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ABSTRACT

Large Scale Complex Protein Synthesis Networks: Modeling and Analysis of
Translation Elongation Behavior

Hermioni Despina Zouridis

The genetic information in DNA is transcribed to mRNA and then translated to proteins,
which form the building blocks of life. Translation, or protein synthesis, is hence a central
cellular process. Decades of experimentation have elucidated a vast wealth of molecular
information about discrete translation steps, but the sheer complexity of the translation
mechanism necessitates that these results be integrated in systematic mathematical frameworks
to better understand the system properties of translation and make quantitative predictions.

In this work we have developed a deterministic, sequence specific kinetic model of the
translation mechanism that accounts for all its elementary steps. Specifically, our model includes
all the elementary steps involved in the elongation cycle at every codon along the length of the
mRNA. We performed a sensitivity analysis in order to determine the effects of the kinetic
parameters and concentrations of the translational components on the protein synthesis rate.
Utilizing our mechanistic framework and sensitivity analysis, we investigate the steady state
protein synthesis properties of mRNAs.

In this thesis we first introduce the mechanistic framework and sensitivity analysis, and
we utilize them to investigate the protein synthesis properties of a single mRNA species. We

then expand our mechanistic framework and sensitivity analysis to account for ternary complex
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competitive binding to the ribosomal A site to study effects of codon specific elongation cycle

properties on the protein synthesis properties of mRNAs. We finally apply our expanded
mechanistic framework and sensitivity analysis to all the genes in the E. coli genome. We
determine (i) the interplay between ribosomal occupancy of elongation cycle intermediate states
and ribosome distributions with respect to codon position along the length of the mRNA leads to
polysome self-organization that drives translation rate to maximum levels (ii) the relative
position of codons along the mRNA determines the optimal protein synthesis rate, and the
translation rates of mRNAs are controlled by segments of sequence specific rate limiting codons,
and (iii) minor codons play a role in optimizing translation rate, and their usage is important to

the optimized, systemic allocation of ribosomes in the translation of mRNAs throughout the cell.
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Chapter 1: Introduction

1.1 Motivation

The genetic information in DNA is transcribed to mRNA and then translated to proteins,
which form the building blocks of life. Translation, or protein synthesis, is a process that is
central to cellular function and well conserved among all living organisms. It is one of processes
in the “central dogma” of molecular biology and the last step in information transfer from DNA
to protein. Decades of experimentation have elucidated a vast wealth of molecular information
about discrete translation steps, but the sheer complexity of the translation mechanism
necessitates that these results be integrated in systematic mathematical frameworks to better
understand the system properties of translation and make quantitative predictions. A better
understanding of protein synthesis is of great importance in many areas of medicine and
biotechnology. For instance, many antibiotics function by inhibiting bacterial translational
machinery. With antibiotic resistance an increasing problem (1) understanding translation will
help elucidate mechanisms of antibiotic action and resistance. Also, translational malfunction has
been implicated in cancer cell proliferation (2). Moreover, understanding protein synthesis will
aid in optimization of pharmaceutical protein production. A large number of important
pharmaceuticals, such as insulin and anti-anemia drugs, are proteins produced by recombinant
DNA technology from E. coli. Quantifying in a systematic manner how growth and
environmental conditions, along with genetic perturbations, manifest themselves at the level of
proteins will serve as a tool for expressing needed proteins.

Several studies have been conducted involving investigating the kinetics of protein
synthesis that take into account the ribosome movement on mRNAs (3-5), and other studies (6,

7) have involved the effects of competition for ribosomes between mRNAs on cell wide mapping
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between mRNA and protein levels. An assumption in these studies is that the elongation

kinetics at each codon depends on a single rate constant that is the same for all codon species at
all positions along the length of the mRNA. In reality, codons have varying elongation kinetics
due to different tRNA availabilities (8) and codon — anticodon compatibilities (9-11), and the
multiple elementary steps and translational components involved in the elongation cycle at every
codon. Therefore, a better understanding of the properties of translation requires the
consideration of the translation elongation phase, accounting for all elongation cycle
intermediate steps. Hence, in this work we have developed a deterministic, sequence specific
kinetic model of the translational machinery that accounts for all the elementary steps of the
translation mechanism. Specifically, our model includes all the elementary steps involved in the
elongation cycle at every codon along the length of the mRNA. We performed a sensitivity
analysis in order to determine the effects of the kinetic parameters and concentrations of the
translational components on the protein synthesis rate. Utilizing our mechanistic framework and
sensitivity analysis, we investigate the steady state protein synthesis properties, i.e., translation
rate, rate limiting intermediate translation steps, polysome size, and ribosome distributions, of
mRNAs.
1.2 Research outline

In this thesis we present a deterministic, sequence specific mechanistic framework for
protein synthesis that accounts for all of its elementary steps and perform a sensitivity analysis in
order to investigate the steady state protein synthesis properties of mRNAs. In Chapter 2 we
introduce the mechanistic framework and sensitivity analysis. Applying the mechanistic
framework and sensitivity analysis to investigate the protein synthesis properties of a single

mRNA species, we determine that translation rate of at a given polysome size depends on the
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complex interplay between ribosomal occupancy of elongation cycle intermediate states and

ribosome distributions with respect to codon position along the length of the mRNA, and this
interplay leads to polysome self-organization that drives translation rate to maximum levels. This
work has been published in (12). In Chapter 3 we expand the mechanistic framework from
Chapter 2 to account for ternary complex competitive binding to the ribosomal A site. We also
expand our sensitivity analysis to make it codon specific, meaning that we account for the
contribution of kinetic parameters and translational component concentrations of each codon on
the overall protein synthesis rate. We applied our expanded mechanistic framework and
sensitivity analysis to investigate the protein synthesis properties of mRNAs having codon
frequencies representative of those of the E. coli genome, observe that the relative position of
codons along the mRNA determines the optimal protein synthesis rate, and find that the
translation rates of mRNAs are controlled by segments of rate limiting codons that are sequence
specific. This work has been accepted for publication by an academic journal. In Chapter 4 we
apply the expanded mechanistic framework and sensitivity analysis from Chapter 3 to all the
genes in the E. coli genome. By calculating the relative translational efficiency of each gene,
which we define as the measure of the tradeoff between the overall translation rate of the gene
and the number of ribosomes needed to achieve that rate, we determine that less abundant, or
minor, codons play a role in optimizing translation rate. We hypothesize that the usage of minor
codons are important to the optimized, systemic allocation of ribosomes in the translation of
mRNAs throughout the cell. This work is being prepared for submission to an academic journal.
In Chapter 5 we summarize the novel hypotheses emerging from this work, collaborative

research efforts, and recommendations for future work.
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Chapter 2: Polysome self-organization and protein synthesis properties

2.1 Introduction

In this chapter we present a deterministic, sequence specific kinetic model of the
translational machinery that accounts for all the elementary steps of the translation mechanism.
Specifically, our model includes all the elementary steps involved in the elongation cycle at
every codon along the length of the mRNA. We performed a sensitivity analysis in order to
determine the effects of the kinetic parameters and concentrations of the translational
components on the protein synthesis rate. Utilizing our mechanistic framework and sensitivity
analysis, we investigate the steady state protein synthesis properties of a single mRNA species.
We determine the protein synthesis rate as a function of polysome size and then identify ranges
of polysome sizes in which the translation kinetics are initiation, elongation, and termination
limited. Additionally, we investigate how ribosomes are distributed with respect to elongation
cycle intermediate state and sequence position under initiation, elongation, and termination
limited regimes. To understand how each elongation cycle elementary step contributes to the
kinetics of a given elongation cycle, we introduce a reduced version of our model. We propose
that translation rate at a given polysome size depends on the complex interplay between
ribosomal occupancy of elongation cycle intermediate states and ribosome distributions with
respect to codon position along the length of the mRNA, and this interplay leads to polysome
self-organization that drives translation rate to maximum levels.
2.2 Methods
2.2.1 The overall translation mechanism

Translation is essentially a template polymerization process (13) consisting of initiation,

elongation, and termination phases. Messenger RNA (mRNA), composed of a sequence of
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codons coding for amino acids, carries genetic information. Initiation occurs with binding of

the ribosome to the ribosomal binding site near the 5° end of the mRNA. During the elongation
phase the ribosome facilitates assembly of the polypeptide chain with one amino acid (aa) added
per elongation cycle at each codon. Amino acids are delivered to the ribosome by transfer RNAs
(tRNAs) in the form of ternary complexes that serve as adapter molecules between the amino
acid and the codon present in the ribosomal A site. Termination involves release of the
completed peptide from the ribosome near the 3’ end of the mRNA. Multiple proteins can be
synthesized simultaneously on a single mRNA molecule, forming a structure called the
polysome (or polyribosome) consisting of several ribosomes simultaneously translating the same
mRNA. Polysome size is the number of ribosomes bound to a single mRNA molecule. Hence,
the higher the polysome size, the greater the coverage of the mRNA due to ribosomes translating
it is. Polysomes have been observed experimentally (14), and modern techniques have allowed
the quantification of polysome size for almost every mRNA in yeast cells (15).
2.2.2 Elementary steps of the elongation cycle

The translation elongation phase is a cyclic process that involves codons, ribosomes,
amino acids, tRNAs, elongation factors Tu, Ts, and G, and leads to the assembly of polypeptide
chains (Figure 2.1). Each aminoacyl-tRNA (aa-tRNA) binds to Ef-Tu:GTP, forming a ternary
complex (step 13). The ternary complex then binds reversibly to the ribosomal A site in a codon
independent manner (step 1). After finding the correct codon match and reversible codon
dependent binding (step 2), GTP is hydrolyzed (step 3), Ef-Tu:GDP changes position on the
ribosome (step 4) and is released (step 5). In a two step process, Ef-Ts catalyzes regeneration of
Ef-Tu:GTP (steps 11 and 12). During accommodation the aa-tRNA undergoes a conformation

change and enters the A site (step 6). Transpeptidation then occurs (step 7), where the peptide
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chain is transferred from the peptidyl-tRNA to the aa-tRNA, resulting in the elongation of the

polypeptide chain by one amino acid. Reversible binding of Ef-G:GTP (step 8) facilitates
translocation (step 9). During translocation the P site tRNA and codon move to the E site of the
ribosome and the A site tRNA and codon move to the P site, resulting in the complex moving
toward the 3’ end of the mRNA by one codon. The tRNA in the E site is released along with Ef-

G:GDP (step 10), and Ef-G:GTP is recycled in a two step process (steps 14 and 15).

Figure 2.1: The elementary mechanistic steps of the translation elongation process. Ribosomal A,
P, and E sites indicated on the intermediates between steps 1 and 2 and steps 9 and 10. Step 1:
Reversible, codon independent binding of the ternary complex to the ribosomal A site. Step 2:
Reversible, codon dependent binding of the ternary complex to the ribosomal A site. Step 3:
GTP hydrolysis. Step 4: Ef-Tu:GDP position change on the ribosome. Step 5: Ef-Tu:GDP
release. Step 6: aa-tRNA accommodation. Step 7: Transpeptidation. Step 8: Reversible binding
of Ef-G:GTP. Step 9: Translocation. Step 10: E site tRNA release. Steps 11 and 12: Ef-Ts
catalyzed regeneration of Ef-Tu:GTP. Step 13: Ef-Tu:GTP binding to the aa-tRNA. Steps 14 and
15: Regeneration of Ef-G:GTP.

<O EF-Tu /\ EF-G G aatRNA
@ 70s-rib:mRNA:pept-tRNA

B EF-Ts & tRNA ? pept-tRNA
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2.2.3 Model formulation

We have employed the following assumptions in the formulation of the mathematical
model for the elongation cycle. A graphical representation of the elementary steps of the

elongation cycle with nomenclature from the model formulation is included in Figure 2.2.

Figure 2.2: A graphical representation of the elementary elongation steps of the translation
elongation process With nomenclature from the model formulation as explained in the text.

r y,n,r

Fluxes V; ln and V.© represent reversible, codon independent binding of the ternary complex

n,r

to the ribosomal A site. Fluxes V zn), and Vl( represent reversible, codon dependent binding of

the ternary complex to the ribosomal A site. Flux Ve represents GTP hydrolysis. Fluxes V. “)

ij,n,r t/nr

and V") represent Ef-Tu:GDP position change on the ribosome and Ef—Tu‘GDP release,

ij,n,r

respectively. Flux Ve represents aa-tRNA accommodation. Fluxes v and V7 represent

ij,n,r ij,n,r ij,n,r

reversible binding of Ef-G:GTP. Flux ‘{() represents ribosomal translocation. Flux v

n,r ij,n,r

represents E site tRNA release. The intermediate elongation cycle states that occur before and
after transpeptidation (step 7, Figure 2.1) are considered to be one state in our model (S( ) )

ij,n,r

After release of the tRNA in the ribosomal E site (V( ) ), the subsequent elongation cycle is

ij.n,r

ready to begin with the ribosomal P site positioned at codon n+1.

( kS(

Unr ij,n,r
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Assumption 1: The elongation cycle is modeled in terms of the states of the ribosome.

Ribosomes at different stages of the elongation cycle are considered to be separate states,

§'°)  Each state o is of type ij, where i is the codon species occupying the P site and j is the

ij,n,r*
codon species occupying the A site, and n denotes the position of the ribosomal P site codon.
Ribosomes are bound to mRNA species r, with r e M , and M is the set of mRNA species.

Codon positions along mRNA sequences are numbered from / to N, starting at the 5’ end of the
protein coding region, N, denotes the number of codons (length) of mRNA species r.

Assumption 2: Ribosomes cover 12 codons on the mRNA.

We assume that a ribosome covers L = 12 codons on an mRNA (16-18), where L is the
length of the ribosome. The front and back of the ribosome are defined to be on the sides closest
to the 3° and 5 ends of the mRNA, respectively, with the A and P sites covering the sixth and
seventh codons relative to the front of the ribosome. Hence, in addition to the codons occupying
the ribosomal A and P sites in an elongation cycle state, the five codons preceding and following
the A and P site codons are also covered by the ribosome.

Assumption 3: All free tRNAs are in the form of ternary complexes

Because most tRNAs are charged (19), Ef-Tu is present in a one-to-one ratio with tRNA

(13), and the association rate constant of Ef-Tu:GTP to charged tRNAs is very high (20), we

consider all free tRNAs to be in the form of ternary complexes. Free ternary complex
concentrations (Tk(f)) are of species k, with k € K, where K is the set of ternary complex

species. This assumption can be relaxed by including flux expressions corresponding to ternary

complex formation.
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Assumption 4: The set of reaction rate constants governing the kinetics of the intermediate

elongation cycle steps are the same for all codons.

We assume that every elongation cycle, regardless of the ternary complex species that
binds to the ribosomal A site, the tRNA occupying the ribosomal P site, and the codon species
occupying the A and P sites, have the same elementary steps and the same rate constants for each
elementary step. Although experimental evidence suggests that synonymous codons translated
by the same tRNA are not necessarily translated at the same rate (9, 10), rate constants specific
to each codon species have yet to be determined. Hence, in the absence of this information, the
same set of reaction rate constants (Table 2.1) adapted from the literature (21-24) were applied to
the flux expressions (Table 2.2) of the intermediate steps of all elongation cycles. We assume the
temperature and Mg concentration to be 37 °C and 7 mM, respectively, so the reaction rate

constants not determined experimentally at these conditions were adjusted accordingly.



Table 2.1: Kinetic parameters

Parameter | Definition Characteristic value
k Rate constant of ternary complex codon independent | 100 zM ~'s™
! binding
Rate constant of ternary complex codon independent | 79 ¢!
k., binding reverse reaction '
Rate constant of ternary complex codon dependent | 207 57!
k, binding *
Rate constant of ternary complex codon dependent | 3.45¢~!
k_, binding reverse reaction '
k Rate constant of GTP hydrolysis? 100s™"
3
Rate constant of Ef-Tu:GDP position change on the | 385"
k, ribosome
k Rate constant of Ef-Tu:GDP release 1557
5
k Rate constant of A site tRNA accommodation* 205"
6
K Rate constant of Ef-G:GTP binding! 150 uM s
7
K Rate constant of Ef-G:GTP binding reverse reaction’ 14057
-7
K Rate constant of ribosome translocation’ 250 57"
8
k Rate constant of E site tRNA release! 205"
9
k Translation initiation rate constant Allowed to vary
1,r
k Translation termination rate constant Allowed to vary
T,r

*from (23), 'from (22) (activation energies were used to adjust rate constants for temperature),

*from (21), from (24)

22
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Table 2.2: Flux expressions

Flux | Expression Description

Vu(lrzr lej(f )S;S'I,l,r Ternary complex codon independent binding

V,,(;l)r kilsﬁ’r Ternary complex codon independent binding reverse reaction
V,,(Zn)r k, 51523” Ternary complex codon dependent binding

VU(;ZZ k., 51532” Ternary complex codon dependent binding reverse reaction
an)r k, 5533” GTP hydrolysis

Vu(t)r k, 5154121’ Ef-Tu:GDP position change on the ribosome

Vu(sn)r ksS IESV)Lr Ef-Tu:GDP release

sz(,iz),r kgS f,ﬁﬁ, A site tRNA accommodation

v | k,GYs 57) Ef-G:GTP binding

n,r

V;jz kqslg?’)l . Ef-G:GTP binding reverse reaction
VU(Sn) R SSi(igz U, Ribosome translocation
Vﬁ) ks U(9 ) E site tRNA release

V,, | k, ,RY)cY) =1 | Translation initiation

n+6,r

k. ST Translation termination

ST T.,r>r

Assumption 5: Ternary complex binding kinetics is first order with respect to free ternary

complex concentrations and the ribosomal state having the A site empty.

