discussion of possible resolutions to
this issue.
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of the covariates. This is a variant of the best-subset selection problem, which has been
recently studied in the classification context by |(Chen and Lee| (2016). However, the question
still remains as to how many covariates should be considered (that is, the size of the subset).

An interesting sieve sequence for G is given by the following: let G;, Go, G3 be defined as

G =1{d, X}, gQZ(g)l(®X2)U(X1®g§() , G3=G,

where

gk@XQ = {GXXQ:GGQ}(}, Xl®g§( = {Xl XGZGGgg(} .

The sequence {Gy}3_, corresponds to the sequence of threshold allocations that use zero,
one and two covariates respectively (that each class Gy has finite VC dimension follows from
the fact a class of threshold allocations in one dimension has finite VC dimension, and that
unions of classes of finite VC dimension have finite VC dimension, see Dudley| (1999))*. As
we will illustrate below, PWM will determine in a data-driven way the number of covariates

to use for treatment assignment. We will revisit this example in the simulation study of

Section [2.4]

Example 2.3.2. Recall the class of monotone allocations introduced in Example [2.2.3]
Suppose that X = [0,1]? so that G has infinite VC dimension (see Gyorfi et al. (1996)) for
a proof of this fact). We will construct a useful sieve for G, where we approximate sets in G

with sets that feature monotone, piecewise-linear boundaries. We proceed in three steps.

4Note that in this example, it is actually the case that Go and G3 have the same VC dimension. This will
not be the case when we move to settings in higher dimensions.
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First define, for 7" an integer and 0 < j < T', the following function 7 : [0,1] — [0, 1]:

1— [Tz —j], zel[Z ] n][0,1]
Ur;i(z) =
0, otherwise .
The function 17 ;(-) is simply a triangular kernel whose base shifts with j and is scaled by

T. For example, 141(-) is a triangular kernel with base [0,0.5], and 5 (-) is a triangular

kernel with base [0,0.25]. Next, using these functions, we define the following classes Sk:

T
Skz {G2G={$=<$1,$2>€X| Zeij,j(lj)—l-xQZO} for HjeR, VOS]éT},

j=0
where T = 271 These S are a special case of what Kitagawa and Tetenov| (2018) call
generalized eligibility scores, which, as shown in Dudley| (1999), have VC dimension 7" + 2.
The intuition behind the class S is that it divides the covariate space into treatment and
control such that the boundary is a piecewise linear curve. Note that by construction it is
the case that Sy_1 < Sy for every k. Finally, to construct our approximating class G, we
will modify the class Sy such that we ensure that the resulting treatment allocations are
monotone.

For T an integer, let Dy be the following T' x (T + 1) differentiation matriz:
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Then G is defined as follows:
Gy = {G:GeSk and DrOp >0, Op = [90.--9T]'} :

for T = 2!, Note that the purpose of the constraint D;©p > 0 is to ensure that
Or — 0r_1 = 0 for all k, which is what imposes monotonicity on the allocations. This
construction, which we borrow from Beresteanu| (2004), is useful as it imposes monotonicity
through a linear constraint, which is ideal for our implementation of this sequence in Section
. Proposition m provides a uniform rate at which Wg — Wg under some additional
regularity conditions, and Corollary derives the corresponding bound on maximum G-
regret of the PWM rule. It is important to mention that, under the regularity conditions
we will impose, the class of monotone allocations is an example of a class for which bounds
on maximum G-regret exist for EWM, despite this class having infinite VC dimension (see
Proposition . We will compare the bounds we derive for PWM to these bounds in the
discussion following Corollary [2.5.1] In Section [2.5, we study the use of this sequence of

approximating classes in an application to the JTPA study.

Example 2.3.3. Suppose the planner faces no restrictions on treatment assignment, so
that G is the class of all measurable subsets of X'. Recall from Example that that the
optimal allocation in this case is given by G7.5. In this setting it may seem natural to employ
the plug-in decision rule:

~

Gpiug—in = {z : 7(x) = 0},

where 7(+) is a non-parametric estimate of 7(-). Under Assumption many non-parametric
estimates of 7(-) are well understood. The Penalized Welfare Maximization Rule could
provide an interesting alternative to plug-in rules in this setting by considering a sequence

of classes made of decision trees. Decision trees are popular rules in classification because
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of their natural interpretability. Intuitively, a decision tree recursively partitions the cov-
ariate space in such a way that the resulting decision rule can be understood as a series
of “yes-or-no” questions involving the covariates. Using decision trees for the estimation
of causal effects has recently become a popular idea in econometrics. Although we do not
explore decision trees extensively in this paper, in Appendix we explain how we could
accommodate them in our framework and relate them to recent work on the use of decision
trees for treatment assignment, as presented in Kallus (2016) and |Athey and Wager| (2017).

We also provide a preliminary comparison to plug-in decision rules.

Given a sieve {Gy}, let

N

Gn,k ‘= arg IGne%): WH(G) )

be the EWM rule in the class G;. Our goal is to select the appropriate class £* in which
to perform EWM. We do this by selecting the class £* in the following way: for each class
Gk, suppose we had some (potentially data dependent) measure C, (k) of the amount of
“overfitting” that results from using the rule Gnk (we will be more precise about the nature
of Cy,(k) in a moment). Given such a measure C,(k), let {t;};>; be an increasing sequence

of real numbers, and define the following penalized objective function:
t
(2.5) Roi(G) := Wy (G) — Cp(k) — 5’“ .

Then the penalized welfare maximization rule G, is defined as follows:

A

GTL = GTL,’;* 3

where

~

k* ;= arg max Rnk(énk) )
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In words, the PWM rule selects an allocation which maximizes a penalized version of the

empirical welfare, with the penalty for allocations in G given by the term C,, (k) (plus the

auxiliary term +/tg/n).

Remark 2.3.3. Note that the PWM objective function R,, x(-) includes the term: 4/t;/n.
This component of the objective is a technical device that is used to ensure that the classes
get penalized at a sufficiently fast rate as k increases. The dependence of the penalty term
on the sequence {t;}, is somewhat undesirable, as it implies that the size of the penalty term
for a given class depends on the location of the class in the sieve, as well as the specific choice
of the sequence {t;};. Ideally, we would like the penalty term to be completely determined
by the class. This technical device seems—however—unavoidable, and similar terms are
pervasive throughout the literature on model selection in classification: see Koltchinskii
(2001)), Bartlett et al. (2002), Boucheron et al. (2005]), Koltchinskii (2008]). We make three
additional comments regarding this term. First, our results hold for any increasing sequence
{tx},, and the choice is reflected explicitly in the bounds that we derive. Second, if
one is only interested in using PWM in settings where the sequence of classes is finite,
then we will show in Corollary that the \/2% term is not required. Third, from
our simulation results, PWM performs well for the choice t, = k, and its performance is
essentially unaffected by this term. For simplicity, and unless otherwise specified, we will

present all of our results with this specific choice of t, = k. =

Remark 2.3.4. As noted by Kitagawa and Tetenov| (2018), given a sieve {Gy}x, one
can use their results to derive uniform (w.r.t P(M,k)) bounds on the estimation error.
If one has in addition uniform bounds on the approximation bias, then one can consider
the decision rule én’k(n), where k(n) is constructed to minimize the sum of these bounds.

However, the merit of such an approach would depend on obtaining “good” computable
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bounds for the estimation and approximation error, which may be difficult to do in practice.
For instance, the uniform bounds on the estimation error implied by the results of Kitagawa
and Tetenov] (2018) depend on the VC dimension of the classes {Gy}; which may be hard to
compute or bound in practice. Furthermore, such a deterministic choice of k(n) may lead
to suboptimal rates if the true DGP satisfies additional regularity conditions which may be
unknown to the econometrician; for instance, if the true DGP belongs to a much smaller
class P'(M, k) < P(M, k), over which the approximation bias (uniformly) decays at a much
faster rate than on P(M, k), then the original choice of k(n) will be suboptimal. Given
these challenges, PWM displays two advantages. First, As shown in Theorem and
Corollary [2.3.1, PWM will perform—in a data-driven way—the optimal tradeoff between the
approximation and estimation error, without relying on explicit bounds for these quantities.
Second, PWM will select the subclass k—over which to perform EWM—in a way that adapts
to additional “regularities” that may be satisfied by the true DGP (see Corollarybelow).

Before stating our main results about the G-regret of the PWM rule, we first list some
high-level assumptions on the penalty term C, (k). In Section [2.3.3] we will provide some

specific examples of penalties that satisfy these assumptions.

Assumption 2.3.4. There exist positive constants co and ¢ such that C, (k) satisfies

the following tail inequality for every n, k, and for every e > 0:

Sup Pn(Wn(énrk> - W(Gn,k) - Cn<k) > 6) < 0167200”62
PeP(M,k)

We provide some intuition for this assumption. Given an EWM rule CA}'nvk, the value

~

of the empirical welfare is given by W,,(G, ). From the perspective of G-regret, what we

would really like to know is the value of population welfare W(énk) Although the latter
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~

quantity is unknown, if we could define the (infeasible) penalty C,, (k) as W, (Gx) — W(énk),

~ ~

then the penalized objective W, (G,.x) — Cp(k) would be exactly equal to W (G, ;). Since
implementing such a C,, (k) is impossible, our assumption requires for our feasible penalty to

be a good (empirical) upper bound on W, (G, ) — W (Gpi). We are now ready to state our

main workhorse result: an oracle inequality that chracterizes the G-regret of the PWM rule.

Theorem 2.3.1. Suppose that Assumptions|2.2.1), (2.3.1, |12.3.5 and 2.3.4] hold, and set

ty =k in (2.5). Then there exist constants A and co such that for every P € P(M,k):

Epu[Wg = W(Ga)] < inf | Bpn[CalR)] + (W5 = WE,) + ﬁ] L [los(Ae)

n 2com

Theorem forms the basis of all the results we present in Sections [2.3.2|and [2.3.3] It

says that, at least from the perspective of pointwise (as opposed to maximum) G-regret, the
PWM rule is able to balance the tradeoff between Epn[C,, (k)] and the approximation error,
at the cost of adding two additional terms that are O(1/4/n). The relative importance of
these terms is hard to quantify at this level of generality, and we will attempt to shed some
light on them, for specific penalties, in Section [2.3.3] Note that this result does not quite
accomplish our initial goal of balancing the estimation and approximation error along our
sieve: it is possible to choose a C,, (k) that satisfies Assumption for which Ep.[C, (k)] is
too large a bound for the estimation error. For this reason, we also impose the requirement

that any penalty we consider should have the following additional property:

Assumption 2.3.5. There exists a positive constant Cy such that, for every n, C, (k)

satisfies

Vi
sup Epn[Cy(k)] < C’M/—k ,
PeP(M,k) n
where Vj, is the V.C' dimension of Gy.
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This assumption ensures that Epn[C,,(k)] is comparable to the estimation error for EWM
derived in ([2.3)), which was shown to be rate-optimal in (2.4)).

The next result we present is a bound on maximum regret for our first setting of interest:
choosing the appropriate approximating class when G has infinite VC dimension. Note that,
as discussed in Remark a bound on maximum regret may not exist unless we impose
some additional regularity conditions on the family of DGPs under consideration. Hence
we make the additional assumption that we restrict ourselves to a set of distributions P,
for which there exists a uniform bound on the approximation error. Note however that we
do not assume that the rate of decay of the approximation bias is necessarily known to the

econometrician, thus illustrating the “oracle” nature of our results.:

Assumption 2.3.6. Let P, be a set of distributions such that

sup Wg —Wg = O(n) ,
PeP,

sup  Epa[Cn(K)] = O(C(k,n))
PePr.nP(M,k)

for a sequence vy, — 0, and ((k,n) non-decreasing in k, ((k,n) — 0 as n — oo.

The first assumption asserts that we have a uniform bound on the approximation error.
As we pointed out in Remark [2.3.1] an assumption of this type is necessary to derive a bound
on maximum regret when the class G has infinite VC dimension. The second assumption is
made to highlight the following possibility: although Assumption [2.3.5] guarantees that we
can satisfy this restriction with ((k,n) = \/m, it is possible that, once we have imposed
that P must lie in P,, an even tighter bound may exist on C,(k). We make this point to

emphasize that PWM will balance the tradeoff between the estimation and approximation
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error according to the tighest possible bounds on Ep[C,(K)] and Wg — W , regardless of

whether or not we know these bounds for a given application.

Corollary 2.3.1. Under Assumptions|2.2.1],[2.5.1],[2.5.3,[2.3.4, and|[2.3.6, we have that

sup  Epa|[W§ — W(G*n)] < i%f [O(C(k,n)) +O() + \/g] n log(Ae)

PePrAP(M,r) 2con

As mentioned in Remark [2.3.4] if {¢(k,n)}r, and {y}, were known, then we could
achieve such a result with a deterministic sequence k(n). The strength of the PWM rule
then is that we achieve the same behavior for any class G and approximating sequence {Gy }x
without having to know these quantities in practice. We will illustrate this result in our
application Section [2.5] in the setting of Example [2.3.2]

The second Corollary we present specializes Theorem to our second setting of in-
terest: the appropriate selection of a subclass when the VC-dimension of G is finite and
large (or comparable) in magnitude to the sample size (for example, when selecting amongst
many covariates when performing best-subset selection). The result highlights two features
of PWM. First, it shows that by balancing the trade-off between the approximation and
estimation error, PWM can potentially lead to a reduction in regret (relative to EWM)
for values of the sample size that are comparable in magnitude to the VC-dimension of
G. Second, it illustrates how our bound changes when the sieve is finite and we drop the

auxiliary 4/k/n component of our penalty.

Corollary 2.3.2. Suppose that Assumptions[2.2.1], [2.5.1], [2.3.4, [2.3.53, and hold,

and that G = G for some finite K. Furthemore, suppose that in our definition of the penalty
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we omit the term /k/n. Then we have that

sz

n

log(Kcqe)
2con

Epe[Wg — W(G,)] < inf [Cl

1<k<K

+ (W5 - Wg*k)] +

Note that if the above bound is minimized at £ = K, then the approximation error
Wg — W§, is zero and the resulting bound is comparable to the one derived in (2.3, with
one additional term. In Section [2.3.3| we argue that for specific choices of the penalty term
C, (k) this additional term is of smaller order than the \/m component of the bound.

Our final corollary of Section [2.3.2] considers the particular setting in which the con-
strained optimum W¢ over the class G is achieved in Gy, for some ko, but that this class
is unknown to the econometrician. The result shows that the resulting upper bound on

maximum regret for PWM is as if we had performed EWM in the appropriate class Gy, .

Corollary 2.3.3. Suppose that Assumptions[2.2.1], [2.3.1], [2.3.3, [2.3.]], and hold,

and let P, < P(M, k) be the set of distributions such that G* € Gy, then

Vi \/> log (Ae)
sup Epn|[WZ — 4/
Pe’II?)k g 20m

Furthermore, if {Gp}i | is finite, and we do not include the \/k/n term as discussed in

Remark[2.5.3, then we have that:

R e log(K
sup Epn [Wg* - W(G,) \/ Ve 0g2 cie) ,
PePy, Con

where ¢y, ¢1 are as in Assumption [2.3.4].
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2.3.3. Penalized Welfare Maximization: Some Examples of Penalties

This section serves two purposes. First, it illustrates the results of Section [2.3.2] with two
concrete choices for the penalty C, (k). Second, the results help quantify the size of the
auxiliary term in the bound of Theorem for these penalties, so as to address the
concerns presented in the discussion following Theorem [2.3.1] The first penalty we present,
the Rademacher penalty, is theoretically elegant but computationally burdensome. The
second penalty we present, the holdout penalty, is very intuitive and much more tractable in
applications. However, the holdout penalty involves a sample-splitting procedure that some
may find unappealing. Both of the penalties share the property that they do not require
the practitioner to know the VC dimensions V}, of the approximating classes, which we feel
is important to make the method broadly applicable.

2.3.3.1. The Rademacher Penalty. The first penalty we present is very attractive from
a theoretical perspective, but is computationally burdensome. Let S, := {(Y;, D;, X;)}" be
the observed data. Then the Rademacher penalty is given by

Cn(k) = E, [csilelgi ;O’ZTll{X e G} | S]

where 7; is defined as in equation (2.2), and {01, ...,0,} are a sequence of i.i.d Rademacher
variables, i.e. they take on the values {—1, 1}, each with probability half.

To clarify the origin of this penalty, recall that C, (k) must be a good upper bound
on Wn(énk) — W(énk), which is the requirement of Assumption m Bounding such
quantities is common in the study of empirical processes, and the usual first step is to use
what is known as symmetrization, which gives the following bound:

Epu[supWo(G) = W(G)] < B [E sup 2 o l{X; e G} | S ]]
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It is thus this inequality that inspires the definition of C, (k). The concept of Rademacher
complexity® is pervasive throughout the statistical learning literature (see for example|Koltch-
inskii (2001), Bartlett and Mendelson| (2002)), and Bartlett et al.| (2002))). Intuitively, it
measures a notion of complexity that is finer than that of VC dimension, and is at the same
time computable from the data at hand. Furthermore, unlike the holdout penalty introduced
in the next subsection, it allows both the objective function and the penalty to be estimated
with all of the data.

Our first task is to prove that the conditions of Assumptions [2.3.4] and [2.3.5] hold for the

Rademacher penalty:

Lemma 2.3.1. Consider Assumptions|2.2.1},12.53.1},12.3.5 Let C,(k) be the Rademacher

penalty as defined above. Then we have that

FW(WQ(Gnﬁ)—IV(Gmk)—(ZAk)>»@:§exp<——2<§%2)2n8)7

and

Ep[Co(k)] < 0L, [ Y2

K n

where C' is the same universal constant that appears in equation .

We are thus able to refine Theorem to the case of the Rademacher penalty.

Proposition 2.3.1. Consider Assumptions|2.2.1,12.5.1}, (2.3.5. Let C, (k) be the

Rademacher penalty as defined above. Then we have that for every P € P(M,k):

Epn[W§ = W (Go)] < inf | Bpn[CulR)] + (WG = Wg,) + @] +9(M, #ﬁ :

*Note that the definition of Rademacher complexity is slightly different than the definition of our penalty.
Here we follow Bartlett et al.| (2002) and do not include the absolute value in our definition of the penalty.
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with Epn[Cy (k)] < CX4 /% where C is the same universal constant as that in equation

and

00 oo (572

Remark 2.3.5. We can now revisit the discussion following Theorem about quan-
tifying the size of the constants in the auxiliary term of the bound. In Appendix we
perform a back-of-the-envelope calculation that provides insight into the size of g(M, k), and
compares it to the size of the universal constant C' derived in |[Kitagawa and Tetenov]| (2018)).

Despite this penalty being theoretically appealing, implementing it in practical applica-
tions is problematic. The standard approach suggested in the statistical learning literature
is to compute C,, (k) by simulation: first, we repeatedly draw samples of {o;}!;, then we
solve the problem

max — iZO'ZTZ].{X e G},

for each draw, and then average the result. Unfortunately, the optimization problem to
be solved in the second step is computationally demanding for most classes G, of interest,
so that repeatedly solving it for multiple draws of {o;}; is impractical. Moreover, this
procedure must be repeated for each class Gy, which makes it even more prohibitive.

In the next section, we present a penalty that is not only conceptually very simple, but
easy to implement as well.
2.3.3.2. The Holdout Penalty. The second penalty we introduce is motivated by the
following idea: First fix some number ¢ € (0, 1) such that m := n(1 — ¢) (for expositional
clarity suppose that m is an integer)®, and let r := n — m. Given our original sample

S, ={(Y;, D;, X;)}, let SE .= {(V;, D;, X;)}™, denote what we call the estimating sample,
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and let ST := {(Y;, Dy, X;)}™,. ., denote the testing sample. Now, using SZ, compute G,

for each k. It seems intuitive that we could get a sense of the efficacy of Gm’k by applying

this rule to the subsample SI and computing the empirical welfare Wr(émk) We could
then select the class £ that results in the highest empirical welfare WT(Gmk)

It turns out this idea can be formalized in our framework by treating it as a PWM-rule

on the estimating sample, with the following penalty: for each EWM rule Gmk estimated

on ST let

. 1 & .
Wm(Gmk) = EZTil{Xi € Gm,k} )
i=1

be the empirical welfare of the rule Gy, on SZ and let

. 1 & .
Wr(Gm,k) = ; Z Ti]-{Xi € Gm,k} )

1=m-+1

be the empirical welfare of the rule émk on ST, We define the holdout penalty to be
Con(k) := Wi (Gonk) = Wi Gie) -

Now, recall that the PWM rule is given by

~

G, = arg max [Wm(émk) — Cpn(k) — ﬁ] ,

which, given the definition of C,,(k), simplifies to

m

. R k
G,, = arg max [WT(Gmk) — —] )

Hence we see that the PWM rule with the holdout penalty reproduces the intuition presented
above (with the usual addition of the /k/m term; see Remark .

