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ABSTRACT

Electrodynamics of particles in bulk fluid and on an interface

Yi Hu

The focus on this thesis is on the dynamics of colloidal particles in an applied electric
field in a uniform bulk fluid and on a fluid-fluid interface. In a bulk fluid, the dynamics
of an isolated particle, one pair, and a cluster of particles under an applied nonuniform
electric field are modeled and simulated. The local and far-field electric field perturba-
tion by a spherical particle trapped at a fluid-fluid interface is also studied. The electric
potential is found by using the Mehler-Fock integral transform, which reduces the prob-
lem to a system of Fredholm integral equations. These equations are solved numerically
and asymptotically. The force on an isolated particle is identified numerically, while the
far-field interaction force between two particles is identified asymptotically. We show
that, at leading order, the interaction between perfect dielectric particles is dominated by
the induced dipoles and hence it is repulsive. For leaky dielectric particles the induced
quadrupole can become significant and the interaction force can be either attractive or
repulsive depending on material parameters. Moreover, a mathematical model to sim-

ulate the dynamics of colloidal particles on a drop interface in an applied electric field



is presented. The model accounts for the electric field driven flow within the drop and
suspending fluid, particle-particle electrostatic interaction, and the particle motion and
rotation due to the induced flow and the applied electric field. A study is presented on
the impact of particle concentration and electric field strength on the collective motions
of the particles. In the case of non-conducting particles, we find that in the presence of
Quincke rotation, the amplitude of the undulations of the observed equatorial particle
belt increases with particle concentration but decreases with electric field strength. We
also show that the wavelength of the undulations appears independent of the applied field

strength.
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CHAPTER 1

Introduction

1.1. Collective Motions of Colloidal Particles on Drop Surface

Colloidal particles are one of the most interesting topics which can be seen in var-
ious research fields like material science, biology and chemical engineering. A colloidal
suspension refers to a mixture composed by microscopically dispersed insoluble particles,
as the dispersed phase, and another substance, usually fluids, as the continuous phase.
Typical diameters of colloidal particles in previous studies range from several nanometers
to hundreds of micrometers.

Emulsions of particle-coated drops (so called Pickering emulsions [1l, 2]) are widely
used in the pharmaceutical, food, personal care and many other industries [3]. Colloi-
dosomes, which are microcapsules with shells made of colloid particles [4], are used for
drug delivery due to the great degree of control of the shell permeability [5]. Colloidal
particles get trapped at interfaces between immiscible (e.g., oil/water) fluids [6] (since the
energy to detach a particle adsorbed at an interface exceeds the thermal energy by the
thousands) and at high packing density form a shell encapsulating the drop that stabilizes
emulsions against coalescence and enables selective permeability [4, [7, 8], 9, 10]. Col-
loids at low surface coverage, however, do not form static structures, but instead assemble
dynamically [11], 12], T3], 14]. For example, a uniform electric field was found to induce

various patterns such as an equatorial belt, pole-to-pole chains or a band of dynamic
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vortices [I1), 12]. The latter intriguing phenomenon has not been explained thus far and
motivates our study.

The presence of the interface strongly modifies the electrostatic and hydrodynamic
interactions between the particles, and introduces new interactions such as the classic
capillary attraction (Cheerios effect)[15]. The latter arises from local deformation of
the interface (e.g., if the particle has weight) [16, 17, 18, 19, 20]. The interfacial
distortions increase the interfacial area and thus raise the interfacial free energy; one way
of minimizing this effect is to bring the particles together so that their menisci overlap.
The electrostatic interaction between charged particles in the absence of electric field
[21] or in the presence of electric field [22], 23] can significantly differ from the particle

interactions in a homogeneous medium.

1.2. Liquid Drop Electrohydrodynamics: Leaky-dielectric Model

To understand the motion of trapped colloidal particles along a drop interface, we first
must consider the Electrohydrodynamics(EHD) behavior of a clean liquid drop. EHD
usually refers to the motion of a fluid media induced by an applied electric field, which
is of interest in a wide variety of scientific and engineering applications. An early record
of an electrohydrodynamic experiment is the observation of forming a conical shape upon
bringing a charged rod above a sessile drop [24]. Unlike the perfect conductor or perfect
dielectric, the study on weakly conducting fluids started in the 1960s when Taylor[25]
introduced the leaky dielectric model to explain the behavior of droplets deformed by a
steady field, and Melcher used it extensively to develop electrohydrodynamics[26]. The

EHD phenomenon studied by Taylor can be seen in fig. which is taken from[26].



Figure 1.1. Circulation inside and outside of a silicon oil drop in a mixture of castor
oil and corn oil in a DC field directed vertically.

17
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The Taylor-Melcher leaky dielectric model consists of fluid motion described by the
Stokes’ equation, and the conservation of current employing an Ohmic conductivity. At
the fluid-fluid interface, the charge gradient brought by conduction produces a tangential
electric stresses, which are different from those present in perfect conductors and perfect
dielectrics, where only normal stresses are present. Free charge accumulated on the inter-
face modifies the field, while viscous drag from the flow balances the tangential Maxwell
electric stress.

The incompressible Stokes’ equation for Newtonian fluid reads,

(1.1) ~Vp+ pViu =0,

(1.2) V-u=0,

where p is the kinetic viscosity. p and u are the fluid pressure and velosity vector,
respectively.

The electric problem defined by the conservation of current J = oE in the bulk is

given by

(1.3) V-oE =0,

where ¢ is the Ohmic conductivity, E is the electric field vector (either in the particle or

fluid). Zero local free charge density is assumed.
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The fluid and electric problem coupling also happens at the interface boundary where,

(1.4) % +n-[0E]+ V- (qu) =0,

(1.5) n-[cE] = g

where ¢ is the surface charge density, € is the dielectric constants of the medium, n is the
unit normal vector to particle interface, Vs = (I — nn) - V, and [f] represents the jump
in f across the interface[27].

Taylor[25] derived a steady solution for the fluid flow about a spherical drop in a
uniform applied electric field using his leaky dielectric model(without convection). The
stream lines for his solution are illustrated in fig. which is taken from[26].

In an expansion in small capillary number, the first correction to the balance of normal
stresses at the interface can be used to predict the deformation of the surface shape.

Applications of electrohydrodynamics abound: spraying, the dispersion of one liquid
in another, coalescence, ink jet printing, boiling, augmentation of heat and mass trans-
fer, fluidized bed stabilization, pumping, and polymer dispersion are but a few. Some

applications of EHD are striking.

1.3. Particle Dielectrophoresis

Besides the EHD flow, the dielectrophoresis interactions between particles induce sus-
tainable collective motion. The spontaneous rotation of a particle in a uniform electric
field, first observed over a century ago [28] and now known as Quincke rotation, has been
subject of increasing interest in recent years. An isolated sphere [29, B0] or ellipsoid

[31], 32] displays various rotational motions including chaotic reversal of the direction of
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Figure 1.2. Fluid streamlines inside and outside of a silicon oil drop in a mixture of
castor oil and corn oil in a DC field directed vertically, assuming undeformed surface.

rotation. Even more complex dynamics is found in a collection of particles. A pair of
spheres can undergo intricate trajectories [33), [34), 35], large populations can self-organize
in dynamic patterns |36, [37, 138, (39}, 40|, [41], 42|, and a suspension can exhibit lower
effective viscosity [43), 44), 45] or increased conductivity [46] compared to the suspending
fluid.

While the Quincke rotation of an isolated particle in a uniform electric field is well
understood [30, 47, 48], the collective dynamics of many Quincke rotors is a largely
unexplored problem. Its modeling is particularly challenging because the induced dipole

of a particle is affected by the presence of other particles. Hence, the question arises
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- how is electrorotation affected by nonuniformities in the electric field (either due to
the presence of other particles, or applied by design, i.e., using complex arrangement of
electrodes)? A non-uniform field also induces dielectrophoresis [49), 50, 51], hence the
overall particle dynamics becomes a complex mix of translation and rotation.

We will also explore the dynamics of spheres in a nonuniform DC electric field. In the
case of an isolated sphere, we derive the threshold for Quincke rotation in a linear field.
In the case of a pair of spheres, we identify the evolution equations for the multipolar
moments (dipole and quadrupole) and particle positions. The model we developed can

be generalized to many particles and arbitrary non-uniform fields.

1.4. Outline of This Thesis

In this thesis, we discuss electric-induced particle motion in a homogeneous fluid and
with a fluid-fluid interface. The results provide insights concerning the collective motion
of particles.