The elongation cycle begins with binding of the ternary complex (Tk(f )) to state 1, which

is the ribosomal state having the A site empty (S (1) ), to form state 2 (S 2) ) This step

ij,n,r iyj,n,r
corresponds to flux Vu(lzr State 2 represents non specific binding of ternary complexes to the A

site.
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Assumption 6: Only ternary complexes cognate to the A site codon bind to the ribosome

during non specific binding.

Although ternary complexes can be incorrectly bound to non-cognate codons at this point
in the elongation cycle, for simplicity we assume that the concentration of incorrectly bound
ternary complexes to the A site is comparatively small and consider state 2 to consist only of
correctly bound ternary complexes to the A site. However, this assumption can be relaxed by
adding additional states to the model.

Assumption 7: Elongation cycle kinetics after ternary complex binding and before Ef-G:GTP
binding are first order with respect to ribosomal states.

After non specific binding of the ternary complex to the ribosomal A site the correct

codon — anticodon match is verified, which corresponds to flux v?) and leads to the formation

ij.n,r?

(3) .. . . . (';)
of state 3(Slj’ ) State 3 participates in GTP hydrolysis, which corresponds to flux V;

n,r ij,n,r?

forming state 4 (S 1(14,2 ) Ef-Tu:GDP changes position on the ribosome to form state 5 (S 1(15 ) ) and

N n,r

then dissociates from the ribosome to form state 6 (S (©) ), corresponding to fluxes v®  and

ij,n,r j.n.r

respectively. Accommodation, corresponding to flux v | occurs when the aa-tRNA

ij,n,r?

V(5)

ij,n,r?°
enters the A site of the ribosome and leads to formation of state 7 (S ﬂr )

Assumption 8: Ef-G:GTP binding kinetics is first order with respect to free Ef-G:GTP

concentration and the ribosomal state that exists before Ef-G:GTP binding.

Ef-G:GTP (G(f)) binds to state 7 (S ) ), corresponding to flux V7 | leading to the

ij.n,r ij.n,r?

(8)

formation of state 8 (Sij,n,r) which participates in translocation. In addition, we assume that all
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free Ef-G, before Ef-G:GTP binding to and after Ef-G:GDP release from the ribosome, is in

the form of Ef-G:GTP
Assumption 9: Ribosome translocation also depends on the conditional probability that the
codon adjacent to the codon occupied by the front of the ribosome is free given that the
previous codon is occupied by the front of the ribosome.

Translocation kinetics are dependent on the conditional probability that the codon
adjacent to the codon occupied by the front of the ribosome is free given that the previous codon

is occupied by the front of the ribosome (equation 2.1).

24 oy, ~(c+1)
S L ,ne|LN, —(L+1
U, ={Ci, +2.85, @.1)
1 ,ne[N, -L,N, —1]

This relationship is adapted from (4). Instead of all free codons at position n+7 (C () ) being

n+7,r
available to ribosomes participating in elongation cycles at position 7, only the fraction of free
codons at position n+7 preceded by codons at position n+6 occupied by the front of ribosomes

are available for ribosome occupancy after translocation. We assume that the flux corresponding

to translocation, V;g) is first order with respect to U, , and state 8 (Ssgr)”)

Assumption 10: The ribosomal state that exists before E site tRNA release does not have a
tRNA present in the A site.
During translocation the codon and tRNA in the P site move to the E site, the codon and

tRNA in the A site move to the P site, and the downstream codon in the sequence moves to the A

site to form state 9 (S ©) ) The tRNA in the E site dissociates from state 9 to form state 1 of

ij,n+l,r
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the following elongation cycle, and we assume that this step, corresponding to flux vO s

ij,n,r?
first order with respect to state 9.
Assumption 11: Ribosomes, ternary complexes, Ef-G, and codons are conserved species with

constant total concentrations.

The total ribosome (R(’)), ternary complex (Tk(’)), Ef-G:GT(D)P (G(’)), and mRNA
species (M , ) concentrations are assumed to be constant (time-invariant) and are described by the
following conservation equations. Free ribosomes, ternary complexes, Ef-G complexes, and

codons are denoted by RV, T\"), G) and CY), respectively.

n,r ?

RO =T3S, + 57+ @

r n=l o

N,-1 9 9
-y z{(s,&:,;, vyt o 2sil + zSif.z.,}ws” T S
o=2 o o

r n=l =2

N,-1
G- 229: 5 46U 2.4)

r n=l o=8
Ribosomes participate in all states at every position on the mRNA (equation 2.2), with the state
ST described in following assumptions. Ternary complexes k, with k € K and K the set of

ternary complex species, are bound to states where they are cognate to either or both of the A
and P site codons (equation 2.3), and Ef-G:GT(D)P is bound to states 7, 8, and 9 of every
elongation cycle (equation 2.4). Codons participate in all states in which they occupy either the
ribosomal A sites or P sites. Additionally, because ribosomes cover twelve codons on the
mRNA, along with the codons occupying the A and P sites the five preceding and following
codons are also covered during an elongation cycle (Assumption 2) and are unavailable for

participation in other elongation cycles. The total concentration of a codon at a specific position
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on mRNA 7 is equal to the concentration of mRNA r (M), which is why the free codon

concentrations are dependent on M , . Below are the conservation equations for codons:

n+6 8
M, =>> sk +cl) ,n=1 (2.5)
n o=l
n+6 8
M, = z(s;?gl,, + ZS[S.;{J +CY) nel2,N, —(L+1)] (2.6)
n o=1

Assumption 12: Translation initiation is a bimolecular reaction between the ribosome and the

initiation site of the mRNA.

Translation initiation, corresponding to flux V, ., is considered to be first order with

respect to free ribosomes (R(f )) and the free mRNA initiation sites. The initiation site is defined

here as the first seven codons of the protein coding region of the mRNA, with the first codon of
the protein coding region as the start codon, and the adjacent noncoding five codons upstream of

the start codon. Hence, we assume that the concentration of free mRNA initiation sites is equal to
c§{,’.> . Translation initiation results in positioning of the ribosomal P site over the start codon.
Assumption 13: Translation termination is a single step process in which the ribosome
dissociates from the mRNA.

We introduce the state S,T , which corresponds to the state after the completion of the final
elongation cycle and prior to termination. We assume translation termination kinetics to be first
order with respect to this state, and corresponds to flux V. ..

2.2.4 Mathematical model

The equations that describe the dynamics of the transition between the nine states of the

elongation cycle, along with initiation and termination, are as follows:
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dasW
Sy, Vi -V, n=l D
ast
ij,n,r — V~(9)7 +V~(71) _V‘(l) , N e 2, N —1 (28)
dl’ ij,n—1,r ij,n,r y.n,r "
ds?
Syl VD=V, V) el -] 29
as®)
v, Vv, nelby, 1] 210
as'®)
C;:!r - th(Sn)r _Vij(it),r ’ ne [1’ Nr - 1] (21 1)
ds®)
C;:!r - th(fl)r _‘/t](,sn),r ’ ne [1’ Nr - 1] (212)
ds'®
C;;n’r = Vlj(sn)r _Vll((;l)r 4 ne [1’ Nr - 1] (213)
as'’
ij,n,r — V(G) +V(77) _V(7) ,ne l,N —1 (2.14)
dt ij,n.r ij.n.r y.nr :
as®
Shar vl v v, el 1] @13)
dSi('gr)Hl r
VL VL, neln, 3] 219
dsT
dtr - ij(,gn)ﬂ,r -V, ,n=N, -2 2.17)

Equations (2.7) — (2.17) above, together with the conservation equations (2.2) — (2.6), comprise our
model that we call the ZH model. In our computational studies presented in following sections we
also consider the lattice model of protein synthesis first proposed by MacDonald and others (4) and

MacDonald and Gibbs (3) and later extended by Heinrich and Rapoport (5), or what we call the
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MG-HR model. A description of the MG-HR model is included in APPENDIX A. We

performed a sensitivity analysis based on the metabolic control analysis framework (25-30) to
determine the sensitivity of steady state concentrations and fluxes with respect to input parameters
for our model. Details of the sensitivity analysis are included in APPENDIX B.
2.3 Computational studies

We applied our mathematical model of translation elongation to investigate the steady
state properties of translation of the frpR gene in E. coli. The kinetic data available on the
intermediate steps of the E. coli elongation cycle and the data available on the intracellular
concentrations of the translational machinery make it possible to readily study protein synthesis
properties of E. coli genes. However, our mechanistic framework is applicable to other

organisms. Estimates for the concentration of a single mRNA species » (M, ), the total ribosome
concentration available to participate in translation (R(’)), the total Ef-G concentration available
to participate in translation (G (’)), and the total concentrations of ternary complexes available for
ribosomal A site binding (Tk(')) used in the computational studies are included in APPENDIX C.

2.3.1 Protein synthesis properties and polysome size
We investigated how translation rate and control relate to polysome size. We define
ribosomal fractional coverage, i.e., ribosome density, as the fraction of mRNAs covered by

bound ribosomes, where:

()
LY. 2.5
- n o 2.18
p M (2.18)
The ribosomal fractional coverage is proportionate to polysome size. At steady state, for a given

ribosomal fractional coverage, a set of pairs of initiation and termination rate constants can be
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determined. Each of these pairs corresponds to a unique protein synthesis rate. We first

determined the pairs of initiation and termination rate constants corresponding to each ribosomal
fractional coverage for 0 < p <1. We hypothesized that at any given growth condition the cell
maximizes the protein production rates from each of its mRNAs. Therefore, to determine the
relationship between translation rate and polysome size we considered the pair of initiation and
termination rate constants corresponding to the maximum specific protein synthesis rate, i.e., the
protein synthesis rate per mRNA molecule, for each ribosomal fractional coverage. Figure 2.3
shows the specific protein production rate as a function of the fraction of the mRNA covered by

ribosomes, o . We observe that as ribosomal fractional coverage increases the protein synthesis

rate increases, reaches a maximum, and then decreases. Our model predicts that the maximum

translation rate of 44 amino acids/s occurs at p = 0.95. Moreover, the observed range of protein

synthesis rates is consistent with experimental reports (31, 32).

Figure 2.3: Relationships between translation properties and polysome size: Specific protein
production rate as a function of polysome size.
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Rate limiting steps and polysome size

We applied the control analysis framework to the model in order to determine if
translation is initiation, elongation, or termination limited under different polysome sizes.
We observe that the initiation control coefficients are maximal for low ribosome density. As the
ribosome density increases, the elongation control coefficients increase, reach a maximum, and
then decrease, and the termination control coefficients are maximum at high polysome sizes

(Figure 2.4). We define translation kinetics at a single polysome size to be initiation limited if

C, >C, +C_, celongation limited if C, >C; +C;, and termination limited if
1 E T E 1 T

C,, >C, +C, . We observe that translation is initiation limited for p <0.5, elongation limited

for 0.5< p<0.99, with elongation control maximal at the same ribosomal fractional coverage

that specific protein production rate is maximal, and termination limited for p > 0.99.

Figure 2.4: Relationships between translation properties and polysome size: Initiation control
coefficients, C,fl (solid line), elongation control coefficients, C,:E (dashed line), and termination

control coefficients, Ck”T (dotted line), as functions of polysome size.
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Rate limiting steps in the elongation cycle

The flux control coefficients with respect to the rate constants corresponding to the

elementary elongation cycle steps were also investigated as functions of polysome size. We
observe that the control coefficient with respect to the Ef-Tu:GDP release rate constant, C,fs , 1S
maximum (Figure 2.5). This result is consistent with experimental reports which identify

Ef-Tu:GDP release as the rate limiting step of the elongation cycle (23). Control coefficients for

A site tRNA accommodation (Ck”ﬁ) and E site tRNA release (Ckvg) are equal to each other and

also high (Figure 2.5). The control coefficient with the third highest magnitude, C, , corresponds

to the translocation step (Figure 2.5). The remaining elongation cycle intermediate steps have

low control coefficients.

Figure 2.5: Relationships between translation properties and polysome size: Elongation cycle
intermediate control coefficients with respect to ks, C, (solid line), k¢, C, , and k,, C

(dashed line), and kg, C,:S (dotted line), as functions of polysome size.
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2.3.2 Ribosome distributions

To analyze steady state ribosomal position and state occupancies the following quantities

are introduced:

Siur = 2. Sk /M, (2.19)
5,7 =58y, /25 e (2.20)
where S, . is the total dimensionless concentration of ribosomes with P sites occupying state n

regardless of state, and 5,Ef’,) is the fraction of ribosomes at codon n occupying state o .

Initiation and elongation limited kinetics
Under initiation and elongation limited kinetics ribosomes are uniformly distributed with
respect to sequence position throughout the ensemble of mRNAs, and as the polysome size

increases the concentration of ribosomal P sites at each codon increases (Figure 2.6). Most

ribosomes at each position occupy the state existing prior to Ef-Tu:GDP release, state 5 (Sy,)”),

and the distribution of states is identical for all ribosomes at each codon (Figure 2.7) for every
polysome size. Uniform ribosome distributions are expected under these conditions because once
the ribosome binds to the initiation site, movement along the length of the mRNA is relatively
unrestricted. Hence, the progress of each elongation cycle is restricted only by the relative
magnitudes of the reaction rate constants of the elementary steps. Consequently most bound

ribosomes at each codon occupy state 5 as expected because the control coefficient

corresponding to the reaction rate constant for Ef-Tu:GDP release (Ckvs) is the highest of all the

control coefficients corresponding to the elongation cycle intermediate step rate constants in the

initiation and elongation limited regimes. In addition, this result demonstrates that our
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assumption about the total Ef-G concentration free to participate in translation being

approximately equal to the total cellular Ef-G concentration is reasonable (this assumption is
described in detail in APPENDIX C). Ef-G is not bound to the ribosome at state 5. Therefore,
because most ribosomes participating in translation throughout the initiation and elongation
limited regimes occupy state 5, and because the initiation and elongation limited regimes
comprise almost the entire range of polysome sizes, the cellular Ef-G concentration bound to

translating ribosmes is negligibly small.

Figure 2.6: Ribosome distributions under initiation and elongation limited kinetics: Ribosome
distributions with respect to codon sequence position for p=0.0033 (solid line), p=0.50 (dashed
line), and p=0.95 (dotted line).
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Figure 2.7: Ribosome distributions under initiation and elongation limited kinetics: Ribosome
distributions with respect to intermediate elongation cycle state for p=0.0033 (dark grey), p=0.50
(black), and p=0.95 (light grey) for all codons along the length of the sequence.
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As polysome size increases, ribosomal crowding develops. With ribosomal crowding it is
more likely that the progress of an elongation cycle at position # is limited by the presence of the
tail end of a downstream ribosome occupying the n+7 codon position. Presence of the

downstream ribosome prevents translocation of the ribosome at position n. Hence, as polysome

(8)

size increases more ribosomes at each position occupy state 8 (Siij), the intermediate that exists

prior to translocation (Figure 2.7). We observe that p = 0.95, the ribosomal fractional coverage
corresponding to maximum translation rate, is the maximum ribosomal fractional coverage at
which the ribosome distribution with respect to codon position is uniform (Figure 2.6). As the
kinetics transition from being elongation limited to termination limited in the ribosomal
fractional coverage range 0.95 < p <1, we observe that the ribosome distribution with respect to
codon position is not uniform, and that the distribution of states at each codon is not the same for

all codons along the length of the sequence (Figures 2.8 and 2.9). As ribosomal fractional
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coverage increases from p = 0.95 ribosome movement becomes restricted at the 3* end of the

mRNA, causing the ribosomes to queue along the length of the chain (Figure 2.8). However, the
ribosomal crowding is not high enough in the range of polysome sizes where kinetics transition
from being elongation to termination limited to cause ribosomes to queue along the entire length
of the mRNA, so the ribosome distribution near the 5’ end of the mRNA resembles a uniform
distribution (Figure 2.8). Consequently, near the 5’ end of the mRNA the distribution of states at
each codon is similar to that in Figure 2.7, with state 5 ribosomal occupancy being the highest
(Figure 2.9). However, near the 3° end of the mRNA ribosomal queuing occurs along the length
of the sequence, causing state 8 ribosomal occupancy to increase sharply at positions spaced one
ribosome length apart (Figure 2.9). As a result the state 5 ribosomal occupancy is similar to the
state 5 occupancy under initiation and elongation limited conditions, but decreases sharply at
these positions (Figure 2.9). The remaining state occupancies (not shown) are also similar to
their respective occupancies under initiation and elongation limited conditions and decrease

sharply at positions where state 8 occupancy is maximal.
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Figure 2.8: Ribosome distributions under initiation and elongation limited kinetics: Ribosome
distribution with respect to codon sequence position for p=0.976.
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Figure 2.9: Ribosome distributions under initiation and elongation limited kinetics: Fraction of
ribosomes at each codon position occupying state 5 (solid line), and the fraction of ribosomes at
each codon position occupying state 8 (dashed line) for p=0.976.
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Termination limited kinetics
Under termination limited kinetics ribosome movement is strongly restricted at the 3* end
of the mRNA, causing the ribosomes to queue along the entire length of the chain. Consequently,

almost all bound ribosomes have P sites spaced one ribosome length apart (Figure 2.10). Also,
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under these conditions ribosomal occupancy of state 8 (Slsgr)”) is maximal, with almost all

bound ribosomes occupying state 8 at each codon where ribosomal P site occupancy is high
(Figure 2.11). The fraction of ribosomes at each codon occupying state 5 is slightly lower under
termination limited conditions than the state 5 occupancy under initiation and elongation limited
conditions, and approaches zero at each position where ribosomal state 8 occupancy is maximal
(Figure 2.11). Ribosomal occupancies of the remaining states (not shown) are also slightly lower
under these conditions than their respective occupancies under initiation and elongation limited
conditions, and also approach zero at each position where ribosomal state 8 occupancy is
maximal. The progress of an elongation cycle at position n is more strongly limited by the
presence of the tail end of the proceeding ribosome occupying the n+7 codon position under
termination limited conditions than under elongation limited conditions, resulting in most bound

ribosomes occupying state 8.