6The results would continue to hold if one were to instead define m := |n(1 — £)].
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We check the conditions of Assumptions [2.3.4] and [2.3.5}

Lemma 2.3.2. Assume Assumptions|[2.2.1], [2.5.1], [2.3.5. Suppose we have a sample of

size n and recall that m = n(1 — ) and r = n —m. Let Cy,(k) be the holdout penalty as

defined above. Then we have that
. . 2
P*(Wy(Gg) = W(Gmi) — Cin(k) > €) < exp ( - 2(%) n662>,

and

M Vi
Epn|[Ch(k)] < C’m —

where C' is the same universal constant that appears in equation .

With Lemma established, Theorem becomes:

Proposition 2.3.2. Assume Assumptions|2.2.1],(2.3.1],[2.53.5. Suppose we have a sample

of size n, and let m = n(1 —{), r = n—m. Let Cp(k) be the holdout penalty as defined

above. Then we have that for every P € P(M,K):
A k
Epe[Wg = W(Gpn)] < inf [Epn [Cu(k)] + (W5 =W ) + \/;] + g(M, K, 0)——=A ] — ,
K

with

M Vi
Epn[C(k)] < C— ey [ 22
PlCaB] < Ot

where C' is the same universal constant as that in equation and

g(M, kK, 0) := 24 [log <\/2€€%> :

Remark 2.3.6. We can perform the same analysis as we did in Remark [2.3.5] In

doing so we see that the difference between this result and the result in Proposition [2.3.1
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is that sample-splitting introduces distortions into the constant terms through ¢. Indeed,
the tradeoff between splitting the sample into the estimating sample and testing sample is

reflected in these constants. m

As noted in Remark the bound we derive for the holdout penalty is similar to what
we derive for the Rademacher penalty, but with inflated constants. However, the benefit of
the holdout penalty lies in the fact that it is much more practical to implement. The only
remaining issue with the holdout penalty is how to split the data. Deriving some sort of
data-driven procedure to choose the proportion ¢ is beyond the scope of our paper, but as a
rule of thumb, we have found that it is much more important to focus on accurate estimation
of the rule G’mk than on the computation of Wr(émk) In other words, we recommend that
the estimating sample SZ be a large proportion of the original sample S,. Throughout

Sections [2.4) and [2.5], we designate three quarters of the sample as the estimating sample.

2.3.4. Penalized Welfare Maximization: Estimated Propensity Score

In this section we present a modification of the PWM rule where the propensity score is
not known and must be estimated from the data. This situation would arise if the planner
had access to observational data instead of data from a randomized experiment. Before
describing our modification of the PWM rule, we must review results about the corresponding
modification of the EWM rule in Kitagawa and Tetenov| (2018). The modification we consider
here is what they call the e-hybrid EWM rule. Recall the EWM objective function as defined
in equation . To define the e-hybrid EWM rule we modify this objective function by

replacing 7; with

o [0 WD)
e T 1—e(xy)
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where é(-) is an estimator of the propensity score, and €, is a trimming parameter such that

€, = O(n™%) for some a > 0. The e-hybrid EWM objective function is defined as follows:

S|
D=

WS(G) = 7A'21{XZ € G} .

=1

In a recent paper, |Athey and Wager (2017) argue that more sophisticated estimators of the
welfare objective can improve performance relative to the e-hybrid rule, and derive corres-
ponding bounds on the maximum regret of their procedure that feature smaller constants.
Modifying our method using their techniques would be an interesting direction for future
work.

Since we are now estimating the propensity score, we must impose additional regular-
ity conditions on P to guarantee a uniform rate of convergence. We make a high level

assumption:

Assumption 2.3.7. Given an estimator é(-), let P, be a class of data generating pro-

cesses such that

S|

sup Epn [
PePe

S l=ml| =06 .
i=1
where ¢,, — 0.

Although we do not explore low-level conditions that satisfy this assumption here, Kit-
agawa and Tetenov| (2018) do so in their paper. To summarize their results, they show that if
é(+) is a local polynomial estimator, and that e(-) and the marginal distribution of X satisfy
some smoothness conditions, then Assumption is satisfied with ¢, = n_mlz/ﬁe, where
f3. is a constant that determines the smoothness of e(-).”

Let ée,hybrid be the solution to the e-hybrid problem in a class G of finite VC dimension,

then Kitagawa and Tetenov| (2018)) derive the following bound on maximum G-regret:

"To be more precise, [, is the degree of the Holder class to which e(-) must belong.



91

(2:6) sup  Epa [Wg - W(ée—hybm’d>] <O(p,' v ).
PepeﬁP(M,H)

With a non-parametric estimator of e(-), ¢, will generally be slower than \/n and hence
determine the rate of convergence.

We are now ready to present the construction of the corresponding e-hybrid PWM es-
timator. Let G be an arbitrary class of allocations, and let {Gy}, be some approximating
sequence for G. Let éka be the hybrid EWM rule in the class Gi. Let C¢(k) be our penalty

for the hybrid PWM rule. We now require that the penalty satisfies the following properties:

Assumption 2.3.8. (Assumptions on C¢(k))
In addition to making assumptions about C¢(k), we assume there exists an “infeasible pen-
alty” C, (k) with the following properties:
o There exist positive constants cy and c; such that C’n(k) satisfies the following tail
iequality for every n, k and for every e > 0:

sup P (W, ( Aka) —W( Aflk) — é’n(k;) > €) < ¢ e 2eone?
PeP.~P(M,k)

o There exists a positive constant Cy such that, for every n, é’n(k) satisfies

- Vi
sup  Epa[Cr(k)] < Cry[—
PeP.nP(M,k) n

where Vy, is the VC dimension of Gy..

o Co(k) and C<(k) are such that

sup  Epn lsup ‘Cg(k) — C’n(k;)” =0(¢;h) .
PeP.nP(M,k) k
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We will provide context for these assumptions. First of all, included in the assumptions
on C¢(k) is the existence of an object C, (k) which we call an infeasible penalty. The first
assumption asserts that the infeasible penalty obeys a similar tail inequality to C),(k), which
was the penalty when the propensity score was known. The main difference is that C’n(k)
satisfies this assumption with respect to the e-hybrid EWM rule, and not the EWM rule
with a known propensity. What is strange about this condition is that it is as if we were
evaluating the hybrid rule through the empirical objective W, (), which is the objective
when the propensity score is known. This is our motivation for calling C,,(k) an infeasible
penalty. Luckily, én(k) is purely a theoretical device and does not serve a role in the actual
implementation of PWM. We provide an example of such an infeasible penalty in the setting
of the holdout penalty below.

The second assumption is the same as Assumption [2.3.5] but now with respect to the
infeasible penalty C, (k). The third assumption simply links the true penalty C¢(k) to the
infeasible penalty én(k) in such a way that both should agree asymptotically and do so at
an appropriate rate.

Given this, we obtain the following analogue to Theorem [2.3.1

Theorem 2.3.2. Given assumptions [2.2.1], |2.5.1, [2.5.5, |2.53.7 and [2.3.8, there exist

constants A and ¢y such that for every P € Pe 0 P(M, K):

Epa[Wg — W(G5)] < inf [Epn [Co(k)] + (WG = W§,) + \/g] +0(¢,") + loiiﬁe) '

As we can see, the only difference between this bound and the bound derived in Theorem
is that there is an additional term of order ¢, !. This is also the case with the hybrid

EWM estimator, as shown in ([2.6)).
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Next, we check that the conditions in Assumption are satisfied with modified ver-
sions of the holdout and Rademacher penalties. First we begin with the holdout penalty.
Recall from Section that the holdout method split the sample S, = {(V;, D;, X;)}!,
into the estimating sample S¥ = {(Y;, D;, X;)}, of size m = n(1—/{) and the testing sample

ST = {(Y;, Dy, Xi)} 1 of size 7 = n — m. The holdout penalty was then defined as
Cm(k) = Wm(ém,k) - Wr(ém,k) )

where W,,,(-) was the empirical welfare computed on SE and W,.(-) was the empirical welfare
computed on ST
To define the hybrid holdout penalty, let é€(-) be the propensity estimated on SZ, and

n

let é7() be the propensity estimated on S’. Define

We(G) = — > #"1{X; e G},
i=1

1
m

where

Y;D;  Yi(1-Dy)
~F 14 7 [ ~F
i = | = — = 1ie, < X)) <1—¢,}.
7 [eE(XZ-) l—eE(Xi)] ten < €7(X3) e}

Define W¢(G) on the testing sample analogously. Letting G’fnk be the hybrid EWM rule

computed on the estimating sample in the class Gy, the hybrid holdout penalty is defined as:

Ce (k) == WE (G, ) — WE(GE, L) -

m,k

We can now check the conditions of Assumption for the hybrid holdout penalty.
To do so, we must assert the existence of an infeasible penalty ém(k) that satisfies our

assumptions. The infeasible penalty we consider is given by

C(k) = Wm(éin,k) - Wr(éfn,k) )
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where W, (-) and W,(-) are defined as in Section that is, they are computed as if the

propensity score were known. We present the following lemma:

Lemma 2.3.3. Assume Assumptions[2.2.1], [2.3.1], [2.5.3, and[2.5.7]. Suppose we have a

sample of size n and recall that m = n(1—{) andr = n—m. Let C% (k) be the hybrid holdout

penalty and C’m(k) be the infeasible penalty as defined above. Then we have that

PP(W (G ) = W(Gy) = Onh) = ©) < exp (= 2(57) nte?),

~ M Vi
Epa[Cn (k)] < Cm P

and

sup Epn[sgp G (k) = Cu(k)]] = O(0,1)

PePe.

where C' is the same universal constant as that in equation .

We thus obtain an analogous result to Proposition for PWM with the hybrid holdout
penalty. Next we do the same thing for the Rademacher penalty. In fact, defining the hybrid
version of the Rademacher penalty is relatively straightforward. Recall that the Rademacher

penalty when the propensity score was known was defined as

Cn(]{?> = Ea[ sup ziO—ZTzl{Xz € G} | Sn:| .

Gegy V{2

The hybrid Rademacher penalty is defined analogously:

Ce (k) = Ea[ sup ziaﬁil{Xi e G} | Sn] .

Gegy Vi
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To check the conditions of Assumption|2.3.8] the infeasible penalty we consider here is simply
just the penalty when the propensity score is known, so that C’n(k) = C,(k). Hence we have

the following lemma:

Lemma 2.3.4. Assume Assumptions [2.2.1], [2.3.1], [2.53.3, and [2.53.7] Let C(k) be the

hybrid Rademacher penalty and én(k) be the infeasible penalty as defined above. Then we

have that
mn Ne Ne ~ K 2
PH(IW(Ch) = W(Gh) = Culh) > o) < exp (= 2(557) ne’).
~ M |V
E n n k < C_ — 5
pelCalh)] < Oy
and

sup Epn[sup |Ce (k) — C’n(k:)]] =0(¢, 1),
PePe k

where C' 1s the same universal constant as that in equation .

Again, from this we obtain an analogous result to Proposition for PWM with the

hybrid Rademacher penalty.

2.4. A Simulation Study

In this section we perform a small simulation study to highlight the ability of the PWM
rule to reduce G-regret in an empirically relevant setting. We consider a situation where
the planner has access to threshold-type allocations over five covariates, as described in

Examples 2.2.2] and 2.3.1] and wishes to perform best-subset selection. The sieve sequence

we consider is the same as in Example [2.3.1 where G is the set of threshold allocations on
k — 1 out of the 5 covariates. For example, G; contains only the allocations G = ¢ and
G = X, which correspond to threshold allocations that use zero covariates, G, contains all

threshold allocations on one out of the five covariates, etc. We focus here on the setting
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with five covariates for computational simplicity, but recent work by |Chen and Lee| (2016))
suggests that solving this problem with ten or more covariates should be feasible in practice.
The problem that the planner faces is choosing how many covariates to use in the alloca-
tion: for example suppose that the distribution P is such that some of the available covariates
are irrelevant for assigning treatment. Of course, the planner could perform EWM on all the
covariates at once, and by the bound in equation this is guaranteed to produce small
regret in large enough samples. However, if the sample is not large, the planner may be able
to achieve a reduction in regret by performing PWM. Through the lens of Corollary [2.3.3]
our results say that PWM should behave as if we had performed EWM in the smallest class
G, that contains all of the relevant covariates.

To be concrete, we consider the following data generating process: Let X = [0,1]°, and
X; = (Xui, Xoi, .o, X5i) ~ (U[0,1])° .
The potential outcomes for unit 7 are specified as:
Yi(1) = 50(2X9; — (1 — X13)* — 0.5+ 0.5(X3; — Xus)) + Uy

where U; and U, are distributed as U[—20, 20| random variables which are independent of

each other and of X. The covariates enter the potential outcomes in three different ways:

e X5, is an irrelevant covariate; it does not play a role in determining potential out-
comes at all.

e X3, and Xy affect both treatment and control equally; there will be a nonzero
correlation between the observed outcome Y; and these covariates, but they serve

no purpose for treatment assignment.
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e Xy; and Xy, do serve a purpose for assigning treatment, and both are used in the

optimal threshold allocation. See Figure [2.1] below.

10 Optimal Allocation: Threshold Rules

0.8f g

X2

0.4} -

0.2+

0.0 0.2 0.4 0.6 0.8 1.0
x1

Figure 2.1. Shaded in green: the best threshold-allocation for our design.
Second-best welfare: 29.3
Traced in black: the boundary of the first-best allocation.

To implement PWM we used the holdout penalty, with 3/4 of our sample designated as
the estimating sample. In Appendix we explain in detail how to implement PWM as a
mixed integer linear program, and how we performed our simulations.

Our results compare the G-regret of the PWM rule against the regret of performing EWM
in Gg (which corresponds to the class that uses all five covariates) or performing EWM in
Gs. Recall that Gs is the smallest class that contains the optimal threshold allocation. In
light of Corollary [2.3.3] we would hope that PWM behaves similarly to doing EWM in G,

directly. In Figure 2.2 we plot the regret of these rules for various sample sizes.
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Estimated Regret by Sample Size

e oo EWMS

— D\\/ V]

= = EWM2
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Sample Size

Figure 2.2. Estimated regret by sample size. Optimal (second-best) welfare:
29.3. EWMS5 corresponds to Gg (five covariates), EWM2 corresponds to Gs
(two covariates).

First we comment on the regret of performing EWM in Gg (recall that this corresponds to
the set of allocations using all five covariates) vs. performing EWM in Gz (which corresponds
to the set of allocations that use two of the five covariates). As predicted by equation ,
regret decreases as sample size increases. Moreover, performing EWM in Gg results in larger
regret at every sample size: performing EWM in Gs results in a 6% improvement on average,
across the sample sizes we consider.

Next, we comment on the performance of PWM. As we had hoped, the regret of PWM
is smaller than the regret of performing EWM in Gg at every sample size: performing PWM
results in a 4% improvement on average, across the sample sizes we consider. Moreover, the
results in Figure suggest that this gain is not just due to an improvement in very small

samples, as the gap in regret seems to diminish quite slowly as sample size increases.
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2.5. An Application

In this section we apply the PWM rule to experimental data from the Job Training
Partnership Act (JTPA) Study. The JTPA study was a randomized controlled trial whose
purpose was to measure the benefits and costs of employment and training programs. The
study randomized whether applicants would be eligible to receive a collection of services
provided by the JTPA related to job training, for a period of 18 months. The study collected
background information about the applicants prior to the experiment, as well as data on
applicants’ earnings for 30 months following assignment (for a detailed description of the
study, see Bloom et al.| (1997)).®

We revisit the application setting of Kitagawa and Tetenov| (2018]). The outcome that
we consider is total individual earnings in the 30 months following program assignment.
The covariates on which we define our treatment allocations are the individual’s years of
education and their earnings in the year prior to the assignment. The set of allocations
we consider is the set of monotone allocations defined in Example 2.2.3 but with a non-
increasing monotone function. To be precise, let X} be the covariate set of years of education,
and let X5 be the covariate set of previous earnings, then the set of allocations we consider

is given by:
G={G:G ={(z1,22) € X| xy < f(x1) for f : Xy — X non-increasing}} .

Let us discuss what this set of allocations means in the context of this application. This
restriction imposes that, the less education you have, the more accessible is the program

based on your previous earnings. For example, if an applicant with 12 years of education

8The sample we use is the same as that in |Abadie et al| (2013), which we downloaded from
ideas.repec.org/c/boc/bocode/s457801.html. We supplemented this dataset with education data from the
expbif.dta dataset available at the W.E. Upjohn Institute website. Observations with years of education
coded as ‘99’ were dropped.


https://ideas.repec.org/c/boc/bocode/s457801.html
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and previous earnings of $20,000 is to be accepted into the program, then an applicant with
the same previous earnings and less education must also be accepted, as well as an applicant
with the same level of education and less earnings. In Example[2.2.3]we discussed a situation
where application-specific assumptions impose this type of constraint. In this setting, we
instead argue that it is plausible that such a restriction may be exogenously imposed on
the planner for political reasons; after all, it may not be politically viable to implement a
job-training program where only those with high levels of education or income are accepted.

As we have previously discussed, this class of allocations will have infinite VC dimension
when continuous covariates are used. Accordingly, in the results that follow, we will assume
both covariates are continuous. However, note that in our application years of education is a
discrete covariate. This discrepancy is not an issue for illustrating our method, and we think
it is important that we make our study comparable to the one in Kitagawa and Tetenov
(2018)).

The approximating sequence we consider is the one described in Example [2.3.2, but now
with a non-increasing monotonicity constraint. Recall that this was a sequence such that the
resulting allocations partitioned the covariate space with a progressively refined, piecewise-
linear, monotone boundary. Given any fixed class in this sequence, we can perform EWM in
that class. For example, Figure below illustrates the result of performing EWM on the
simplest class in the approximating sequence. This class is equivalent to the class of linear
treatment rules from |Kitagawa and Tetenov| (2018]), but with an additional slope constraint.

At the other end of the spectrum, we could consider performing EWM in the most
complicated class in our approximating sequence: this class corresponds to allocations that

stipulate a threshold for previous income at every level of education (note that such a class
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EWM Allocation 1
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Figure 2.3. The resulting treatment allocation from performing EWM in G;.
Each point represents a covariate pair in the sample. The region shaded in
green (dark) is the prescribed treatment region, the region shaded in red
(light) is the prescribed control region.

exists here because years of education is discrete). Figure below illustrates the result of
performing EWM in this class.

As we might expect, the resulting allocation in the simplest class and in the most com-
plicated class are quite different, and given the option to choose any class from our sequence,
it is not obvious which one should be chosen given the size of the experiment. Before showing
the results for the PWM rule, recall from Remark that, if the class G is has infinite VC
dimension (as it would if both covariates were continuous), then we cannot establish a bound

on maximum regret without imposing additional regularity conditions. Accordingly, we will
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Figure 2.4. The resulting treatment allocation from performing EWM in Gs.
Each point represents a covariate pair in the sample. The region shaded in
green (dark) is the prescribed treatment region, the region shaded in red
(light) is the prescribed control region.

first establish a set of regularity conditions under which we derive a bound on maximum
regret of the PWM rule.
We state the result for X = [0, 1]*. We impose the following regularity condition on the

distribution P:

Assumption 2.5.1. Let P, be a set of distributions such that there exists some constant
A, where for every P € P,., X has a density p, with respect to Lebesque measure on [0, 1]

such that p, is bounded above by A.
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It is worth emphasizing that we do not require the first best to be contained in G, nor do
we require that W3 even be attained. With this regularity condition imposed, we are able

to derive the following uniform bound on the approximation bias W¢g — W§ :

Proposition 2.5.1. Under Assumption the approximation bias of the approzim-

ating sequence {Gr}r_, from Example satisfies

M
sup Wg — W¢_ < A—27F
PePy K

To illustrate the use of Proposition [2.5.1] in our setting, we derive a bound on max-
imum regret for monotone allocations. Proposition and Corollary [2.3.1}, along with the

(possibly loose) bound on V. given in Example allow us to conclude that:

Corollary 2.5.1. Let C, (k) be the Rademacher or holdout penalty. Under Assumptions

[2.2.1,12.5.1, [2.3.5, and we have that

sup  Epa[WE —W(G,)] = O(n_%) .
PeP,~P (M)

As we alluded to in the discussion of Example [2.3.2] bounds on maximum regret for
EWM can be derived for the class of monotone allocations. Proposition establishes
such a bound by modifying the proof presented in Gyorfi et al. (1996) in the context of

classification:

Proposition 2.5.2. Under Assumptions and we have that

sup Epn[Wg* — W(GEWM)] = O(n_%) .
PePrnP(M,k)

We make no claim that our bounds for PWM or EWM are sharp: for EWM, the most

relevant results of which we are aware are presented in T'sybakov]| (2004)), where he shows that
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if the optimum is achieved in G, and sufficient smoothness is imposed on the boundary of
the optimal allocation, then the rate of convergence of the classification analogue of EWM is
O(n~%?). Another relevant result from classification comes from Tsybakov and van de Geer
(2005)), where they develop a penalized method for classification over boundary fragments
which is able to achieve a root-n rate (up to a logarithmic factor) for monotone allocations,
while only assuming that the optimum is achieved. An interesting direction for future work
would be to understand to what extent these techniques generalize to our setting, and also
whether or not PWM is truly able to achieve a faster rate of convergence over EWM for this
example under our assumptions.