In Chapter 2, we investigate the colloidal particles in a homogenous fluid, with elec-
trodynamics induced by a non-uniform field. Due to the complexity of the nonuniformity,
we focus on a linear electric field, which can be regarded as an approximation for many
real applications. Also, a periodic electric field is discussed.

In Chapter 3, we investigate the force on a spherical particle trapped at a fluid-fluid
interface, under either a normal or tangential uniform electric field. The electric problem
for a single particle is solved under a toroidal coordinate system. Far-field asymptotics
of the induced potential are analyzed. Electric dipping forces are evaluated for differ-

ent physical parameters and contact angles. The interaction forces between two widely
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separated identical particles are calculated. At the leading order in separation there is a
dipole-dipole interaction similar to the result in a homogeneous fluid.

In Chapter 4, the dynamics of particles on the interface of a liquid drop is discussed.
Here we generalize the results of chapter [2| and |3 to develop a mathematical model to de-
termine the collective motion and assembly of colloidal spheres trapped at a drop interface
in a uniform applied electric field. Our aim is to use this model to simulate the dynam-
ics seen in recent experiments on particle covered drops [11, [12] and to systematically
show the impact of particle concentration and field strength on the dynamics. The model
presented here accounts for the electric field driven flow within the drop and suspending
fluid, particle-particle electrostatic interaction, and the particle motion and rotation due
to the induced flow and the applied electric field. The impact of particle concentration
and electric field strength on the collective motions of the particles is investigated. We
also present simulations illustrating the effect of changing particle coverage and applied

field strength to the observed clustering phenomenon near the equator of the drop.
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CHAPTER 2

Particle Electrodynamics in A Non-uniform Electric Field

Here we build up a mathematical model based on multipole expansion and leaky
dielectric boundary conditions to investigate the electrorotation of suspended particles.
In the case of an isolated sphere, we will derive the threshold for particle rotation in a
linear field. In the case of a pair of spheres, we will identify the evolution equations for

the multipolar moments (dipole and quadrupole) and particle positions.

2.1. Problem Formulation

2.1.1. Electrostatic Field

Consider an isolated spherical particle with permittivity €, and conductivity o, suspended
in a homogeneous fluid with permittivity e; and conductivity o;. We adopt the leaky
dielectric model [26], 27], which assumes a charge-free bulk. Accordingly, the electric
potentials satisfy the Laplace equation, i.e, V2¢ = 0, with the electric field defined as
E = —V¢. If the applied electric field is E,, = —V¢,, the total electric potential can be
written as ¢ = ¢, + ¢4 and the perturbation in the electric field due to the presence of
the sphere ¢4 can be written as a multipolar expansion in r as,

r-P 1rr:Q  1lrrr[]PO
(21) (bd(r) - |I'|3 + 5 |I‘|5 5 |I“7 )

(2.2) Q—Sd(r):r-P_i_lrr:Q_i_lrrr[-]?’(’)_i_”.7 v <a,

a3 2 ad 2 a’

r[ > a,
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where P, Q and O are the dipole, quadrupole and octopole moments. a is the sphere
radius. The coordinates system is centered at the sphere. The operators -, : and [-]* are
inner product operators of vector, tensor and third order tensor respectively. Specifically,
A[PB = X1 Aiji Bij. Variables with a bar are inside the particle while variables without
a bar are outside the particle in the suspending fluid.

Hence we obtain the gradients as,

N 3r-P 1,2Q-r b5rr:Q
Vo) = o T o e T e
(2.3) | ;
1(3(’) crr 70[] rrrr) | >
2\ [t BB ’ “
- P . 30 :
(2.4) V¢d(r):—+Q P22 g <a

a? a® 2 a’
Meanwhile, the Taylor expansion of the applied electric potential at the particle center

is given by,

6a(r) =64(0) + 1 V6,(0) + srr : VV,(0)
(2.5)

o érrr[‘}?’VVV(ba(O) +-e

Then the gradient of potential is,
1
(2.6) Vou(r) = V6a(0) + VV6s(0) -1+ SVVV6,(0) sxr -

Now a leaky-dielectric boundary condition is considered. The Ohmic currents from the

bulk, J = oE, charge the interface and give rise to induced free charge ¢ = n-[¢;E —¢,E].
Here E = —V(¢, + ¢4) is evaluated on the particle side of the interface. In addition to
conduction, the induced charge is affected by convection due to the particle rotation

(2.7) %an-[J—jH—Vs-(qus):O at r=a,
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where n is the unit normal vector, Vi = (I —nn) - V and u, is the velocity of a point
on the particle surface. In a frame of reference translating with the particle, the surface
motion is pure rotation 2 and hence uy = 2 X r = €2 X an.

Using the expansion of Eq. [2.6] from the definition of the induced charge ¢ we obtain,
q=-n-[e;(Vo,+ Voq) — €(Vo, + vqu)]
= —r/a . [

€7(Vda(0) + VV,(0) - r + %VVV%(O) STr -
P 3r- P 12Q-r_5rr:Qr

R A R
1,30:rr  TO[)Prrr
T e U
1
(2.8) = (Vu(0) + VV$u(0) - x + SVVV(0) s rr -
P Qr 30:rr
+$ a® +§ a’ ool
r-Vou(0 rr : VVo,(0
= (o= e YO (o, TR VVALO)
N (ep — €7) rrr[]?’VVV,(0) N
2 a
r-P 3 rr: Q
+ (25 + &) o + (§€f + €p)7
3 .rrr[]2O
s+ )TN =

Here we truncated at cubic terms in |r|. The higher order expansions in |r| can be added

to the end of Eq. by a similar calculation when needed.
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Similarly, the jump of the Ohmic current is

n-[J]=-n-[0;(Vés + Vo) — 0,(Vda + V)]

- oy oI g, ITAO
(2.9) n (9 ; o) rrr[']?’VaVV%(O) n

+ (205 + ap)z—4P + (;Jf + ap)”a;GQ

+@q+§wﬂ%§9+- . rl=a

Substituting u, into the convection term, we have
Vs (qus) =qVs- (@ x1)+ (2 %x1)- Vg
(2.10) =q¢Q - (Vyxr)+qr- (Vi x Q)+ (2 xr)- Vg
= (2 xr) V.

The terms V, x € and V X r vanish because €2 is spacially independent and r = an is

curl-free.



Moreover, the convection term is calculated by the steps below,
V= I—nn) -V

r-Vo,(0) rr: VV¢,(0)

[(€p — €f) + (€ — €f) a
(€p — €7) rrr[]2’VVV,(0) N

2 a
r-P 3 rr:

CL4 + (§€f + GP)T

_|_

+ (2¢7 +¢p)
13
+ (2¢7 + ;ep)—rrr[ o
(2.11)

= (I - Aq).

V,(0)

+ ]

a8

VV6(0) -

a

[(€p — €5) +2(ep — €5)

N 3(€p2— €r) VVV(bZ(O) 2100

P Qr
+ (27 + &) + (3¢ +26) = o~

9 O:rr
+(6€f+§€p)T+"'].
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Thus,

(Qxr) Vsg=(Qxr) {(I-nn)

(e = e) V2210 4 e, — ) Y 20N T
3(ep —€5) VVV,(0) : rr N
2 a

P Q-r
+ (2€f + EP)E + (3€f + QEP)T

(2.12) +<6€f+9€ )%#L]}

o€
=—r-{Qx][(e, — Ef)%(o) + (27 + €p>;]}

VV,(0)
a

—rr: {Qx[2(e, — €f) +(3€f+2€p)%]}

3(ep — er) VYV (0) | 9 0

: Lo (b +56) s+ ])

—rrr[]P{Qx] s

Here [©2 X P]; = €, P, [ X Qlij = €% Qj1, [ X Olijk = €imnSmOjn, following the
Einstein notation. Contributions from higher order moments can be added in the same
way above.