Figure 2.10: Ribosome distributions under termination limited kinetics for p=1: Ribosome
distribution with respect to codon sequence position.
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Figure 2.11: Ribosome distributions under termination limited kinetics for p=1: Fraction of
ribosomes at each codon position occupying state 5 (solid line), and the fraction of ribosomes
occupying state 8 (dashed line).
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Effects of ribosome, ternary complex, and Ef-G concentrations on translation rate
We observe that total free ribosome, ternary complex, and Ef-G:GTP concentrations do

not limit translation rate of a single gene by examining respective conservation equations

(equations 2.2 — 2.4) and control coefficients. Free ribosome (R(f ) ), ternary complex (Tk(f ) ),
Ef-G:GTP (G(f )), and ribosomal state concentrations (S;S'i),r) are made dimensionless by scaling
with  total ribosome (R(’)), ternary  complex (Tk(’)), Ef-G:GTP (G(’)), and mRNA

(M r)concentrations, respectively, allowing the conservation equations for a single mRNA

species r to be rewritten as:

Nl - -
S 5 e

n=l o

N,*l -~ 9 - 9 - - -
1=4,, z{(s,f;;, +23° ,f,;‘,}”j +>859) +y k(;’} +T) kek (2.22)
n=1 o
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9 ~ ~
1=¢, XY 8 +GY) (2.23)

where RV, fk(f), GY) . and 515‘;),, are the dimensionless free ribosome, ternary complex,

Ef-G:GTP, and ribosome state concentrations, respectively, and ., A,., and ¢, are

dimensionless quantities with:

u =M, JRY (2.24)
Ao, =M, [TV (2.25)
¢, =M,/G" (2.26)

Based on the cellular concentrations calculated previously for Mr,R(’), Tk(t), and G we
determine that u, =2.7x107, 4, :[6.9><10‘5,4.3><10"3], and ¢ =5.3x10". Because the

concentration of a single mRNA species is low relative to the concentrations of the other
available translational components, the ribosome, ternary complex, and Ef-G concentrations
sequestered in the ribosomal states on a single mRNA species are low relative to their respective
total available concentrations. This finding demonstrates that the coupling that exists between
ribosomal states on a single mRNA species due to shared translational resources is low. Hence,

when considering the dimensional conservation equations for ribosomes, ternary complexes, and
Ef-G:GTP (equations 2.2 — 2.4) R(f), Tk(f ), and GY) are not strong functions of ribosomal state

concentrations.

To determine if the total concentrations of the available translational machinery limit
protein synthesis rate we consider the flux control coefficients with respect to total ribosome,
ternary complex, and Ef-G:GTP concentrations. We observe that the flux control coefficients

with respect to total ternary complex and Ef-G:GTP concentrations are approximately zero under
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initiation, elongation, and termination limited kinetics, so the total concentrations of these

translational components do not limit protein synthesis rate. The flux control coefficient with
respect to total ribosome concentration is equal to one at low polysome size, and decreases and
approaches zero with increasing polysome size. Hence, the total ribosome concentration can
significantly impact protein synthesis rate at low polysome size.
2.3.3 Comparison between the ZH and MG-HR models

To simplify the ZH model and further understand the contributions of each elongation
cycle intermediate step to the overall elongation cycle kinetics, we developed a formulation that
is an equivalent description of steady state translation kinetics to the ZH model description of
steady state translation kinetics. By setting the time derivatives equal to zero in equations (2.7) —

(2.17) and solving for states 1 to 8 in terms of state 9, the flux at position n can be written as:

‘/ij,n,r = kg?:l,rSij,n,rUn,er (227)
where

eff 1
Ko, = (2.28)

Uw(ale +a,+a,+a,+as +og+a, +a9)+a8

with descriptions of the terms included in Table 2.3.



Table 2.3: Dimensionless parameters and reduced model terms
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Elongation
Parameter | Expression gycle . Magnitude
intermediate
step
Codon 6x 10— 0.04
independent
a,; (k_, +k, Nk, +k,) k., 1 Flndlng of the
- 7 ernary
kaky ks JT)” complex
Codon 0.005
a ko, +k; dependent
’ kyk, binding
a, 1/k, GTP hydrolysis 0.01
Ef-G:GDP 0.0015
position change
“ ks on ribosome
Ef-G:GDP 0.067
s 1/ks release
A site tRNA 0.05
% 1k accommodation
. 7
ko +k, EF-G:GTP 35%10
& ko k, G binding
oy 1/kg Translocation 0.004
E site tRNA 0.05
% 1/ ky release

The magnitudes of the terms in the expression for the effective elongation rate constant (equation
2.28) reflect the influence each elongation cycle intermediate step has over the overall kinetics of

the elongation cycle. Similar to the results from the control analysis, the reduced model identifies
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Ef-Tu:GDP release, accommodation, and E site tRNA release as the elongation cycle

intermediate steps that have the greatest influence over elongation cycle kinetics.

The conservation equations for ribosomes and codons are expressed by equations (2.2),
(2.5), and (2.6), and conditional probability of ribosome translocation is expressed by equation
(2.1), similar to the full model. We have previously identified low flux control coefficients with
respect to total ternary complex and Ef-G:GTP concentrations, and therefore we assume in the
reduced model that free ternary complex and Ef-G:GTP concentrations are fixed to their
respective total available concentrations, leading to Tk(f ) = Tk(’), and GY) =G,

With the reduced version of our model the elongation cycle at a given codon is expressed
in terms of a single flux (equation 2.27) whose terms map exactly to the MG-HR elongation flux
expression (equation A4). Both flux expressions at a given codon position depend on the

elongation rate constant kg‘f;!, (ZH model) and k, (MG-HR model), the probability that the

codon is occupied either by the P site (ZH model), S or front of the ribosome (MG-HR

ij.n,r?

model), x,,, and the conditional probability governing ribosome movement U,, (ZH model)

n,r?

and W

n+l,r

(MG-HR model).

We used the MG-HR mechanistic framework to determine the specific protein production
rate and the initiation, elongation, and termination control coefficients as functions of polysome
size (Figures 2.12 and 2.13). For the elongation rate constant (k, ) we used a value of 5.26s5",
which we refer to as the characteristic effective elongation rate constant. This value is equal to

the effective elongation rate constant discussed previously (equation 2.28) evaluated at U, =1

and at the average free ternary complex concentration of 6.31uM . The MG-HR model predicts
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that the maximum translation rate of 29 amino acids/s occurs at p =0.77 (Figure 2.12). Also,

the MG-HR model predicts initiation limited kinetics for p <0.45, elongation limited kinetics

for 0.45 < p <0.95, and termination limited kinetics for p > 0.95 (Figure 2.13).

Figure 2.12: Relationships between translation properties and polysome size using the MG-HR
model: Specific protein production rate as a function of polysome size.
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Figure 2.13: Relationships between translation properties and polysome size using the MG-HR
model: Initiation (solid line), elongation (dashed line), and termination (dotted line) control
coefficients as functions of polysome size.
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2.3.4 Polysome self-organization

We observe two main differences between the ZH model and the MG-HR model in

predicting translational behavior with respect to polysome size:
@) The ZH model predicts a higher maximum translation rate than the MG-HR model
predicts.
(i1) The ZH model predicts that the maximum translation rate occurs at a ribosomal
fractional coverage that is higher than what the MG-HR model predicts.
In this section these differences are addressed by discussing how ribosome occupancies with
respect to state and sequence position lead to varying configurations of effective elongation rate
constant magnitudes that are specific to different polysome sizes. These results are used to
investigate how self organization of bound ribosomes with respect to the elongation cycle state
and position occupancy affects the relationship between translational behavior and polysome
size.

To investigate differences between the results of the ZH model and the MG-HR model
we scale the effective elongation rate constants by dividing them by the characteristic effective
elongation rate constant, and we compare the scaled effective elongation rate constants derived
from our reduced model (equation 2.28) under initiation, elongation, and termination limited
kinetics (Figure 2.14). We observe that under initiation limited conditions the effective
elongation rate constants along the length of the sequence are approximately equal to the
characteristic effective elongation rate constant. Under elongation limited kinetics the reduced
model predicts effective elongation constants approximately equal to five times the characteristic
effective elongation rate constant and protein synthesis rates are driven to maximum levels.

Under termination limited conditions the effective elongation constants are approximately equal



46
to 48 times the characteristic effective elongation rate constant at positions spaced one

ribosome length apart due to ribosomal queuing along the length of the mRNA, while the rest of
the effective elongation rate constants vary between ten and five times as much as the

characteristic effective elongation rate constants.

Figure 2.14: Scaled effective elongation rate constants with respect to codon sequence position
under initiation (p=0.0033, solid line), elongation (p=0.95, dashed line), and termination (p=I,
dotted line) limited conditions.
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In the reduced model the conditional probability (U W) is in the denominator of the expression
for the effective elongation rate constant, k;{ym, (equation 2.28), suggesting that k;{ym, increases
as U,, decreases due to crowding. At low polysome size, ribosomal crowding on the mRNA is
minimal, so U, , ~1 and kgﬁ’;m is approximately equal to the characteristic effective elongation
rate constant. As polysome size increases, ribosomal crowding on the mRNA increases; U, ,
decreases causing kg?:” to increase. At high polysome size ribosomal crowding on the mRNA is

maximal and U, ~0, causing k;{fm, to approach the magnitude of the translocation rate
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constant, ky. Hence, at high polysome size the effective elongation rate constants at positions

spaced one ribosome length apart are approximately equal to ky. The maximum protein

synthesis rate occurs at the polysome size corresponding to the set of effective elongation rate
constants that are maximal at each sequence position, while still uniformly distributed along the
length of the mRNA.

We observe that the effective elongation rate constants along the length of the mRNA
transition as polysome size increases from having magnitudes driving high translation rates to
magnitudes that decrease translation rates. To understand how this relationship develops, we
investigated effects of relative values of the elongation cycle intermediate rate constants on the
magnitudes of the effective elongation rate constants. Furthermore, we investigated how the
altered effective elongation rate constant magnitudes impact the relationship between translation
rate and polysome size (Figure 2.15). Because Ef-Tu:GDP release was found to be the elongation
cycle intermediate step to contribute the most to the control of the elongation phase over
translation rate (Figure 2.5) and to have the highest contribution in the expression for the
effective elongation rate constant (equation 2.28), the rate constant corresponding to

translocation, ky, was manipulated relative to the rate constant corresponding to Ef-Tu:GDP
release, k.. As kg increases relative to k., the maximum specific protein production rate

increases and the ribosomal fractional coverage where the maximum specific protein production
rate occurs at also increases (Figure 2.15). Also, the relation between translation rate and
polysome size does not change when kg >1000k,, so the highest possible maximum protein

synthesis rate is equal to 48 amino acids/s and corresponds to a ribosomal fractional coverage of

0.98.
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Figure 2.15: Relationships between translation rate and polysome size with k, manipulated

relative to k.. Specific protein production rate as a function of polysome size for k, =k, (solid
line), the k; and k, values from Table 1 (dashed line), and k; = 1000k, (dotted line).
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Hence, we observe that the magnitudes of the effective elongation rate constants depend
both on the level of crowding in the sequence and on how fast the ribosome can be transferred to
the next codon in the sequence. As polysome size increases, the number of bound ribosomes to
the mRNA increases, and the concentration of the state existing prior to translocation, state 8,
increases (Figure 2.7). This behavior is due to the increased likelihood that the progress of an
elongation cycle at position » is limited by the presence of the tail of a downstream ribosome
occupying the n+7 codon position as previously discussed. The higher the translocation rate

constant (k ), the more ribosomes can be bound to the mRNA without this limitation occurring.
As a result, as k; increases, the maximum translation rate increases and occurs at increasing

polysome sizes because the polysome size can be higher before ribosomal steric effects become
significant and limit translation rate. These results demonstrate that it is the configuration of
effective elongation rate constant magnitudes with respect to sequence position that lead to

optimum translation rate at a specific polysome size. As expected, when we substitute the set of
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effective elongation rate constants at each polysome size for the elongation rate constants in

the MG-HR model, the relationship between protein synthesis rate and ribosomal fractional
coverage that is observed is the same as that observed with the ZH model (Figure 2.3).
2.4 Discussion

We presented a theoretical analysis of the translation mechanism accounting for the
initiation, elongation, and termination phases. Our model of the elongation phase is sequence
specific and includes all the intermediate steps of the elongation cycles taking place at every
codon along the length of the mRNA. Consideration of protein synthesis kinetics in the context
of polysome size provides insights into quantifying the systemic contributions of the translational
components and kinetic parameters to the translational output of genes. As polysome size
increases, the ribosomal occupancy with respect to both elongation cycle intermediate and
position on the mRNA changes (Figures 2.6, 2.7, 2.8, 2.9, 2.10, and 2.11). These changes affect
the protein synthesis rate (Figure 2.3) and the extent to which the initiation, elongation, and
termination kinetic parameters limit translation rate (Figure 2.4).

These results suggest that polysomes self organize with respect to ribosomal state and
sequence position occupancies to achieve maximum translation rates. The relative values of the
kinetic parameters corresponding to the intermediate steps of the elongation cycle are such that
the polysome size can become very high before ribosomal crowding on the mRNA limits
translation rate. We observe that the maximum protein synthesis rate of 44 amino acids/s occurs
at a ribosomal fractional coverage of 0.95 (Figure 2.3). Also, by changing the relative
magnitudes of the elongation cycle kinetic parameters we observe that the increases in maximum

possible translation rate and corresponding ribosomal fractional coverage are not dramatic
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(Figure 2.15), which suggests that the relative reported values for the elongation kinetic

parameters are near optimal.

It is important to note that the same set of reaction rate constants were used for the
elongation cycle intermediate steps at every codon along the length of the sequence. However,
due to the interplay between the level of ribosomal crowding on the mRNA and the contributions
of the intermediate elongation cycle steps to the kinetics of the overall elongation cycle, the
effective elongation rate constants change with polysome size and sequence position (Figure
2.14). The magnitudes of the effective elongation rate constants at a given polysome size
determine the translation rate at that polysome size. Additionally, similar translational behavior
with respect to polysome size was observed when the relative values of the elongation cycle
kinetic parameters were altered (Figure 2.15). Hence, our findings suggest that the behavior we
observe is intrinsic to the translation mechanism. In future studies it will be important to
incorporate codon specific kinetic parameters into our model to investigate how translational
behavior is affected.

The elongation cycle reaction rate constants used in our model were determined
experimentally in vitro, so although we hypothesize that our findings are intrinsic to the
translation mechanism, we do not expect that the numerical results we observe are exactly what
would be observed in vivo. However, the translation rates predicted by our model compare well
with those of in vivo results. According to (31), E. coli has a bulk translation rate of 18 amino
acids/s. In recent work (33) the bulk initiation rate constant corresponding to this translation rate
was determined to be equal to 6x 10* M™ s™". Our model predicts that this initiation rate constant
corresponds to a translation rate of 22 amino acids/s, which is a commonly reported value (31).

Also, protein synthesis rates as high as 40 amino acids/s have been observed (32), and our model
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predicts a maximum protein synthesis rate of 44 amino acids/s (Figure 2.3). Hence, this study

appears to predict extremely well the translation properties in vivo.

Because the translational behavior for a given ribosomal fractional coverage corresponds
to a unique pair of initiation and termination rate constants, we do not necessarily expect a single
mRNA species to be able to take on the full ribosomal fractional coverage range. However, a
recent study in S. cerevisiae (15) demonstrates that different mRNA species take on different
polysome sizes, and the full ribosomal fractional coverage range is observed. Hence, our
mechanistic framework can be used to provide insight into the translation of proteins of high and
low expression levels and, subsequently, how cellular resources are allocated for the synthesis of
different proteins.

2.5 Conclusions

In this chapter we developed a deterministic, sequence specific kinetic model of the
translational machinery that accounts for all the elementary steps of the translation mechanism.
We also performed a sensitivity analysis in order to determine the effects of the kinetic
parameters and concentrations of the translational components on the protein synthesis rate.
Moreover, we developed a reduced formulation utilizing effective elongation rate constants that
is an equivalent description of steady state translation kinetics to the ZH model description of
steady state translation kinetics. We determined the following:

@) As polysome size increases translation rate increases, reaches a maximum, and

then decreases.

(i1) Translation kinetics are either initiation or elongation limited for almost the

entire range of polysome sizes, and are termination limited at very high

polysome sizes.



(ii1)

(iv)

)

(vi)
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The elongation cycle intermediate step with the most control over a given

elongation cycle is Ef-Tu:GDP release, i.e., for the elongation cycle at a given
codon, Ef-Tu:GDP release is the most rate limiting intermediate step.
Ribosome distributions with respect to codon position in the initiation and
elongation limited regimes are uniformly distributed. Ribosome distributions
in the termination limited regime are composed of ribosomal P sites spaced
one ribosome length apart due to queuing that occurs along the length of the
mRNA.