In Figure 2.5 we illustrate the result of performing PWM on our sequence of classes,
where we used 3/4 of our sample for estimation. In Appendix we discuss the computa-
tional details of our implementation. Note that PWM selects the allocation from the second

class in our sequence, which corresponds to a piecewise-linear allocation with one allowable

“kink”.
2.6. Conclusion

In this paper, we introduced a new statistical decision rule for the treatment assignment
problem, which we call the Penalized Welfare Maximization (PWM) rule. Our rule builds
on the Empirical Welfare Maximization Rule of |[Kitagawa and Tetenov| (2018), which is
designed for situations where treatment allocation is exogenously constrained. The PWM
rule is designed for settings where the policy maker may want to choose amongst a collection
of such constrained classes. We established an oracle inequality for the regret of the PWM
rule which shows that it is able to perform model selection over the collection of available
classes. We then applied this result to two examples: the choice of the number of covariates

when performing best-subset selection, and the selection of an approximating class in a sieve.
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Figure 2.5. The resulting treatment allocation from performing PWM on the
approximating sequence {Gy.}?_,. Each point represents a covariate pair in
the sample. The region shaded in green (dark) is the prescribed treatment

region, the region shaded in red (light) is the prescribed control region.

Moving forward, we have identified some areas that we feel are worth further study. In
general, implementing PWM is computationally challenging; from a practical perspective,
practitioners may find it convenient to have a software package that can implement PWM
in a few important examples. In particlar, decision/regression trees are becoming popular
for the estimation of treatment effects, and as we illustrate in Appendix could serve as
a useful approximating classes in our setting. We hope to further study the use of decision
trees in the treatment assignment problem, as well as implement a software package that

implements decision-tree based rules for practitioners.
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CHAPTER 3

Inference with Dyadic Data: Asymptotic Behavior of the Dyadic

Robust t-statistic

3.1. Introduction to Chapter 3

Over the last 25 years applied microeconomics has increasingly embraced the fact that
dependence in cross-sectional data can affect inference. It has been well understood since at
least the work of Moulton! (1986)) that failing to account for dependence in cross-sectional
studies can have dire effects. In the past, researchers explicitly modeled such dependencies
and used techniques such as GLS to estimate and do inference in their models. However,
modern researchers are typically not satisfied with making such strong assumptions on the
dependence present in the data. It is now standard practice to account for dependence by
pairing standard test statistics with so-called “robust” variance estimators, analogous to the
heteroskedasticity-robust variance estimator of White| (1980).

In this paper we focus on inference for the regression parameters in a linear model with
dyadic data. Dyadic data relates to pairs of objects; examples include data on trade between
pairs of countries and data on links in a social-network setting. We will call such pairs
“dyads” and the objects within them “units”. Because of the paired nature of the data,
dyads that share a unit in common could be correlated. In order to account for this potential
dependence when conducting inference, we study the asymptotic properties of a t-statistic
formed using a “robust” variance estimator known in the literature as the dyadic-robust

variance estimator.
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[Fafchamps and Gubert| (2007) were the first to propose the dyadic-robust variance es-

timator, under the following assumption: dyads that do not share a unit are uncorrel-

ated, but otherwise the dependence between dyads is unspecified. To draw an analogy with

cluster-robust inference (see Cameron and Miller 2015 for an extensive survey), the dyadic-

dependence assumption results in an “overlapping-cluster” configuration of the data, with
each unit defining its own cluster. Subsequently, many applied papers in economics and

political science have employed the dyadic-robust estimator under this same assumption (an

incomplete list includes Aker, 2010} |Baldwin and Jaimovich| [2012; |(Comola and Fafchamps,

[2014; |[Echevarria and Gardeazaball, 2016} Egger and Tarlea, [2015; |Leblang), 2010; Lustig and|

Richmond, 2017; Poznansky and Scroggs, 2016). Many empirical papers with dyadic data

also make reference to the dependence assumption we describe, but then compute two-way

clustered standard errors as described in (Cameron et al.| (2011)). However, (Cameron and|

point out that this does not account for all the potential dependencies in the
dyadic setting.

We present formal results under which a ¢-statistic that uses the dyadic-robust variance
estimator is asymptotically normal. Using a central limit theorem for dependency graphs
proved in and careful bounding arguments, we establish a range of assumptions
under which asymptotic normality holds. We then use our results to guide a simulation study
of the accuracy of a normal approximation in finite samples, and discover an important
setting where such an approximation is inadequate. With these insights, we propose a novel
degrees of freedom correction to help alleviate the issue, and assess the performance of this

correction in simulations.

[Fafchamps and Gubert| (2007) motivate the dyadic-robust variance estimator as an ex-

tension of the spatial HAC estimator of (1999). Despite Conley’s work being the
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initial motivation, neither consistency of the dyadic-robust variance estimator nor asymp-
totic normality of the resulting t-statistic, under their maintained assumptions, follow from
his results. Recently, Cameron and Miller| (2014 have proposed the use of the dyadic-robust
variance estimator in the analysis of trade data, and present simulation evidence to assess its
performance. Both [Fafchamps and Gubert| (2007) and (Cameron and Miller| (2014) implicitly
assume an asymptotic normality result for the dyadic-robust t-statistic in their analysis, but
do not provide conditions under which such a result may hold. |Aronow et al.| (2015)) prove the
consistency of the dyadic-robust variance estimator for cross-sectional and panel data under
more strict assumptions than those considered here, but do not attempt to study the use of
this estimator for inference: although they derive the asymptotic variance of the t-statistic,
they do not characterize its asymptotic distribution, specifically, they do not establish condi-
tions under which the t-statistic is asymptotically normal. Our paper is the first to provide a
theoretical grounding for the use of a normal approximation to the dyadic-robust t-statistic
for inference in the linear model.

The remainder of the paper is organized as follows: In Section [3.2] we set up the model
and the asymptotic frameworks we will study. Section presents our results about asymp-
totic normality of the t-statistic. In Section we study the finite-sample behavior of our
approximation in a simulation study, and propose a degrees of freedom correction guided by

our results. Section 3.5 concludes.

3.2. Setup of the Model and Asymptotic Frameworks
3.2.1. The Model

We will now formally describe the model. Consider a collection of G units indexed by
g =1,...,G. The data we consider is indexed by pairs of units (g, h), which we call dyads.

We do not require that each possible pair of units form a dyad. Pairs of units (g,h) for
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which a dyad exists map into dyadic indices n = 1,2,..., N through the index function
n(g, h), where for simplicity we make the assumption that n(g,h) = n(h,g) (i.e. that we
treat the dyads as non-directional), and the assumption that there are no elements of the
type n(g, g) (i.e. that we consider only pairs between distinct units). Given a dyadic index
n, we also define the inverse correspondence v so that ¥(n(g,h)) = {g,h}. The model we

consider is the linear model:

(3.1) Yn(g.n) = B'Xn(g.h) + Un(gh) »

where x,, is K-dimensional, with the standard conditions that E[x,u,] = 0 and E[x,x] > 0.
Our focus is on performing inference on the components of the regression parameter f3.
Next, we present the dependence structure we will consider. Intuitively, we want ob-
servations that do not share a unit in common to be independent, but to allow correlation
between observations otherwise. The typical assumption stated in the literature (see for

example Aronow et al., [2015; Cameron and Miller, [2014)) is that

Eluptm|Xn, Xn] = 0, unless ¥(n) ny(m) # & .

Although this assumption somewhat captures the intuition presented above, we will need to
sharpen it considerably in order to prove formal results about our model. We impose the

following dependence assumption on the data:

Assumption 3.2.1. {(x,,u,)})_, are identically distributed. For any two disjoint sub-

sets S1, S of {1,2, ..., N}, {(Xn, Un) tnes, is independent of {(Xm, Um)}mes, if 0(n) nip(m) =

& for every pair n,m of dyads such that n € S;,m € Ss.
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Remark 3.2.1. Although we focus on the setting where our data is cross-sectional and
the dyads are non-directional, our analysis covers settings with directional dyads, as well
as panel-data with a finite number of time periods. For example, consider the following

panel-data version of our model:

Y(g,h)t = ﬁ/X(g,h)t + Vg T Vh T Ogh + Uigny s

where we have explicitly indexed observations by their units, and now observations are
indexed by pairs of units (g, h) as well as by time ¢ = 1,...,7. Note that we include 7, and
Yh, which are unit-level fixed effects, as well as a dyad-level fixed effect agy,. Let ij¢g nye, X(g,n)t5

and 1y p): denote the random variables that result from performing a within transformation:

T

1
Y(g,h)t *= Y(g,h)t — T Z Y(g,h)s >

s=1

and similarly for x,5); and g ). Then the transformed model

Ylgh) = X(gp)B + Ug,h) »

where (4. n) and 14 ) are T x 1 stacked vectors and x4 5) is a T x K stacked matrix, can be
studied completely analogously to Model above, with the assumptions [x'( g7h)il(g,h)] =
0 and E[x{, , X(4n] > 0 (these assumptions are implied by standard primitive conditions
on the original, untransformed model; see [Wooldridge, 2010). The extension of our results
to settings with growing 7" is more complicated and beyond the scope of this paper, as this

would require additional assumptions on the nature of the dependence across time. m
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Let 3 = (Bl, B, ...,BK)’ be the OLS estimator of 3, that is

N I N
B = (Z anfn) Z XnYn -
n=1 n=1

In this paper, we focus on the use of § as a means of forming a test-statistic to perform

inference on 5. To that end, we study the asymptotic distribution of the following root:

:&—m7

where Bk is the kth component of the OLS estimator of 8 and Vjy is the kkth entry of

Tk

an appropriate estimator of its asymptotic variance. For a specific value [y, of B we call
the resulting statistic the dyadic-robust t-statistic. As mentioned in the introduction, the
estimator of V we consider here is a sandwich estimator known in the literature as the
dyadic-robust variance estimator:

N

N N N

¥ /-1 ~ ! /\—1

V= (Z XpX),) ( Z Z 1n,munumxnxm> (Z XpX,)
n n=1m=1 n=1

=1

where 4, = 1y, — B’xn and 1, ,, is an indicator function that equals 1 when ¢ (n) N (m) # .

Our goal is to specify conditions under which 7} is asymptotically standard normal.
As explained in the introduction, previous work on the dyadic-robust variance estimator
either implicitly assumes an asymptotic normality result for 7} (Cameron and Miller, 2014}
Fafchamps and Gubert|, [2007)), or does not explore or employ such a result (Aronow et al.
2015). The contribution of this paper is to provide general conditions under which T} is

asymptotically normal, and develop a degrees of freedom correction guided by our results.
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3.2.2. A Key Condition for our Central Limit Theorem

To study the asymptotic distribution of T} we will employ a central limit theorem for de-
pendency graphs proved in |Janson| (1988). A key condition in the theorem, which we denote
as Condition in the appendix, plays a central role in our analysis. To simplify the expos-
ition of our results, we introduce Condition below, which is a modified, but equivalent,
condition. Remark in the appendix establishes the equivalence of these two conditions.

For each unit g, let M, be the number of dyads containing g. Recall that N is the total

number of dyads in the data. Define
M = max M,, M* =min M, .
g g

Note that by definition M < G — 1 and that MTLG <N < M;G.

Condition 3.2.1. Let M be as above. Let 0% = Var(}), x,u,). Given some additional
assumptions (see Theorem , a sufficient condition for Janson’s Theorem to apply in

our framework is that
(%)I/EMH

ON

—0 as N — o0,
for some integer £ = 3.

Intuitively, Janson shows that in our framework the expression above gives a bound on
the higher-order cumulants of the sequence of random variables we will study, and that these
cumulants vanishing is sufficient to establish asymptotic normality. A central theme of our
paper is the fundamental connection Condition creates between M and o%. This

connection will be made more clear throughout the rest of Section [3.2]

Remark 3.2.2. It is important to emphasize that Condition [3.2.1]is simply a sufficient

condition for asymptotic normality in our setting. Throughout Sections and [3.3 we
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use Condition to motivate the assumptions we impose to ultimately prove our main
asymptotic normality result (Theorem . In Section we perform a simulation study
that explores what can happen when Condition does not hold. In Remark we
comment on how our results would change if we were to use alternative central limit theorems

for dependency graphs. m

3.2.3. Asymptotic Frameworks

We will now describe the two asymptotic frameworks that we consider in this paper. The
first asymptotic framework we consider is one where M* (and thus also M¥) is bounded as
G — oo0. This framework is relevant in settings where units have few links. Model S in Figure
3.1 presents a configuration of the dyads in which we would expect such an approximation

to be appropriate; note that there are 25 units (the grey nodes), but no units are contained

in more than 6 dyads (the black edges). We will call this framework [AF1}
Assumption 3.2.2. (AF1) M" < D for some constant D as G — .

We will see in Section [3.3|that bounding M* makes the analysis very clean, but may
not be an appropriate framework for many settings of interest. In particular, |Cameron and
Miller| (2014) suggest trade-data as an application where M¥ could be very large relative
to sample size. Model D in Figure [3.1| presents a configuration of the dyads such that every
unit is contained in a dyad with every other unit, which is the configuration employed in all
of the simulation results presented in (Cameron and Miller| (2014)) and |Aronow et al.| (2015)).
Given such a configuration, we may not expect to provide a good approximation in
this setting for large GG, hence we will also study an asymptotic framework where we allow

M — o0 as G — co. This setting is more complicated, and several subtle issues will arise.
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The first issue that arises is that allowing M# to grow as G — o now also frees MF-

to grow as well. The most flexible possible framework would be one where we make no
assumptions on M’ and simply require M# — co. Unfortunately, in this case Janson’s
CLT cannot generally establish asymptotic normality when M? is finite and fixed or grows

too slowly. To illustrate, suppose that the error structure were of the form

Up(g,n) = Qg +ap + €, ,

where ay, ay, €, are i.i.d. If ML grows at rate log(G), M¥ grows at rate G, and all but
finitely many units form links at rate M, then Var(}) x,u,) would grow at rate G. It
follows that Condition would not be satisfied, so that Janson’s CLT would not apply.
The simulations of Section will show that this has implications for inference when the

number of dyads per unit varies wildly. In light of this, our second framework is given by:
Assumption 3.2.3. (AF2) M" = ¢G for some positive constant c.

It is clear that this assumption is stronger than simply requiring that M* — oo, as it
imposes an explicit rate of growth on ML (and M*). It is possible to weaken this assumption

slightly, but pinning down this rate clarifies our analysis and simplifies our notation.

Remark 3.2.3. It is crucial to note that, although this framework allows every unit to
be linked together, this does not imply that every dyad can be correlated with every other
dyad: consider the dense configuration of Model D presented in Figure[3.1} By construction,
every dyad can be correlated with at most 46 other dyads, despite there being 300 dyads

total. m

Model B in Figure [3.1] highlights the kind of configuration of the dyads alluded to above

that this framework may have trouble capturing: note that most of the units are only
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Figure 3.1. Clockwise from the top-left: Models S, D, and B with G = 25.
Units are the grey nodes, dyads are the black edges.

contained in three dyads, but that two of the units are contained in many dyads. This
type of configuration causes M¥ to be very large relative to oy, which we have seen may

cause Condition to fail. Configurations of this type can arise in empirical settings with

dyadic data: as an example, the application in /Aronow et al.| (2015) features a configuration

in which most of the units are contained in approximately 10 dyads, but a handful of units
are contained in upwards of 140 dyads. Model B will play an important role in the simulation

study of Section |3.4] as well as in developing our proposed degrees of freedom adjustment.
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3.2.4. The Rate of Growth of Var(}, x,u,)

We have already seen that the connection between the asymptotic framework and the rate
of growth of Var(},, x,u,) plays an important role in establishing Condition . In this
section we will highlight another important observation concerning the rate of growth of the
variance that is essential to the results presented in Section

First consider [AFT] We see immediately that imposing results in

N N
Var( Z Xply) = Z Z 0V (X Uy Xy Uy, )

n=1m=1

growing at rate N. Hence under we will make the following assumption on the rate of

growth:

Assumption 3.2.4.

N N N
1 1
Q= C!‘eréo NVCLT(; Xplly) = é = Z_: mz_]l Cov(XpUp, XpUy,) s positive definite .

We have seen in Section that under |AF2| when we allow M and MZ* to grow as
G — oo, the analysis can become more complicated. To clarify the exposition, we first

consider a straightforward assumption that could be imposed under

Assumption 3.2.5.

N N
Q= thio N—GVar Z Xp U, ) (}1330 N_an_: mz_: 0V(XpUp, X Up) 1S positive definite .

This assumption is completely analogous to the standard assumption made on the vari-
ance in clustered data with strong dependence, and is implicitly the assumption made in all

of the results in |Aronow et al| (2015). Note that this assumption holds under an additive
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common shocks error specification:
Un(g,h) = Qg + Qp + €p

where o4, ay, €, are ii.d, which is a specification considered in the simulations of both
Cameron and Miller| (2014) and |Aronow et al.| (2015). More generally, Assumption m
would be appropriate in applications where the dependence results in a positive correlation
between dyads.

It is important to point out, however, that does not imply the rate of growth for
Var(),, X,u,) given in Assumption m For example, if instead the data were simply i.i.d,
then Var(},, x,u,) would grow at rate N since C'ov(x, Uy, Xpty) = 0 for n # m. In Section
we also consider a more interesting example: suppose we divide the units in the data

into two groups, which we’ll call G4 and Gg, and specify the error term as

—(ag + ap) +€, if g and h belong to different groups
Un(g.h) =

g + oy + €, if g and h belong to the same group
then by controlling the relative sizes of G4 and Gp, we can achieve growth rates of the
form NG” for any r € [0,1] in Model D while still maintaining the maximal amount of
dependence (see the appendix for details). Such an error structure is a stylized example
of a situation where a shock to a unit could affect certain dyadic relations positively, while
affecting others negatively. These examples highlight the fact that Assumptions and
can accommodate many plausible rates of growth of the variance. Since the goal of
inference using robust-variance estimators is to be as agnostic as possible about the specific
dependence structure in the data, we will consider these possibilities in our analysis. Our

second assumption on the rate of growth of the variance under is given by:
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Assumption 3.2.6.

N N
Z Z Cov(Xply, XmUy,) 1S positive definite

n=1m=1

1 l .
Q= i g Var(Q, ) = lm v

for some r € [0,1].

Note that Assumption [3.2.5|is a special case of Assumption [3.2.6| with r» = 1.

3.3. Asymptotic Properties of T}

Recall that our goal is to study the asymptotic distribution of

_ BB

Viek

T},

Although |Fafchamps and Gubert| (2007)) motivate the construction of T} by citing the work
of |Conley| (1999), asymptotic normality under our maintained assumptions does not follow
from his results. Theorem |3.3.1] contains our main result. Our development proceeds in two

steps: our first set of results establish that
(B~ B) 5 NO,V)

for some V' to be defined later in the section. It will turn out that the rate 7 depends on
both the specific characteristics of the dependence and the asymptotic framework considered.

Our second set of results establish under which additional conditions we get that

~

T]%,VAV.

By combining these two sets of results, we will see that T}, is asymptotically standard normal

under a range of assumptions.
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For all of the results that follow, we make the following support assumption:
Assumption 3.3.1. {(x,,u,)}Y_, have uniformly bounded support for all N.

Remark 3.3.1. We choose to present the results under a bounded support assumption
for expositional simplicity, but this assumption can be weakened at the expense of adding
extra conditions on the moments of (x, u), without altering the substantive conclusions of the

paper. See the remarks after the proofs of Proposition and Proposition [3.3.5] (Remarks

|C.0.2| and [C.0.4} respectively) for further discussion. m

3.3.1. Asymptotic Normality

Let us now study the asymptotic distribution of TN(B — () under both frameworks. Expanding

the expression:
™~
™ ( Z x,x. )71 Z XUy, -

We show that the first term converges in probability to E[x,x}]™* by showing that the
variance of each component of (1/N) 3N | x,x/, converges to zero. We show that the second

term converges in distribution to a normal by Janson’s Theorem. First we state the result

under [AFTE

Proposition 3.3.1. Under Assumptions[AFT, [3.2.1], [3.2.7], and[3.53.1),

VN(B—-5) L N@O,V) ,

with V = B(x,x,)'QE(x,x,)7, and Q as in Assumption[3.2.4

Note that under the rate 7y is the standard v/N. Intuitively, this is because

imposes strong restrictions on the amount of dependence in the data.

Our asymptotic normality result under is:
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Proposition 3.3.2. Under Assumptions|AFZ, |3.2.1, (3.2.6 with r > 0 and

~

(B —B) L NO,V),

where Ty = ) &, V = E(x,x,) 'QE(x,x},) 7", and Q is as in Assumption |3.2.6,

Note that the rate of convergence 7y is now scaled by the growth-rate of Var(}, x,uy,);
the smaller is 7, the closer we get to the standard v/N rate. Our result explicitly excludes
the case r = 0, this is because with » = 0 and all of our imposed assumptions, Condition
does not hold. In any case, the most likely situation in which r is exactly zero would
be if the data were in fact i.i.d, and asymptotic normality then follows from many standard
CLTs.