Substituting back into Eq. the equation has contributions in different order of
multipole products with r. As we mentioned, r is a position vector at any point on the
particle surface. It should be noted here that, 2 will be later determined by solving the
particle mobility problem. Using the symmetries of the multipole moments, Eq. is
separable at each order of r (see Appendix A). Independent equations for each multipole
moment can be derived. Here we obtain the equations for the dipole moment P and the

quadrupole moment Q,



r-P r-P r'V(ba(O)
0.13) Gil2er +ep)— ]+ 2oy + op)—= + (op — o) ————
' Vi, (0)

—r1 - {Q2x[(e, — €5) 4 + (2 f+€}7>_4]}_07

d. 3 rr: Q 3 rr: Q

%K?f + Gp)T] + (gaf + Up)T

rr: VVo¢,(0 VVa¢,(0
(2.14) + (0, — o'f)+<) —rr: {Qx[2(e, — ef)%()
Q
+ (3es +26) 2]} = 0.
Eq. reduces to
dpP 3 1 3
(2.15) o= QX [P+ a’enVpa(0)] — — [P+ a’0en Va(0)],
where

€cm:€p_€f7 Ucmzap_afv me_m’

€p + 2€; op + 205 op + 20y
Eq. reduces to
d
d_? —{Q x [Q + 2d°¢., V'V, (0)]}
(2.16) + {2 x [Q +2d°¢,, VV ¢, (0)]}"
1
- Trlnw [Q + 2a502mvv¢a(0)],
where
PR S SR S/ SRRV % . 72
cm T 26p+36f7 cm T 20p+30f7

Tow = .
20, + 30y
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!/

Here €., €.,

Oem and o, are referred to as the Clausius-Mossotti factors and 7., 7.,
are the Maxwell-Wagner relaxation times [51]. Note we always assume Q is symmetric

to satisfy the original Laplace equation.

It is interesting to note that
(2.17) M=M' = #(QxM)=0 V vector Q, and M € Rays3,

see Appendix [A]

Here even though € x Q doesn’t have to be symmetric at all time, given a traceless
and symmetric Q initially, Eq. preserves symmetry and zero trace. In the absence
of rotation, the dipole and quadrupole moments relax toward the steady state with two

slightly different Maxwell-Wagner times 7,,,,, and 7, which depend on material electric

w
properties. The evolution of higher order moments in the expansion Eq. can be
obtained in a similar way. However, in a linear applied electric field (i.e., a spatially
slowly varying external electric field) these contributions come at a higher order and are
negligible in the far-field approximation.

The force and torque on the particle are calculated by the effective multipole moment

method [50}, 51], which at the order of our approximation gives

F¥ = —47e; (P - V'V, (0) + %Q : VVV,(0)),
(2.18)
T = —dme; (P x Vo (0) + (Q - V) x V,(0)).

Note that the above expressions are strictly valid for an isolated sphere in a linear applied

field.
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2.1.2. Single Particle Motion

For small particles, inertia is negligible. Accordingly, the translational velocity, U, and
rotational rate, €2, of a sphere is determined by the balance of electrostatic force and

Stokes drag,

2
F = 6mnpa(—u™ — %V2u°° +U),
(2.19)

T = 8mn;a®(— Q™ + Q),

where 7y is the viscosity of the suspending fluid, and u® (and —Q*) is a background
flow (either applied or generated by the motion of other spheres, if present) evaluated at
the sphere center. In our study, the background flow is zero for an isolated particle. In
the case of multiple particles, the background flow is the flow induced by the motion of

the rest of the particles.

2.2. An Isolated Sphere in A Linear Electric Field
2.2.1. Threshold for Electrorotation

The classic Quincke electrorotation considers an isolated sphere suspended in a homoge-
neous fluid and exposed to uniform DC electric field E,,. The threshold field for electro-

rotation is given by [47, 48],

2
(2.20) E| > E. = \/ i) ,
6f7—mw(60m - Ucm)
and the rotation rate is
1 Eoo]\?
2.21 Q| =4+— — 1.
221) o=+ /(B

Eq. shows that electro-rotation can occur only if €., > oop.
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In an non-uniform field, this criterion can be generalized. Eq. and Eq. show

that the steady dipole and symmetric quadrupole moments satisfy,

1
Q x [P + a3ecmv¢a] — _[P + G,SUcmV(ba] =0
Tmw

(2.22)
1
Q x [Q+2a°€., VV¢,] — F[Q +2a°0!, VV ¢, = 0.

By taking inner and outer product of Eq. with €2, we obtain P and Q in terms

of Q,

P = Al[ﬂ X V¢a + me<ﬂ : V¢a>9] - A2V¢a
(2.23)

Q= AS[Q X VV¢, + QT:nw(Q ) vv¢a)ﬂ] — AsVV ¢,

where the coefficients are,

T (€em — Tem) €em — O
— m cm cm A — 3 om — cm cm
! 122 270 leem = 773 Q%gm]’
(2.24) 2a°7! (€. — ol ) e —o
A3 — mw \*~cm cm A4 — 2&5 [6/ . cm cm ]

1440272 7 14402772 7
Substituting Eq. back into the torque balance equation Eq. [2.19, and taking the

inner product with €2, we find an equation for €2

me(Gcm - Ucm)
1+ QP73
47! a*(e, — o' )
muw cm cm _QVEOOQ QZ VEoo2
e ST ? + Q| VEx |

Here we denote ||T||* = 3~ 77;. Unlike the uniform field case, in a non-uniform field Q- E

20s | = ¢; [—(Q2-Ex)” + Q| Ex ]

(2.25)

in general is nonzero.

Eq. yields a trivial solution,

(2.26) Q=0.
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A nontrivial solution of Eq. requires that

me(ecm - Ucm) 2 ‘Q ' ]300’2

M = B |2 - o2 el

=G ape, el Tgp )
(2.27) Ar! a(el, — o’ ) , |- VEL
mw cm cm Eoo _ o0 .
T TP, VE= ap

In particular, when €,/0, > €;/0y, it is easy to show that €., — 0uy and €, — ol
are both non-negative. Although this equation is difficult to be solved explicitly for €2,
we can identify a necessary condition for the existence of a nontrivial solution.

/

In particular, when €,/0, > €f/0y, it is easy to show that €., — oy, and €, — o’ are

both non-negative. Then Eq. leads to

(2.28) 20t < €4Tmuw(€em — Tem) | Eoo|® + 4€470000% (€hy — o) | VEs |2
As an example of a nonuniform electric field let us consider

(2.29) E. = a(zi — zk),

which can be experimentally generated by a hyperbolic cylinder electrodes; here i and k
are the unit vectors in the x and z direction. The parameter « ia a measure of the field
gradient. It should be noted that if a constant field were added to Eq. for nonzero
a, the effect would simply be a translation of the coordinate system, and hence this term

is not included here.

From Eq. 2.22, Eq. 2.23] Eq. 2.27 and Eq. [2.29, we obtain for a particle centered at

x =0 and z = 0, a steady rotation around the y axis, with the magnitude

/ o 22
(230) |Q| — \/Ef(ecm (j—cm)a o . 12 ]
f T 47—7lnw
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Introduce G = aa/E,, this is a dimensionless measure of the field gradient strength
over the particle. With this definition, we can identify a critical value of G, G*, in Eq.
which generates a nonzero rotation predicted when [€2| =0,

(23]_) G* = 1\/27'mw(€cm - Ocm) .

4 TT/nw<€,cm - Uém)

This is the threshold for electorotation in a linear field in the whole plane.

2.2.2. Dynamics and Particle Trajectories

Here we consider particle motion in the nonuniform electric field Eq. [2.29 Since the
applied field direction is parallel to the x-z plane, particle motion is expected to be confined
to the x-z plane. This special case will allow us to illustrate the effect of non-uniformities
on the particle dynamics. Note that although the evolution equations Eq. 2.15] Eq.

and Eq. are derived for a slowly varying electric field, they are exact for the special
case Eq.

Henceforth we non-dimensionalize all variables by the drop radius a, electrohydrody-
namic time tepq = 17/€,E2? and electric field threshold for Quincke rotation E,. given by

Eq. [2.20l All dimensionless variables are denoted by tilde. The dimensionless Eq.
and Eq. are

P 5 [P — €., G(#i — 2Kk)]
(2.32) dt
%[f) — 0o G (&1 — 2K)],
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dQ -
— =0 x — 2¢
(2.33) +[2 % [Q — 2¢,d]"
I ~ /
- E[Q - Qgcmg]’
where
D= Trmw _ EfEchw7D/ _ T/nw — DTrlnw’
tehd Ny tehd Trnaw
and
1 0 0
(2.34) G=Glo 0 0
00 —1

Note that the applied field in Eq. and Eq. are evaluated at the particle center
(z = g = 0), but for a moving particle it should be evaluated at the current particle
location. Hence there is a spacial dependence in the electric field in Eq. [2.32]

The dimensionless Eq. yields for the particle translation and rotation

(2.35)
§:§@xG@Ldm+Qx@.