In the initiation and elongation limited regimes ribosomes primarily occupy
the state existing prior to Ef-Tu:GDP release. In the termination limited regime
ribosomes primarily occupy the state existing prior to translocation.

The maximum protein synthesis rate occurs at the polysome size
corresponding to the set of effective elongation rate constants that are maximal
at each sequence position, while still uniformly distributed along the length of
the mRNA. The configuration of effective elongation rate constants depends
on the complex interplay between ribosomal occupancy of elongation cycle
intermediate states and ribosome distributions with respect to codon position

along the length of the mRNA.
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Chapter 3: Effects of codon distributions and tRNA competition on protein translation

3.1 Introduction

A finding from our model in Chapter 2 was that tRNA concentrations have almost no
impact on protein synthesis rate. However, experimental evidence suggests tRNA concentrations
are significant to translation kinetics. The work by Ikemura (34) shows a correlation between
tRNA abundances and codon frequencies. Other work demonstrates that synonymous codons
(different codons coding for the same amino acid) are not translated at the same rate (10), with
higher translation rates for more abundant or major codons (35). Given the difference between
experimental results and those determined from our computational studies in Chapter 2, it is
important to note that a simplifying assumption made in our model in Chapter 2 is that only
ternary complexes that recognize the A site codon can bind to the ribosome. In reality, ternary
complexes initially bind nonspecifically to the ribosomal A site, which means that both ternary
complexes recognizing and not recognizing the ribosomal A site codon can bind to the ribosome
in the first intermediate step of the elongation cycle of each codon. The experimentally observed
importance of tRNA concentration to protein synthesis kinetics, coupled with our observation
that tRNA concentrations are not scarce enough to modulate translation rate, motivates questions
about the role the competition between ternary complexes for ribosomal A site binding plays in
protein synthesis kinetics.

Hence, in this chapter we expand our mechanistic framework to account for ternary
complex competitive binding to the ribosomal A site. We also expand our sensitivity analysis to
make it codon specific, meaning that we account for the contribution of kinetic parameters and
translational component concentrations of each codon on the overall protein synthesis rate. We

find that our expanded mechanistic framework predicts lower protein synthesis rates than our
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framework in Chapter 2. Our sensitivity analysis predicts that at low polysome sizes the

codons near the 5’ end of the mRNA control protein synthesis rate, at intermediate polysome
sizes different configurations of codons along the length of the mRNA control protein synthesis
rate, and at high polysome sizes the codons near the 3’ end of the mRNA control protein
synthesis rate. Moreover, our sensitivity analysis identifies the competitive, non-specific binding
of the tRNAs to the ribosomal A site as rate limiting to the elongation cycle for every codon. By
introducing our model from Chapter 2 and our model from this chapter in terms of the Michaelis
— Menten kinetic framework, we determine that these results are due to the tRNAs that do not
recognize the ribosomal A site codon acting as competitive inhibitors to the tRNAs that do
recognize the ribosomal A site codon. We also observe that the relative position of codons along
the mRNA determines the optimal protein synthesis rate, and that the translation rates of mRNAs
are controlled by segments of rate limiting codons that are sequence specific.
3.2 Methods
3.2.1 Mathematical model

In this section we introduce a mechanistic framework that incorporates the kinetics of all
the intermediate steps of the translation elongation cycle occurring at a given codon in a single
expression that is applied to the studies in this chapter. A summary of the assumptions made in
this formulation, along with descriptions of the variables and parameters can be found in
APPENDIX D. A detailed description of this model can be found in Chapter 2.

The initiation rate is described as follows:

VI =k R(f)c(f)

Na I,r n+6,r

,n=1 3.1
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() is the free ribosome concentration,

where k, . is the initiation rate constant of mRNA r, R

and CV)

n+6,r

is the concentration of mRNA r having a free ribosomal binding site.

The elongation rate at codon n along the length of the mRNA species r is described as follows:

V., =kZ S, . U M, cnelLN, —1] (3.2)

ij,n,r E.n,r~ijn,r
where the subscript i denotes the P site codon species, the subscript j denotes the A site codon

species, the subscript n denotes the position of the ribosomal P site codon, kg‘f;!, is the effective

elongation rate constant, and S is the fraction of the mRNA species r concentration with

ij,n,r
codon position n occupied by the P site of a translating ribosome. Ribosome movement along the
length of the sequence is dependent on the conditional probability that the codon adjacent to the
codon occupied by the front of the ribosome is free given that the previous codon is occupied by

the front of the ribosome, U, ., and M, is the concentration of mRNA r.

The effective elongation rate constant at codon position n, k7 = (equation 2.28), is

comprised of terms representing the kinetics of each of the translation elongation cycle
intermediate steps occurring at that codon, and these terms depend on the reaction rate constants
corresponding to the elongation cycle intermediate steps (a detailed discussion of the effective
elongation rate constant can be found in Chapter 2):

1
Uw(ale +a,+a;+a,+as +og+a, +a9)+a8

ki, = (2.28)

A summary of the effective elongation rate constant terms is included in Table 2.3. In this work
we investigate effects of ternary complex competition for ribosomal A site binding, so it is

important to note that the first effective elongation rate constant term, ¢, ;, corresponds to the
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reversible, codon independent binding of the ternary complex to the ribosomal A site codon

species j. The expression for ¢, ; is as follows:

k,k, ky |k

alyj — |:(k—l +k2 )(k—Z +k3) k;Z ; (33)

where k,, k,, k,, k,, and k, are reaction rate constants corresponding to ternary complex
binding (Table 2.1). Free ternary complex concentrations (Tk(f )) are of species k, with k € K ,
where K is the set of ternary complex species. Hence, Tj(f ) is the free ternary complex

concentration of species j recognizing A site codon species j. Equation (3.3) was derived
assuming that only ternary complexes recognizing the ribosomal A site codon bind to the
ribosome during nonspecific binding. In reality, all ternary complexes species can bind to the
ribosome during the codon independent binding intermediate step, regardless of whether or not
they recognize the A site codon. Hence, in this work we relax our original assumption by
allowing all ternary complex species to be able to bind to the ribosomal A site at this step,
yielding the following expression for the nonspecific ternary complex binding term of the

effective elongation rate constant:

o, ={(k‘+k2)(k2+k3)—ki} 1f (1+K12Tkmj (3.4)

k,k, ky |&T")

k#j

where the term (1+K12Tk(f )j accounts for ternary complex competitive binding and
k#j

K, =k, [k_, . By replacing o, ; with af ; in the expression for the effective elongation rate

eff ,T

E.n,r

constant (equation 2.28), we define k to be the effective elongation rate constant accounting

for ternary complex competitive binding:
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1

kgﬂnj; = T (3.5)
o Uw(ale +a,tay,+a, tos+o,+a, +a9)+a8

The termination rate is described as follows:

V,, =k, S! (3.6)

where k,, is the termination rate constant of mRNA r and S is the total concentration of

ribosomes on mRNA r that have completed the translation elongation phase.

The dynamics describing the transition between the states of the elongation phase are as follows:

ds

a;t =V, =V, ,n=1 (3.7)
dSii,n,r

dt = VE,n—l,r _VE,n,r s e [2’ Nr - 1] (38)
ds’

=V, Ve, ,n=N, -1 (3.9)

The total ribosome and codon concentrations are expressed by equations (3.10) and (3.11),

respectively:
N,-1
RY ZZZ(S/ +SrT)+R(f) (3.10)
r n=l
n+6 .
ZSij,n,r + Cr(Lfr) , = 1
M, =3 G.11)
Z(Sij,n,r)+ c) ,nel2,N, —(L+1)]

n

where C,(f,) is the concentration of free codons at position n of mRNA r.

3.2.2 Sensitivity analysis
In this section we introduce the sensitivity analysis as it pertains to the studies in this

chapter. A detailed discussion of the sensitivity analysis is included in APPENDIX B. We
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investigate the effects of elongation cycle kinetics at each codon along the length of the

mRNA on the steady state protein synthesis rate by examining the flux control coefficients, C,

which are defined as fractional flux changes with respect to fractional input parameter changes
(25). Similar to the Summation Theorem (25), we can show that the sum of the control
coefficients with respect to the reaction rate constants for an mRNA species that is not

competing for translational resources with other mRNA species is equal to one:

C +C +C =1 (3.12)

where C, and C; are the fractional changes in flux with respect to fractional changes in the

r

initiation and termination rate constants, respectively. The control coefficient C, ~is the

fractional change in flux with respect to the simultaneous fractional change in the elongation rate

constant, k;” ., of every codon expressed as:

N, -1
G =>C, (3.13)
n=1

E.n,r

where C/,, is the control coefficient corresponding to the elongation step occurring at the

codon at position n on the mRNA and is the fractional change in flux with respect to the

fractional change in the effective elongation rate constant at position n. The control coefficient

with respect to the effective elongation rate constant at codon position n, C,,, , is equal to the

sum of the control coefficients with respect to the reaction rate constants of the elongation cycle

intermediate steps at codon position n, where:
v _ v v v v v v

Ckg,w = Ck],n + C,{?],n + Ckz,n + Ck,z,n + Cka,n + C,W +
" (3.14)
v v v v v v

Cks,n + Cke,n + Ck7 n + Ck,7,n + Cks,n + Ckg,n



59
Equations (3.13) and (3.14) are also applied to determine control coefficients of the

elongation steps along the length of the mRNA with under ternary complex competitive binding

o, . v
conditions, C., .

3.3 Computational studies

We utilize our mathematical model of protein synthesis and the sensitivity analysis to
investigate the steady state translation properties of E. coli mRNAs as functions of polysome size
with and without accounting for ternary complex competitive binding to the ribosomal A site. In
this chapter we define ribosomal fractional coverage, p, to be the fraction of the mRNA molecule
covered by translating ribosomes, where:

LY'S,..
p= W (3.15)
where L = 12 is the number of codons covered by the ribosome (16-18) and N, is the number of
codons of mRNA r. Further discussion of the ribosomal fractional coverage is included in
Chapter 2. The values for the concentration of each mRNA species r, M, the free ribosome

concentration, RV ), the free ternary complex concentrations, Tk(f ) (k eK ), and the free Ef-G

concentration, GY ), applied in these studies, along with the reaction rate constants, k,, k_,, k,,
k,, ky, ky, kg, kg, k;, k_;, kg, ko, are the same as those used in Chapter 2. Also, the method

used to calculate steady state translation rate as a function of polysome size is the same as that
from Chapter 2. The obtained steady state translation rates are applied to the sensitivity analysis
in order to determine the flux control coefficients.

In this work we consider three cases with respect to ternary complex binding to the

ribosomal A site codon. These cases differ by how the free ternary complex concentrations are
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applied for the quantification of the effective elongation rate constants kg?;,, and k77 In

E.n,r*

Table 3.1 we list the free ternary complex concentrations and corresponding magnitudes for

Kk

E.n,r

and kgﬁnf for all the ternary complex species. The effective elongation rate constant
magnitudes shown correspond to U, , =1. The following assumptions were employed for each

case:

Table 3.1: Effective elongation rate constant magnitudes for each E. coli ternary complex
species

Species Zl;;‘% kT (st | kLT (st | Species | TU) |k (¢t | kST (57)
(uM)
AlalB 14.7 5.3 2.0 Leu5 3.5 5.1 0.7
Ala2 1.9 4.9 0.4 Lys 6.1 5.2 1.1
Arg?2 23.1 53 2.7 Met 2.5 5.0 0.5
Arg3 2.3 5.0 0.4 Phe 4.0 5.1 0.7
Argd 34 5.1 0.6 Prol 2.2 5.0 0.4
Arg5 2.3 5.0 0.4 Pro2 3.8 5.1 0.7
Asn 54 5.2 0.9 Pro3 2.0 4.9 0.4
Aspl 9.5 5.2 1.5 Serl 6.9 5.2 1.2
Cys 7.2 5.2 1.2 Ser2 1.3 4.7 0.3
Glnl 3.0 5.0 0.6 Ser3 54 5.2 1.0
GIn2 3.8 5.1 0.7 Ser5 3.8 5.1 0.7
Glu2 20.7 53 2.5 Thrl 0.4 3.7 0.1
Glyl 5.6 5.2 1.0 Thr2 2.8 5.0 0.5
Gly2 5.6 5.2 1.0 Thr3 4.3 5.1 0.8
Gly3 18.0 53 2.3 Thr4 5.4 5.2 1.0
His 3.6 5.1 0.7 Trp 4.1 5.1 0.7
Ilel 7.2 5.2 1.2 Tyrl 4.4 5.1 0.8
Ile2 10.8 5.3 1.6 Tyr2 5.1 5.2 0.9
Leul 14.9 5.3 2.0 Vall 17.1 5.3 2.2
Leu2 5.2 5.2 0.9 Val2A 2.6 5.0 0.5
Leu3 2.2 5.0 0.4 Val2B 3.7 5.1 0.69
Leu4 9.4 5.2 1.5
“Numerical values for the free ternary complex species concentrations, TVY), are estimated in

APPENDIX C. Experimental data for the ternary complex concentrations can be found in (36).
‘Evaluated at U, , =1.
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Case I: Noncompetitive binding

Only the ternary complex species recognizing the ribosomal A site codon are allowed to

participate in the nonspecific binding step of the elongation cycle. In studies considering Case I

the ternary complex concentrations recognizing the A site codons, Tj(f ), are set equal to the

median concentration, T(fd) =43uM , in the effective elongation rate constant expressions

n

(k;ﬁ,”) of every codon. Although variations in ternary complex concentrations cause variations

in effective elongation rate constant magnitudes, we have observed that these differences are
negligibly small under noncompetitive binding conditions (a detailed discussion is included in
Chapter 2).

Case II: Uniform competitive binding

All ternary complex species are allowed to participate in the nonspecific binding step of the

elongation cycle. Similar to Case I, in studies considering Case II the ternary complex
concentrations recognizing the A site codons, Tj(f ), are set equal to the median concentration,

TV) =43 UM in the effective elongation rate constant expressions (kgf;{) of every codon.

med

Although we observe in this work that variations in ternary complex concentrations cause
significant variations in elongation rate constant magnitudes, Case II allows us to study the
effects of ternary complex competitive binding in a codon independent manner. Moreover,
because all codons are treated uniformly in Case II, we study the effects of ternary complex
competitive binding in a sequence independent manner.

Case I11: Nonuniform competitive binding

Similar to Case II, all ternary complex species are allowed to participate in the nonspecific

binding step of the elongation cycle. However, in studies considering Case III the ternary
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complex concentrations recognizing the A site codons, Tj(f ), are set equal to their respective

eff ,T

E.n,r

physiological levels in the effective elongation rate constant expression (k ) Because codons

are not treated uniformly in Case III, we study the effects of ternary complex competitive
binding in both a codon and sequence specific manner.
3.3.1 Effects of ternary complex competitive binding on the relationships between
protein synthesis properties and polysome size

In these studies we apply Cases I and II to investigate the translation properties of the
trpR gene of E. coli in both a codon and sequence independent manner.
Effects of ternary complex competitive binding on the relationship between translation rate
and polysome size

We observe that as ribosomal fractional coverage increases, the protein synthesis rate
increases, reaches a maximum, and then decreases under both competitive (Figure 3.1, curves i1
and 1i1) and noncompetitive (Figure 3.1, curve 1) binding conditions. Included in Figure 3.1 are
results for Cases I and II (curves i and iii, respectively), and Case II with all the codons in the
sequence recognized by the ternary complex species having the maximum free concentration of
23.1uM (curve ii). The translation rates determined under Case I are higher at each polysome
size than those determined under Case II. This result is due to the large difference in the

effective elongation rate constant magnitudes under the two cases. For U, =1 under Case I

k% =51s" (curve i), while under Case II k%" =2.7s™" (curve ii) and k7" =0.8s™" (curve

E.n,r E.n,r E.n,r
iii). Because the effective elongation rate constant magnitudes under Case I are higher than those
under Case I1, the translation rates observed under Case I are higher than those observed under

Case I11.
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Figure 3.1: Relationship between translation rate and polysome size for (i) Case I, and Case I1
with all codons recognized by the ternary complex species of maximum (ii) and median (iii)
concentrations.
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Rate limiting steps and polysome size
We applied the control analysis framework to the model in order to determine if
translation is initiation, elongation, or termination limited under different polysome sizes. We

observe that under both Cases I and II translation is initiation limited for p < 0.5, elongation
limited for 0.5< p <0.99, with elongation control maximal at the same ribosomal fractional
coverage that specific protein production rate is maximal, and termination limited for o > 0.99 .
Relationship between codon specific control of protein translation rate and polysome size

We investigated how control of the elongation phase over translation rate (C/:E,,) is
distributed with respect to the codons along the length of the mRNA at different polysome sizes
by examining the control coefficients corresponding to the effective elongation rate constants,
C/:gfn . (Figure 3.2). We observe that at low polysome sizes the elongation phase control over

translation rate lies in the codons near the 5’ end of the mRNA. This result is in agreement with

early experimental results demonstrating that point mutations near the start codon of the mRNA
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cause dramatic changes in protein expression levels (37, 38). Also, at intermediate polysome

sizes the control is distributed along the length of the mRNA in different configurations, and at
high polysome sizes the control lies in the codons near the 3’ end of the mRNA. We observe the
same results under both Cases I and I1. These results are expected because at low polysome sizes
kinetics are initiation limited (see previous paragraph for discussion), which means that the
initiation process limits the progress of protein translation. Hence, the more efficiently the
codons near the 5° end of the mRNA can be translated, the more ribosomes can be transferred to
downstream codons along the length of the sequence. Faster transfer of ribosomes due to more
efficient translation of these codons elevates protein synthesis rate by increasing the probability
of an initiation event occuring without changes to the initiation process being made. The

converse is true for termination limited conditions.
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Figure 3.2: Elongation step control coefficients, C,,, , with respect to sequence position

under initiation (A), elongation (B), and termination (C) limited conditions for Cases I and I1.
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Relationship between codon specific elongation cycle intermediate step control of protein

translation rate and polysome size
We investigated how the elongation phase control is distributed with respect to the

elongation cycle intermediate steps at each codon along the length of the mRNA by examining

. e . v v v v v v
the control coefficients: C, ,, C, ., C_ ., C ., C ., C

ky,n?