Although it may seem problematic at first that » will be unknown in practice, we will
see in the following subsection that it is not necessary to know r precisely in order to do

inference on fy.

Remark 3.3.2. To prove Propositions [3.3.1 and [3.3.2| we employ a CLT for dependency

graphs developed in |Janson| (1988). However, we could also consider using other results,
such as the Berry-Esseen bounds for dependency graphs developed in, for example, Baldi
and Rinott| (1989)), Penrose (2003), and Chen and Shao (2004)). For our purposes it seems that
Janson’s CLT is as general (if not more general) than other available results: for example,
to prove Proposition by employing the results in Baldi and Rinott| (1989) or Penrose
(2003) would require us to assume that r > 2/3, and the results in (Chen and Shao| (2004)
do not allow us to establish an asymptotic normality result under AF2 and our maintained

assumptions. m
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3.3.2. Consistency of V

We now turn to our second set of results: under what additional assumptions will the dyadic-

robust variance estimator V' converge to the asymptotic variance V7 Recall that

) N N
V= (Z an;)_lQ(Z x, %),
n=1 n=1

where

To prove that 73V % V we consider the “bread”, (3 x,x,)~", and the “meat”, Q, of
the estimator separately. The convergence of (1/N) Y} x,x| to E(x,x],) was proved when
deriving the asymptotic distribution of 7y (8 — 8). To show that (1y/N)2Q % Q, we show

convergence in mean-square. As before, the result under is relatively straightforward:

Proposition 3.3.3. Under Assumptions[AF]], [3.2.1], [3.2.4], and[3.53.1, we have that

The result under will again need more qualifications. First we present the result under

Assumption [3.2.5}

Proposition 3.3.4. Under Assumptions|AFY,[3.2.1,|3.2.5, and|3.5.1, we have that

(NJQYW B v .

Note that the rate has now slowed in accordance with the fact that the number of

dependencies is growing for each unit. A special case of Proposition for ME = M =
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G — 1 appears in |Aronow et al. (2015)), whose proof generalizes to ours. Our next result

generalizes Proposition to the setting where instead we impose Assumption [3.2.6}

Proposition 3.3.5. Under Assumptions |AFZ,|3.2.1,|3.2.6 with r > 1/2, and we

have that

2 Aop

Note that we have restricted the rate of growth of Var(}), x,u,) even more than in
Proposition . We will provide some intuition as to why we require » > 1/2 in this
result. In our proof we show convergence in mean-square, so heuristically we want to show
that Var((r2/N?)Q)) — 0. It is the case that the variance of Q depends not only on the
covariances between observations, but on their dependence in general. Now, the larger is
r, the slower the growth of 7y, and hence the faster the convergence of 72/N? to zero.
For small values of 7, the convergence of 72/N? is too slow and cannot combat the growth
in dependencies present in the data. This means that we cannot formally establish the
consistency of V when the growth of Var(Y x,u,) is slow but the dependencies in the data

are strong. We will study the implications of this via simulation in Section (3.4

Remark 3.3.3. Note that Propositions [3.3.4] and [3.3.5] do not establish the consistency

of V when the data are i.i.d. As an aside, we prove this result separately in Proposition m

below. =

Proposition 3.3.6. Under Assumptions[AF3, and the assumption that {(X,,u,)}

are 1.1.d, we have that
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Remark 3.3.4. Cameron and Miller| (2014)) make the observation that there is no guar-
antee that V is positive semi-definite in finite samples. To account for this possibility they
suggest the following modification: Consider the unitary decomposition V = UZU’ where
= = diag[\1, ..., \i] is the diagonal matrix of eigenvalues of V. (Cameron and Miller| (2014)
suggest replacing 1% by
Vi =U="U,

where Z% = diag[\[, ..., \{], A] 1= max();,0) for all j. This modification guarantees that
Vs positive semi-definite. For the purposes of doing inference it would be even better if
our estimator were positive-definite to guarantee that it is invertible. [Politis| (2011) suggests
such a modification for a HAC estimator in a time-series setting, where 3\;“ = max (A, €,)
with €, — 0 at a suitable rate, and proves its consistency there. Additionally, Cameron and
Miller| (2014) suggest a simple finite sample correction for V* which may help alleviate some

of its finite-sample bias. =

3.3.3. Asymptotic Normality of T}

With all of these results in hand, we can now state the main result of the paper:

Theorem 3.3.1. Under Assumptions and either:
o and Assumption [3.2.
o and Assumption[3.2.

o and Assumption with r > %,

we have that,

b= B

Ty 4 N(0,1) .
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Remark 3.3.5. With Theorem [3.3.1]in hand it is clear that a hypothesis test that uses
the dyadic-robust t-statistic and the quantiles of a N (0, 1) distribution as critical values will
be asymptotically valid. The same can be said for the coverage of an analogous confidence

interval. m

We want to highlight two appealing aspects of this result. The first is that the limit
distribution is the same under both asymptotic frameworks. The second is that T}, features
a type of “self-normalization” of 7. Specifically, although the rate of convergence of the
estimator depends on which asymptotic framework we consider and which assumptions we
impose on the dependence, precise knowledge of this rate is not required to construct Tj. In
this respect our paper is philosophically similar to Hansen| (2007)), where he shows that the
robust t-statistic in the linear panel model is asymptotically normal under various assump-
tions about the dependence across time. There is, however, one important caveat to our
claim: under with Assumption [3.2.6] we only obtain the result when we impose that
r > 1/2. This means that we have not established an asymptotic normality result when the
configuration of the dyads is dense and the dependence features many positively and negat-
ively correlated dyads. We treat the results under Assumption [3.2.6] as a form of robustness
to small deviations from Assumption|3.2.5, which is the standard assumption imposed in the
rest of the literature on strong dependence (i.e. clustering and its variations). In Section ,
we will use the insights we have gained from our formal analysis of the problem to conduct
a simulation study under a broader range of designs than those considered previously in the

literature.

Remark 3.3.6. Theorem [3.3.1] is sufficiently general to accommodate the theoretical

setup considered in /Aronow et al.| (2015), as well as the simulation designs in |Aronow et al.
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(2015) and Cameron and Miller| (2014). In their settings, My = M, =G —1, and r = 1,

so that Theorem [3.3.1] applies under Assumptions [AF2 and 3.2.5, =

Remark 3.3.7. Cameron and Miller| (2014) and Aronow et al. (2015) also consider
the use of the dyadic-robust variance estimator in settings with M-estimators or GMM
estimators. Our results can be extended to these settings under a set of “classical” regularity
conditions (see Van der Vaart), (1998, Section 5.6) which include, for example, the logit or
probit models considered in |(Cameron and Miller| (2014)). However, extending our results to
M-estimation problems under more general regularity conditions (see for example Van der
Vaart, (1998, Theorem 5.23) may require different tools, and hence different assumptions,
than those considered in this paper. To this end, theoretical tools recently developed in |Lee

and Song| (2017)) look promising. m

3.4. Simulation Evidence and a Degrees of Freedom Correction

In this section we perform a simulation-study to assess the accuracy of the normal ap-
proximation in finite samples, and the validity of the approximation for DGPs that do not
satisfy the results presented in Section 3. In light of our results, we propose a novel degrees
of freedom correction and study its performance via simulation as well. We use our formal
results to guide the choice of designs. In an attempt to make the link between the simulations
and our results as clear as possible, we consider simple designs.

The model we use throughout is a special case of what we have studied in Section 3:

Yn =1+ Pz, + u, ,

with x,, a scalar and § = 0. We consider two different specifications of x,,:

e When the u, are i.i.d, z,, ~ U[0,1] i.i.d, so that (z,,u,) are i.i.d.
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e When w,, are not i.i.d, &, g5 = |24 — 21| where 2z, ~ U[0,1] i.i.d. for g€ G.

As pointed out in Remark , it is possible that V is not positive definite in finite
samples, in particular when G is small. For the simulations we perform, we use the estimator
V which is constructed by an analogous construction to V* presented in Remark but
with 5\;’ = maz(\;, €) for e = 1077, Whether or not we use 17, or V and drop those iterations
where V is non-positive does not materially affect the results. In particular, for the sample
sizes in which we get appropriate coverage, V and V are always equal. Although we do
not employ the finite sample corrections to 1% suggested in (Cameron and Miller| (2014), we

comment on them briefly in Section 4.3 below.

3.4.1. Designs with Varying Levels of Sparsity

First we will study the normal approximation under varying levels of “sparsity” of the dyads
relative to the number of units, while maintaining the standard variance Assumptions

and We will consider three possible levels of sparsity:

e Model D (dense) Every possible dyad is present in the data.
e Model S (sparse) A design where M = 5 and M = 2 regardless of sample size.
e Model B (both) A design where 0.5log(G) < MY < 1.5log(G) and 0.5G <
MM < G —1, such that Var(Y), x,u,) grows slower than required in Proposition

0.0.2)

See the appendix for the specific construction of Models S and B. Figure [3.1] in Section
[3.2] was generated using these designs for G = 25. Given the results presented in Section [3.3]
we expect Models D and S to behave well in large samples since they satisfy the conditions of

our theorem. Model B does not satisfy the conditions of our theorem since the rate of growth
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of M" is too slow. We saw in Section [3.2] that this has the potential to make Var(}, x,u,)
grow too slowly for Janson’s CLT to apply.
We will study these three models under two possible specifications of the error term. In
the first specification, u,, ~ U[—+/3,4/3] i.i.d, so that (z,,u,) are simply i.i.d. In the second
specification we set:

Un(g,h) = Og + Qp + €

where o, ~ U[—+/3,+/3] iid for g = 1,2,..G and ¢, ~ U[—+/3,4/3] i.i.d for n = 1,2,..., N.
This is the additive common-shocks model discussed in Section [3.3]

We perform 10,000 Monte Carlo iterations and record the number of times a 95% confid-
ence interval based on the normal approximation contains the true parameter 5 = 0. Table

presents the results under each specification. Recall that G is the number of units in the

data.
G
Specification 10 25 50 100 250
1id 69.8 85.1 91.3 93.2 94.4
Model D (0.46) (0.36) (0.28) (0.25) (0.23)

unit-level shock 63.7 86.2  92.1 93.6 94.3
(0.48) (0.34) (0.27) (0.24) (0.23)

iid 70.0 84.8 90.1 928 945
Model S (0.46) (0.36) (0.30) (0.26) (0.23)
unit-level shock 66.3  82.8 90.2 929 94.0
(0.47) (0.38) (0.30) (0.26) (0.24)

iid 69.6 824 89 893 931
Model B (0.46) (0.38) (0.34) (0.31) (0.25)
unit-level shock 65.4 81.0 84.5 &86.1 89.4
(0.48) (0.39) (0.36) (0.35) (0.31)

Table 3.1. Coverage percentages of a 95% CI for 5 = 0, simulation SEs in
parentheses.
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We note that for Models D and S, we get appropriate coverage in large samples. This
is not surprising given our results, and is in line with the simulation results presented in
Cameron and Miller| (2014) and Aronow et al. (2015)). It is interesting to note that, despite
their similar performances, there is significantly less data present in the simulations for
a given GG under Model S than under Model D. For example, at G = 50 there are 1225
data points under Model D but only 86 data points under Model S. The fact that the
approximations are comparable suggests that estimating the variance is much harder when
the dyads are dense relative to the number of units. This makes sense seeing as the number
of potential dependencies grows quadratically in Model D but is fixed in Model S.

Given that it is the number of units that determines the accuracy of the approximation, it
is also clear that we require many units to get adequate coverage. In many settings of interest
(for example, social networks) the number of units required should not be insurmountable. In
other settings such as international trade, the number of units required could be prohibitive.

The final important observation we make is that the true coverage under Model B with
unit-shocks, which was designed to fail the conditions of our theorem, is consistently worse
than under either Models D and S, even when G is relatively large. In fact, even with G
as large as 800 (not formally reported) we do not see coverage higher than 92% using this
design. A similar phenomenon has been documented for the linear model with one-way
clustering when cluster sizes differ “wildly”, in MacKinnon and Webb, (2017) and |Carter
et al.| (2017). Because configurations in the spirit of Model B do arise in applications (for
example, the empirical application in |Aronow et al.,|2015)), the degrees of freedom correction

we propose in the next section is specifically designed to address this issue.
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3.4.2. Designs with Varying Growth Rates of Var(}, z,u,)

In this section we study the accuracy of a normal approximation under Assumption [3.2.6]
which allows varying rates of growth of Var(}, z,u,). We noted in Section that even
though we cannot expect to know the exact rate in practice, using 7} to test hypotheses
does not require this knowledge. However, we also saw in Section that when the model
is dense, Proposition does not establish consistency of V if the data is such that the
growth rate of Var(}, z,u,) is too slow while still having many dependencies, which would
be the case if the dependence features many positively and negatively correlated dyads.
Throughout this section we consider Models D and S. Our specification is constructed
as follows: we divide the units in the data into two groups, which we call G4 and G, and

specify the error term as

—(ay + ap) + €, if g and h belong to different groups.
Un(g,h) =
g+ ap + €, if g and h belong to the same group.
Where a, ~ U[—+/3,4/3] iid for g =1,2,..G and ¢, ~ U[—+/3,+/3] iidforn =1,2,....N.
By controlling the relative sizes of G4 and G, we can achieve growth rates of the form
NG for any r € [0, 1] in Model D while still maintaining the maximal amount of dependence
(see the appendix for details). Although it is clear that this design is artificial, we think it
is reasonable to consider situations where shocks at the unit-level can have differing effects
across dyads.
As before, we perform 10,000 Monte Carlo iterations and record the number of times
a 95% confidence interval based on the normal approximation contains the true parameter

£ = 0. Table [2| presents the results for varying levels of r.
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r G
10 25 50 100 250

0 655 759 804 836 84.0

(0.48) (0.43) (0.40) (0.37) (0.37)

025 652 77.3 828 86.7 89.8

(0.48) (0.42) (0.38) (0.34) (0.30)

Model D 0.5 652 80.1 87.3 91.5 947
(0.48) (0.40) (0.33) (0.28) (0.22)

0.75 65.3 82.6 9.1 939 944

(0.48) (0.38) (0.28) (0.24) (0.23)

1 637 826 921 936 94.3

(0.48) (0.38) (0.27) (0.24) (0.23)

0 682 841 903 928 938

(0.47) (0.37) (0.30) (0.26) (0.24)

025 68.6 841 90.1 929 942

(0.46) (0.37) (0.30) (0.26) (0.23)

Model S 0.5 68.6 840 90.1 925 943
(0.46) (0.37) (0.30) (0.26) (0.23)

0.75 675 834 904 92.6 94.1

(0.47) (0.37) (0.29) (0.26) (0.24)

1 663 828 902 929 940

(0.47) (0.38) (0.30) (0.26) (0.24)

Table 3.2. Coverage percentages of a 95% CI for 8 = 0. Simulation SEs in
parentheses.

Unsurprisingly given our results, coverage probabilities under Model S are at the nominal
level in large samples. The results under Model D are more interesting: recall that Proposi-
tion |3.3.5| established consistency only for » > 0.5, and indeed we see that we get appropriate
coverage in large samples for r = 0.5,0.75, and » = 1. In contrast, our simulations display
poor coverage in large samples for r = 0 and r = 0.25, where Proposition does not
establish consistency. This suggests that 1% may be a poor approximation of the true asymp-
totic variance when there are a roughly equal number of negatively and positively correlated

observations in the data. For this reason we feel that it is more appropriate to treat the
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results under Assumption [3.2.6]as a form of robustness to small deviations from Assumption

3.2.5, which is the standard assumption imposed in the literature on strong dependence.

3.4.3. A Degrees of Freedom Correction

Given the simulation results in the previous sections, and the fact that configurations like
Model B do arise in empirical applications, we propose a new degrees of freedom correction
to help guard against the potential for under-coverage. Instead of using the critical values
from a N(0, 1) distribution to perform inference, we propose using the critical values from a
t.. distribution where k is given by

where medy{M,} denotes the median of the {My}<_ ;. This degrees of freedom adjustment
is similar in spirit to those proposed for analogous inference procedures using robust vari-
ance estimators in other settings: for example, |Bell and McCaffrey| (2002)), |Donald and Lang
(2007), and Tmbens and Kolesar (2016) propose degrees of freedom adjustments for the het-
eroskedastic and clustered data settings (for a textbook treatment, see |Angrist and Pischke)
2008). Although it is ad-hoc, the intuition behind our choice of  is simple: when the con-
figuration of the dyads satisfies our asymptotic normality assumptions, as in Models S and
D, then med,{M,}/M* is large, and hence the critical values derived from a ¢, distribution
approach the critical values derived from a N(0,1) distribution for large G. On the other
hand, for configurations like Model B where most of the units are contained in a few dyads
but some units are contained in many dyads, we get that med,{M,}/ M is very small,
which results in a down-weighting of x and hence an enlargement of the critical value. In

Table [3| we repeat our first simulation exercise, but with our degrees of freedom adjustment.
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Although we still see under-coverage for very unbalanced configurations such as Model B,

we do a modest job of improving coverage in this setting while maintaining proper coverage
in Models S and D; hence we see that a major benefit of employing this degrees of freedom
correction is that it does not require the researcher to take a stand on whether or not their
configuration is “well-behaved”. Moreover, this degrees of freedom correction could easily be
implemented in any software package that computes dyadic standard errors and confidence
intervals. Our simulations suggest that, by combining our degrees of freedom correction with
the finite sample corrections for 1% presented in (Cameron and Miller| (2014)), inference for

most configurations of at least 150 units should behave as expected.

G
Specification 10 25 50 100 250
ii.d 73.1  86.4 91.8 935 945
Model D (0.44) (0.34) (0.27) (0.25) (0.23)

unit-level shock 67.6 87.7 92.8 939 94,5
(0.47) (0.33) (0.26) (0.24) (0.23)

i.id 76.7  87.7 91.8 934 94.7
Model S (0.43) (0.33) (0.27) (0.25) (0.22)
unit-level shock 73.2 86.2 91.6 93.6 94.2
(0.44) (0.34) (0.27) (0.25) (0.23)

iid 745 833 926 945 958

Model B (0.46) (0.32) (0.26) (0.23) (0.2)
unit-level shock 69.5 87.2 91.7 93.6 934
(0.46) (0.33) (0.27) (0.25) (0.25)

Table 3.3. Coverage percentages of a 95% CI for 8 = 0, with ¢, critical vaues.
Simulation SEs in parentheses.

3.5. Conclusion

In this paper we have established a range of conditions under which the dyadic-robust
t-statistic is asymptotically normal. We have also seen that in situations where our theorem

does not apply, using a normal approximation of T} for inference may not be appropriate
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even for reasonable sample sizes. Our analysis suggests that, when we combine our degrees
of freedom correction with the finite-sample corrections to V given in (Cameron and Miller
(2014)), inference should not be problematic for most datasets with roughly 150 units. How-
ever, if the data features a roughly equal number of positively and negatively correlated
dyads, the dyadic-robust variance estimator may not provide a suitable approximation to
the asymptotic variance. In our simulations this translated into confidence intervals that
covered less often than the nominal coverage dictated, even in large samples. From a the-
oretical perspective it would be ideal to have a method of inference that is robust to this
issue, but we expect that practitioners would consider such situations pathological in most
settings of interest.

In our opinion the most pressing issue to explore is that, as pointed out in our simulations,
the normal approximation of T} can be very poor when we do not have a lot of units in
the data. A similar problem arises in the clustered-data setting, and recent papers have
studied solutions for inference with few or even finitely many clusters (see Bester et al.
2011} |Cameron et al.l 2008; |Canay et al., 2017; Ibragimov and Miiller 2010, 2016, for recent
work in this area). A very promising option has been recently proposed in Menzel (2017),
who develops a bootstrap procedure for multiway /dyadic clustering that provides refinements
whenever the limiting distribution is Gaussian. It would be interesting to see what other

techniques could be adapted to the dyadic data setting as well.
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APPENDIX A

Appendix to Chapter 1

A.1. Proofs of Main Results in Chapter 1

The proof of Theorem [3.3.1] requires some preliminary machinery which we develop in
Appendix In this section we take the following facts as given:

e We select a representative out of every equivalence class T € T by defining an explicit
labeling of the leaves, which we call the canonical labeling (Definition [A.2.1]).

e We endow 7 with a metric p(-,-) that makes (7, p) a compact metric space (Defin-
ition , Lemma .

e We prove that V(-) is continuous in p (Lemma |A.2.1)).

e Let 7% be the set of minimizers of V(-), then it is the case given our assumptions
that

(T ) 2520,

as m — oo (note that p(-, -) is measurable due to the separability of 7). Furthermore,

there exists a sequence of o{(W;)™,}/B(T)-measurable trees T,, € T* such that

(Lemma [X.2.4)

Remark A.1.1. To simplify the exposition, we derive all our results for the subset of
71, which excludes trees with empty leaves. In other words, this means that we will only

consider trees of depth L with exactly 2L leaves. m
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Proof of Theorem [3.3.1]

PROOF. By the derivation in the proof of Theorem 3.1 in |Bugni et al| (2018), we have

that
VN@O(T) - 0) = i |@uk; T) = ok 7) | + i Ox(k: 1) |
where
QAkyr);5£}Z£%I;%Vz§1{A4T):(%si:kgwxmzv ,

with the following definitions:

Yi(a;T) :=Yi(a) — E[Yi(a)[S(X)]

N(k;T) = > 1{S; = k}

i=1

and
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Note that by Assumptions [1.2.1]and [1.3.1] Q,(0;T) and ©(0;T) are both op(1), so we omit

them for the rest of the analysis. To prove our result, we study the process

Qo(1;T)
(1,7

Q0(2;T)

O (K;T)

o(1;T)

O(K;T)

By Lemma [A.1.1] we have that
O(T) L O(T,) + op(1) |

where Q(-) is defined in Lemma and T, € T* is defined in Lemma (note that we

have explicitly indexed the trees by the pilot sample index m). Hence
VN((T,,) — 0) = BO(T,) + op(1) ,

where B is the appropriate vector of ones and negative ones to collapse Q(T):
B =[-1,1,-1,1,...,1,1,1,...,1] .