For the numerical calculations, we chose the experimental system of Ref. [44]: €., =
—0.1092, €., = —0.0670, 0., = —0.5 and o, = —0.3333, E. = 827.3V/mm, Ty, =
2.94ms, 7/, = 3.20ms, D = 5.1520, D' = 5.6054. From Eq. [2.31] we find that to
guarantee nonzero electrorotation in the whole plane we need G > G* = 0.5787.

Figure[2.T|shows a typical particle trajectory when G = 0.4000. The particle undergoes
negative dielectrophoresis (DEP) and moves towards the minimum field location. The

Quincke rotation and continuous changing DEP force make the trajectory non-straight
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The circle in fig. indicates the region given by Eq. [2.28) Within this region, the
particle does not undergo Quincke rotation. The evolution of particle rotation rate and
the components of the dipole and quadrupole moments is shown in fig. 2.2 Upon particle
release, the magnitude of its rotation rate increases. Position pl is a turning point after
which the rotation magnitude starts to decrease. Positions p2 and p3 are two intermediate
points before particle enters the 'non-Quincke’ zone. Position p4 is when the particle
arrives at the center axis, where rotation and all multiple moments except the diagonal
elements of Q decay to zero.

Increasing of the field gradient strength shrinks the ‘non-Quincke’ zone and when G' >
G* the electro-rotation occurs everywhere in the space. A single particle will eventually
stay steady at the equilibrium position with a non-zero rotation rate.

In even stronger fields, particle dynamics becomes more complex. Fig. shows
particle steady state changing from a stable point (see fig. [2.3(a)), to circular orbit (see
fig. 2.3[(b)) and finally bounded elliptic orbit (see fig. [2.3(c)) as G increases.

The longtime stationary trajectory can be characterized by the short r, and the long
1y axes of the elliptical orbit. Fig. [2.4]shows the dependence of 1, and 7, on field strength.
Region 1 (no rotation) and 2 indicate steady position in the physical plane (r, =, = 0).
In region 2, the particle undergoes electro-rotation, however there is no off-center particle
motion in this steady state solution(see fig [2.3(a)). The narrow region 3 corresponds
to a different scenario(see fig. [2.3[b)). In this region, the origin is no longer a steady
position. The particle trajectory converges to a circle centered at the origin. The radius
of this circle increases with G. Region 4 shows a transition from the circular trajectory

to rotating elliptical trajectories as in fig. (c) It is interesting to notice that in this
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Figure 2.1. One particle trajectory starting at z = 2.5, z = 6.0. Initial perturbations
at the magnitude of O(10~%) are randomly generated. The red circle indicates the non-
Quincke region satisfying Eq. 2:28] The markers pl to p4 indicate four positions when
z first hits the value of 0.0,1.0,2.0,3.0. G = 0.4000. The particle does not rotate in the
equilibrium state.

region, the average radius stays almost unchanged, but the deformation increases with
G. Region 5 indicates a simultaneous increase of the deformation and the average orbit

radius, while the orbit retains elliptical shape.

2.3. Multi-particle System in Linear Electric Fields

Here we extend Eq. Eq. and Eq. to many particles systems. For

convenience, we revert to dimensional variables.
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Figure 2.2. The evolution of corresponding multiple moments and rotation rate to the
single particle dynamic in Fig

2.3.1. General Formulation

Here we generalize the model to describe the dynamics of multiple particles.

The grand mobility formation for particle motion follows as,

(2.36) u>® —u n;lF
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Figure 2.3. Particle trajectories in different field gradient strength. Initial position
z = 5.0, z = 2.0 and a random initial polarization perturbation at O(10~%). D = 5.1520,
D’ = 56054. (a). G = 1.0, (b). G = 2.3, (¢). G = 3.0. The final time interval
t = 380 — 400 is indicated by red color.

For example of a two-particle system, the mobility equations of particle 1 relates the

hydrodynamic forces and torques to the particle motion as,

u® — u; = ')7]:1(311]:—"{1 + alegl —+ Bl]_TIl_I + Bllez_I)
(2.37)
Q* - = 77}71(1311]5‘;1[{ + 1012]5115I + C11TI{I + C12T§I);

where TH and F¥ are the torques and forces exerted by the fluid on particle i (here
i =1,2). ny is the viscosity of the external fluid. The coefficient tensors a, b, ¢ are called
mobility functions which are relative to particle separation.

Note that the full grand mobility matrix involves the strain if there is an applied
shear flow. The model we present here is directly extendible by adding the applied strain

contribution.
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Figure 2.4. Stationary trajectory shape vs G. r, and 7}, are the short and long radius
of the steady orbit. When no steady orbit is observed, r, and r; are the minimum and
maximum distance to the origin in a chosen time frame. D’ = 5.6054, €., = —0.0670,
ol = —0.3333.

Denote the position vector of an arbitrary particle i as r; and Ry = ry — 1.
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The components of the coefficient tensors in Eq. are expanded as [52],

(a11)i; = 11did; + 41, (05 — didy),
(a12)i; = w15did; + yi5(0i5 — didy),
(bll)z’j = yll)leijkdk7
(b12)ij = Ybocijndy,

(2.38) 3
(b11)ij = (b11)ji,
(b12)ij = (ba1)ji = —(b12)ji,
(C11)ij = 201did; + 7, (655 — didj),

(c12)ij = wYodid; + Y19 (i — didy),

where the normalized separation vector d = Rys/|Rys].
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In a far-field approximation, assuming == ~ v < 1 (¥ 1, 7).

the mobility functions are,

(2.39)

a
IRij]|

o= o4 B0 o),
i = o (1+0(%),

= (L o6)
)]
i = 0("),

Vo = g~z + O™,
7y = g (14 06)),
rhy = (- 0(1)),
i = 5 (1+0(%),
Vo = g (s + 00",

with the indicated leading order errors.

42

Denoting R = |Rjj],
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With a similar derivation, for an arbitrary number of particles, the exact equations

for particle motion will be (denoting R;; = |R;|),

np(u = u) = ;jf + Z[g%;mf Ryj)Ry; T;—RR
J#i 4 Y
+ %(R%j + %)Ff
2.10) G~ YRR+ 06
(7 — ) = 8253 - ;[_16?;% B 167§jo (T - Rij) Ry
Fi x R,

— 14+ 0.
Assume particles are forced balanced and no inertia effect is considered. The hy-
drodynamic force F imposed by the fluid on particles should be balanced by the non-

hydrodynamic interactions. i.e.

(2.41) F7 = _F _Fr,
For a given linear electric field, we can get calculate the force and torque exactly as,

Fel — —dme,(Ps - YV (1) + 2Q; : VIV (x1)),
(2.42) 0

T = —dme; (P; x V(1) + (Q; - V) x Vepe(r1)),

where ¢ = ¢, + > ¢q is the total external electric potential which contains the applied

potential and the disturbance potentials.
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Substitute the exact ¢, into the equation, up to the order of O(y*), we obtain three

terms of the force:

F{' =d7e;P; - VV (1),

12 ~ ~
FP=-5 " LI(P: - Ry)P; + (P - Ry))P,
(2.43) #i

+ (Pi - P;)Ri; — 5(P; - Ryj)(P; - Ryj) Ry,

2
F{ :%Qi : VVVq(rs).

And the leading error is from truncating the quadrupole contribution in the disturbance

potential,

(2.44) F¢ = F + F2 L F® 4 0(9).

Then similarly when we deal with the hydrodynamic torque T, we assume it is

instantly balanced by the electric torque, i.e.
(2.45) T/ = T
Then also from Eq. [2.42]

(2.46) T¢ = T + TP + T + T + 0(v°),
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where
Tgl =47 (P; X Vo(ri) + (Qi - V) X Vo (r;)),
Tgﬂ = — 47T€fPi X Z(_3H P
gAY
(2.47) 1 R,R;;: Q;
T?S — 47T€fP1, X Z<§v ij J R.é J)’
i "
1
T = a7 (Que V) x (O 7 T1-Py)
J#i

Substitute force and torque balance into the mobility equation Eq. [2.40, we obtain

the evolution equation for the particle translational velocity and angular velocity,

Fe F;” 5F¢ - R;))a’Ry;
u; = u;)o + iy Z J + Z ( i ])a J

6many por 67ra17f 87rnfR;1j
Z Tdep x R
77f P 87rR2
1 1 2a?
el el Fel
"5 7, T3rr)
1,1 2a? PPN
(2.48) — (5 — 53 (F -Ryj)Ry] + O(7°),
87 Ry Ry I
T¢
Q,=Q>+ S
8ma’n;
Tdep 3

dep D \D
(T57 - Ryj)Ry;

J

_Z 167TR3 ~ 167RY,

~(FY) x R;;

5
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In Eq. we introduce an artificial isotropic repulsion force [53] to prevent particle
contact,

re Tz - |R’L2| 5
(2.49) Pl = Fy(—5—3 'Ry, Ry <re,

where r. = 2.0la is a control distance used to simulate surface roughness and Fj is a
characteristic repulsion force unit. F:;p =0if R;; > r..