Cks,n ’ Ck(,,n ’ Ck7,n ’ Ck,7,n ’ Ckg,n ’

and C, ,, along with the control coefficients corresponding to free ternary complex

concentration, C,) . We observe that the rate limiting step at each codon along the length of
i n

the mRNA is different between Cases I and II. Under Case I we observe that the control

is the highest of the

,n?

coefficient with respect to the Ef-Tu:GDP release rate constant, Ckvs

control coefficients corresponding to elongation cycle intermediate steps at every sequence
position and polysome size (Figure 3.3A, results shown only for p = 0.67), indicating that this
intermediate step is rate limiting to the elongation cycle. This result is consistent with
experimental reports which identify Ef-Tu:GDP release as one of the rate limiting steps of the

elongation cycle at a given codon (23). Control coefficients for A site tRNA accommodation

(C,fM) and E site tRNA release (C,fgyn) are equal to each other and also high (Figure 3.3A, results

shown only for p = 0.67) at every sequence position and polysome size. The remaining

elongation cycle intermediate steps have low control coefficients, including that for the free

ternary complex concentration control coefficient (CTV( ", )

However, under Case II we observe that the control coefficient with respect to the free

ternary complex concentration, CT”}‘,)’n, is highest at every sequence position and polysome size

(Figure 3.3B, results shown only for p = 0.67), indicating that ternary complex nonspecific
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binding is rate limiting to the elongation cycle. The remaining elongation cycle control

coefficients are close to zero, indicating that the intermediate steps following ternary complex
nonspecific binding have very little influence on elongation cycle kinetics. Moreover, the rate
limiting effects of ternary complex nonspecific binding are much higher under Case II than the

rate limiting effects of Ef-Tu:GDP release under Case I, with free ternary complex concentration

control coefficients (CT”(_/) n) under Case IT more than twice as high as Ef-Tu:GDP release control

i

coefficients (C,f ) under Case I. We also observe that the concentrations of ternary complexes

551

that do not recognize the A site codon, Tk(f ) (k # j), have an inhibitory effect on translation
kinetics because the corresponding control coefficients for the combined concentration of the

incorrect ternary complexes, CVZTW ), » are negative (Figure 3.3B, results shown only for p =
k" med
k

0.67), meaning that an increase in this concentration would cause a decrease in translation rate.
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Figure 3.3: Elongation cycle intermediate control coefficients with respect to sequence
position under Case I (A) and Case II (B) binding conditions. Results shown are for elongation
limited conditions (p = 0.67).
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It is important to note that it is the relative magnitudes of the terms in the effective
elongation rate constant, k;ﬁx, that play a significant role in the distribution of control with
respect to the elongation cycle intermediate steps at each codon. The influence each elongation

cycle intermediate step has over the overall kinetics of the elongation cycle at a given codon is

proportionate to the magnitude of its corresponding term in the effective elongation rate constant.
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Under noncompetitive binding conditions, Ef-Tu:GDP release is rate limiting, with

a5 =0.067 (Table 2.3) being the largest term in k;{fn,r, and nonspecific ternary complex binding

has almost no influence over elongation cycle kinetics, with ¢, ; = 6x107* —0.04 (Table 2.3).

However, under competitive binding conditions, the magnitude of the nonspecific ternary

complex binding term in the effective elongation rate constant is much higher than «,, with
af ; =0.19-12.9, making nonspecific binding rate limiting.

To further understand the relationship between the magnitudes of the effective elongation
rate constant terms and the control the corresponding elongation cycle intermediate steps have

over translation rate, we introduce the elasticities of the elongation rate at codon n with respect to

the free ternary complex concentration, g;/;’;’)’, and the reaction rate constant for Ef-Tu:GDP

Viinr .. .. ...
release, &, , under competitive binding conditions:

olnV, TV) ov.
Vipnr jonr T jr T 7 eff,T
‘C“T](./') = alnTj(f) - ‘/lj!n!r aT/(f) _al,jkE,n,rUn,r (316)
olnV, k. OV.
R 2L ML (3.17)
s olnks V., 0Ok e

Elasticity is defined as the differential change in the rate of a single reaction step, i.e., in this case

V

i Unlike the control coefficients, which pertain to the overall translation rate of the mRNA,
elasticity is therefore a property local to that reaction step and not a systemic property. However,
due to the compactness of the elasticity expressions, they are useful for obtaining general

quantitative insight into the impact of the individual reaction rate constants and translational

components on their respective control coefficient magnitudes. It is evident from the above
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expressions that the elasticity of V, . with respect to a given parameter is dependent on the

effective elongation rate constant term to which the parameter pertains, and not only on that
parameter. Along these lines, the relative magnitudes of the elasticities are proportionate to the
relative magnitudes of the corresponding effective elongation rate constant terms, and similar
relationships are obtained between the remaining effective elongation rate constant terms and
their corresponding elasticities. Consequently, the control the elongation cycle intermediate steps
have over the translation rate of each codon is strongly influenced by the magnitudes of their
respective effective elongation rate constant terms.

Overall, in these studies we observe that ternary complex competitive binding to the
ribosomal A site introduces changes to translation rate (Figure 3.1). However, competitive
binding does not cause changes to the distribution of overall initiation, elongation, and
termination control with respect to polysome size. Moreover, competitive binding does not affect
the codon specific distribution of control with respect to polysome size (Figure 3.2), but instead
introduces changes to the distribution of control with respect to elongation cycle intermediate
step at each codon (Figure 3.3).

3.3.2 Ternary complexes not recognizing the ribosomal A site codon act as
competitive inhibitors to elongation cycle Kkinetics

To further investigate the inhibitory effects of ternary complexes not recognizing the
ribosomal A site codon, we derive our mechanistic framework in the context of Michaelis —
Menten enzyme kinetics. Treating all the translating ribosomes in a single E. coli cell having
codon species j occupying the A site as the enzyme and the ternary complex species j
recognizing the A site codon as the substrate, it can be shown that in the absence of ternary

complex competitive binding:
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TV)
_ J
VMM,J' _Vmax,j KM +T(f) (3.18)
J

where the Michaelis — Menten constant is:

K, :klkﬂ, (3.19)
1

and the maximum reaction rate is,

Vv

o =k R (3.20)

j b
In the above expression R; is the cellular concentration of ribosomes in the cell participating in

translation with codon species j occupying the A site. By accounting for ternary complex

competitive binding, it can be shown that:

(£)

oy J (3.21)
MM ,j — ¥ max,j - .
j j 7
K, 1+7"$’K +7Y)
1

Details of the derivation of the above equations, along with the estimation of R;, are included in

APPENDIX E.

Under competitive binding conditions the ternary complexes that do not recognize the A

site codon (Tk(f ) (k # ])) bind to the ribosome as the ternary complexes that do (Tj(f )) during the

nonspecific binding step of the elongation cycle, but do not proceed to the subsequent

intermediate steps. The ternary complexes Tk(f ) (k # j) occupying the ribosomal A site prevent
the ternary complexes Tj(f ) from binding to the ribosome, so the apparent affinity the ternary

complexes recognizing the A site codon (Tj(f )) have for the ribosome decreases. This decrease is
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due to the term multiplied by the Michaelis — Menten constant (K, ) in the expression for

v,@MJ (equation 3.21), which represents the inhibitory effects of the ternary complexes

Tk(f ) (k # j) on translation rate. However, the maximum reaction rate (V ) is the same under

max, j
both noncompetitive and competitive binding conditions. Figure 3.4 shows the relationship

between translation rates v, ; and Vi, ; as functions of the ternary complex concentration
recognizing the A site codon, Tj(f ), for the median ternary complex concentration, T,,E{d) . The

maximum reaction rate (V ) is proportional to the concentration of translating ribosomes

max, j
having the codon recognized by the ternary complex species of median concentration present in
the A site, and the ternary complex concentration is allowed to vary. When evaluating the

translation rate expressions with and without competitive binding at the median ternary complex

concentration (VI{,[M (T,y(,fd)) Vi (T(f ))), we observe a much lower translation rate under

med
competitive binding conditions than under noncompetitive binding conditions (Figure 3.4).

Similar results are observed for the remaining ternary complex species.
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Figure 3.4: Amino acid rate of incorporation as a function of ternary complex concentration
for Case I (solid line) and Case II (dashed line). Results shown are at the E. coli cellular level
for the ternary complex species of median concentration. Similar results are observed for all
ternary complex species.
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1

, and Evmi

() » of the reaction

j

We examined the expressions for the elasticities, &,
i

rates v, . and vlfm, ; With respect to the ternary complex concentration recognizing the
ribosomal A site, i.e. the ratios of the proportional changes in v, . and v,,, . with respect to the

proportional change in Tj(f )

olv,, . TY) ov
8MM’T/(_/.) = p YA*IZ‘)I _ 6¥?§st (3.22)
ni; Vim,j O4
i _Olnvy, ~ Tj(f) Vo (3.23)
(rn = - .
MM T Oln Tj(f) Vi 6Tj(f)
Evaluating equations (3.22) and (3.23) yields:
TV
=1 ! _ Ky (3.24)

gMM,T/(-/') - K, +Tj(f) - K, +Tj(f)
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z Tk(f )

k#j
( K, |1+ 11(71

! Ui 3.25)
& (n = 1- - = ( .

MM T; z Tk(f ) Z Tk(f )

k#j (1) k#j (f)
K, 1+’K71 +T, K, |1+ ’Kl +7,

We observe that the elasticities determined under competitive binding conditions (ngfo o f,) are
much greater than those determined under noncompetitive binding conditions (gMM T(_/»)), with

j

, =0.17 for the median ternary complex concentration, TV)

med *

g ;=098 and &

mm. T MM T

Equations (3.24) and (3.25) suggest that the lower the ternary complex concentration recognizing

the ribosomal A site codon, T

377, the stronger the sensitivity to change under competitive

binding conditions kgLM,T}_/)) than noncompetitive binding conditions (g ) ) Similar results

mm T
are observed for the remaining ternary complex species. As we observed in the results above

relating to reaction rates v, . and Vi, ;» the increased elasticities under competitive binding

conditions are observed because of the term multiplied by the Michaelis — Menten constant

ZLM i (equation 3.25) that represents the inhibitory effects of the

J

(K, ) in the expression for &

ternary complexes Tk(f ) (k #* j) on translation rate. The results in this section support our results
discussed in previous sections pertaining to ternary complex competitive binding lowering
translation rate and causing the nonspecific binding intermediate step to be rate limiting to the
elongation cycle at each codon. However, the results presented in this section suggest that the

effects of competitive binding are due to the ternary complexes not recognizing the A site codon

(Tk(f ) (k #*J )) acting as competitive inhibitors to elongation cycle kinetics.
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3.3.3 The relative position of codons along the mRNA determines the optimal protein

syntheisis rate and the rate limiting effect of the individual codons

In these studies we apply Case III to investigate the translation properties of mRNAs in
both a codon and sequence dependent manner. We applied our mechanistic framework to one
hundred randomly permuted sequences having identical codon frequencies representative of
those of the E. coli genome. Each sequence is 361 codons long, approximately the average length
of an E. coli mRNA (32). Similar to our results in previous sections, we observe that the
translation rate increases, reaches a maximum, and then decreases as polysome size increases
(Figure 3.5). However, optimum protein synthesis rates vary with sequence (Figure 3.5, results
shown only for sequences producing highest and lowest optimum translation rates). We also
observe that the optimum rate occurs at multiple polysome sizes for each sequence and that there
are regimes of polysome sizes for which translation properties are highly sensitive to the input
parameters of our model (Figure 3.5). Because all the sequences in this study have the same
codon frequencies, the results presented in this section emphasize that the relative positions of

codons along the length of the mRNA can influence protein synthesis properties.
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Figure 3.5: Relationship between translation rate and polysome size under Case III conditions.
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Relationship between effective elongation rate constant magnitudes and polysome size
In order to investigate the overall relationship between translation rate and polysome size
with Case III conditions, we examined changes in the effective elongation rate constant

magnitudes with polysome size. We scaled the effective elongation rate constants by dividing

them by the effective elongation rate constant, k" , evaluated at U,, =1 and T =T/} that

E.n,r? med

1

has a magnitude of 0.8s . In the absence of ribosomal crowding on the mRNA, i.e. when

U,, =1, the scaled effective elongation rate constant magnitudes vary between 0.10 and 3.44

due to differences in the nonspecific binding term, afi (equation 3.4). Using effective

elongation rate constants determined with Case II conditions as a reference, we scaled them the

same way by dividing them by the effective elongation rate constant, k;’ii,r ,evaluated at U, , =1

and Tj(f ) =TU) that has a magnitude of 5.1s™". Included in Figure 3.6 are the distributions of

med

scaled effective elongation rate constant magnitudes as functions of sequence position under

initiation (A), elongation (B), and termination (C) limited conditions for one of the sequences
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used in this section (similar results are observed for the other sequences). The dashed lines

represent magnitudes under Case III conditions, and the solid lines represent magnitudes under

Case II conditions.

Figure 3.6: Scaled effective elongation rate constant magnitudes under initiation (A), elongation
(B), and termination (C) limited conditions for one of the sequences used in this section (similar
results are observed for the other sequences). The dashed lines represent magnitudes determined
with Case III conditions, while the solid lines represent magnitudes determined with Case I
conditions.
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We observe that under initiation limited conditions the scaled effective elongation rate
constants for both Case II and Case III are approximately equal to the values they take on when

U,, =1, and this result is expected because the polysome size is low and hence the mRNA is not

crowded. Under elongation limited conditions the level of crowding on the mRNA is higher as

reflected in the conditional probability term, U, , of the effective elongation rate constant

decreasing, which results in the scaled effective elongation rate constant magnitudes and
translation rates increasing. The level of ribosomal crowding on the mRNA determines the

magnitudes under Case II conditions (see Chapter 2 for more discussion), while the complex
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interplay between the level of ribosomal crowding on the mRNA and the level of ternary

complex competition for the ribosomal A site at each codon determines the scaled effective
elongation rate constant magnitudes under Case III conditions. Codons that experience a lot of
ternary complex competitive inhibition have lower effective elongation rate constants and are
hence translated more slowly than codons that do not, causing high ribosome density upstream

on the mRNA and large variation in the conditional probability term, U,  , that is not observed

under Case II conditions. Consequently the scaled effective elongation rate constants determined
with Case III are much higher than those determined with Case II. Under termination limited

conditions the polysome size is high, so crowding on the mRNA is maximal and U, , =0,

regardless of whether the binding conditions are uniform (Case II) or nonuniform (Case III).
Due to the ribosomal queuing that occurs along the length of the mRNA at high polysome size
(see Chapter 2 for more discussion), the effective elongation rate constants at positions spaced

one ribosome length apart are approximately equal to the translocation rate constant, kg, (see

Chapter 2 for more discussion).
Effects of rate limiting codon segments on the relationship between optimum translation rate
and polysome size

In order to investigate translation properties occurring in the regimes of polysome sizes

associated with optimum rates, we obtained the elongation step control coefficients (C;w) of

En,r

each sequence at its respective optimum translation rate (Figure 3.5). Similar to results in

Chapter 2, at the optimum rate the kinetics are completely elongation limited, with

N,-1
ZC/:W =C;, =1. The control over rate is dominated by segments of codons that have high
el E.n,r o
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elongation step control coefficients (Figure 3.7, results shown only for sequences producing

highest and lowest optimum translation rates). For all of the polysome sizes that the translation

kinetics are completely elongation limited, we observe that the configuration of elongation step

control coefficients kC}:W) does not change, and therefore the segments of rate limiting codons

E.n,r

do not change.

Figure 3.7: Elongation step control coefficients, C,,, , with respect to sequence position under

Case III conditions.
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The positions of rate limiting codon segments are expected because they correspond to
segments of high translation time (Figure 3.8). We define the translation time of the codon

segments to be:

n+6 1

1 = ZW .n€[6,355] (3.26)

n-5
where the codon segments are equal to one ribosome length, and the translation time of the
segment corresponding to codon 7 is equal to the combined translation time of that codon along

with the five upstream and six downstream codons. We consider the codon segments of one
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ribosome length in this way because n denotes the position of the ribosomal P site codon, and

in this work and in Chapter 2 we assume the front and back ends of the ribosome are on the sides
closest to the 3’ and 5° ends of the mRNA, respectively, with the P site covering the seventh
codon relative to the front of the ribosome. We estimated the segment translation times with

U,, =1 for all of the codons in the sequence and with U, values corresponding to the

ribosome distribution at the optimum translation rate (Figure 3.8A). The part of the sequence
having the highest translation times (Figure 3.8 A) corresponds to the rate limiting codon segment

(Figure 3.8B). Additionally, the segment translation times with U, . =1 can be interpreted as the

translation times in the absence of ribosomal crowding. At the optimum translation rate the

ribosome density is high, resulting in low values for U, , for all of the codons in the sequence.