Now, we study O(T},) conditional on the sigma algebra generated by all of the pilot data:
o{(W;)2,}. Note that T,, is a measurable function of the pilot data and that all other

sources of randomness in Q(T,,) are independent of the pilot data, so that we can “treat”
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T, as a deterministic sequence after conditioning (see Remark|A.1.2)). Fix a subsequence T,
of T,,,. By Lemma , T,, € T* which is a compact set, so that ij contains a convergent

(sub)subsequence:

*

. >
m” )

where T* is in 7* and convergence is with respect to the metric we define in Appendix .

Now by repeating many of the arguments of Lemma

O(Tw,,) = O(T") + op(1) ,

conditional on the pilot data. By the partial sum arguments in Lemma C.1. of Bugni et al.

(2018),

0 0 (T

conditional on the pilot data, where Y1 (7%) and ,(T*) are such that
B'O(T*) % N(0,V*) |

which follows from the fact that, by definition, every T € T* is a minimizer of our variance.

Hence we have that

B'O(T,,,) % N(0,V¥)

conditional on the pilot data, and so since every subsequence of T}, contains a sub-sub

sequence that converges to the same value, we conclude that

B'O(T,) % N(0,V*) ,
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conditional on the pilot data. By the Dominated Convergence Theorem we get that this

convergence holds unconditionally as well. It thus follows that

~

VN(@(T) - 0) 5 N(0,V*) |
as desired. m

Lemma A.1.1. Given the Assumptions required for Theorem[3.5.1

O(T) £ O(T) + op(1) ,

where OQ(+) is defined in the proof of Theorem and Q(-) is defined in the proof of this

result.

PROOF. By a slight modification of the argument in Lemma C1 in Bugni et al.| (2018]),

we have that

where
_50(13T>_
Ql(l;T)
Q0(2;7T)
(A.2) OT):=| ,
o(1;7)
_@(K;T)_
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with
N(F(k;T) 4 For1(kT))

> GoUs@(k);T) |

i=N(F(k;T) 4+ Fo (k;T))+1

~ o N(T) 1
Wk D) = N ) | VN

with the following definitions: {U; ,)(k)}Y, are i.i.d U[0,1] random variables generated
independently of everything else, and independently across pairs (a, k), G¥(- ; T is the inverse
CDF of the distribution of ¥ (a; T)|S(X) = k, F(k;T) := % SN (S < k), and E,(k;T) =
+ Zf\il 1{S; = k, A; < a}. Note that here it is important that we argue that this is true for
T and not just pointwise in 7" € T to do this we repeat the argument in |[Bugni et al.| (2018)
for each T" and then argue by conditioning on the pilot data.

Let us focus on the term in brackets. Fix some a and k for the time being, and let
G:={G*;T):TeT}

be the class of all the inverse CDF's defined above, then the empirical process ny : [0, 1] xG —

R defined by
| v
v (u, f) = TN ; [,
is known as the sequential empirical process (see Van der Vaart and Wellner| (1996))) (note
that by construction E[f(U;)] = 0). By Theorem 2.12.1 in Van der Vaart and Wellner
(1996)), nx converges in distribution to a tight limit in ¢*([0, 1] x G) if G is Donsker, which

follows by Lemma It follows that ny is asymptotically equicontinuous in the natural

(pseudo) metric

d((u, f), (v,9)) = lu=v|+pp(f,9) ,
where pp is the variance pseudometric. Note that since U; ~ U[0,1] and E[f(U;)] = 0
for all f € G, pp is equal to the L? norm || - ||. Define F(k;T) := P(S(X) < k) and

Fo(k;T) = 3., p(k; T)mj(k), where mo(k) := 1 — m(k), mi(k) := , then it follows by



Lemmas [A.1.2] and that:

~

|Fa(k;T) - Fa(k7T)| ﬁ’ 0 )

A~ A

|F(k;T) — F(k;T)| 0,

1G5(5T) = Ga(5 T >0,
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where T € T* as defined in Lemma [A.2.4, Hence we have by asymptotic equicontinuity that

A A —

- (F(k; T) + B, (k:; T), GX(- ;T)) — x (F(k; T) + Fu(k; T), GE(- 1 T)) + op(1) .

By Lemma

N&T) 1
M) ned) o

Using the above two expressions, it can be shown that

A — —

ok T) = Qu(k;T) + op(1)

o

where
[N(F(E;T)+Foy1(kT)))

> GH (Ui (K); T)

_ 1 1
T T) | VN L wp ety e 1

Qu(k;T) =

Now we turn our attention to ©(k; 7). To show that
O(k; T) = O(k; T) + op(1)

we consider the following expansion:

v (M) ) - v (D

- n(k:;T)) LN (n(k;T)

e

—p(k;T)> :
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where we recall that N (k) = n(k) for k > 0. The result then follows by Assumption [1.3.1]

Lemma and standard empirical process results for

n(k;T)

Vn ( —p(k;T)> 7

since the class of indicators {1{S(X) = k} : S € S} is Donsker for each k (since the partitions

are rectangles and hence for a fixed k we get a VC class). Finally, let

0(1;7)

Ql(l;T)

Qo(2§T>

o(1;7)

then we have shown that

as desired. m

Remark A.1.2. We treated various objects as “fixed” by conditioning on the sigma
algebra generated by the pilot data. These arguments can be made more formal by employ-
ing the following substitution property of conditional expectations (see Bhattacharya and
Waymire| (2007))):

Let W, V be random maps into (S7,S;) and (Ss, Ss), respectively. Let x be a measurable

function on (S; x Sp, 81 x Sz). If W is H-measurable, and (V') and H are independent, and
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E|r(W,V)| < o0, then
E[x(W,V)[H] = (W) ,

where h(w) := E[k(w,V)]. =

Proof of Theorem [1.3.2]

PROOF. Adapting the derivation in Theorem 3.3 of Bugni et al.| (2018)), and using the

same techniques developed in the proof of Theorem of this paper, it can be shown that
V(T) 2 V(T) + op(1) .

By definition, T' € T* so that the result follows. m
Proof of Proposition [1.3.2

Proor. By definition,

We bound the floor function from above and below:

w(k;)”Tk) <mk) w(k)nTk) +

SRS

n

We consider the lower bound (the upper bound proceeds identically). It suffices to show

that

kT
sup nik;T) —p(k;T)| 0.
TeT n

Since the partitions are rectangles, for a fixed k£ we get a VC class and hence by the Glivenko-

Cantelli theorem the result follows. m

Proof of Proposition [1.3.1
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PROOF. First note that, for a given realization of the data, there exists an optimal choice

of 7 for every S € S, by continuity of V,,(T) in 7 (which we’ll call 7*(S)), so our task is
to choose (S, 7*(S)) to minimize V,,(T). Given this, note that for a given realization of
the data, the empirical objective Vin (T') can take on only finitely many values, and hence a

minimizer T exists. Re-write the population-level variance V(T') as follows:

where

Write V,,(T) as
Com ~

with

. B &%,s(l‘) B Ugs(x) )o(z) — O)2
oriw) = [w<s<x>> T a(5(a) TP 9)] ’

where the hats in the definition of 7 simply denote empirical analogs. For the sake of the

proof we also introduce the following intermediate quantity:



Now, let T* be any minimizer of V(T') (which exists by Lemma [A.2.4]), then

So if we can show

then we are done.

To that end, by the triangle inequality:

sup | Vo (T) = V(T)| < sup Vo (T) = Vin(T)] + sup [Vin(T) = V(T ,

TeT TeT TeT
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so we study each of these in turn. Let us look at the second term on the right hand side.

This converges almost surely to zero by the Glivenko-Cantelli theorem, since the class of

functions {vr(-) : T € T} is Glivenko-Cantelli (this can be seen by the fact that vr(-) can be

constructed through appropriate sums, products, differences and quotients of various types

of VC-subgraph functions, and by invoking Assumption to avoid potential degeneracies

through division). Hence it remains to show that the first term converges a.s. to zero.

Re-writing:

k=1 i=1

and

Z[( D LS(X) = k}) (‘iﬁi?—fiiff,i)+<és<k>—e>2
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where, through an abuse of notation, we define o7 g(k) := Var(Y(a)|S(X) = k) etc. By
the triangle inequality it suffices to consider each difference for each k € [K] individually.
Moreover, since the expression - " 1{S(X;) = k} is bounded, we can factor it out and
ignore it in what follows. It can be shown by repeated applications of the triangle inequality,
Assumption the Glivenko-Cantelli Theorem and the following expression for condi-
tional expectation:

 E[Y1{S(X)

E[YIS(X) = k] = i

P(S(X) =:k) ’

that

250.

sup
TeT

(ﬂi;f) ﬁi(@) : A)_<ois<k> ohslt

Hence, we see that our result follows. m
Proof of Proposition [1.3.3

PRrROOF. For simplicity of exposition suppose that Vi* > V5* > ... > V7. It suffices to
show that

o |20

for each L, and similarly with 1 and 2 reversed. Then we he have that
VeV SV

and hence

I}

L

.S E ’
for m sufficiently large. To that end, by the triangle inequality

VIO - vy

< |[POTE) - VTR + TR IP) - vy
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Consider the second term on the RHS, applying the triangle inequality again,

~

< |[VOTE) - V@) + V@) - vi|

~ ~

vOTE) - v

and both of these terms converge to zero a.s. by the arguments made in the proof of

Proposition [1.3.1. Next we consider the first term on the RHS, this is bounded above by
sup [VO(T) = VO(T)
T

and another application of the triangle inequality yields

sup V(1) — V@ (T)’ < sup ‘17<1>(T) - V(T)‘ +sup ’W) (T) - V(T)| .

T

with both terms converging to 0 a.s. by the arguments made in the proof of Proposition

3T =

Lemma A.1.2. Let F, Fa, F and F, be defined as in the proof of Theorem . Given

the Assumptions of Theorem |3.3.1, we have that, for k =1, ..., K,

~ ~

|Fa(k;T) - Fa(kaT” ﬂ) 0 )

and

~

|E(k; T) = F(k;T)] 50 .

ProOF. We prove the first statement for a = 1, as the rest of the results follow similarly.

We want to show that

S D UST) = b A(T) = 0} — (1~ w(k: T)p(ks T)| % 0.

i=1
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By the triangle inequality, we bound this above by

§ DUSHT) = by A(T) = 0} = (1 = (ks T)plhs T)

i=1

_|_

A~ A~ — — ’

(= w0 (ks T) = (1= (ks T))p(k: T)

The first line of the above expression converges to zero by Assumption Next consider
the second line: by Lemma [A.2.4, we have that |p(k;T) — p(k;T)| £ 0 and |n(k;T) —
7(k;T)| & 0 (recall that T is simply 7" with and extra stratum appended for k = 0), and

hence the second line converges to zero. m

Lemma A.1.3. Given the Assumptions of Theorem/|3.3.1], we have that, fork =1, ..., K,

N(kT) 1 .
Nk 1) aeT or

PRrooOF. This follows from Assumption [1.3.5] the Glivenko-Cantelli Theorem, and the

fact that «(k; T)p(k; T) and p(_kl;ﬂ are Opy(1). m

Lemma A.1.4. Given Assumption the class of functions G defined as
G = (GH(-;T): TeT},
for a given a and k is a Donsker class.

PRrooF. This follows from the discussion of classes of monotone uniformly bounded func-

tions in [Van Der Vaart| (1996). m

Lemma A.1.5. Given the Assumptions of Theorem/|3.3.1], we have that, fork =1, ..., K,

IGE(T) = GE( D) B0
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PrROOF. We show this for the case where Y (a) is continuous. We proceed by showing
convergence pointwise a.s. by invoking Lemma[A.5.2] and then using the dominated conver-

gence theorem. It thus remains to show that
|Z8(T) = ZE(T) 250,

where ZF(- ; T) is the CDF of the distribution of (Y (a) — E[Y (a)|S(X)])[S(X) = k. To that

end, fix some w in the sample space such that
p(T(w),T(w)) =0,

(note that by Lemma this convergence holds almost surely in w, and recall that 7" is
simply T with an extra stratum appended to k£ = 0). To emphasize the fact that we are now
studying a deterministic sequence of trees, let T} = T(w), TP = T(w), where have have

also explicitly indexed the trees by the pilot sample size. Then our goal is to show that:
Za(T) = Z (6 TD) = 0.
Re-writing, this difference is equal to:

g |PLY(@ <t E(Y (a)|S5)(X) = k)}1{SW) (X) = k}]
' P(SY(X) = k)
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(where the randomness is with respect to the distribution of (Y'(a), X)). By the triangle

inequality, Assumption and a little bit of algebra, this is less than or equal to

(A5) 5 |BIL{Y(0) <t + B (@)[SPX) = ILESE(X) = k-

E[1{Y (a) < t + B(Y ()| (X) = ISP (X) = k}][+

m

The third line of the expression in (A.5)) goes to zero by Lemma [A.2.4] It remains to show
that the rest goes to zero. Again by the triangle inequality, the first two lines of (A.5)) are
less than or equal to
1
(A6) - ({Emm) <t + B(YISO0X) = BILSDX) = kY-
E[1{Y (a) <t + BE(Y(a)|S)(X) = k)}1{S)(X) = k}]|+

m

’E[l{Y(a) <t+ B(Y(a)|S)(X) = k)}L{ST(X) = k}]-

E[1{Y(a) <t + E(Y (a)|S(X) = K)}1{SZ(X) = k}]’) :
The first two lines of (A.6)) are bounded above by

(B[S (X) = k} = 1{SD(X) = k}])

S

(where we recall here that this expectation is with respect to the distribution of X'). This
bound converges to zero by Lemma and the definition of the metric py on 8. The last

two lines of (A.6)) are bounded above by

(E1{Y (a) <t + E(Y(a)|SW(X) = k)} — 1{Y(a) < t + E(Y (a)[SP(X) = k)}]) .

1
)
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By similar arguments to what we have shown above, this also converges to zero, and hence

we're done. m

A.2. A Theory of Convergence for Stratification Trees

Remark A.2.1. For the remainder of this section, suppose X is continuously distributed.
Modifying the results to include discrete covariates with finite support is straightforward.
Also recall that as discussed in Remark [A.1.1] to simplify the exposition we derive our results

for the subset of 7; which excludes trees with empty leaves. m

We will define a metric p on the space T; and study its properties. To define p, we
write it as a product metric between a metric p; on Sy, which we define below, and py the
Euclidean metric on [0, 1]%. Recall from Remark that any permutation of the elements
in [K] simply results in a re-labeling of the partition induced by S(-). For this reason we
explicitly define the labeling of a tree partition that we will use, which we call the canonical

labeling:

Definition A.2.1. (The Canonical Labeling)

e Given a tree partition {I'p,Ty} of depth one, we assign a label of 1 to I'p and a
label of 2 to T'yy (recall by Remark that both of these are nonempty).

e Given a tree partition {F%_l),ngL_l)} of depth L > 1, we label Fg_l) as a tree
partition of depth L — 1 using the labels {1,2, ..., K/2}, and use the remaining labels
{K/2+1,..,K} to label I‘(UL_l) as a tree partition of depth L — 1 (recall by Remark
that each of these subtrees hase exactly 2¥~1 leaves).

e [f it 1s ever the case that a tree partition of depth L can be constructed in two
different ways, we specify the partition unambiguously as follows: if the partition can

be written as {F%fl),ngLfl)} with cut (j,7) and {F;()Lfl),F/U(Lfl)} with cut (5',7'),
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then we select whichever of these has the smallest pair (j,7) where our ordering is
lezicographic. If the cuts (j,7) are equal then we continue this recursively on the

subtrees, beginning with the left subtree, until a distinction can be made.

In words, the canonical labeling labels the leaves from “left-to-right” when the tree is
depicted in a tree representation (and the third bullet point is used to break ties whenever
multiple such representations are possible). All of our previous examples have been canon-
ically labeled (see Examples , . From now on, given some S € Sy, we will use the
the version of S that has been canonically labeled. Let Px be the measure induced by the

distribution of X on X. We are now ready to define our metric p;(-,-) on Sy, as follows:

Definition A.2.2. For 51,5, € S;,

p1(S1,S5) = ZPX k)ASy (k) .

That p; is a metric follows from the properties of symmetric differences. We show under
appropriate assumptions that (S, p;) is a complete metric space in Lemma , and that
(S, p1) is totally bounded in Lemma [A.2.3] Hence (S, p1) is a compact metric space under
appropriate assumptions. Combined with the fact that ([0, 1]2L, p2) is a compact metric
space, it follows that (7, p) is a compact metric space.

Next we show that V() is continuous in our new metric.
Lemma A.2.1. Given Assumption V(+) is a continuous function in p.

PrOOF. We want to show that for a sequence T,, — T', we have V(7,,) — V(T). By

definition, 7T,, — T implies S,, — S and 7, — 7 where T,, = (S,,m,), T = (S, 7). By the
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properties of symmetric differences,

|P(8(X) = k) = P(S(X) = k)| < Px(S, ' (k)AST' (k) ,

and hence P(S,(X) = k) — P(S(X) = k). It remains to show that E[f(Y (a))|S.(X) =

k] = E[f(Y(a))|S(X) = k] for f(-) a continuous function. Re-writing:

Elf(Y(a)1{Sn(X) = k}]

B (@)1$,(X) = K] = g i

The denominator converges by the above inequality, and the numerator converges by the

above inequality combined with the boundedness of f(Y). m

Lemma A.2.2. Given Assumptions|1.2.1] and|1.2.2, (S, p1) is a complete metric space.

PROOF. We proceed by induction on the depth of the tree in the following fashion: Let

d
j=1

I, = X_lajn, bjn] be a Cauchy sequence w.r.t p; of depth 0 tree partitions (i.e. simply

rectangles). Suppose for the time being that we have shown that {a;,}, and {b;,}, are both

convergent as sequences in R, so that {I',},, converges to a depth zero decision tree given by

d
j=1

=X

[lim @, im b, ].

Now for the induction step, suppose it is the case that a Cauchy sequence of depth (L —1)

d
Jj=1

tree partitions {SfLL*l)}n on I'yy, = X'_,[ajn, bj,] converges to a depth (L — 1) tree partition
SE=D on T = X?Zl[lim @jn, lim b;,,]. Consider a Cauchy sequence of depth L tree partitions
{SL}, on T, and consider the corresponding subtrees {S,(DL;;LU}” on I'p.n(Jn, 7n) and {S[(]L;gl)}n
on I'y(fin, 1n) for some j, and ,. By the definition of p;, it is immediate that {ngn_l)}n
and {S[(Jjj_l)}n are Cauchy, and so by the induction hypothesis each of these converges to

n

some tree S,(DLA) and Sl(]Lfl) on I'p(lim j,,lim~,) and I'y(lim j,,lim~,) respectively. But
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then the resulting collection {S(DLfl), S[(]Lfl)} describes a limit of the original sequence {SX},,
and so we're done.

It remains to show that our conclusion holds for the base case. Our goal is to show
that for a sequence of cubes I';, = X;.lzl[ajn, b;,] which is Cauchy, that the corresponding
sequences {a;,} and {b;,} are both Cauchy as sequences in R. First note that it suffices to
treat Px(-) as Lebesgue measure A on [0, 1]¢, since by Assumption [1.2.1} for any measurable

set A,

Px(A) = fA fXd/\ = C)\(A) s

for some ¢ > 0. Moreover to show each sequence {a;,}, {b;n}n is Cauchy, it suffices to argue
this for d = 1, since we can argue for d > 1 by repeating the argument on the projection
onto each axis. So let d = 1 and consider a sequence of intervals {[a,, b,]}, which is Cauchy

(w.r.t to the metric induced by Lebesgue measure), then
)\([an,bn]A[an/,bn/]) = ’bn/ - bn| + |CLn/ - an|,

and hence it follows that the sequences {a,}, and {b,}, are Cauchy as sequences in R, and

thus convergent. It follows that {[a,,b,]}, converges to [lima,,limb,]. =
Lemma A.2.3. Given Assumption (S, p1) is a totally bounded metric space.