As given above, the accuracy of both u and € is kept up to O(y*). The quadrupole
contributes to both the DEP force and torque calculation. However, we need to clarify
that while this calculation holds well for any linear electric field, for non linear fields
it may not be quite accurate. One reason was explained in the previous section that
higher order moments are coupled into the equation when quadratic or higher order field
components are non zero. The other reason is that for a rapidly or slowly changing field,
the multipole moments have different magnitude scale. Then it is necessary to introduce
another asymptotic parameter. Later, we will discuss a slowly varying electric field, which
is more commonly seen in practical applications.

Assuming widely separated particles, as discussed earlier from Eq. and Eq. [2.16]
adding the perturbation field induced by other particles, the evolution equations of the

multipole moments of the ¥ particle are,

dP;
dt

:QZ X [Pl + agecm(Vqﬁa(I'i) + g (R3 IT- P] + §VR” 4 Ré Q] ))]
gAY Y

(2.50)
[P+ 0w (V(rs) + Z<§H P+ =Vg,—2 R; Q;
ij

T, o 2
mw ]#7, 1]

)l

and
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dQ; / 1
;? =Q; x [Q; + 2d°¢,,, (VVdu(r;) ZVRU R —11-P;)]
J#i
51 1
(2.51) +{Q; x [Q; +20°€.,,,(VVa(r;) + Y Vg, RS —1I-P))|}T
J#i
1 , 1
_ %[Qi + 20”0, (VV¢u(r;) + Z Vk,,( i —11-P,)].
J#i
dQ;
D {0, Qi+ 207, (VY6 (x)
1 sym
(2.52) 2V (P
JFi
1
Qi +24°0,,,,(VVa(r:) + > Vg, ( 77 —_11-P;)].
" J#i

where R;; = [Ry;| = |r; — |, IT = I — 3R;;R,;, sym denotes A" = A;j + A, The trun-
cation error is O((a/R;;)?) in this approximation. Here it is assumed that the minimum
R;; over all i # j is used to estimate the error.

For an applied linear electric field, the evolution equations are exact. For a general
non-uniform electric field, especially a field which rapidly varies on the particle scale,
the truncation of multipole moments as well as the Taylor expansion of the applied field
introduce error. However, we are still able to set up a similar model for slowly varying
fields by doing a systematic asymptotic analysis and assuming a proper balancing order

for the scales of the applied field and the disturbance field, which can be found later.

2.3.2. Two-particle Dynamics

In a field defined as Eq. 2.29]in section [2.2.1] fig. 2.5 shows the interaction of two identical

particles at different applied field gradient strenght values G. The spheres move towards
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the origin (location of minimum field), due to the dielectophoretic (DEP) force, while also
executing rotations, due to the Quincke effect. In a uniform field, the spheres would orbit
around each other [33],[35]. In the non-uniform field, this orbiting motion is superimposed
on the DEP translation. The circle which satisfies Eq. is drawn in fig. [2.5(a)(b).
This circle represents the boundary of the existence of a steady nonzero €2, hence within
the circle only transient rotation can exist.

In our computations, the two particles are positioned in the electrorotation region and
random initial polarizations are applied. Computations from different initial polarizations
and different electric field strengths are presented in fig. . In fig. .(a), particles start
rotating in the same direction, but hydrodynamic interactions drive the particle pair to
orbit about each other. Meanwhile they translate towards the ‘non-Quincke’ region due
to DEP force. The rotation decays to zero once they enter it. In fig. .(b), the spheres
are counterrotating and form a translating pair moving quite linearly to the ‘non-Quincke’
region. In stronger fields, the non-rotation region shrinks. As shown in fig. (C)—(d), the
DEP force from the external field dominates the pair interactions. However when particles
come close to each other, we observe a pairing phenomenon due to their rotation. In the
first example, fig. [2.5(c), the two particles form a co-rotating cluster. In fig. 2.5/(d), we
find that the two particles form a stationary counter-rotating pair due to the balance of
DEP force and hydrodynamic interaction.

We note that in the previous pair-particle cases, the particles are initially in the x — z
plane of the applied electric field and no initial disturbance is given in the y-direction
Thus no motion in the y-direction is present. However, if the particle initial alignment is

not in the z — z plane of the electric field or there is any orthogonal perturbation (in the
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Figure 2.5. Particle dynamic patterns with different field strength parameter G. Initial
P is given randomly at O(10~%) The non-electrorotation region is indicated by the circle
satisfying Eq. D = 5.1520, D' = 5.6054. (a) co-rotating pair, G = 0.1, (b)
counter-rotating pair, G = 0.1, (c) co-rotating pair, G = 1.0, (d) counter-rotating pair,
G =1.0.

y-direction ), the in-plane motion is not stable. In this case particles eventually form a
chain orthogonal to the field plane, i.e. along y-axis in our field set-up. Particles axis of

rotation are then orthogonal to the x — z plane.

2.3.3. Simulation of Particle Clustering

The nonuniform electric field can be utilized to assemble structures of spheres, such as
clusters.
Fig. [2.6]shows that spheres in a linear field defined in Eq. form a chain extending

along the y direction , i.e. the direction of rotation. However in stronger fields, no stable
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assembly exists and the multi-particle dynamics is complex (similar to the single particle

scenario).

(¢) t = 200 (d) t = 2000

Figure 2.6. Dynamics of 20 particles in linear field with random initial positions.
Chaining at Y-axis is observed. G = 1.0. D = 5.1520. £ = 0, 20, 200, 2000.

2.4. Multi-particle Dynamics in Slowly Varying Non-uniform Fields

2.4.1. General Formulation

Our model can be applied to study particle dynamics in a more general non-uniform

fields. For a single particle suspended in a general slowly varying electric field, we want to
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look at the asymptotic behavior when the particle radius is much smaller than the non-
uniformity. The classic DEP force and torque calculation gives Eq. when the exact
dipole and quadrupole moments are known. However, we would like to point out that,
for a general electric field that induced non-zero octopole and higher moments, the error
by truncating octopole moments comes at the same scale of the quadrupole contribution.

Suppose a potential ¢, is applied externally in a single particle suspension. The Taylor

expansion of the applied electric field at the particle center is,
1
(2.53) Vu(r) = Vo, (0) + VVa(0) - r + §vvv¢a(0) i 5

For slowly varying fields, we assume the length scale of the gradient operator is L > a,

where a is the particle radius. Thus we denote

Ey ~
(2.54) — (V)"0 =B = Z5EMY, >,

where Ej is a characteristic electric field strength. i.e. EY indicates the leading term of
the scaled electric field. All the [EY”| are at O(1).

In the following asymptotic analysis, we use the scaling scheme as,

P =t/toa, Q =g, F=r/a,

~ P ~
P = 5 a2 Q - i)
E0a3 E0a4
where t.,q = 6;7};3 is a characteristic EHD time scale.

Then the dimensionless form of the expansion Eq. with the remainder term is,

~ ~ ~ 1 o~
E,(t) =E”(0) + dEM(0) - & + =0°E?(0) : it
2
(2.55) .
+ 653Eg"”>(o)[-]?’f-ff e

where 6 = a/L < 1 is a small asymptotic parameter.
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Meanwhile, following Eq. [2.3] the dimensionless form of the induced field in the outer

space has the expansion as,

P 3-P. Q-F 5iF:Q.
——= t+ —=T — —= —7T
E® [P £ 20
30 : F . TO[PPFFT .

2[r[7 24

E,(f) =

(2.56)

From Eq. when other particles are present, the induced potentials from other
particles should be introduced into the total electric field. These disturbance fields con-
tribute to the total external field as,

(2.57) E.=E,+)» Eqy
J#i

Assuming the particles are widely separated, E;; would be expanded in a far-field

form. At the center of particle i, the field is

_ 1 _ 1 _
258 Ed,':_ ~ HP—~—H Q‘,
(299 R Ryl

where Hlf’j = f’j — 3(f’j . ﬁm)ﬁw and H2Qj = Qj 1/:\{1] — g((j)j : l?{wﬁw)f{z] Here we
also have truncated the potential due to octopole and higher moments.