Consequently, the translation times at high ribosome densities are higher than those at low
ribosome densities. However, the part of the sequence having the highest segment translation
times remains the same at both high and low ribosome densities, which is consistent with the rate
limiting codon segment remaining unchanged for the polysome sizes that the translation kinetics

are completely elongation limited.
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, wWith respect to sequence position for one of

Figure 3.8: (A) Segment translation times, #
the sequences used in this study (similar results are observed for the other sequences). (B)

Elongation step control coefficients, C,,, , with respect to sequence position under Case I11
En,r

conditions for the same sequence used in Figure 3.8A.
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Because the rate limiting codon segments correspond to regions of high translation time,
they also lead to nonuniform ribosome distributions along the length of the mRNA. Defining p to
be the sequence position of the codon at the 3’ end of the rate limiting codon segment, the

ribosome density upstream of p is as follows:

p-1
LY S,
_ n=l1

P = (3.27)
M, (p-1)
while the ribosome density downstream of p is as follows:
361
LY S,
pl=—"" (3.28)

M, (N, - p+1)
The ribosome density upstream of p, p“, corresponds to the part of the sequence between the 5’

end of the mRNA and the 3’ end of the rate limiting codon segment, while the ribosome density
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downstream of p, p¢, corresponds to the remainder of the sequence. For all of the sequences

studied at the optimum translation rate p“ > p?, with 0.61<p“ <0.89 and

0.0091< p“ <0.76. Ribosomes translate the codons in the rate limiting segments slower than

those in the remainder of the sequence, leading to higher ribosome densities upstream of the rate
limiting codon segments than downstream. It is important to note that, at the regime of polysome
sizes corresponding to optimum translation rate, the translation kinetics shift from elongation to
termination limited. Under elongation limited conditions we observe nonuniform ribosome
densities, while under termination limited conditions we observe uniform queuing of the
ribosomes along the length of the mRNA (see Chapter 2 for more discussion). In this transitional
regime the ribosome density becomes very sensitive to the input parameters of our model,
making it difficult to obtain data. Hence, in Figure 3.5 there are regimes of polysome sizes for
which we do not show translation rates.

Furthermore, the positions of the rate limiting codon segments determine the minimum
polysome size at which the optimum translation rate occurs (Figure 3.9). The closer to the 3’ end
of the sequence the rate limiting segment is, the more ribosomes are accommodated on the
mRNA, the higher the polysome size, and the higher the protein synthesis rate. This result
indicates that the positioning of the rate limiting codon segment influences the optimum
translation rate. Translation of the sequence with the highest optimum rate is limited by a codon
segment near the 3’ end of the mRNA (Figure 3.7). Consequently this sequence can
accommodate the most ribosomes, maximizing the probability of a translation termination event
occurring and hence maximizing the optimum protein synthesis rate. The converse is true for the
sequence with the lowest optimum rate, because its translation is limited by a codon segment

near the 5° end of the mRNA (Figure 3.7).
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Figure 3.9: Relationship between the positions of the rate limiting codon segments and
ribosomal fractional coverage.
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3.4 Discussion

In this chapter we presented a theoretical analysis of protein synthesis that includes all the
elementary steps of the translation mechanism and accounts for ternary complex competitive
binding to the ribosomal A site. Considering protein synthesis kinetics in the context of ternary
complex competitive binding provides insights into quantifying the systemic contributions of
ternary complex concentrations to the translational output of genes. Moreover, our codon
specific sensitivity analysis allows us to separately quantify the influence the concentration of
the ternary complex recognizing each codon along the length of the mRNA has on the overall
protein synthesis rate. We find that the expanded mechanistic framework predicts lower protein
synthesis rates than our framework in Chapter 2 (Figure 3.1), the configuration of codons that
have the most control over protein synthesis rate changes with polysome size (Figure 3.2), and
competitive, nonspecific binding of the ternary complexes to the ribosomal A site is rate limiting

to the elongation cycle for every codon (Figure 3.3). These results suggest that the ternary
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complexes that do not recognize the ribosomal A site codon act as competitive inhibitors to

the ternary complexes recognizing the A site codon (Figure 3.4). Considering this model in the
context of a Michaelis — Menten mechanistic framework demonstrates that translation rates are
lower and more sensitive to ternary complex concentrations under competitive binding
conditions than under noncompetitive binding conditions, which is consistent with what
Michaelis - Menten kinetics predicts under competitive inhibition conditions where a substrate
and inhibitor are competing for access to the active site of an enzyme.

In these studies the same set of reaction rate constants were used for the elongation cycle
intermediate steps at every codon along the length of the sequence. Hence, the results suggest
that it is the interplay between the level of ternary complex competition for the ribosomal A site
at each codon and the level of ribosomal crowding on the mRNA that determines the effective
elongation rate constant magnitudes at each codon and polysome size (Figure 3.6). This
configuration at a given polysome size determines the corresponding protein synthesis properties
(Figure 3.5). However, given that codon — anticodon compatibilities affect translation rates (9-
11, 39), in future studies it will be important to incorporate anticodon specific kinetic and
thermodynamic (40) parameters into our model to investigate how translational behavior is
affected.

The set of elongation cycle reaction rate constants used in these studies were the same as
those used in our studies in Chapter 2, which did not account for ternary complex competitive
binding, and they predict higher translation rates, suggesting that Ef-Tu:GDP release is the rate
limiting step of the elongation cycle for every codon. The expanded mechanistic framework in
this study predicts lower translation rates and indicates that ternary complex nonspecific binding

to the ribosome is the rate limiting step of the elongation cycle for every codon. It has been
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shown experimentally that the ternary complexes not recognizing the ribosomal A site codon

do not inhibit translation rate (39), and that Ef-Tu:GDP release is one of the rate limiting steps of
the elongation cycle (23). Although these experimental results are consistent with the results of
our previous study in Chapter 2, these experiments were performed in vitro and consequently do
not reflect in vivo conditions. The results from (39) were obtained by examining the competitive
binding effects 1.3 uM Phe ternary complex experiences from Leu2 and Leu4 varying from

OuM to 16 uM during poly(Phe) synthesis. By increasing the Leu2 and Leu4 concentrations

from OuM to 16 uM , the authors observe that the translation rates per ribosome decrease from

4.0s™ to 3.0s™'. Hence, they conclude that ternary complex species not recognizing the

ribosomal A site codon have almost no inhibitory effects in vitro. However, the total

concentration of tRNA in E. coli is roughly 332 uM (32), so in vivo a ternary complex species
having a concentration of 1.3 uM would experience much higher competitive effects than what

is predicted in (39). By rearranging equation (3.2) we can express the translation rate per

ribosome, v; -, evaluated at U, =1 as:
Vi = Ky nellLN, 1] (3.29)

Applying 1.3uM to Tj(f ) and 0uM —16 M  to ZTk(f ) in the above expression, we observe

k#j
that the translation rate per ribosome decreases from 5.0s™' to 2.4s™', which is close to the

range of translation rates per ribosome observed in (39). Similar to (39), our model predicts low

inhibitory effects of ternary complexes not recognizing the ribosomal A site codon on translation

rate. On the contrary, when we apply 1.3 uM to Tj(f) and 332 uM to ZT,((” in equation (3.29),

k#j

1

we obtain a translation rate per ribosome of 0.2s™, which is much lower than what is observed
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in (39) and what is predicted using our model above. This result indicates that ternary

complexes have significant competitive effects in vivo. Moreover, our model predicts a 2 — 9 fold
reduction in optimal translation rate due to ternary complex competitive binding (Figure 3.1),
which is consistent with estimates in previous experimental work (22). Hence, the difference in
the results from our framework in Chapter 2 and the mechanistic framework presented in this
chapter further suggests that ternary complexes have a significant effect on translation kinetics
by acting as competitive inhibitors.
3.5 Conclusions

In this chapter we expanded our mechanistic framework from Chapter 2 to account for
ternary complex competitive binding to the ribosomal A site. We also performed a sensitivity
analysis in order to determine the effects of the kinetic parameters and concentrations of the
translational components on the protein synthesis rate. We determined the following:

() Translation rates are lower under ternary complex competitive binding
conditions than under noncompetitive binding conditions. This result is due to
the tRNAs that do not recognize the ribosomal A site codon acting as
competitive inhibitors to the tRNAs that do recognize the ribosomal A site
codon. Along these lines, the competitive, non-specific binding of the tRNAs
to the ribosomal A site is rate limiting to the elongation cycle for every codon.

(i1) At low polysome sizes the codons near the 5’ end of the mRNA control protein
synthesis rate, at intermediate polysome sizes different configurations of
codons along the length of the mRNA control protein synthesis rate, and at
high polysome sizes the codons near the 3° end of the mRNA control protein

synthesis rate.
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The relative position of codons along the mRNA determines the optimal

protein synthesis rate. Optimal translation rates of mRNAs are controlled by
segments of rate limiting codons that are sequence specific. The segments of
rate limiting codons correspond to regions of high translation time that cause

nonuniform ribosome distributions on mRNAs.
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Chapter 4: A genome scale analysis of the relative translational efficiencies of E. coli

genes
4.1 Introduction

The genetic code is degenerate, with 61 codons encoding 20 amino acids. Hence, most
amino acids are encoded by multiple, or synonymous, codons. Preferential usage of more
abundant, or major, synonymous codons over less abundant, or minor, synonymous codons has
been observed in the genomes of many species, with codon usage patterns having been
correlated with gene expression levels (41), with position within a gene (42-44), and with gene
length (45). In E. coli the frequencies of synonymous codons are proportionate to the relative
abundance of the concentrations of the tRNAs that recognize them (34, 35). Synonymous codons
are not translated at the same rate (10), with higher translation rates observed for major codons
than for minor codons (35). The relationship between synonymous codon frequencies and tRNA
abundances, along with the relationship between translation rate and synonymous codon
frequency suggest that the bias toward major synonymous codons is to increase the speed and
accuracy of translation (43, 46, 47).

In this chapter we apply our detailed, mechanistic framework of protein translation to all
of the genes in the E. coli genome. We determine translation rates and the fractions of the
mRNAs covered by translating ribosomes. We also perform a sensitivity analysis to determine
the codons that are rate limiting to protein synthesis for all the genes. We utilize these data to
calculate relative translational efficiencies. We define the relative translational efficiency of a
gene to be the measure of the tradeoff between the overall translation rate of the gene and the
number of ribosomes needed to achieve that rate. We observe that efficient genes achieve high

translation rates using ribosomes economically while inefficient genes do not. Additionally,
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efficient genes have their rate limiting codons near the start codons (5’ ends) of the genes,

while inefficient genes have their rate limiting codons near the stop codons (3’ ends) of the
genes. Along these lines, we find that efficient genes have an overrepresentation of the minor
arginine (Arg) AGA and AGG codons near the 5° ends of the genes, and inefficient genes have
an overrepresentation of the AGA and AGG codons near the 3’ ends of the genes. These results
suggest that minor codons play a role in optimizing translation rate. Moreover, these results
present an important implication in the usage of minor codons for the optimized, systemic
allocation of ribosomes in the translation of mRNAs throughout the cell.
4.2 Computational studies

We utilize our mathematical model of protein synthesis from Chapter 3 and the
sensitivity analysis discussed in Chapter 3 and APPENDIX B to investigate the steady state

translation properties of all the genes in the E. coli genome (48). The values for the concentration

of each mRNA species r, M, , the free ribosome concentration, RV ), the free ternary complex

concentrations, Tk(f) (ke K), and the free Ef-G concentration, G, applied in these studies,

along with the reaction rate constants, k,, k_,, k,, k,, k;, k,, ks, kg, k,, k., kg, ky, are the

same as those used in Chapters 2 and 3. We hypothesized that at any given growth condition the
cell maximizes the protein production rates from each of its mRNAs. Hence, we examine the
protein synthesis properties of each gene corresponding to its maximum specific protein
synthesis rate, 1.e., the protein synthesis rate per mRNA molecule. The method used to calculate
the maximum specific protein synthesis rates of mRNAs is the same as that from Chapters 2 and
3. We found in Chapters 2 and 3 that the maximum specific protein synthesis rate of a given

mRNA species occurs under completely elongation limited conditions. Similarly, in this chapter
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the protein synthesis properties determined corresponding to the maximum specific protein

synthesis rate of each mRNA also occur under completely elongation limited conditions, such

that:
N,-1

C, = ZC/:gff =1 4.1)
el

Consequently the protein synthesis properties of mRNAs we determine under these conditions
are not influenced by the translation initiation and termination phases and are based only on the
sequences of codons translated in the elongation phase.
4.2.1 Overall protein synthesis properties

In these studies we apply our mathematical model to determine polysome sizes and
translation rates for all the genes in the E. coli genome. We apply the sensitivity analysis to find
the positions of rate limiting codons in all of the sequences.
Polysome size and translation rate

We consider the polysome sizes of all the mRNAs by introducing the ribosomal
fractional coverage, p, i.e., the fraction of the mRNA molecule covered by translating ribosomes,
as defined mathematically in Chapter 3. Included in Figure 4.1 is the ribosomal fractional
coverage for all the mRNAs. We observe large variation in ribosomal fractional coverage, with
values between 0.47 and 0.91. The average ribosomal fractional coverage is 0.72, with a standard
deviation of 0.088. This result is approximately the same as a result that has been determined
experimentally in a recent study with yeast cells (49). The polysome size of almost every mRNA
was quantified, and the average ribosomal fractional coverage was determined to be 0.71 with a

standard deviation of 0.081. Our result, combined with the result from the yeast study (49),
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imply that the number of ribosomes engaged in translation may be systemically optimized

throughout cells in a way that is well conserved among living organisms.

Figure 4.1: Distribution of the fractions of mRNAs covered by ribosomes
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We also consider the translation rates of all the mRNAs. Included in Figure 4.2 is the
normalized translation rate, i.e., the translation rate of the sequence divided by the number of
codons in the sequence, for each of the genes. Unlike our observation regarding the ribosomal
fractional coverages, we observe little variation in the normalized translation rates, with values

aa aa )
between 0.03 ——— and 0.08 ————. We also observe no correlation between the

s codon s codon

normalized translation rates and the ribosomal fractional coverages. These results indicate that
protein synthesis rates may not necessarily be directly proportionate to the number of ribosomes
bound to the mRNAs, and suggest that the common assumptions that translation rates and
ribosomes bound to the mRNAs are directly proportional and that the elongation rates are the

same for all codons (49) can lead to erroneous conclusions.
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Figure 4.2: Distribution of normalized translation rates
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To elucidate the rate limiting effects of individual codons on translation, we examined the

control coefficient with respect to the elongation step, C,,, , occurring at each codon along the
En,r

length of every mRNA. For each mRNA we observe that all of the control over translation rate is

dominated by a segment of rate limiting codons (Figure 4.3A), such that:

K mr

C. = Z c’, =1 4.2)

seg

where n.* is the position of the 5’ end of the rate limiting codon segment and n,*® is the

position of the 3* end of the rate limiting codon segment, and this result has also been observed
in Chapter 3. The positions of the rate limiting codon segments correlate positively with the
fraction of mRNAs covered by ribosomes (Figure 4.3A), which is expected because the closer to
the 3’ end of the mRNA the rate limiting codon segment is positioned, the more translating
ribosomes can be accommodated on the mRNA, and hence the higher the corresponding
ribosomal fractional coverage is. The rate limiting codon segments can occur at all sequence

positions, with no bias observed with respect to the normalized positions of the centers of the
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rate limiting codon segments (Figure 4.3B). It is also important to note that most of the rate

limiting codon segments are between 40 and 60 codons long (Figure 4.3C), so the rate limiting
codon segments that appear to cover entire mRNAs in Figure 4.3A correspond to short mRNAs

with lengths approximately equal to the length of a typical rate limiting codon segment.
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Figure 4.3: (A) Relationship between fractions of mRNAs covered by ribosomes and
normalized positions of rate limiting codon segments (B) Distribution of normalized positions of
rate limiting codon segment centers (C) Distribution of rate limiting codon segment lengths
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4.2.2 Systemic relationships between relative translational efficiency and sequence

properties

In these studies we consider effects of silent mutations, i.e., mutations in the sequence of
nucleotides that cause changes in synonymous codons without causing changes in the
corresponding amino acids, on all of the genes in the E. coli genome. We apply our mathematical
model to the mutated genes, and utilize the protein synthesis properties of the mutated sequences
obtained from our model to determine their corresponding relative translational efficiencies.
Since our studies are performed under steady state conditions, it holds that the initiation rate, the
elongation rate of all the codons, and the termination rates are equal to each other:

V,, =V, =V, nellLN, 1] (4.3)
Taking the termination rate, V., to be the steady state protein synthesis rate, we define Vr to be

the protein yield per ribosome of gene r, such that:

A V
T,r (44)

=W,
2 Sinr
n=1

r

We simulate silent mutations for all the genes by replacing the codon at each position along the
length of the mRNA with the most abundant synonymous codon. If the most abundant
synonymous codon already occupies a given position we do not make a replacement. Applying
our mathematical model to the mutated sequences to obtain the steady state translation rates and

ribosome distributions, it follows from equations (4.3) and (4.4) that the protein yield per

ribosome of gene r, V_, is expressed as:

S V;r
Vi=__5Lr 4.5)

r N,-1
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where the superscript * denotes protein synthesis properties determined from the mutated

sequences. Dividing the protein synthesis rate per ribosome for the original gene by that for the

mutated gene, we obtain the relative translational efficiency of gene r:

v
= 4.6
7 (4.6)

n, =

Relative translational efficiency and ribosome economics
We observe a broad distribution of relative translational efficiencies, varying from 0.50 to
1.58, with 600 genes having relative translational efficiencies greater than one (Figure 4.4). We

also investigated ribosome utilization by introducing the ribosome density ratio, p, :

p, =L 4.7)

P,

where p, is the fraction of mRNA r covered by ribosomes determined after making the silent

mutations. The ribosome density ratio varies inversely with relative translational efficiency
(Figure 4.5). Hence, the greater the relative translational efficiency, the better the balance
between high protein synthesis rate and economical ribosome utilization is. This result is
consistent with the positioning of the centers of the rate limiting codon segments in the most and
least efficient genes (Figure 4.6). The positioning of the rate limiting codon segment centers is
strongly biased near the 5’ end of the mRNA in the most efficient genes (Figure 4.6A), and
strongly biased near the 3’ end of the mRNA in the least efficient genes (Figure 4.6B).
Consequently, because the positions of the rate limiting codons correlate positively with
ribosomal fractional coverages (Figure 4.3A), efficient genes achieve higher translation rates at
lower polysome sizes than inefficient genes. Given that a common hypothesis for synonymous

codon usage is that codon choice is to maximize translation rate (43, 46, 47), these results
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suggest that codon usage is to optimize other or additional objectives such as economical

ribosome utilization. Additionally, by calculating the average relative translational efficiencies of
genes belonging to gene function categories as defined by the NCBI (48) (Table 4.1), we do not
find any noticeable differences in relative translational efficiency with respect to gene function.
This result implies that if codon choice is to optimize either translation rate, economical

ribosome usage, or other objectives, then it is not done at the level of gene function.