PRrOOF. Given any measurable set A, we have by Assumption that

Px(A) = L fxd\ < CX(A) ,

where A is Lebesgue measure, for some constant C' > 0. The result now follows immediately

by constructing the following e-cover: at each depth L, consider the set of all trees that can
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be constructed from the set of splits {0(2271), 0(22;71), ..., 1}. By construction any tree in Sy,

is at most € away from some tree in this set. m

Lemma A.2.4. Given Assumptions[1.2.1], [1.2.3,[1.3.1, and[1.3.2. Then the set T* of

mazimizers of V(-) exists, and

nf (T T7) 250,

where measurability of p(-,-) is guaranteed by the separability of T. Furthermore, there exists

a sequence of o{(W;)™,}/B(TL)-measurable trees T,, € T* such that
p(Ton, Trn) =50 .

PROOF. First note that, since (7, p) is a compact metric space and V(+) is continuous,
we have that 7* exists and is itself compact. Fix an € > 0, and let

Te=A{TeT: f p(T,T%)> €},

then it is the case that

inf V(T') > V™.
TeT.

To see why, suppose not and consider a sequence T}, € 7. such that V(T,,) — V*. Now by
the compactness of T, there exists a convergent subsequence {T,,,} of {T,,.}, i.e. Tp,, = 1"
for some 17" € T. By continuity, it is the case that V(7,,,,) — V(I") and by assumption we
have that V(T,,,) — V*, so we see that 7" € T* but this is a contradiction.

Hence, for every € > 0, there exists some n > 0 such that

V(T)>V*+n,
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for every T' € T,. Let w be any point in the sample space for which we have that V (T, (w)) —
V*, then it must be the case that Tm(w) ¢ 7. for m sufficiently large, and hence

inf p(Tp, TF) 250

T*eT*
To make our final conclusion, it suffices to note that p(-,-) is itself a continuous function and
so by the compactness of 7%, there exists some sequence of trees T such that

Ti%f.* p(Ln, T*) = p(Tn, T -

Furthermore, by the continuity of p, the measurability of T , and the compactness of T,
we can ensure the measurability of the T,,, by invoking a measurable selection theorem (see

Theorem 18.19 in Aliprantis and Border| (1986)). m

A.3. Supplementary Results for Chapter 1
A.3.1. Supplementary Example

In this section we present a result which complements the discussion in the introduction
on how stratification can reduce the variance of the difference-in-means estimator. Using
the notation from Section let {Y;(1),Y;(0), X;}~; be ii.d and let Y be the observed
outcome. Let S : X — [K] be a stratification function. Consider treatments {A;}! ; which
are assigned via stratified block randomization using S, with a target proportion of 0.5 in

each stratum (see Example for a definition). Finally, let

N 1 S
ezn—li;mi— PRAEEHN

n—miD
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where ny = > | 1{A; = 1}. It can be shown using Theorem 4.1 of Bugni et al.| (2017)) that

A

V(0 —6) 5 N0, V),
with V' = V4 — Vs, where Vy does not depend on S and
Vs := E[(E[Y(1)[S(X)] + E[Y(0)[S(X)])*] -

In contrast, if treatment is assigned without any stratification, then

~

V(@ —0) %S N, V'),

with V' = V4 — E[Y (1) +Y(0)]?. Tt follows by Jensen’s inequality that Vs > E[Y (1)+Y(0)]?
as long as E[Y (1) +Y(0)|S(X) = k] is not constant for all k. Hence we see that stratification
lowers the asymptotic variance of the difference in means estimator as long as the outcomes

are related to the covariates as described above.

A.3.2. Alternative Asymptotic Framework

In this section we present some supplementary results about the asymptotic behavior of

~

0(T). We consider an asymptotic framework where the pilot study can be large relative to

the total sample size:

Assumption A.3.1. We consider the following asymptotic framework:

el

where N =m + n, for some X € [0,1] as m,n — 0.

=[3
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To prove an analogous result to Theorem |3.3.1]in this setting, we impose one additional

assumption:

Assumption A.3.2. The pilot-experiment data {W;}I", was generated through a simple

randomized experiment without stratification.

In contrast, in our original asymptotic framework we made no assumptions about how the
pilot experiment was performed, except to prove Proposition [[.3.1] As explained in Remark
[1.2.8] if the pilot experiment were stratified, we may want to incorporate this information
into the specification of T. In this case Assumption could be weakened in various
ways at the cost of making the expression for the variance in Theorem slightly more
complicated.

We now obtain the following result about the ATE estimator 6(T):

Theorem A.3.1. Given Assumptions [1.2.1, [1.2.2, 11.2.5, |A.53.1], 1.3.4, |1.5.4), [1.5.5,

[A.3.4, and|1.5.6, we have that

VN@O(T) —0) % N(0, V)

where

Vi = AV + (1 - \V*

and
v o) )
1-— 70 U

Hence we see that in this asymptotic framework the pooled estimator A(T") has an asymp-
totic variance which is a weighted combination of the optimal variance and the variance in

the pilot experiment, with weights which correspond to their relative sizes.



173

We now explain how to modify the proofs of Lemma[A.1.1] and [3.3.1] to prove this result.

In comparison to the proof of Lemma we now have an extra component which corres-
ponds to the pilot stratum, but the proof continues to hold with that stratum left untouched.
For Theorem , we modify the argument as follows. Let R,(T) denote the components of
O(T) which correspond to the pilot (where it is implicit that we have augmented 7T to include
an extra stratum at k = 0 for the pilot data), let R,,(T) denote the components of O(T)
which correspond to the main study, and let (C,, C},,) be the corresponding re-arrangement

of B such that (C,, Cp,) (R, R,n) = B'O. Then we claim that
PCLRYT) < by, CouR(T) < ) = PGy < s < )

where t,, t,, are arbitrary real numbers and ((,, (,) are independent mean zero normals,
independent of everything else, with variances such that var((,) + var(¢,) = Vi¥. To see
this consider the following derivation, where o{(W;)2,} is the sigma algebra generated by

the pilot data:

P(CLR(T) < tp, ClyRn(T) < t) = E [P(CLRY(T) < t, C Ron(T) < )| {(W))Z1})]
= E[P(CpRn(T) < tmo{ (W) DHCR,(T) < ,}]
= E[(P(C),Rin(T) < tm|o{(W;){21})

— P € Ap))L{CR,(T) < t,}]

+ E[P(¢n € An)I{R,(T) € A,}]
= E[(P(CpRin(T) < tulo{(W))Z21})

= P(Gn € Aw))H{C Ry(T) < t,}]

+ P(Cm € An)P(CLR,(T) < tp) |
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Where the first equality comes from the law of iterated expectations, and the second equality
follows from the fact that R,(T) is non-stochastic once we condition on o{(W;)%,}. By a
standard multivariate CLT, P(C)R,(T) < t,) — P({, < t;), and by the proof of Theorem
B.3.1]

}P(CJan(T) < tm|0'{(VVJ)?i1}) — P(Cn € Am)| = Op(l) )

and so the result follows.

A.3.3. Details on the Multiple Treatment Case

In this section we present formal results for the setting with multiple treatments. Recall

from Section [[.3.2] that here we are interested in the vector of ATEs
0=0,:aeA),

where 6, = E[Y(a) — Y(0)]. We also generalized the concept of a stratification tree to
accommodate multiple treatments, and extended our estimator 0 accordingly.
Given a matrix norm || - ||, our goal is to choose T' € T, to minimize ||[V(T')|| as defined

in Section [1.3.2] Define V(T) := ||[V(T)|| and let V* be the minimum of this objective

function. Consider the following extensions of Assumptions [1.2.1] [1.2.2] [1.3.2] [1.3.4] and

to multiple treatments:

Assumption A.3.3. @ satisfies the following properties:

e Y(a) € [-M, M] for some M < o, for a € Ay, where the marginal distributions of
each Y (a) are either continuous or discrete with finite support.

e XecX = X?Zl[bj,cj], for some {bj,cj}?zl finite.
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e X = (X¢, Xp), where Xg € R% for some dy € {0,1,2,...,d} is continuously distrib-
uted with a bounded, strictly positive density. Xp € RN s discretely distributed

with finite support.

Assumption A.3.4. Constrain the set of stratification trees Ty, such that, for some fized

v>0, mo(k)e[v,1 —v] for all T.

Assumption A.3.5. The estimator T is a o{(W;)™,}/B(T.) measurable function of the

pilot data and satisfies

V(T) - V¥ 250,

where

VE = inf |[[V(T)]] ,

TeTr,

as m — 0.

Assumption A.3.6. The randomization procedure is such that, for each T = (S, 7)€ T:
[(V00) (1), YA, X2y L A(D)] 5.

Assumption A.3.7. The randomization procedure is such that

ng(k; T
b (k;T)

p
_)07
n

— ma(k)p(k; T)

TeT

for each k € [K|. Where

na(k;T) = i HA(T) =a,S; =k} .

i=1

We also require the following uniqueness assumption:

Assumption A.3.8. The minimizer T* of V(T') over T, is unique.
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This assumption is quite strong: in general, we are not aware of any conditions that
guarantee the uniqueness of the minimum of V(7). Clearly this assumption could be violated,
for example, if all the covariates enter the response model symmetrically, since then many
distinct trees could minimize V(7'). However, it is not clear if such examples would arise
in real applications. Finding appropriate conditions under which this should be true, or
weakening the result to move away from this assumption, are important considerations for
future research.

We now obtain the following result:

Theorem A.3.2. Given Assumptions [A.53.3, [A.3.4, [1.2.2,[1.2.5, [1.5.1], [A.5.5, [A.53.0,

[A.53.7, and|A.5.8, we have that

~

VN(@(T) —0) S N(0,V¥) |
where V¥ =V (T*), as m,n — 0.

Note that, since we are now imposing Assumption [A.3.8] Assumption [1.3.6]is no longer
required. The proof proceeds identically to the proof of Theorem [3.3.1f we simply add
the necessary components to the vector OQ(-) to accommodate the multiple treatments and
follow the derivation in Theorem 3.1 of Bugni et al. (2018) accordingly. We also skip the
final conditioning/subsequence step by invoking Assumption m

To show that minimizing the empirical variance still satisfies Assumption [I.3.2] the ar-
gument proceeds component-wise in a manner similar to the proof of Proposition [1.3.1}
Essentially the argument proceeds as follows: let vp(X) and o7(X) be the matrix-valued

analogues to those described in the proof of Proposition|1.3.1], and suppose we want to show,
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for example, that

sup |V, (T) — V(T)| >0 .
T
It follows by the reverse triangle inequality that it suffices to show

a.s
— 0,

SIS

which follows by applying the Glivenko-Cantelli Theorem component-wise.
A.4. Computational Details/Supplementary Simulation Details for Chapter 1
A.4.1. Computational Details

In this section we describe our strategy for computing stratification trees. We are interested

in solving the following empirical minimization problem:

~pug o~
T eargzr%%V(T) :

where

V=Sl 280 | (Bly )-Y )10 -R-E ()-y 1)+ ( 255+ 8 )|

with

E[Y (1)=Y (0)|S(X)=k]:= 5oy 1 Vi Ay L{S (X)) =k} ooy 2701 Y5 (1-A47)1{S(X;)=k} ,

m

By -y = =3 v - LSy ay,

j=1 j=1

52(k) == E[Y (0)*|S(X) = k] — E[Y (a)|S(X) = k]*.

Finding a globally optimal tree amounts to a discrete optimization problem in a large
state space. Because of this, the most common approaches to fit decision trees in statistics

and machine learning are greedy: they begin by searching for a single partitioning of the data
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which minimizes the objective, and once this is found, the processes is repeated recursively
on each of the new partitions (Breiman et al.| (1984), and Friedman et al. (2001) provide a
summary of these types of approaches). However, recent advances in optimization research
provide techniques which make searching for globally optimal solutions feasible in our setting.

A very promising method is proposed in Bertsimas and Dunn| (2017)), where they describe
how to encode decision tree restrictions as mixed integer linear constraints. In the standard
classification tree setting, the misclassification objective can be formulated to be linear as
well, and hence computing an optimal classification tree can be computed as the solution to
a Mixed Integer Linear Program (MILP), which modern solvers can handle very effectively
(see |[Florios and Skouras) (2008)), (Chen and Lee| (2016), [Mbakop and Tabord-Meehan| (2016)),
Kitagawa and Tetenov| (2018)), Mogstad et al.| (2017) for some other applications of MILPs
in econometrics). Unfortunately, to our knowledge the objective function we consider cannot
be formulated as a linear or quadratic objective, and so specialized solvers such as BARON
would be required to solve the resulting program. Instead, we implement an evolutionary
algorithm (EA) to perform a stochastic search for a global optimum. See |Barros et al.| (2012)
for a survey on the use of EAs to fit decision trees.

The algorithm we propose is based on the procedure described in the evtree package
description given in |Grubinger et al.| (2011). In words, a “population” of candidate trees is
randomly generated, which we will call the “parents”. Next, for each parent in the population
we select one of five functions at random and apply it to the parent (these are called the
variation operators, as described below), which produces a new tree which we call its “child”.
We then evaluate the objective function for all of the trees (the parents and the children).
Proceeding in parent-child pairs, we keep whichever of the two produces a smaller value for

the objective. The resulting list of winners then becomes the new population of parents,
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and the entire procedure repeats iteratively until the top 5% of trees with respect to the
objective are within a given tolerance of each other for at least 50 iterations. The best tree
is then returned. If the algorithm does not terminate after 2000 iterations, then the best
tree is returned. We describe each of these steps in more detail below.

Although we do note prove that this algorithm converges to a global minimum, it is shown
in Cerf (1995) that similar algorithms will converge to a global minimum in probability, as
the number of iterations goes to infinity. In practice, our algorithm converges to the global
minimum in simple verified examples, and consistently achieves a lower minimum than a
greedy search. Moreover, it reliably converges to the same minimum in repeated runs (that
is, with different starting populations) for all of the examples we consider in the paper.
Optimal Strata Proportions: Recall that for a given stratum, the optimal proportion is

given by

= 91

oy +oy
where oy and o; are the within-stratum standard deviations for treatments 0 and 1. In
practice, if 7* < 0.1 then we assign a proportion of 0.1, and if 7* > 0.9 then we assign
a proportion of 0.9 (hence we choose an overlap parameter of size v = 0.1, as required in
Assumption [1.2.2).
Population Generation: We generate a user-defined number of depth 1 stratification trees
(typically between 500 and 1000). For each tree, a covariate and a split point is selected at
random, and then the optimal proportions are computed for the resulting strata.
Variation Operators:

e Split: Takes a tree and returns a new tree that has had one branch split into two

new leaves. The operator begins by walking down the tree at random until it finds

a leaf. If the leaf is at a depth smaller than L, then a random (valid) split occurs.
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Otherwise, the procedure restarts and the algorithm attempts to walk down the tree
again, for a maximum of three attempts. If it does not find a suitable leaf, a minor
tree mutation (see below) is performed. The optimal proportions are computed for
the resulting strata.
Prune: Takes a tree and returns a new tree that has had two leaves pruned into one
leaf. The operator begins by walking down the tree at random until it finds a node
whose children are leaves, and destroys those leaves. The optimal proportions are
computed for the resulting strata.
Minor Tree Mutation: Takes a tree and returns a new tree where the splitting value
of some internal node is perturbed in such a way that the tree structure is not
destroyed. To select the node, it walks down the tree a random number of steps, at
random. The optimal proportions are computed for the resulting strata.
Major Tree Mutation: Takes a tree and returns a new tree where the splitting value
and covariate value of some internal node are randomly modified. To select the node,
it walks down the tree a random number of steps, at random. This modification
may result in a partition which no longer obeys a tree structure. If this is the case,
the procedure restarts and repeats the algorithm for a maximum of three attempts.
If it does not produce a valid tree after three attempts, it destroys any subtrees that
violate the tree structure in the final attempt and returns the result. The optimal
proportions are computed for the resulting strata.
Crossover: Takes a tree and returns a new tree which is the result of a “crossover”.
The new tree is produced by selecting a second tree from the population at random,
and replacing a subtree of the original tree with a subtree from this randomly

selected candidate. The subtrees are selected by walking down both trees at random.
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This may result in a partition which no longer obeys a tree structure, in which case
it destroys any subtrees that violate the tree structure. The optimal proportions

are computed for the resulting strata.
Selection: For each parent-child pair (call these T, and T,) we evaluate V(Z,) and V (T})
and then keep whichever tree has the lower value. If it is the case that for a given T any
stratum has less than two observations per treatment, we set IN/(T) = oo (this acts as a rough

proxy for the minimum cell size parameter 9, as specified in Assumption [1.2.2]).

A.4.2. Supplementary Simulation Details

In this section we provide additional details on our implementation of the simulation study.
For each design we compute the ATE numerically. For Model 1 we find AT E; = 0.1257,
for Model 2 we find ATFE; = 0.0862 and for Model 3 we find ATE3 = 0.121. To compute

the optimal infeasible trees, we use an auxiliary sample of size 30,000. The infeasible trees

we compute are depicted in Figures|A.1] [A.2[ and [A.3| below.

STV S\ </ A\ STARAW
7 \e W/ \e W] \o W/ \o
o/ \c : . :
)\ g\ & & &) \D

(0.17) (0.19) (0.22) (0.54) (0.19) (0.39) (0.36) (0.49)

Figure A.1. Optimal Infeasible Tree for Model 1
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(0.17) (0.19) (0.19) (0.19] (0.18) (0.21] (0.53) (0.6)

Figure A.2. Optimal Infeasible Tree for Model 2

A =2 XH =2 A =2 A =2
(<) w (<) w (<) w [« w
v N % N % N v N
o o o o o o

(0.39] (0.44) (0.43) [o:s] (0.43] (0.47) (0.48) (0.49)

Figure A.3. Optimal Infeasible Tree for Model 3

A.4.3. Application-based Simulation

In this section we repeat the simulation exercise of Section (1.4] using an application-based
simulation design, in order to assess the gains from stratification in our application. To
generate the data, we draw observations from the entire dataset with replacement, and

impute the missing potential outcome for each observation using nearest-neighbour matching
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on the Euclidean distance between covariates. We perform the simulations with a sample
size of 30,000, which corresponds approximately to the total number of observations in the
dataset. In order to reproduce the empirical setting, we conduct the experiment in two
waves, with sample sizes of 12,000 and 18, 000 in each wave, respectively. In all cases, when
we stratify we consider a maximum of 4 strata, which corresponds to the number of strata
in Figure [1.6] and use SBR to perform assignment. We compare the following stratification
methods using the same criteria as in Section [1.4}

e No Stratification: Here we assign treatment to half the sample, with no stratification.

e Fixed Stratification: Here we use the stratification from Figure [1.6] and assign
treatment to half the sample in each stratum.

e Stratification Tree: Here we perform the experiment in two waves. In the first wave,
we assign individuals to treatment using the Fixed stratification, and then use this
data to estimate a stratification tree. In the second wave we use the estimated tree
to assign treatment.

e Cross-Validated Tree: Here we perform the experiment in two waves. In the first
wave, we assign individuals to treatment using the Fixed stratification, and then use
this data to estimate a stratification tree with depth selected via cross-validation.
In the second wave we use the cross-validated tree to assign treatment.

o Infeasible Optimal Tree: Here we estimate an infeasible “optimal” tree by using a
large auxiliary sample (see Figure . In the first wave, we assign individuals to
treatment using the Fixed stratification. In the second wave, we assign individuals

to treatment using the infeasible tree.
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(7(1) = 049) (x(2) = 0.8) [n(3) = 0.52)(w(4) = 0.79)

Figure A.4. Infeasible Optimal Tree for App.-based Simulation

When constructing the augmented tree T, we incorporate the stratifications from both
waves in accordance with Remark [1.2.8. We perform 6000 Monte Carlo iterations. Table

presents the simulation results.

Criteria
Stratification Method Coverage %ALength Power %ARMSE
No Stratification 93.7 0.0 51.9 0.0
Fixed 93.9 -0.6 52.4 -1.6
Strat.Tree 93.0 0.3 52.2 1.1
Strat. Tree (CV) 93.8 -1.9 53.9 -3.0
Infeasible Tree 94.8 -5.9 58.1 -7.7

Table A.1. Simulation Results for Application-Based Simulation

We see in Table[A.T|that the overall gains from stratification are small. The Stratification
Tree performs slightly worse than no stratification, which agrees with the fact that the cross-
validation procedure returned a tree of depth one in Section [1.5l However, despite the fact
that the DGP is relatively complex and the gains from stratification are small, the cross-

validated Stratification Tree nevertheless performs fairly well.
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A.5. Auxiliary Lemmas for Chapter 1

Lemma A.5.1. Let {A,}n, {Bn}n be sequences of continuous random variables such that

|A, — Bn| = 0.