Now we encounter the second length scale, which is the particle separations |f{z]|
Assume a characteristic particle separation Eo > 1. Denote v =1/ ﬁo, Eij = ﬁij / éo and
also assume all the particle separations are at the same scale, i.e.

1 1
— = "}/ — ~Y
IR, IR

(2.59) 0(v).

Then we need to carefully select an appropriate asymptotic matching for the two small

parameters ¢ and 7.
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In order to incorporate particle interactions, we assume the balance as

(2.60) §=1°

Y

which indicates an even slower varying applied field than the particle disturbances.
Then we are able to expand the multipole moments in terms of the parameter v,
without causing fractal orders. Still from Eq. [2.50, Eq. and their derivation in the

previous sections, we obtain the nonzero terms in the multipole moments’ expansions are
P =PO { 3PO) 4 4PpW ...

Q=7Q? +4'QW + ...,
(2.61)

02746(4)—’—...7

Assuming Q> = 0, the rotation is actually determined by the multiple moments from
Eq. [2.48] In our balancing, the leading order nonzero contribution will be 2© and the

next nonzero orders should be Q&) and Q®. Thus we obtain
(2.62) Q=00 1300 L 4Q® ...

Besides, each order of dipole moment satisfies the following evolution equations,

PO ~ ~ 1 ~ ~
d = = Q0 x [P0 — ., EP(0)] = 5 [P — 0., B (0));

a
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O(7*)
P® - ~ 1 - _
P _Go P® + en——ILPY] + QO x PO
d TR
(2.64) ' IRy
1~ 1 =0
__[ (3)+Ucm— P( ];
D Ry[* 7
O(7*)
D (4
PY 50w PO _ o EO(0)] 1 6D x PO
(2.65) dt 1
10)
D

The next correction to the dipole moment will be at O(y?).
From Eq. [2.16| similarly we obtain, the leading nonzero quadrupole moment comes

at the order of O(v?), satisfying the equation below,

O(v*):
0 _
T Q0 < 1Q¥ - 2¢,B(0)
(2.66) + (2 x Q¥ —2¢,, BN (0)]]"
1 ~ ~
- Q% =20, B (0)];
O(v"):
dQY = = 1 =50
— =00 x [QW +2¢,, Vg (——TL,PY)]
di Rad R, Y
(2:67) 100 < QW + 26, T, (e BT
]
1 A (4) IS 1 (0)

The next nonzero contribution is Q(® at the order of O(+5).
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Here we continue to look at the expansions of the force and torque. The DEP force

and torque are originally calculated directly by integrating the Maxwell stress tensor X,

~ 1 = -~ 1 ~ N
2.68 F:—// 3 - ndS, TZ—// rx (X -n)ds,
( ) 47 |£|=1 4m |¥|=1 ( )

where
S
(2.69) > =EE - §|E|2I,

while E is the total field.
For a spherical particle which has the standard multipole potential and exposed to a
slowly varying external field, the force and torque equations are given in the exact forms

as,

F=P VE.(0)+ :Q:VVE.(0)+- -
(2.70)
T:f’XEQ(O)—Q—(Q-%)er(0)+...7

By substituting Eq. [2.57Eq. and the expansion Eq. [2.61] we obtain the force

and torque in each order of ~.

Fi =P EL}(0) +9°P - EL}(0) +4°P - EL(0)
1 .~ ~
+57°Q7 EP(0)

~ ~ 1 ~
o 74 Z PZ(O) . vﬁ” ( = H1P§0)>
i IR

+ 0.

(2.71)
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T, =P” x EL)(0) + v*P” x EL)(0) + v'P" x EV)(0)

a,i

+7'Q” 17353,2(0)

B« By

J#i

+O(+).

(2.72)

The orders of error are kept at O(y”) and O(~®) respectively.

Adding up all the required terms in the order of accuracy, the evolution equations of

P and Q are,
P ~ ~
dt =Q; x [P; — BV (1)) +Z | IL,P;]
(2.73) 1 7
_ 5[13 — Ucm I‘Z O( )
1752
d ~
2’ =€, % [Q; — 2, 0B (7))
(2.74) + [ % [Q — 2¢L,,6ED ()]
1 ~ 1) e
B E[Q’L - 2O-C'm(S:E((J,l) (r1>] + 0(74>

The rotation and velocity are determined from the grand-mobility matrix as well,

i Z F X RU
(2.75) BB

T; 3 o~ =
+—=—+—= -
16|R;;|*>  16|R;;|?




57

F. 5 ~ A~
ﬁi:ﬁfo+_l+ _ F, -R,)R;,
- ;&Rw( )Ry

xRy 101 2
(2.76) _Z 23 ==t ="k
i 8|R.| [Rij| 3[Ryl

1,1 2~ A~
- = F; - R;)R;] +0(v"),
8(|R |Rij|3)( J J) J] (")

il
where

f‘i :4(5ﬁz . Egl) (f'z)

-> = = l(Pi-R R;;)P; + (P, - Ry))P;
(2.77) i | ”|
+ (P; - Pj)Ry; — 5(P; - Ryj) (Pi - Ry)Ry)
9
+ 562Qz : E((f)(f'l),
and

’Ti :4f)z X ]:j[(l()) (f‘z)

(2.78) — 4P, Z

e w|

+40Q; x ED(F).
Thus in the case of a spatially-slowly varying field, equations Eq. Eq. 2.74 Eq.
and Eq. are the proper model to simulate particle dynamics., where the error

of the particle velocities is kept at O(R;7).
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2.4.2. Simulation of Particle Clustering

Taking use of the results from last section, we illustrate particles assembly in a slowly

varying periodical electric potential which generates a spatially-periodic electric field

(2.79) E, = %[5' sin(¢'%) sinh(8'2)i — &' cos(8'Z) cosh(d'2)K].

The field is periodic in x direction and can be generated by two separated plain electrodes
with opposite sinusoidal applied potential.

Fig. illustrates the simulation result for the case when Ey = E,. which is calculated
in section and ¢’ = m/16 and 60 particles. The particles are observed to cluster at
x —y plane and form chains periodically localized at all zero points of field strength. This
is also majorly due to a negative DEP effect. The chains formed at the end are stable

while each particle undergoes steady rotation.

2.5. Conclusion

In this chapter a model was developed to investigate the dynamics of spheres in a
nonuniform electric field when Quincke rotation has significant effect on the dynamics.
Our theory is built on the Taylor-Melcher leaky dielectric model, which assumes ohmic
conduction in the bulk and creeping flow. Considering an applied field with spatial vari-
ations much larger than the inter-particle spacing and the radius of the spheres, particle
polarization is approximated by the dipole and quadrupole moments. This reduces the
problem to a system of ordinary differential equations for the particle position, rotation
rate, dipole and quadrupole moments. In this chapter we focused on an applied linear

electric field in which case the approximation is exact.
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(¢) t = 200 (d) t = 2000

Figure 2.7. Dynamics of 60 particles in periodical field with random initial positions
with Z € [0,60]. Clustering at Z = 0 plane is observed. Four chains are formed at

7 = 8,24,40,56. Ey/E. =1.0. ' = &. D = 5.1520. £ = 0, 20, 200, 2000.

In the study of the steady state of single sphere, we identified a necessary condition
for when the nonuniform field induces Quincke rotation. We found that the threshold
for electorotation in a linear field is lower that in the uniform field case. Increasing
the electric field strength, makes the particle dynamics more complex: while Quincke
electrorotation is characterized by steady spinning around the particle center, in stronger

fields time-dependent orbiting motion around the minimum field location is observed.
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We generalized the model to consider multi-particle simulations in arbitrary (but spa-
tially slowly varying) applied fields. Hydrodynamic interactions were included via the
grand-mobility matrix. In the leading order analysis, we retained terms in the far field
expansions up to forth order in the inter particle spacing. The electrostatic interac-
tions between particles include dipole-dipole and dipole-quadrupole interactions which
are naturally introduced from the dielecropheritc force calculation. A numerical study of
two-particle and multi-particle systems were considered for the special case of a linear ap-
plied field. Our calculation show intricate trajectories in the case of pairs, and chain-like
assemblies in the case of many particles.