Figure 4.4: Distribution of relative translational efficiencies
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Figure 4.6: (A) Distribution of normalized positions of rate limiting codon segment centers for
the 600 most efficient sequences (B) Distribution of normalized positions of rate limiting codon

segment centers for the 600 least efficient sequences
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Table 4.1: Relative translational efficiencies of various gene function categories

Gene function category Number of genes | Average relative | Standard
translational deviation
efficiency

RNA processing and modification 2 0.89 0.026

Energy production and conversion 302 0.89 0.14

Cell cycle control, cell division, 45 0.91 0.11

chromosome partitioning

Amino acid transport and metabolism 454 0.87 0.13

Nucleotide transport and metabolism 94 0.89 0.13

Carbohydrate transport and 417 0.88 0.13

metabolism

Coenzyme transport and metabolism 153 0.86 0.12

Lipid transport and metabolism 107 0.86 0.12

Translation, ribosome structure and 187 0.92 0.13

biogenesis

Transcription 337 0.87 0.12

Replication, recombination and repair 234 0.86 0.14

Cell wall/membrane/envelope 244 0.89 0.14

biogenesis

Cell motility 110 0.87 0.12

Posttranslational modification, 147 0.90 0.14

protein turnover, chaperones

Inorganic  ion  transport  and 302 0.87 0.13

metabolism

Secondary metabolites biosynthesis, 80 0.86 0.14

transport and catabolism

General function prediction only 538 0.87 0.13

Function unknown 318 0.87 0.11

Signal transduction mechanisms 193 0.88 0.13

Intracellular trafficking, secretion, 130 0.88 0.14

and vesicular transport

Defense mechanisms 51 0.87 0.13

“Gene function categories are as defined by the NCBI (48)
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Codon usage bias and relative translational efficiency

In order to understand the differences in the positioning of the rate limiting codon
segment centers with respect to relative translational efficiency, we investigated variations in the
codon usage bias of different regions of the mRNAs. We define the initiation region of the
mRNA to be the first 30 codons after the start codon near the 5’ end, and the termination region
of the mRNA to be the last 30 codons before the stop codon near the 3’ end. We quantify codon

usage bias in the initiation and termination regions of all the E. coli genes by introducing the

factors F ;’" and F;, respectively, for each codon species j, such that:

ini f'ini
Fi" = log[—fm’mm (4.8)
J
where £ is the combined frequency of codon species j in the initiation regions of all of the

J

mRNAs and f"*" is the combined frequency of codon species j in all of the mRNAs

excluding the initiation regions, and:

ter ffer
Fj = log[ff'anjVA¢ter (49)

J

ter

where f;“ is the combined frequency of codon species j in the termination regions of all of the
mRNAs and [ is the combined frequency of codon species j in all of the mRNAs
excluding the termination regions. We repeat the calculation in equation (4.8) to obtain F f”i'+
and F ;"i’", which are the codon usage biases in the initiation regions of the 600 most and least

efficient genes, respectively, and we repeat the calculations in equation (4.9) to obtain F j"’” and

F j’”’*, which are the codon usage biases in the termination regions of the 600 most and least



efficient genes, respectively. Initiation region codon biases are included in Table 4.2 and

termination region codon biases are included in Table 4.3.

Table 4.2: Codon biases in the initiation re

gions of all the genes

Amino | Codon Fi pi+ | g1 Amino | Codon pini | pinis | pinic
acid species j ! ! ! acid species j ! ! !
Ala GCU 0.20 | 0.17 | 0.24 | Leu Cuu 0.46 | 0.64 | 0.37
GCC -0.01 | 0.54 | -0.49 CcucC 0.18 | 0.36 | 0.09
GCA 0.15 | 0.29 | 0.05 CUA 0.37 | 0.82 | -0.06
GCG -0.26 [ -0.35|-0.26 CUG -0.18 | -0.22 | -0.19
Arg CGU -0.13 [ -0.20 | -0.11 | Lys AAA 0.14 | 0.16 | 0.12
CGC -0.11 | -0.15 | -0.09 AAG 0.32 | 0.36 | 0.36
CGA 0.39 | 0.30 | 0.40 | Met AUG -0.04 | -0.06 | 0.06
CGG 0.07 | 0.38 | -0.17 | Phe uuu 0.28 | 0.33 [ 0.36
AGA 0.97 | 1.45 ] 0.81 UuucC -0.121-0.27 | 0.19
AGG 1.04 | 1.62 | 0.82 | Pro CCU 0.32 | 0.23 | 0.32
Asn AAU 0.15 | 0.31 | 0.19 CCC 0.39 | 0.52 | 0.30
AAC -0.17 1 -0.30 | -0.15 CCA -0.01 | 0.19 | 0.02
Asp GAU -0.21 | -0.23 | -0.17 CCG -0.47 | -0.53 ] -0.38
GAC -0.27 1 -0.33 [ -0.20 AGU 0.27 | 0.15 | 0.38
Cys uGU 0.27 | 0.44 | 0.15 AGC -0.01 | 0.00 | 0.04
UGC 0.07 ] 0.05 | 0.01 [ Ser ucu 0.33 1 0.27 | 045
Gln CAA 0.18 | 0.38 | 0.15 uUCC 0.10 | 0.10 | 0.09
CAG -0.18 [-0.32 | -0.16 UCA 043 | 0.34 [ 0.46
Glu GAA -0.18 | -0.22 | -0.26 UCG -0.06 | -0.17 | -0.07
GAG -0.22 [ -0.24 | -0.35 | Thr ACU 0.27 | 0.21 | 0.38
Gly GGU -0.28 [ -0.33 [ -0.21 ACC -0.08 | -0.17 | 0.02
GGC -0.31 | -0.40 | -0.29 ACA 0.60 | 0.67 | 0.65
GGA 0.23 | 0.38 | 0.14 ACG -0.02 | -0.14 | 0.04
GGG -0.14 1 -0.06 [ -0.25 | Trp UGG -0.07 | -0.15] 0.04
His CAU 0.02 | 0.03 | 0.00 | Tyr UAU -0.12 | -0.28 | -0.13
CAC 0.00 |-0.08 ] 0.21 UAC -0.24 | -0.65 | -0.22
Ile AUU 0.12 | 0.11 | 0.08 | Val GUU 0.11 [ -0.07 | 0.18
AUC -0.02 [ -0.08 | 0.13 GUC 0.03 | 0.15 | 0.09
AUA 0.82 [ 0.94 | 0.76 GUA 0.14 |1 0.20 | 0.10
Leu UUA 0.52 | 0.90 | 0.28 GUG -0.37 | -0.44 | -0.42
UuG 0.14 | 0.16 | 0.11
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Table 4.3: Codon biases in the termination regions of all the genes

Amino | Codon Frer Frt| pre—| Amino | Codon Frer | Freet | Fler
acid species j ! ! ! acid species j ! : :
Ala GCU 0.03 | 0.11 | -0.05 | Leu cuu 0.00 | -0.18 | 0.14
GCC -0.13 | -0.47 | 0.16 CcucC -0.17 | -0.31 | -0.02
GCA 0.11 | 0.13 | 0.09 CUA 0.02 |-0.13 | 0.24
GCG -0.06 | -0.03 | -0.07 CUG -0.12 1 -0.12 | -0.16
Arg CGU 0.09 | 0.09 | 0.14 | Lys AAA 0.21 | 0.16 | 0.20
CGC 0.04 | 0.04 | -0.08 AAG 0.50 | 0.50 | 0.31
CGA 042 | 0.41 | 0.47 | Met AUG -0.10 | 0.03 | -0.12
CGG 0.37 | 0.16 | 0.68 | Phe Uuuu -0.09 | -0.03 | -0.05
AGA 0.84 | 0.71 | 1.01 UuucC -0.07 | -0.04 | -0.13
AGG 0.85 | 0.32 | 1.06 | Pro CCU 0.01 | 0.02 [-0.17
Asn AAU 0.04 | 0.04 | 0.05 cCccC -0.04 | 0.09 | -0.11
AAC -0.13 | -0.08 [ -0.04 CCA 0.01 | -0.06 | 0.14
Asp GAU -0.03 | -0.07 | -0.08 CCG -0.14 | -0.05 | -0.21
GAC -0.03 | -0.10 | -0.07 AGU 0.02 | 0.05 | 0.10
Cys UGU 0.09 | 0.18 | 0.18 AGC -0.04 1 0.09 | -0.12
UGC 0.02 [-0.11] 0.19 | Ser ucu -0.09 | -0.10 | -0.09
Gln CAA 0.17 | 0.07 | 0.22 uccC -0.26 | -0.15 | -0.21
CAG 0.05 | 0.17 | -0.01 UCA 0.11 | 0.06 | 0.14
Glu GAA 0.10 | 0.08 | 0.04 UCG -0.14 1 -0.20 | -0.16
GAG 0.23 | 0.20 | 0.16 | Thr ACU -0.02 | 0.04 | -0.15
Gly GGU -0.19 | -0.20 | -0.24 ACC -0.23 | -0.21 | -0.28
GGC -0.26 | -0.19 | -0.27 ACA 0.14 | 0.16 | 0.06
GGA 0.17 | 0.13 | 0.18 ACG 0.01 | 0.16 | -0.01
GGG 0.02 | 0.19 | -0.18 | Trp UGG 0.03 | 0.07 | 0.06
His CAU 0.08 | 0.18 | -0.01 | Tyr UAU 0.08 | 0.05 | 0.13
CAC 0.01 | 0.04 | 0.07 UAC -0.06 | -0.01 | -0.16
Ile AUU -0.05 | -0.08 [ -0.05 | Val GUU -0.01 | 0.06 | 0.00
AUC -0.14 | -0.11 | -0.19 GUC -0.08 | -0.15 | -0.06
AUA 0.31 | 0.32 ] 0.48 GUA 0.05 | -0.04 | 0.02
Leu UUA 0.10 {-0.07 | 0.27 GUG -0.03 | -0.04 | -0.10
UUG 0.09 | 0.15 ] 0.08
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We observe that all the genes have an overrepresentation of the minor Arg AGA and

AGG codons in the initiation regions. An overrepresentation of AGA and AGG codons has been

observed in the initiation regions of E. coli genes in previous work (37), and insertion and

removal of AGA and AGG codons in the initiation regions of mRNAs have pronounced effects
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on their translation (37, 50). The initiation region bias is highest for the most efficient genes

and lowest for the least efficient genes. We also observe that all the genes have an
overrepresentation of AGA and AGG in the termination regions of the genes. The termination
region bias is highest for the least efficient genes and lowest for the most efficient genes. The
codons AGA and AGG are the least used codons in E. coli, are recognized by some of the least
abundant tRNAs (34, 35), and have pronounced effects on the translation rates of genes (37, 50).
These results imply that AGA and AGG codons play a role in the relative translational
efficiencies of sequences. Because the positioning of the rate limiting codon segment centers is
strongly biased near the 5° end of the mRNA in the most efficient genes (Figure 4.6A), and
strongly biased near the 3’ end of the mRNA in the least efficient genes (Figure 4.6B), these
results also imply that AGA and AGG codons may also play a role in the way ribosomes are
allocated for translation of mRNAs throughout cells.
4.3 Discussion

In this work we apply our detailed, mechanistic framework of protein translation
summarized in Chapter 3 to all of the genes in the E. coli genome. We determined large variation
in the fractions of the mRNAs covered by translating ribosomes (Figure 4.1) and small variation
in the normalized translation rates (Figure 4.2) of all the genes. These results, together with our
observation that ribosomal fractional coverage and normalized translation rate do not correlate,
suggest that the overall translation rates of mRNAs are not necessarily proportionate to the
number of bound ribosomes and that the varying rate limiting effects of different codons may
play a role in the protein synthesis properties of mRNAs. By performing a sensitivity analysis,
we determine the codons that are rate limiting to protein synthesis for all the genes. We observe

that the positions of the rate limiting codons correlate positively with the ribosomal fractional
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coverages (Figure 4.3A) and that there is no bias with respect to the positioning of the rate

limiting codons in the genes (Figure 4.3B). We simulate silent mutations to determine the
relative translational efficiencies of the genes (Figure 4.4), and determine that efficient genes use
ribosomes the most economically (Figure 4.5). We also find that efficient genes have their rate
limiting codons near the 5 ends of the sequences (Figure 4.6A) and an overrepresentation of the
minor AGA and AGG codons near the 5’ ends (Table 4.2), while inefficient genes have their rate
limiting codons near the 3’ ends of the sequences (Figure 4.6B) and an overrepresentation of
AGA and AGG near the 3’ end (Table 4.3).

The results from this study present an important implication in the usage of minor codons
for the optimized, systemic allocation of ribosomes in the translation of mRNAs throughout the
cell. Due to the positioning of the rate limiting codons near the 5’ ends of the mRNAs in efficient
genes and near the 3’ ends of the mRNAs in inefficient genes, efficient genes achieve high
translation rates at low polysome sizes, and inefficient genes achieve low translation rates at high
polysome sizes. The overrepresentation of AGA and AGG, which are the least used codons in E.
coli and have pronounced effects on the translation rates of genes (37, 50), in the rate limiting
regions of the efficient and inefficient genes suggest that AGA and AGG play an important role
in the relationship between the relative translational efficiency and ribosome utilization on
mRNAs. Moreover, our finding that the average ribosomal fractional coverage is 0.72, with a
standard deviation of 0.088, is approximately the same as the average ribosomal fractional
coverage of (.71 and standard deviation of 0.081 that have been determined experimentally in a
recent study with yeast cells (49). These results imply that minor codons may play a role in the
systemic optimization of the number of ribosomes engaged in translation throughout cells in a

way that may be well conserved among living organisms. Given that the translation mechanism
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is well conserved among living organisms and that it is energetically expensive, with 80 % of

the cell’s energy devoted to it (13), these results also indicate that ribosomes may be allocated
for translation in a way that is most energetically and thermodynamically favorable for the cell.

It is important to emphasize that we make no assumptions a priori about the translation
properties of individual codons. In previous modeling studies of translation (44, 51-53), a
common assumption is that the translation rate of each codon depends on a single rate constant
that is the same for all codons on the mRNA and is directly proportionate to the tRNA
concentration recognizing the codon. In our mechanistic framework we account for all the
elementary translation steps that occur at every codon along the length of the mRNA, so the
protein synthesis properties we observe for the genes in this study are emergent from all the
intermediate steps, along with the concentrations of all the translational components, working
together in concert. However, it is important to point out that the tRNA concentrations applied to
our mechanistic framework in this study were determined experimentally (36) under optimal
cellular growth conditions and at high growth rate, and we have not considered effects of
variations in ternary complex concentrations on the protein synthesis properties of genes. A
finding in a recent modeling study (54) is that the charged levels of tRNA isoacceptors, i.e.,
different tRNA species that carry the same amino acid, differ when E. coli cells are starved of
that amino acid, causing changes in the translation rates of the codons the isoacceptors recognize
under amino acid starvation conditions. A finding from an experimental study (37) is that the
minor AGA and AGG codons have no negative effects on gene expression in exponentially
growing cells, but begin to negatively affect gene expression once cell growth passes mid-log
phase. To explain these observations the authors of this study (37) propose the AGA/AGG

modulator hypothesis, where the transcriptional control of tRNA recognizing AGA and AGG
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becomes tighter after cell growth passes mid-log phase, making its concentration limited.

Hence, given that ternary complex concentrations change with growth condition (54) and cell
cycle phase (37), and these changes affect translation rates, the relative translational efficiencies
of genes determined in this study and the way resources are systemically allocated throughout
the cell for translation can potentially also vary with growth condition and cell cycle phase.
4.4 Conclusions

In this chapter we applied the expanded mechanistic framework and sensitivity analysis
from Chapter 3 to investigate the protein synthesis properties of all the genes in the E. coli
genome. We determined the following:

) There is large variation in the fractions of the mRNAs covered by translating
ribosomes, but small variation in the normalized translation rates of all the
genes.