Furthermore, suppose that the sequences of their respective CDFs {F,,(t)},, {Gn(t)}n are both

equicontinuous families at t. Then we have that

Fu(t) — Gu(t)] — 0 .

PROOF. Fixsome ¢ > 0, and choose a 6 > 0 such that, for [t —t| < 0, |G, (t)—G.(t')| < e.

Furthermore, choose N such that for n > N, |A,, — B,| < J a.s.. Then for n > N:

e
I
s
s
N

t) < P(B, <t+9)+ P(|A, — By| > 9) < G,(t) + €,

and similarly

We thus have that |G,,(t) — F,(t)| < € as desired. =

Lemma A.5.2. Let {F,(t)}, and {G,(t)}, be sequences of (absolutely) continuous CDFs

with bounded support [—M, M|, such that

|Fn(t) - Gn(t)| -0,

for all t. Let {F;1}, and {G, '}, be the corresponding sequences of quantile functions, and
suppose that each of these form an equicontinuous family for every p € (0,1). Then we have
that

[FHp) - G ()| =0

n
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PROOF. Let V be a random variable that is uniformly distributed on [—2M,2M], and

let I'(-) be the CDF of V. Then it is the case that

|Fu(V) = Gu(V)] =5 0.

By the uniform continuity of I and the equicontinuity properties of {F; '}, and {G,'},,, we
have that {P(F,(V) < )}, and {P(G,(V) < -)}, are equicontinuous families for p € (0,1).

It thus follows by Lemma that

|[P(F.(V) <p)—P(Gu(V)<p)|—0.

By the properties of quantile functions we have that |I'(F,(p))) — ['(G,,}(p))| — 0. Hence

n

by the uniform continuity of I'"!, we can conclude that

T=HI(F, (p)) = THI(G ()] = |F () — Gl () = 0,

as desired. m

Our final lemma completes the discussion in Remark [1.3.3] It shows that, as long as the
family of quantile functions defined in Assumption [1.3.6]| are continuous, and vary “continu-

ously” in S € Sy, then Assumption holds.

Lemma A.5.3. Let (D, d) be a compact metric space. Let F be some class of functions

JT_' = {fd . (0, 1) — R}deID)

such that fq(+) is continuous and bounded for every d € D. Define g : D — L*(0,1) by
g(d) = fi(-), and suppose that g is continuous. Then we have that, for every xo € (0,1),

{fa(-,d)}aep is an equicontinuous family at xq.
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PROOF. By construction, g(D) = F, and so by the continuity of g and the compactness

of D, F is compact. Let ¢ > 0 and fix some zo € (0,1). Let Fo3 = {fa, (")} be a
finite €/3 cover for F. By continuity, there exists a § > 0 such that if |z — zy| < 0,

|fa, (x) — fa,(x0)| < €/3 for every k = 1,..., K. By the triangle inequality, for any d:

|fa(x) — fa(zo)| < [fa(w) — fa, ()| + | fa, (%) — fa,(0)| + [ fa,(x0) — falwo)] ,

for all k =1,..., K. It thus follows that, for |x — z¢| <6, and by virtue of the fact that F./

is an open cover for F,

| fa(z) = fa(zo)| <€,

and hence {f4(-)}4ep is an equicontinuous family at z,. m
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APPENDIX B

Appendix to Chapter 2
B.1. Proofs of Main Results in Chapter 2

Recall that the planner’s objective function is given by

(B.1) W(G) = Ep [<e}(/)?) - 31/(_1 e‘()?))) X e G}] |

To each treatment allocation G' € G we associate a function fg : R x X x {0,1} — R defined

by:

Jo2) = folv.X.D) = (g~ oo ) X G

where Z = (Y, X, D). Let F := {fg : G € G} denote the corresponding set of functions

associated to decision rules in G. By (B.1)), any optimal allocation in G solves

G* € argmax Ep l(ei(/)?) - 31“_1 e_()%)) 1{X e G}] :

Equivalently, functions associated to optimal allocations solve

* Epf(Z).
f* e argmax Epf(Z)
By an abuse of notation, for G € G, we set

W(fa) = Epfa(Z) .
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Given an approximating sequence {Gy}, of classes of treatment allocations, let {F}}x denote
the sequence of associated classes of functions.

The following lemma, whose proof is given in Kitagawa and Tetenov| (2018)) (Lemma A.1),

establishes the relevant link between the classes of sets {Gi}r and the classes of functions

{Fi}e. It shows that if a class G has finite VC dimension, then the associated class F is a

VC-subgraph class with dimension bounded above by that of G.

Lemma B.1.1. Let G be a VC-class of subsets of X with finite VC dimension V. Let g

be a function from Z := R x X x {0,1} to R. Then the set of functions F defined by
F={g(z) - 1{x e G} : Ge G}
1s a VC-subgraph class with dimension at most V.
For each k£ > 1, let fnk be a maximizer of the empirical welfare over the class Fj; that
is:
fog = arg max Wa(f)

and for f € Fi, define the complexity-penalized estimate of welfare by

The PWM rule fnk is then chosen such that

k = arg I?Ef( Ry x(fok) -

=

~

In what follows, we set f, 1= fnk and R, (f,) = R, i (foi)
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To bound the regret, we decompose it as follows

(B.2) —W(fa) = (Wi = Ra(F)) + (RulF) = W(F))

The following lemma yields (under Assumption [2.3.4)) a subgaussian tail bound for the second

term on the right hand side of the preceding equality.

Lemma B.1.2. Given Assumption there exists a positive constant A (that does

not depend on n) such that:

N A~ 2

P(Rn(fn) - W(fn) > 6) < Ae—Qcone

for every n.

PROOF. First note that:

P(B,(f) = W(F) > &) < P(sp (Rus(Fos) = W(fur) > €)

then by the union bound:

~ ~ ~

P((sup (Bup(fu) = W(far)) > €) < 3 P(Raslfus) = W(far) > €)

k k

Now by definition of R, ;, we have
2 2 2 ; k
22 PR fok) = W(Fas) > €) = 2, P(Wa(fur) = Calk) = W(fur) > e +4/=) .
k
By Assumption [2.3.4]

; k
Z P f" k (f k) - Cn(k> > €+ \/;) < Z 616_26""(64'\/%)2 < 6—2%”62 Zk: cle—%co .

k
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By setting
(B.3) A= che_%c" <,
k

the result follows. m

Proof of Theorem [2.3.1l We follow the general strategy from Bartlett et al. (2002).

For every k, we have

~

(B4) Wi = W(fa) = (Wi =W5) + (W5 = W(f) -

We first consider the second term in (B.4), and expand it as follows

~

(B.5) Wi —W(fa) = Wi — Ru(fa) + Rulfu) = W(Ja) -

By the definition of R,,, the first term of expression (B.5|) is bounded by

* r % r k
Wi, = Bulfa) < Wi, = Walfar) + Culk) +4/ =

Fix § > 0, and choose some f; € F, such that W(fF) + 0 > W .2 . We have

WE = Wa(fuk) + Culk) + \/g CW(FE) 46— WalF) + Culk) + 4%

n
Taking expectations of both sides and letting d converge to 0 yields

B[S, — Ra(fu)] < B, ()] +4/

91f the welfare criterion achieves its maximum on Fy, then ff can be set equal to any maximizer. In general
however such an optimum may not exist, and thus we must choose f* will to be an ”almost maximizer” of
the welfare criterion on Fy.
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By Lemma m and a standard integration argument (see for instance problem 12.1 in

Gyorfi et al.| (19906)), the second term on the right hand side of (B.5]) is bounded by

E[Ra(f,) — W] < 4 | 28E9)

2con

Combining these bounds yields

BIWE ~ W(7.)] < B[C, (1) + W3 — W, +[ 520  [F

2con
for every k, and our result follows. m

Proof of Lemma [2.3.1l We first establish the inequality
_ _ Cone( M y2
(B.6) POWo(far) = W(far) = Culk) > ) < exp (~2ne(5)?) -

By two standard symmetrization arguments, we get

(B.7) Bl sup W, () = W(f)] < 2 sup > (2] = E[Cu(h)]

where we recall that Cy(k) = E [2super, 2 D0 0if(Z;)|Z1, Z2, -+, Zn] and {0}, is an
i.i.d sequence of Rademacher random variables independent from the data {Z;}"_,. Note

that

~ A~

P(Walfog) = W(far) = Cnlk) > €) < P(?;ljg (Walf) =W(f)) = Cu(k) > €)

and set M,y := supser, (Wa(f) — W(f)) — Cn(k). Combining the preceding inequality with

(B.7) yields

P(Wn(fn,k) - W(fn,k:) - Cn(k’) > 6) < P(Mn,k — EM, ), > 6) .
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To control the deviations of M, ; from its mean, we use McDiamird’s inequality (note that
M, i, satisfies the bounded difference property with increments bounded by %) which yields
the inequality

P (M), — EMy; > ¢) < exp (—2n62(3iM)2) ,

from which our result follows.

The second inequality (where C' is a universal constant)

Bre, (] < oM\ [

K n

follows from a chaining argument and a control on the universal entropy of VC subgraph
classes (see for instance the proof of Lemma A.4 in Kitagawa and Tetenov| (2018))), along

with Lemma B.1.1] m

Proof of Lemma [2.3.2l Let us assume for notational simplicity that the quantity m =

n(1l — ¢) is an integer. We first establish the inequality

~ ~

(B.8) P(Wr(Fok) — W (frure) — (k) > €) < exp (—zn&?(%)?) .

By the definition of C,,(k), we have

Now, working conditionally on {Z;}!",, we get by Hoeffding’s inequality that

PWy(foug) = W (foni) > el{Z:}1) < exp (—2n862(%)2) .

Since the right hand side of the preceding inequality is non random, the inequality holds

unconditionally as well.
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We now establish the inequality
ElC,(k)] < C

By the definition of C,,(k), we have

and by Lemma A.4 in |Kitagawa and Tetenov]| (2018]) combined with Lemma there exists

some universal constant C such that:

BIW, () =W))< Oy 2

Since m = (1 — {)n, the result follows. m

Proof of Propositions [2.3.1] and [2.3.2] From the inequality

—T

¢ <
(I—e) ~

1
x

and from (B.3)) and (B.€]), we derive that

A<1/2 (%f |

K

Similarly, we derive from (B.3)) and (B.8)) that

A < 1/(20) (%)2 |

K
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The results then follow by substituting these into the inequalities of Theorem [2.3.1] m

Proof of Theorem [2.3.2. Our strategy here is to proceed analogously to the proof of

Theorem [2.3.1] with some additional machinery. For every k, we have that:

(B.9) W(fo) = Wz —W5) + (W}?k - W(f2) ) :

Adding and subtracting R¢(f¢) to the last term yields

(B.10) Wi, = W) = (Ws = Ba(fD) + (Bl - W(fD) ).

Let fi := argmaxyser, W(f) , (if the supremum is not achieved, apply the argument to a
d-maximizer of the welfare, and let § tend to zero). Now consider the first term on the right

hand side of (B.10). Expanding yet again gives

(B.11) Wi — Ri(fo) = WE = Wa(fi) + Wa(fi) = Bi(f5) -

From the definition of Ry, we have

A~

W)~ RiF2) < Walit) — Wath0) + Cath 4 < SEPNLEURACERTES

Hence, considering the above inequality and taking expectations in (B.11]) yields

n

e Ae IS e k
BIW, = B(F)) < B[ = Y 17—l + E[CL(0)] + 4/~ .
i=1
and thus by Assumption

(B.12) E[W3, = Ry (fi)] < O(¢,") + E[C5(R)] +4 /)~ -
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We now consider the second term on the right hand side of 1) Let k be the class k such

that
fo="Toi

Note that % is random. We have
e ( fe re e( fe e(] ]% re
By adding and subtracting W,,( fz ;) and the function C(k), we get

We(fe ) — Culh) =\ = —w(fe) -

n n,k

(B.13)

(WitFe ) = Walfe ) + (Culh) = Col)) + | Walfe ) = W(fe,) = Culh) =

Note again that

SRS

sup (We(fs ) = Walfzp) <

n
2 |7A—7, - Ti| )
=1

and so by Assumptions [2.3.7| and [2.3.8, the first two terms of (B.13)) are of order O(¢,!) in

expectation. By the first part of Assumption [2.3.8] and an argument similar to the one used

in the proof of Lemma [B.1.2] it can be shown that

Eﬁgmmzw—wﬁy—@w%-§ﬂ<¢%ﬁ?’

where A and ¢, are the same constants that appear in [B.1.2] We thus get

(B.14) BIRS(S) — W) < O(6;1) + ) 2EEY) |

2m
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Now combining (B.12)) and (B.14]), we conclude that

log

E[W;, = W(f)] < 0(6;") + EIC; (K \[

Finally, by Assumption [2.3.8], we get

E[W;—W(f)] <0(6,") + E[Ca(k)] + W5 — W5, + \/g * _1og2<26) ’

for all k, and hence the result follows. m

Proof of Lemma [2.3.3] and [2.3.4. In what follows, we verify that the third condition
of Assumption [2.3.8 is satisfied for the holdout and Rademacher penalties with estimated
propensity scores, as the first two conditions follow from previous arguments. If we let

C (k) [2 sup — Zaz |Zl7227' : 7Zn] ’

fer, M

which is the infeasible Rademacher penalty that depends on the unknown propensity score,
then it can be shown that

n

Zn

1C (k) — C (K

Zlu ZZu ) Zn] .
Since the right hand side does not depend on k, we conclude that

FE sup
k=1

Culk) = Ck)| < 2B Y17 — 7l = 0(6,") |
i=1
by Assumption In the case of the holdout penalty, we can set

Cm(k) = Wm( e ) - Wr( fe ) .

m,k m,k
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Note that since the propensity score is unknown, the empirical welfare criteria W,, and W,

are infeasible. It can easily be shown that for this choice of ém(k), we have
~ . 1 m B 1 n o

Cn(k) = (k)| < EZ |17 — 7il + - 2 17—l

i=1

i=m-+1

which yields

Next, we prove Proposition [2.5.1]

Let G be the set of monotone allocations. Let 7, denote the partition of [0, 1] formed
by the points x; = i/2%, i = 0,--- ,2*. By definition, for each G € G, there is an associated
function b : [0,1] — [0,1] which determines the boundary of the allocation region, that
is, such that G = {(x1,22) € X : 29 < bg(x1)}. Let {Gi}r be the approximating sequence
defined in Example and define G* € G to be a set such that W (G*) = W§ (if no such

G* exists, the argument proceeds by considering an “almost maximizer”).

Proof of Proposition [2.5.1l Fix some P € P,, where P, is as defined in Assumption
2.5.1l By definition,

where ék € G is the allocation such that bék(‘) is the linear interpolation of bgx on the

partition ;. We can re-write this as

W(G*) — W(Cy) = E Ki}% - 31/(_1 e_()?))) (1xeo —1xe ék})]

(B.15)
M .
< —P(G*AGy)

K
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where A denotes the symmetric difference operator, AAB := A\B u B\A. By Assumption
2.5.1, X has density px with respect to Lebesgue measure on [0, 1]? such that p, is bounded

by some constant A, so that
B 1
P(G*AGy) < A J b () — b ()| dx
0

We thus conclude that if b, is a good L'-approximation of bgs, then the welfare difference

W(G*) — W(G},) is small. To that end, it remains to bound the approximation bias. Let
M; = [xi1,2i] % [bax(i-1), bax (2i)]

for i = 1,...,2%. It follows from the monotonicity of bg+ that the graphs of the restrictions

of bg«(-) and bg, (+) to [#;-1, ;] are contained in M;. Hence we have that

1 2"
Jo g () — bg, ()]|dr < Z area(M;) .
i—1

Now note that
2k 2k 1 2k
D larea(M;) = > [bax () — bax (wim1)| - i — 24| = o D ba () — b (2321 -
i=1 =1

=1

By monotonicity, it is the case that

k
= 1
ok Z b (3) — bax (xi1)| < ok
i=1

Y

since by definition bgx : [0, 1] — [0, 1]. We thus obtain that

M
WE —WE < AZo
g Gk K

as desired. m
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Next, we prove Proposition [2.5.2] Define
Ng(:)ﬁl, ,ZL‘n) = |{{l’1,1‘2, ,[L’n} NG:Ge g}| s

then we present the following lemma, which is proved in |Gyorfi et al.| (1996):

Lemma B.1.3. Let G be the set of monotone allocations. If X has a bounded density

with respect to Lebesque measure on [0,1]%, then
E[Ng(X1,..., X,,)] < e*V™ .

for some constant «.

PROOF. See Theorem 13.13 and the discussion following the proof in |Gyorfi et al.| (1996]).

n
Proof of Proposition By Corollary 3.4 in (Geer| (2000), we have that
1 n
P (sup i)~ WA = ) < ap (sup | Sf(2) > 5] |
feF feF N o 4
for € > 8(1\/;#, where o; are Rademacher random variables (this follows from two sym-

metrizations). Write f(Z) as

fa(Z) = g(Z2)1{X € G},
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where g(Z) = (YD — Y<1_D)>. Conditioning on {Z; = z; = (y;, ®;,d;)};_,, and applying the

e(X) 1—e(X)
sup |—
Geg

Ng(xq,...,x,) sup P (‘ Zazg

Geg

union bound, we get that

2‘7@9 )1{X,; € G}| >

{Z_lel><

{Zz‘ =2 ?—1) :

(B.16)

By Hoeffding’s inequality,

>_

(‘ ZOZ O1{X; € G}

where ¢ = (4M /k)?. Taking expectations, we can conclude that
sup |— » oif
< feF Z

Using Lemma [B.1.3| we get that

> —) < 2E[Ng(Xy, ..., X,)]e "7 .

P (sup W) = W(f)| > ) < Seavene
feF

for e > 8(Mn¢)2. Let €*(n) = 4/ W, then the result follows by a slight modification of
the integration argument presented in Problem 12.1 of (Gyorfi et al.| (1996) (split the integral
of the tail probability as follows: §; = Sg*(n) + 5% m §, bound the first integral by €*(n),

the second by wu, and the third by our tail inequality, and proceed analogously). m
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B.2. Supplementary Results for Chapter 2
B.2.1. Supplement to Example [2.2.3

We work through the claim of Example in detail. Suppose the outcomes of interest to

the planner are described by
Y(k) = g(k, A) — 1{k = ljc,

where A is an unobserved measure of a student’s ability, and ¢ is the per-unit cost of the

scholarship to the planner. Let

h(a) :=g(1,a) — ¢g(0,a) .

Suppose the planner has two covariates X = (Z,T'), on which to base treatment, where Z is

parental income and 7T is a student’s GPA. Define
7(t,z) := E[h(A)|Z = 2, T =t] = Jh(a)dFA|Z,T(a|z,t) :

to be the average treatment effect (ignoring costs) conditional on Z = z, T' = ¢ (note that if
we consider Assumption then h(A) has finite support, which guarantees the existence

of 7). The unrestricted optimal allocation is given by
Grp = {(z,t) : 7(2,t) = ¢} .

We claimed in Example that some plausible assumptions about h(-) and (A, T, Z) could
give rise to an optimal allocation which is monotone, as defined in Example [2.2.3]

First, the planner makes the following assumption on A(-):

Assumption B.2.1. h(a) is increasing in a.
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This assumption asserts that the function g has increasing differences, which is a common

assumption made in economics when doing comparative statics analysis. Intuitively, it says

that higher ability students will realize a larger difference in outcomes if they receive the
scholarship than lower ability students.

Next, the planner makes the following assumptions about the conditional distribution of

(A|Z,T):

Assumption B.2.2. (FOSD of A in (Z,T))
o Fuzr(|z,t) 2O Fyzr(|2,t) fort =t

o Fazr(lz,t) =FO%P Fajzr(-|2,t) for z < 2

Stochastic-dominance assumptions of this type have been employed by, for example,
Blundell et al.| (2007) in the study of wage distributions. Intuitively, Assumption m
asserts that, given a fixed level of parental income, a higher GPA is an indication of higher
innate ability, and that given a fixed GPA, lower levels of parental income are an indication
of higher innate ability. An assumption of this type could come out of a production function
for cognitive achievement, for example as studied in [Todd and Wolpin| (2003).

Given these assumptions, we can show that 7(z,t) = 7(z,t') if t = ¢/, and 7(z,t) = 7(2', 1)
if 2 < 2/, This follows by the fact that, for an increasing function f(-) and two distributions

G1 and G, such that G first order stochastically dominates G5, it is the case that

f FdGy > f FdG, .

This establishes that the first best allocation is indeed monotone.
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B.2.2. Supplement to Example

We elaborate on the example introduced in Example [2.2.1 We construct an approximating
sequence that results in what Scott and Nowak| (2002) call a dyadic decision tree. From
now on assume it is the case that X = [0, 1]¢. First, we define a sequential dyadic partition
(SDP). Let { Ry, Ry, ..., Ry} be a partition of the the covariate space where each R; is a hyper-
rectangle with sides parallel to the co-ordinate axes. Given a cell R;, let Rgl’j ) and Rf’j ) be
the hyper-rectangles formed by splitting R; at its midpoint along the co-ordinate j. A SDP
is defined recursively as follows:
e The trivial partition {[0, 1]?} is a SDP

o If {Ry, Ry, ..., Ry} is a SDP, then so is

{R17 ceny Ri—h R(Lj), R§27j), Rz’+1> D) Rk} ’

)

where ] <i< kand 1<) <d.