The model provided basis to study the collective dynamics of many particles in a
general electric field. The model can also be extended to include ambient flow, and thus

can be applied to study problems in electrorheology.
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CHAPTER 3

Colloidal Particle at A Fluid-fluid Interface

3.1. Introduction

Micron-sized (colloidal) particles trapped at a two-phase interface are often encoun-
tered in natural and industrial processes, e.g., oil recovery, and employed in variety of
applications, e.g., to stabilize emulsions [Il, 2]. These so-called Pickering emulsions are
finding increasing use in the pharmaceutical, petroleum, food and personal care industries
[3], in part because novel and more exotic emulsion properties become available as ma-
terials technology creates greater and greater variety of particles. The rational design of
these novel emulsions requires understanding of the dynamics of particle-coated interfaces,
which is currently lacking.

The interface greatly affects particle motion. For example, the drag coefficient of an
interface-trapped sphere differs from the Stokes drag in a homogeneous fluid and depends
of the properties of both liquids and the contact angle of the interface with the particle
15, 54, 55, 56]. Electrostatic effects due to particle charge or applied electric fields
further complicate the problem, but remain largely unexplored despite their importance
in phenomena such as particle clustering, chaining or dynamic patterning at a flat fluid
interface [57, (58] or a liquid drop surface [59), 60, [61]. The force on a particle at a water-
nonpolar planar interface due to particle charge or an applied uniform normal electric field
was analyzed theoretically in [22, 23], [62]. These works assumed that the electric field

does not penetrate into the water phase, i.e., the water phase is a perfect conductor. This



62

simplification limits the applicability of the results. The work here considers the general
case of three material phases of arbitrary conductivity, as well as the non-symmetric case
of an applied electric field tangential to the planar interface. We analyze both the case
of perfect dielectric materials, where the displacement field is continuous at the interface,
and the case of leaky dielectric(weakly conducting) materials, where the electric current
is continuous across the interface [27].

Paralleling the approach of [22], we reformulate the original electrostatic problem,
described by a set of partial differential equations, into integral equations for the electric
potential. This is done by transforming into toroidal coordinates and then applying
the Mehler-Fock integral transform. The resulting equations are solved numerically and
asymptotically. Computational results are presented for the electric potential and for the
force on a single particle under a normal and tangential applied field. It is found that the
particle experiences only a normal force in both cases. The analysis of the local field in
the neighborhood of the contact line shows that the same integrable singularity occurs in
both cases. In order to determine the interaction force between two particles resting on
the interface, the limit of widely separated particle is considered, i.e., the distance between
them is much larger than their radii. As a first step, we identify the far field asymptotic
behavior of the electric potential in the neighborhood of the particle is determined. The
leading order behavior includes both dipole and quadrupole contributions. Once the dipole
and quadrupole terms are known, the far field interaction force between two particles is
foundand shown to depend on the interparticle distance as Ry 4. The force coefficients can
be found analytically in the perfect dielectric case, but must the be calculated numerically

for the leaky dielectric case. It is shown that the leading order force between particles is
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always repulsive for perfect dielectrics and governed by dipole-dipole interactions. It is also
shown that for leaky dielectric particles the force can be attractive when the quadrupole
terms are significant. However, in many cases when the force between leaky dielectric
particles is repulsive, we show that it can be well-approximated by only dipole-dipole
interactions. The results of this analysis can be generalized to the case multiple particles

interacting on an interface.
3.2. Problem Formulation

Here we formulate the problem of a spherical particle of radius a at the interface
between two fluids in an applied uniform electric field. We consider a planar fluid-fluid
interface. The three-phase line (contact line) where the three phases meet is assumed
to be axisymmetric about the particle and makes a constant contact angle, a, with the
fluid-fluid interface, see fig. . Introducing the cylindrical coordinate system (r, 8, z), the
particle interface is given by 2+ (z +a cos a)? = a?. With these assumptions, the contact
angle determines the height a(1— cos «) of the particle above the planar interface which is
located at z = 0. In particular, for « = 0, the particle is completely submerged in the the
lower fluid, while for a = 7, the particle is completely immersed in the upper fluid. Our
objective is to determine the electric field in each phase, to calculate the electric force on
the particle, and to determine the applied force on a second identical particle resting on
the interface in the presence of the first particle.

We study two cases: normal and tangential (to the planar interface) applied electric
field. The solution of the tangential case is non-symmetric but since it parallels the
general approach of the symmetric applied normal field case we will only outline it. Fields

applied at other angles can be derived by a straight-forward generalization of our approach.
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As noted in fig. [3.1] the upper, lower and particle regions will be denoted by €, with
k = u,l, p, respectively, and we will use subscripts to denoted variables in each of these
regions. We also write the particle interface as S = S, U S;, where S, is the particle

interface touching the upper fluid, while .S; touches the lower region.
3.2.1. Applied Normal Field

Let us consider the case where a uniform applied electric field is applied normal to the
fluid-fluid interface, see fig. [3.1], and as z tends to negative infinity, the electric field tends
to E = —Fy2. The problem is axisymmetric about the z axis. We seek to determine the

electric field in the whole domain, including the particle.

upper fluid (2, v4,)

lower fluid (€2, )

Figure 3.1. Spherical particle trapped at fluid-fluid interface. The z-axis of
a cartesian system (z,y, z) is noted in the figure.

Introducing the electric potential, Ek = —V i, in each region ) with k = u, [, p, the

potential problem is described as,

(3.1) Vipr =0, in €, k=ulp.
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(3.2) [p)] =0, n-[yE]=0 at all interfaces.

Eq. expresses the fact that the electric field is divergence free. In (3.2]) we use
the notation that [f] represents the jump in f across the interface. The first boundary
condition in Eq. is the continuity of the tangential electric field. The physical
interpretation of our problem rests with the definition of 7, in the second boundary
condition in Eq. . If all phases were perfect dielectrics and ~; is defined as the
dielectric constant, €, then Eq. states the continuity of the normal displacement
field and that there is zero induced charge along all interfaces, see e.g., the special two-
phase case considered in [22), 23, 62]. If v, is the electrical conductivity, oy, of each of the
phases, then the second boundary condition in Eq. states that the electric current in
continuous across the interface. This is the appropriate boundary condition when studying
a weakly conducting (leaky dielectric) material such as considered in [25), 26}, [63]. In this
model, there would be induced charge along the interfaces. The charge ¢ is defined as
the jump in the normal displacement field across the interface. In general, balancing
all stresses across the interface requires the interface to be determined as part of the
problem. We will assume that the interface in our case remains planar. Henceforth, we
nondimensionlize all variables using the particle radius a is the unit of length, Fya is the
unit of potential and ~; as the unit of the material parameter. Accordingly, we introduce
the ratios v = vu/v > 1 and v, = 7,/7.. Without loss of generality, we assume 7, > ;.

If the particle were not there, then the solution to — is simply ¢, = 2/~ and
¢; = z. But because of the presence of the particle, there is a nonzero perturbation po-

tential @, to the applied uniform electric field in each region that needs to be determined.
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Hence we define

(3.3) Ou = 2/Yur + Pu,
(3.4) o1 = 2+ @,
(3.5) ©p =2+ D,

Assuming a uniform applied field, ®, and ®; decays to 0 as 7% + z? tends to infinity.
Note that when v,; — oo, then ¢, — 0 which corresponds to the water-nonpolar scenario
studied in [62].

To solve for the perturbation potential in this complicated geometry we utilize a
toroidal coordinate system [22],

(3.6) rosiné ro sinhn
. = =
coshn — cos¢&’ coshn — cos &

Figure|3.2|illustrates the relation between the cylindrical and toroidal coordinate systems.
The contact line is located at (r, z) = (r9,0), where ry = sin «, which from Equation (3.6)
implies n = 0o. The z-axis is n = 0 while the r-axis is £ = 0 outside of the particle, and
¢ = 7 inside of the particle. The spherical surface when z > 0is £ =& = 7 — «, and it
is £ =&+ 7 for 2 < 0.

Inserting Egs. — into Eq. , the Laplace equation in toroidal coordinates
becomes,

2 sinhn 0Py, . g ( sinhn 0Py,
0& “coshn — cos& O on

(3.7) — 0,

coshn —cosé dn '

where k=u,l,p. From the boundary conditions in Eq. (3.2)), we obtain,

(3.8) Py = P

£=2m’
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Figure 3.2. Toroidal coordinates system.

3.9) b= Byt (1 1)z At €= G
(3.10) =0, at&=&+r.