(ii) The positions of the rate limiting codons correlate positively with the
ribosomal fractional coverages, and there is no bias with respect to the
positioning of the rate limiting codons when all of the genes are considered.

(iii) The greater the relative translational efficiency of a gene, the better its balance
between high protein synthesis rate and economical ribosome utilization is.

@iv) Efficient genes have their rate limiting codons near the 5’ ends of the
sequences and an overrepresentation of the minor AGA and AGG codons near
the 5° ends, while inefficient genes have their rate limiting codons near the 3’
ends of the sequences and an overrepresentation of AGA and AGG near the 3’

end.
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Chapter 5: Conclusions

5.1 Novel hypotheses emerging from this thesis research

In this thesis we present a deterministic, sequence specific mechanistic framework for

protein synthesis that accounts for all of its elementary steps and perform a sensitivity analysis in

order to investigate the steady state protein synthesis properties of mRNAs. The three

overarching, novel hypotheses that emerge from this work are as follows:

®

(i)

(ii1)

The translation rate at a given polysome size depends on the complex interplay
between ribosomal occupancy of elongation cycle intermediate states and ribosome
distributions with respect to codon position along the length of the mRNA, and this
interplay leads to polysome self-organization that drives translation rate to maximum
levels (Chapter 2).

Due to the complex interplay between the level of ribosomal crowding on the mRNA
and the level of ternary complex competition for the ribosomal A site at each codon,
the relative position of codons along the mRNA determines the optimal protein
synthesis rate, and the translation rates of mRNAs are controlled by segments of rate
limiting codons that are sequence specific (Chapter 3).

Less abundant, or minor, codons play a role in optimizing translation rate, and the
usage of minor codons is important to the optimized, systemic allocation of

ribosomes in the translation of mRNAs throughout the cell (Chapter 4).

While some of the conclusions drawn from our studies might be as expected to those

experienced with protein synthesis, the computational framework presented in this thesis

provides a quantitative verification and allows the formulation of hypotheses for the origins of

the observed phenomena that mental simulations alone cannot offer. Throughout this work we
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incorporated information about discreet intermediate steps in our framework to make

quantitative predictions about the translation mechanism. These mathematical models allow us to
consider each part of the complex biological process and to develop a more complete
understanding of translation at the systems level.
5.2 Collaborative research efforts

Our collaborators in the Uhlenbeck group have studied the structure and function of
tRNA for many years. In ongoing research Kevin Keegan, who is a graduate student jointly
advised by Olke Uhlenbeck and Vassily Hatzimanikatis, is developing an in vitro translation
system of short peptide sequences in order to test major computational results discussed in this
thesis experimentally.
5.3 Recommendations for future work
5.3.1 Effects of mRNA competition for common translational resources in cells

Throughout this thesis we assume that the total concentrations of ribosomes, ternary
complexes, and Ef-G:GTP free to participate in translation are constant. To further investigate
allocation of cellular resources and the translational output of genes, our mechanistic framework
can be expanded to account for the simultaneous translation of multiple mRNA species. Previous
experimental studies on the relative changes in mRNA and protein levels in response to an
environmental and/or genetic perturbation (55, 56) have shown a nonlinear, not one-to-one,
relation between mRNA and protein expression. Also, previous computational studies suggest
that this nonlinear relation is due to system-wide competition for ribosomes and tRNAs (6, 7).
By applying our mechanistic framework to the simultaneous translation of multiple mRNA
species, we will be able to understand how the coupling between ribosomal states due to shared

translational components relates to system-wide properties.
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5.3.2 Stochastic studies

The work in this thesis is based on deterministic models. However, translation networks
are composed of small numbers of macromolecules, making randomness of molecular
encounters and fluctuations in macromolecule levels important factors in protein synthesis (57).
Reconciling randomness requires stochastic simulations, and our deterministic mechanistic
framework can be adapted to stochastic modeling frameworks. Previous studies demonstrate that
proteins are produced in random and sharp bursts and that phenotypic noise is essentially
determined at the translational level (58, 59). Hence, with our mechanistic framework modeled
in terms of stochastic simulations the effects of every elongation step on stochastic fluctuations
in protein levels can be investigated. Such studies will provide insight on control the elongation
cycles occurring at different codons have over phenotypic noise at the level of translation. It has
also been hypothesized that noise is an evolvable trait that can be optimized to balance fidelity
and diversity in gene expression (60). The expansion of the mechanistic framework presented in
this thesis to stochastic models will allow for the study of correlations between codon usage and
phenotypic noise levels in translation.

5.3.3 Application of the mechanistic framework for protein synthesis to other organisms

The mechanistic framework for protein synthesis presented in this thesis was applied to
the translation of E. coli mRNAs. Because protein synthesis is well conserved among organisms,
our mechanistic model can be readily applied to the translation of mRNAs in other species. The
rapid sequencing of genomes of many organisms, along with current high throughput
technologies revealing cellular usage of the translational machinery, provide a wealth of
information that must be integrated at the systems level to fully characterize genome scale

translation networks. The mathematical model of protein synthesis presented in this thesis will
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provide a framework to integrate this information and help us understand how individual

mechanistic steps and translational machinery allocation contribute to emergent systems
properties of many organisms. Such studies will allow us to understand how species compare
systemically at the level of translation, providing insight on the evolution of sequences at the

level of translation from a systems perspective.
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APPENDIX

APPENDIX A: The MG-HR model of the translation mechanism

In this model, the dynamics of protein synthesis from the mRNA of species r with length

N, codons described by (N, +1) differential equations of the form:

d(Mr n.r)_ _ —
T_Vl'r Vn,r n=1 (Al)
d(j‘i;txn’r) = Vn—l r Vn,r n= [2’ Nr] (Az)

where M x,, is the concentration of codons occupied by the front of the ribosome, x,, is the
probability of each codon n on mRNA r being occupied by the front of the ribosome, and V,_, ,

and V,  are the rates of ribosome movement from codon n-1 to n and from n to n+l,

respectively. The initiation rate is described as follows:
Vl,r = kl,rR(f)WI,er (A3)

L
where W, | is the probability that the initiation site is free (W,’, =1- Z)c,”] . The free ribosome

n=1

concentration (R(f ))is a function of the total ribosome and mRNA species concentrations, along
N, +1

with the occupation probabilities of each codon on every mRNA (R(')—ZM , an,,j. The
r n=1

rates of movement of the ribosomes are described by the following equations:

(A4)

n,r

v kpx, W, .M, 1<n<N,-L+1
| kex, M, N, —~L+2<n<N,

where k, is the elongation constant and W ., denotes the conditional probability that codon

+1,r
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n+1 is free given that codon n is  occupied, formulated  as

L L-1
W, = {(1 - mewrj/(l - Z)cmyrj} . The rate of termination is expressed as:
n=1 n=1

VT,r = kT,r'xN,Jrl,er (A5)
where k. is the termination rate constant.

The main difference between our model and the MG-HR model is that our model
accounts for all intermediate steps of the elongation cycle, while the MG-HR model treats the
elongation cycle as a single step that is dependent on a single elongation rate constant (k E) that
is the same for all codons. In our model we use the position of the ribosomal P site on the mRNA

as the reference position of the ribosome, while the MG-HR model uses the position of the front

of the ribosome on the mRNA as the reference position of the ribosome.
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APPENDIX B: Sensitivity analysis

Sensitivities are quantified using the concentration control coefficients, €', and flux
control coefficients, C, which are defined as fractional concentration and flux changes,

respectively, with respect to fractional input parameter changes (25). In this model input
parameters include total ribosome, ternary complexes, Ef-G complexes, and mRNA
concentrations, along with reaction rate constants. Steady state mass balances can be expressed

with the following equation:
NRv(xi’xd(xi’pt)’pr):() (B1)
where N, is the stoichiometric matrix consisting only of rows corresponding to independent

species, x; is the vector of independent species concentrations (S (@) s ! ), and x, is the vector

jonr?
of dependent species concentrations (R(f ),Tk(f),G(f),C,S"fr)). The vector of fluxes is represented
by v, the vector of total species concentrations (R(’),Tk('),G('),M r) is represented by p,, and the
vector of reaction rate constants (kl,kfl,kz,kfz,k3,k4,k5,k6,k7,k77,k8,k9,k1,r,k”) is
represented by p,.. Using the established (log)linear model formalism (28, 61, 62), we can
linearize the system around the steady state and derive expressions for the control coefficients:
C: =—(NLVE, + N,VE,Q,) ' [NVE,Q,:N VII] (B2)
C=(E,+E,Q,)C: +[E,Q, 1] (B3)
where p is the generalized parameter set (p = [pt :D, ]), V is the diagonal matrix whose elements
are the steady state fluxes; E; and E, are the matrices of elasticities with respect to independent

and dependent species, respectively, defined as the local sensitivities of fluxes to species

concentrations; @, is the matrix that quantifies the relative abundance of dependent species with
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respect to the abundance of the independent ones, and a second matrix; Q,, is the matrix that

quantifies the relative abundance of the dependent species with respect to the levels of their
corresponding total moieties; IT is the matrix of elasticities with respect to reaction rate
constants, defined as the local sensitivities of fluxes to these values. Similar to the Summation
Theorem (25), we can show that the sum of the control coefficients with respect to the reaction

rate constants is equal to one:
C, +C, +C; =1 (B4)
A detailed derivation of the Summation Theorem is included in section 5.3.1 of (63). The control

coefficient €, in the MG-HR formulation is equal to the fractional change in flux with respect

to the fractional change in the elongation reaction rate constant, k,, of every codon, while Ck”E

in our formulation is equal to the sum of the flux control coefficients with respect to the
elongation cycle intermediate step reaction rate constants, expressed as:

Gy

E

C,jl + C/:,, + C,jz + C,ffz + C,j} + C,; + C,js + C,fﬁ + C,; + C,jq + C,jg + C,jg (BS)
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APPENDIX C: Ribosome, ternary complex, Ef-G:GTP, and mRNA abundances

The total mRNA concentration in E. coli is roughly 6.64 M (32), and there are 4,237
known protein coding regions in the E. coli genome (48). Hence, we estimate the concentration,
M, , of a given mRNA species r by assuming equal mRNA levels for all genes, dividing the total
mRNA concentration by the number of genes, and obtaining a concentration of 0.0016 /M . The
total concentration of ribosomes in E. coli is roughly 30 uM (32) and 80 % of the ribosomes are
engaged in translation throughout the cell (64). Therefore, the total ribosome concentration
engaged in translation is estimated to be 24 uM , and the total ribosome concentration free to
participate in translation (R(’)) is 6 uM (G (’)) is also present in a one-to-one ratio with ribosomes

(13), and therefore the total Ef-G concentration is assumed to be 30 M . Because Ef-G is bound

to the ribosome only at states 8 and 9 (S ®) g0 ), we assume that the cellular concentration of

ijon,roijnr
ribosomes occupying these states combined is negligibly small. Results of the computational
studies confirm that this assumption is reasonable. Therefore, we assume the total Ef-G:GT(D)P
concentration free to participate in translation (G(f )) to be the total Ef-G concentration (G (’)).
The total concentration of tRNA in E. coli is roughly 332uM (32). Relative
concentrations of different tRNA species taken from (36), along with the total tRNA
concentration, are used to estimate the concentration of each tRNA species. To determine total
concentrations of free tRNAs available for ribosomal A site binding (Tk(t)), tRNA concentrations
participating in elongation cycles throughout the cell must be accounted for and subtracted from
total tRNA concentrations. In order to estimate cellular concentrations of tRNAs sequestered in
ribosomal A and P sites, we approximate concentrations of ribosomes participating in translation

with A and P sites occupying different codon species pairs by multiplying the estimated cellular
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concentration of ribosomes participating in translation (24 pM ) by the fractional codon pair

frequencies in the protein coding regions of the E. coli genome from (65). We determine the
maximum tRNA concentration to be 23.13 ¢/M , the minimum tRNA concentration to be
0.37 uM , and the average tRNA concentration to be 6.31uM . The free tRNA concentrations

determined are equal to the total ternary complex concentrations because we assume all free

tRNAs are in the form of ternary complexes (Assumption 3).
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APPENDIX D: Mechanistic framework assumptions

We have applied the following assumption in our current mechanistic formulation:

All ternary complex species can bind to the ribosomal A site during the codon independent
binding intermediate step of the elongation cycle, regardless of the codon species present in
the ribosomal A site.

Introducing the ternary complex subscript k to the fluxes and state corresponding to nonspecific

binding yields: V) vE) and s©®)

it Vignr winr» and denotes the nonspecific binding between each
ternary complex species k and A site codon species j. Detailed descriptions of ribosomal states

and fluxes can be found in Chapter 2. The equations describing the dynamics of the transitions of

state 1, the state existing prior to ternary complex binding, are as follows:

dsW

—r v, +Z(k,,m—Vk,,nr) n=1 (D1)
Sz(llr
C;l _‘/zjnlr+2( ktjnr_ ktjnr) ’ne[z’Nr_l] (Dz)

We assume that the ternary complexes that do not recognize the A site codon cannot proceed
past the nonspecific binding intermediate step of the elongation cycle, while ternary complexes
recognizing the A site codon can continue on to the remaining steps of the elongation cycle.

These assumptions yield the following expressions for the dynamics of the transitions of state 2:

ds®
kdljnr _Vk(;il)nr_vk(liznr ’ne[l’Nr_l]’kij (D3)
ds®?
kd”n' _Vk(t/)nr +‘/t/(nr) ‘/lj(zn)r _Vk(;jlzﬂ" »RE [I’Nr _1] ’ k :J (D4)
’ n, Sij,n,

The expressions describing the dynamics of the transitions between the remaining elongation

cycle intermediate states are the same as those described in Chapter 2. Equations (D1) — (D4),
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together with the expressions for the remaining intermediate states, are used to derive the

expression for the effective elongation rate constant accounting for ternary complex competitive
binding (equation 3.5) in the same manner the original effective elongation rate constant

(equation 2.28) was derived in Chapter 2.
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APPENDIX E: Michaelis — Menten reaction rate expression derivation

In the absence of ternary complex competitive binding we consider the following reaction

scheme for the elongation cycle occurring at a given codon:

G(f)
k] kz k3 k4 k5 k6 + k7 kg kg
T( ) 4+ S() S( ) — S,SS,)”_> Sé‘f)l’r—b 51552”—» Si( ) —» SIS ’1 e S( ) Su ) (ED)
k-; k-7

The states S\, —S")

ij,n+l,r

represent the intermediate elongation cycle ribosomal states that are

described in detail in Chapter 2. The first state, S, ) represents the ribosomal state that exists

ij,n,r?

prior to ternary complex binding with the A site empty, and the remaining states have the A site

(M)

occupied by the ternary complex. We allow S to be the grouped ribosomal state including all

the intermediate elongation cycle states having the ternary complex bound to the ribosomal A
site, where:

S =52 188 45l 458 180 450 158 45 (E2)

ij,n,r i,n,r ij,n,r ij,n,r ij,n,r ij,n,r ij,n,r ij,n+l,r

By introducing the grouped state, S™) the reaction scheme in equation (E1) simplifies to:

ij,n,r?

k; ks
70450 > 50— (E3)
k-1

Since our studies are performed at steady state, we obtain the expression for k,, as we obtained

the expression for the effective elongation rate constant in Chapter 2, yielding:

1
ky = (E4)
UM(OCZ +a,+a, o +o, +a, +a9)+a8

In this work k,, is evaluated with U, =1.

The equation describing the dynamics of the transitions between states is as follows:
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s .
jonr le(j )S (1) k_lS(l) _ kMs(M) (ES)

dt J gonr ij.nr ij.nr

Following from the pseudo steady state approximation, the concentrations of the intermediates
are assumed to reach steady state much faster than those of the product and substrate. Hence, we

set the time derivative in the above equation equal to zero and rearrange it to obtain an

expression for S i%,),, yielding:
ks
Séﬂ’i )r —_17J ij.n.r (E6)
"k k)
. k, +k, . .
By allowing K,, = B (equation 3.19) the above equation becomes:
1
T
SIEAZ)r — J y.n,r (E7)
ofbsy KM

The total concentration of translating ribosomes is equal to the sum of the concentration of

ribosomes with the A site empty, S )

ij,n,r?

and the concentration of ribosomes with a ternary

(M)

complex bound to the A site, S . We assume that the concentration of translating ribosomes

with codon species j in the A site, R;, is equal to the concentration of ribosomes participating in
translation in an E. coli cell (estimated to be 24 M in APPENDIX C) multiplied by the
frequency of codon species j in the E. coli genome. Also, we assume that R; is constant and can
be expressed as:

R, =S+ (E8)

ij,n ij,n,r

Rearranging the above equation and applying it to equation (E7) yields:
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1

(M) _
Sij,n,r - Rj ! KM (E9)
+ T(f )
J
Because the amino acid incorporation rate is equal to k,, S ;%,)r’ it can be shown that:
1
Vi j = kuR; 7 (E10)
1+
T.(f )

J
which is equivalent to equation (3.18).

Under ternary complex competitive binding conditions we consider the following reaction

scheme:
SCh s
k#j
k; k; G(f)
k] kz k3 k4 k5 k6 + k7 kg kg
T 150 & g0 7> g0) = gla) = gl5) => gl0) = (1) P gB) —F g0) —> (g
J iy,n,r iy,n,r y,n,r y,n,r y,n,r y,n,r y,n,r y,n,r lj,n+ N
+ k-] k-7
Tk(f)’
k#j

A similar derivation to the one presented above for noncompetitive binding conditions yields

equation (3.21) for competitive binding conditions.
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