In words, a SDP is formed by recusively splitting a hyper-cube at its midpoint on some
coordinate. A dyadic decision tree (DDT) with k splits is a SDP with & partitions, paired
with a {0, 1} label for each hyper-rectangle in the SDP. Given a DDT T}, with k splits, let
G(T}) be the set of covariate points in X such that those covariates are labeled with a 1 in

T}.. Our approximating class is defined as follows:

Gr ={G c X:G = G(T}) for some DDT T}, with k splits} .

It follows by results in [Scott and Nowak! (2002) that G has finite VC dimension. Given
this approximating sequence, the PWM procedure can be applied to choose the appropriate

DDT. In other words, our method could be used to choose the appropriate depth of a decision
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tree. |Kallus| (2016) develops Optimal Personalization Trees, which solve a similar problem
for a given class G, i.e. for trees of a fixed depth. Athey and Wager| (2017)) use decision trees
with a fixed depth as a primary motivating example for their method, and derive a bound
on the Hamming entropy of the class of fixed-depth decision trees without the dyadic-split
assumption we present here.

We expect that under appropriate regularity conditions we could derive bounds on the
maximum regret of this version of PWM with respect to the unrestricted optimum. The first
question one might ask is how the bounds on maximum regret of PWM with this approxim-
ating sequence would compare to the bounds on maximum regret that exist for plug-in rules.
As discussed in |[Kitagawa and Tetenov| (2018), if the plug-in rule is implemented with appro-
priate local-polynomial estimators, and smoothness conditions on the regression functions
E(Y(d)|X = x) are imposed, a bound on maximum regret can be derived. On the other
hand, as explained in |Audibert et al. (2007) in the context of classification, although results
for plug-in rules typically require assumptions on smoothness of the regression functions,
the analogues to our approach in classification typically require regularity conditions on the
boundary of the decision set G}.5. In this sense, a comparison of the regularity conditions for

plug-in rules and PWM-type rules would suggest that they are complementary approaches.

B.2.3. Supplement to Remark

The demeaned EWM rule is defined as follows: Let Y, :=Y; — E,,[Y;], then the demeaned

EWM rule solves the following problem:

YAm D, YAm(1 — D)
7 11 Xz 7 7
{ EG}+—1—6(Xi)

1{X, e G}| .

max F,,

Geg €(Xl)
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Analogues of the results presented in Sections [2.4] and are available from the authors

upon request.

B.2.4. Supplement to Remark [2.3.5|

In this subsection we provide some simple calculations that justify the comments made in

Remark [2.3.5] Consider first the Rademacher penalty, then Proposition shows that

% A . M |V, . . k M |1
B 5~ WG] < ne [ 0203 g~ ) /5] - g0n.m 2 L

K n

where C' is the universal constant derived in the bound of EWM in Kitagawa and Tetenov

(2018) and g is defined as
3\/EM>
V2 R/

Our first task is to quantify the size of C'. By the proof of Lemma A.4. in Kitagawa and

g(M, k) := 64 |log <

Tetenov| (2018)), we can see that the constant C' depends on a universal constant K derived
in Theorem 2.6.7 of |[Van der Vaart and Wellner| (1996)), which establishes a bound on the
covering numbers of a VC subgraph class. Inspection of the proof in [Van der Vaart and
Wellner| (1996) allows us to conclude that a suitable K is given by K = 34/¢/8. Plugging
this in to the expression for C' derived in [Kitagawa and Tetenov| (2018)) allows us to conclude
that a suitable C' is given by C' = 36.17. Turning to g(M, k), we can calculate that in order
for it to surpass C' by an order of magnitude, we would need M /k to be about as large as

10'2°. This give us a sense of the relative sizes of the terms in our bound.

B.3. Computational Details for Chapter 2

In this section we provide details on how we perform the computations of Sections

and [2.5] All of our work is implemented in Python 2.7 paired with Gurobi. To clarity the
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exposition, we begin with Section 77, which is more straightforward, then proceed to Section

2.4

B.3.1. Application Details

We will now describe how we compute each én,k to solve PWM over monotone allocations.
Recall the definition of 97 ;(z) as defined in Example . We modify this definition to
accommodate the fact that our covariates do not lie in the unit interval. In particular, we
restrict ourselves to levels of education that lie in the interval [5,20], which leads to the

following modification.

1—|L(x—5)—j|, ve[Lt+5 L2 +5]n[520]

15 T/15 ' T/15
Urj(z) =
0, otherwise .
/ _ !/
Let ©p = [00 0, - QT] and let O = l_l 0, 0, --- @T] . Let our two dimen-

sional covariate be denoted as x = (M), 2®)) where 2! is level of education and z® is

previous earnings. Let

\IIT(JU):[;U@) Yro(z®) - Q/JT’T(SC(D)] :
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To compute Gnk we solve the following mixed integer linear program (MILP), which modifies

the MILP described in |Kitagawa and Tetenov| (2018) for “Single Linear Index Rules”:

n
max Z Ti * %
00,61,...,07, “
Z1y-y%n i=1
. (:)/ \I/T xZ; (:), ‘IJT ZT; .
subject to T—(Z)<z,~<T—(l)+1,z=1,...,n
Gt Gt

2z €{0,1},i=1,...,n

DrOr =0

where T = 2F=1 7, is as defined in equation , cr is an appropriate constant (to be
discussed in the following sentence), and Dy is the differentiation matrix as defined in Ex-
ample . ¢ is a constant chosen such that ¢;r > supg,. |07 U7 (x;)|, which allows us to
formulate a set of what are known as “big-M” constraints. To implement such a constraint
it must necessarily be the case that ©r is bounded, so in order to implement PWM we also
include an implicit (very large) bound on the possible treatment allocations.”

The first two sets of constraints impose that the treatment allocation result in a piecewise
linear boundary, the third set of constraints impose that this boundary is monotone. The

strength of this formulation is that it imposes monotonicity via a linear constraint, which

allows us to solve the problem as a MILP.

10Bjg-M constraints have the potential to cause numerical instabilities when solving MILPs that are poorly
formulated. We found that it was important to ensure that the covariates are scaled to within the same
order of magnitude and that the IntFeasTol and FeasibilityTol parameters in Gurobi were set to their
smallest possible values.
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B.3.2. Simulation Details

We describe a MILP to compute each Gnk over threshold allocations on d covariates. Define x
to be a (d+ 1)-dimensional vector where z = (1,21, 2 .. 2(®) with the last d components

d+1 " which is the case in the simulation

denoting the d covariates, and suppose x € [0, 1]
design. We define the threshold f3; on covariate *) to be a (d + 1)-dimensional vector such
that the first component is in [—1, 1], all other components other than the (k + 1)st are zero,
and the (k + 1)st component is one of {1, —1}. Let A = {1,2,...,d} index the dimension of
the threshold. We modify the MILP described in Kitagawa and Tetenov| (2018)) for “Multiple

Linear Index Rules”:
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max Z T 2

{ﬁ(l}a€A1 i=1
{200z tac as2) sens2it

: :v’» ;
subject to Zilda 28 < ZBa—i—l,z=1,...,n,aeA
c c
1
1—\A\+sz\zf\7222‘?,z—l, M
aeA | ‘aeA

BY =0, j>1,j#a+1, acA

Zea:k

acA
—éq <5(§1) <e, a€A

Bt — g @ e A

yfbl) + yc(f) =€, AEA
{28}aen, 27 €{0,1},i=1,...,n

{€a}aca €{0,1}, a€ A

(Y ety (Y@ Yaen € {0,1}, a€ A

The constraints serve the following roles: the first two constraints enforce the assignment
of observations to treatment, the next two constraints enforce part of the structure of the
threshold allocation, the fifth constraint specifies that only & thresholds can be used, and the
three subsequent constraints enforce this. Again we require an appropriately chosen constant

¢ to implement a set of big-M constraints, but in this case the choice is straightforward:
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¢ = d + 2 will suffice since this guarantees that ¢ > z.3, for any possible z; and f,, by

construction.

Remark B.3.1. In practice, the solution of this MILP could be further optimized using

the improvements developed in Bertsimas et al| (2016|) and |(Chen and Lee (2016). =
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APPENDIX C

Appendix to Chapter 3
C.0.1. Proofs of the main Results

To simplify the exposition, we first present the proofs in the special case of

ynzﬁxn“'una

where x,, is a scalar. We then explain how to extend the proofs to the case where x,, is a

vector (see Remarks [C.0.3| and |C.0.5)).

A comment about the general strategy: to prove convergence in probability, we prove
convergence in mean-square by finding an appropriate bound on the variance that converges
to zero. To prove convergence in distribution to a normal, we use the following central limit
theorem for dependency graphs proved in [Janson| (1988)). First we give the definition of a

dependency graph for a family of random variables:

Defininition C.0.1. A graph I is a dependency graph for a family of random variables
if the following two conditions are satisfied:
e There exists a one-to-one correspondence between the random variables and the
vertices of the graph.
o If Vi, V, are two disjoint sets of vertices of I' such that no edge of I' had one
endpoint in V; and the other in V,, then the corresponding sets of random variables

are independent.

Now we state the theorem:
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Theorem C.0.1. (Janson 1988 Theorem 2) Suppose that, for each N, {Xy;}¥,

is a family of bounded random wvariables; |Xn;| < An a.s. Suppose further that U'y is a
dependency graph for this family and let Dy be the mazimal degree of I'y (unless I'y has no
edges at all, in which case we set Dy =1). Let Sy = Y, Xn; and 0% = Var(Sy). If there

exists and integer { = 3 such that

A)DyA
(C.1) Ly := —<DN) ol N—>0 as N — o,

ON

then

SN_—E[SN]iN(O,l) as N — o .

On

Remark C.0.1. As will be made clear in the proof of Proposition [3.3.2, we use Theorem
by definining an appropriate dependency graph for which Dy = 2(M* — 1), which
establishes the equivalence between Condition [3.2.1] and Equation for our purposes. Also
note that although Janson’s theorem applies to an array of random variables, in the sense
that for a given 7, Xy, is allowed to change as N grows, we do not use this feature for our

results. m

Because the proofs under amount to special cases of the proofs under [AF2] we prove

Propositions [3.3.2] and [3.3.5] before proving Propositions [3.3.1] and [3.3.3] and [3.3.4]

Proof of Proposition (3.3.2

PROOF. We have

A 1 ¢ 2\—1TN o
(B —B) = (an_zlxn)_ an_:lxnun

First let’s prove ((1/N)Y. 22)~' & E[z2]7!. By the continuous mapping theorem it is

enough to show that (1/N)Y 22 % E[z?]. The expectation of (1/N)> z2 is E[z2], so it
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suffices to show that

Expanding the variance gives

| X TR
2 e —
VWNZ”N;; 22 2 ) .
For a fixed n = n(g,h), we have at most 2M¥# — 1 terms in the inner sum such that the

n*m

covariance is nonzero. By Assumption Cov(z?,22)) is uniformly bounded. Hence the

sum over n is of order O(NMH). Thus under we have that

MH

Var(y 3 #2) = 0(%5) = 0(5) = o(1)

Next we’ll prove that
N
Z 4 N(0,9) .

We apply Janson’s theorem to the family of random variables {z,u,})_,. A dependency

graph 'y = (V, E) for this family is the graph with vertex-set V = {x,u,}"_,, and edge set

E = {zpun, Tpum} : Tptin, Ty € Voand (n) np(m) # I} .

That T'y is a dependency graph for {z,u,}Y_, follows immediately from Assumption
3.2.1 The maximal degree Dy of 'y is 2(M¥H — 1) by definition and, by Assumption m,
|z,un,| < A for all N for some finite constant A. It remains to check Condition [(2)| of Janson’s

theorem. Let Qy = Var(}, z,u,), then:

() 2M - DA ()M - DA
N VQN N NGrT (NGT
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Call the first term in the product Ry and the second term R,. R, converges to QY2 by
Assumption [3.2.6] To evaluate the limit of R;, we re-write everything in terms of the rates

dictated by [AF2] which gives us
Gl/@ >

R, :O(W

Choose ¢ sufficiently large such that % — 5 < 0, which is possible since r > 0. It then follows

that Ry — 0. Now that we have established Condition |(2)|of Janson’s theorem, we have that

Zg 1 Tnln d N(O 1)
Vil

Re-writing:

N 1
2n=1 Tnlin —1/2

_ 1 _ TN S —1/2
VQy _(W;x"u")'(NGr _Wg Zathn { NGr W)

It thus follows by Assumption that

Applying Slutsky’s Theorem to
1 & T
5 17N
(B = B8) = (5 2 en) 7 D Tt

we can conclude that

as desired. m

Remark C.0.2. As noted after the statement of Assumption |3.3.1] we could weaken the

uniform boundedness assumption by using Janson’s theorem with a Lindeberg-type condition
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(see Remark 3 in|Janson| (1988))). For example, if we instead assume that x,u, has bounded
2 + 0 moments, then the result could be proved under the additional assumption that r >

2/(2 + 0), which agrees with our result as we take 0 to infinity. =

Remark C.0.3. The general case is proved as follows: to show the convergence of
(1/N) >, x,x], we repeat the argument above but component-wise. To show the convergence

of (tw/N) Y., Xnu, we use Janson’s Theorem paired with the Cramer-Wold device. m

Proof of Proposition 3.3.1

PRroOF. This proof follows by a similar argument to the proof of Proposition We

will sketch it here. Expanding:

VN@E=0) = (5 Db o Ve

The first term of the product converges to E(x?)~! by the same argument as above. The

second term of the product converges to a normal by an application of Janson’s theorem
where we note that now under the maximal degree Dy = 2(MH — 1) of the

dependency graph is bounded. Hence by Janson’s theorem we have that

N
anl LpUn i N(O,l) .
On

By a similar calculation to the one done in the proof of Proposition [3.3.2] we get that

1 J
—— zrpu, — N(0,Q)
VF &

and thus Proposition follows by an application of Slutsky’s theorem. m

Proof of Proposition [3.3.5
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ProOOF. We follow the general strategy of |Aronow et al. (2015)). First we introduce some

notation for the proof. Given a dyadic index n, define 7 = ¥(n). Recall that

where
) N N
Q= Z Z ]-n mﬂnuml‘nl‘m
n=1m=1
We proved in Proposition [3.3.2 that ((1/N) YN xi)_l L B(2?)!
that
T]2V p

~

Re-writing 4,, = u,, — (8 — )z, and expanding gives:

2

%<R1+R2+R3+R4> ,

where

Ry = nmxnx?nun(ﬁ -B),
n=1m=1
N N
Ry = — Z Z Lym@2 (B — ), and
n=1m=1
N N
Ry, = Z Z 1nmx72117$n(6 - ﬁ)Z .

. So it remains to show

We will show that (73/N?)R; 2 Q while the rest converge in probability to zero. As usual,

we show convergence in mean-square. For the first term, it is the case by definition that

™ Ri|

lim F e

G—o0

Q,

|
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so it suffices to show that

Expanding;:

-2 4
Var(FNle> = Fﬁ(ZZZZCOU(li’jzil‘jul’Uj,1k7[xkaUku1)) )
i k1

By Assumption [3.3.1] the summands are uniformly bounded, so in order to get a suitable

bound on the sum we need to understand under what conditions
Cov(1; jxixjuiug, 1 wpriugpu) # 0 .

First it is clear that we must have
(C.2) inj# @ and knl#J .
Given holds, expand the covariance:

Cov(z;xjuug, vpriupy) = Elrxjwujrgriuge| — Elzzjuu | Elogrugy]
then we see that we must also have that
(C.3) ink#Jorinl#For jnk#g or jnl#g.

Let S be the set of tuples (i,j,k,1) € N* such that conditions and hold, then the
cardinality of S, denoted |S], is an upper bound on the number of nonzero terms in the sum.
Our goal is to find an upper-bound on |S]|.

Fix an index i, then there are O(M) indices j such that i n j # . Now, for a fixed

i and j such that 7 N j # &, there are O(M) possible indices k such that i n k # & or
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J Nk # &. For a fixed i, j and k such that the above hold, there are O(M?) possible indices
[ such that k [ # .

Similarly, for a fixed i and j such that i n j # &, there are O(M™) possible indices
such that i n [ # & or j Nl # &. For a fixed i, j and [ such that the above hold, there are
O(M™) possible indices k such that k n [ # &.

Thus there are N-O(MH)-O(MH)-O(M*H) = O(N(MH)3) possible indices i, j, k, [ such
that (i,7,k,1) € S. Re-writing using the rates dictated by gives us that |S| = O(G?)
and that

T 1

vi S Ko

for some positive constant K. Therefore we can conclude that

2
1
Var ( N Ry

N2 ) < WO(G5) = 0(1)

for r > 1. Thus we have shown that (73/N?)R; & . Next, we must show that the
remaining terms converge to 0 in probability. All three terms follow by similar arguments

so we will only present the argument for R,. We wish to show that

N N
H(X Y temanat (3= 8)) 20

We know from Proposition that 7,7(3 — 8) = op(1) for any € > 0, so it suffices to

show that
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for e sufficiently small, and that

which can be shown by similar arguments to what we have done above. Similarly, the third

and fourth terms also converge to zero in probability, and hence we have that

Q,

b=

T A
—Q
N2

and ultimately that
TJ%,V Ly

as desired. m

Remark C.0.4. Note that this proof relied on the bounded support Assumption [3.3.1]
to ensure that the covariance terms in the summands were uniformly bounded. In general
we would need to make assumptions on these covariances if we were to weaken the support

assumption used here. m

Remark C.0.5. The general case is proved as follows: to show the convergence of R; to
) we repeat the argument above but component-wise. To show the convergence of Ry, R3

and R4 to zero we modify the argument slightly. Consider

N N
= Z Z n,mXnX - B)IXnun .
n=1m=1

To show Ry % 0 we will show that ||Ry|| 2 0 where || - || is the Frobenius norm. Using the

triangle inequality, the matrix Schwartz Inequality, and the definition of the Frobenius norm
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we get that
N N )
1Rall < 3 2 Lnml [l PlInll - 118 = B[ - [un] -

n=1m=1

The result then follows from the arguments presented above. m

Proof of Proposition (3.3.3

PROOF. Again we follow the same strategy as the proof of Proposition Now when
getting a bound on the variance of R;, we have that, for each fixed ¢, there are only finitely
many j, k, [ such that (i, j,k, 1) € S. Therefore there are O(/N) nonzero terms in the sum. It
then follows that the variance of (1/N)R; converges to zero and the proof goes through in

the same manner as before. m
Proof of Proposition [3.3.4

PRroo¥r. This is just a special case of Proposition [ ]
Proof of Proposition [3.3.6

PRrROOF. We follow the same strategy as the proof of Proposition [3.3.5, Now when getting
a bound on the variance of Ry, we have that the terms in the sum are nonzero if and only
if « = 7 = k = [, so that there are N nonzero terms in the sum. It then follows that the
variance of (1/N)R; converges to zero and the proof goes through in the same manner as

before. m

C.0.2. Simulation Design Detalils

In this section we provide some details about the construction of our designs not mentioned

in the main body. All of the simulations in the paper were performed using numpy in Python

2.7.
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Construction of Model S: Dyads were included in Model S according to the following
rule:

g,h) is included if |g — h| =1

(

(1,G) is included
(g.29) is included if g < |§|
(

e (9,39) is included if g < ||
Construction of Model B: Dyads were included in Model B according to the following

rule:

e (g,h) is included if |¢g — h| =1 and g,h < G — 1

(1,G —2) is included

If G =100, G = 250, or G = 800, (g, h) is included if |¢§ — h| =2 and g,h < G — 1

If G =100 or G =250, or G = 800, (1,G — 3) and (2,G — 2) are included

If G =800, (g,h) is included if | — h| <4 and g,h < G — 1
o If G =800, (1,G—4), (1,G—-5), (2,G—3), and (2,G — 4) are included

e (9,G — 1) is included for all g < |£], and (g, G) is included for all g > |£|

Construction of G4 and Gpg: Recall that in Section 4.2 we constructed our design by

partitioning the units into two groups G4 and G and then specifying the error term as

—(ay + ap) + €, if g and h belong to different groups.
Un(g,n) =
g+ ap + €, if g and h belong to the same group.
Where a, ~ U[—+/3,4/3] iid for g =1,2,..G and ¢, ~ U[—+/3,4/3] iid forn =1,2,....N.
In order to achieve a rate of growth of NG for Var(}} x,u,), we construct G4 and Gp as

follows:

GAz{geG:gé{G;Gs“,
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GB:{geG:g>{G_2GS|},

where s = 2. Expanding Var(}}, x,u,) shows that it indeed grows at rate NG”.
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