And,

(.11) T eco = Bt lecar

3.12 T~ e = (L= ) até =g
(3.13) g - e = (- =G+

Our solution approach is to apply the Mehler-Fock integral transform (see Appendix

. Let us introduce the solution ansatz,

(3.14) Dr(n, &) = \/coshn — cos&/oo By (&, 7)K (n, 7)dr,
0

where K°(n,7) = P°, Ja+ir(coshn) is the associated Legendre function of the first kind of

order zero, with complex index —1/2 + i7. If the square root function were not in Eq.
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(3-14), the coefficients By (&, 7) would be the Melher-Fock transform of the perturbation
potential ®; in 7.

Using in Eq. , and noting that the Laplace equation is separable, we find
that By (&, 7) must satisfy,

8QBk(§, T)
0&?

Substitution of (3.14) into the continuity Eqgs. (3.8)-(3.10) yields,

(3.15) =7 By(&, 7).

(3.16) /0 B.(&,7)K°(n,7)dT :/o Bi(&,7)K°(n, 7)dr at z =0,

/0 " Bu(€ ) KO, T)dr = / " By(6, 1)K (g, 7)dr

sin a sin &g
(coshn — cos &)3/2

(3.17) + (1= 1/7u) at £ = &,

(3.18) Am&@nw@mmmT_Awa@nﬂ@@mmTzug_@+w

Using the Lebedev formula (Eqn 3.8 in Danov and Kralchevsky [22]), the inhomoge-

neous term in (3.17)) can be written in integral form as,

(319) Sil’l 50 — 23/2 /oo TMKO(U, T)dT.
0

(coshn — cos &y)3/2 cosh

Then Eqs. (816)-(3-18) yield,

(3.20) B,| (o= B o

sinh (7 — &o)7

21 = — 327 i
(3.21) B, =B,+ (1 —1/v,)2*Tsina o

at & = &,

(3.22) B/=B, atf{=¢&+.
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We can look for a solution to Eq.(3.15)) in the general form,

_ sinh (§o — &)T sinh &7
(3.23) B, =C (T>W +Co(7) — et f(&,7),
(3.24) B = Cl(T)Sinh (Co+m—=&T n Cg(r)smh (€ —2m)T

sinh (§ — 7)1’
sinh (§o — &)7

sinh 77

sinh (§o — m)7
sinh (§ +m — &)

sinh 77

(325) Bp = CQ(T) — C3(T)

where Ci(7), Co(7) and C3(7) are undetermined coefficient functions of 7. Substituting

back we obtain a problem for f(&, 7), We substitute Egs.(3.23])-(3.25]) back into Egs. (3.16)
and (3.20)-(3.22)) to solve the unknown function f. The f problem reduces to,

82]0(577—) 2
(3.26) —ae = 2,
(3.27) £(0,7) =0,
(3.28) f&,7) =01 - 1/’Yul)23/27' sinasmh (m— &))T.

cosh 7
We can easily obtain the solution of this second order boundary condition problem,

sinh (m — §o)7 sinh {7
coshmr  sinh&y7’

(3.29) f&,7) =1 = 1/7a)2*?1sina

To determine Ci(7), Co(7) and C3(7), we substitute Eqs. (3.23)-(3.25)) into the other
three boundary conditions (3.11))-(3.13]). The result is,

Yul
sinh 7
sinh (7 — &)7

cosh w7 sinh(&7)

C1(7)[yw coth &g — coth (§g — m)7] = Co(T)

1

(=122
sinh (&, — m)7 + (= 1277

(3.30) —Cy(7)

sin a,
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K On, 7 ) e coshmr cosh &7
U : - u KO ) d
7 l/ TGl Slnhfor /0 7Ca(7) 1 sinh m7 T lsinhfoT] (n. 7)dr

.y / () ) gy ) SR ) /OOOCQ(T)K”(n,T)dT

sinh 77 2(coshn — cos &

sin & o0 3/2_ sinh (7 — &0)7 4
— —1)2 ST 7 SOT 10y 1)d
2(coshn — cos&p) / (ru =127 sina cosh T (0. 7)d

e h (7 — &)1 cosh §o7
— [ (= D222 im0 2 K°(n, 7)d
/0 (= )27 sina coshmr  sinh§yr (0. 7)d

3/2

(331) + 2?(1 - ’Ypl) Sina/oo[TCOt é-OM — QTQM
0

coshmr coshmr

|K°(n,7)dr,

/OO Tcl(T)MdT — /OO 7Cs3(T)[—Yp1 coshr + cosh (& — 7T)T]K'O(n, T)dT
0 0

sinh (§y — m)7 sinh7r  sinh (§ — m)7

> K°(n, 7) sin (§y + )
B b -1 VK (5, 7)dr
%l/o () smhrr (o )2(cosh77 — cos (§o + ) / G K (n.7)
(3.32)
23/2 sinh §o7 9 ycosh§T

|K%(n, 7)dr.

cosh 7t cosh 7t

3 — (1 =) sma/ooo[—T cot (& + )

If equations (3.30)43.32)) were solved numerically, the results could be substituted

back in (3.14)),(3.23))-(3.25) and then integrated to find the electric field. But there is a

difficulty. Although equations - are three equations for the three unknowns
Cr(k = 1,2,3) with equation algebraic, equation — only contain the
unknowns in the integrand, similar to a Fredholm integral system of the first kind. Such
systems are difficult to solve, and often ill-posed. To identify a system that behaves

better under numerical solution, we apply the generalized inverse Mehler Transformation

to (3.30)-(3.32) (see Section [3.2.3)) resulting in a Fredholm-like system of the second kind.
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3.2.2. Applied Tangential Field

Her let us consider the case where a uniform electric field is applied tangentially to the
planar interface between €2; and €2, in the x direction. In the absence of a particle, the
solution is F = —FEpz in both phases, i.e., a uniform constant field in the x direction.
The presence of the particle perturbs this solution. Paralleling the argument for the
normal applied field and again introducing dimensionless variables, we look for a solution

in cylindrical coordinates of Eqs. (3.1)-(3.2)) in the form,
(3.33) o = rcosf + Py,

where k denotes u, [, p respectively.

Our solution approach will again be to introduce the toroidal coordinate system (|3.6)).
The difference is that now our solution is not axisymmetric and we must account for the
0 dependence of the solution.

The Laplace equation for the perturbed potential ® in toroidal coordinates (&, 7, 6)
with @ as the azimuthal angle, becomes,

2 sinh 7 8<I>k) i g( sinh 7 0Py,
0& “coshn — cos & O On coshn — cosé On
1 02y,

.34 = 0.
(3:34) * sinhn(coshn — cos&) 062 0

The boundary conditions (3.2]) can be written as
(3.35) b, =0, atz=0,
(3.36) b, =0, at&=¢,

(3.37) o=, at&=E+m,
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0®, 0% _
(3.38) ’Yula—f = BTz at z =0,
0P, 0%, sin asinh 7 sin &, B
(3.39) %18_5 sza—g =(Yut = Vpt) (cosh 7] — cos &)? cosf at & =&,
0P 0%, — sin asinh 7 sin & B
(3.40) _8_5 ’Ypla—g —(1 Vpl) (COSh77 T cos 50)2 cosf at & =& + .

Paralleling the argument in the previous section, and noting that our solution must

be symmetric about the z-axis, we can look for a solution in the form

(3.41) Dp(n,&,0) = +/coshn — cos EW(n, &) cos(h).

Substituting (3.41)) into Eq. (3.34) we find that U satisfies the equation

1 0 o 1 1 02w
—(sinhn—2) + Wy (= — )+ —= = 0.

3.42
(342) an 4 sinh®n 0&?

sinh 7 On
This is the first order associate Legendre equation of the first kind. Thus W, can be

expressed by,

(3.43) \Ilk(n,f)—/o Bk(f,T)Pil/%m(cosh77)d7'7

where P!, Jotir 18 the first order associate Legendre function of the first kind. B satisfy,

82Bk(§7 7—)

(3.44) e = 2By,
We can look for a solution in the form,
sinh (§y — )7 sinh é7
4 B, = i R VA
(3.45) w=G(7) sinh {1 + Cz(T)sinh EoT

sinh (§o + 7 — &) sinh (§ — 2m)7
sinh (§o — m)7 3(7) sinh (§ — )7
sinh (§o + 7 — &) sinh (& — &)7

sinh 71 sinh 71

(3.46) B =Ci(r)

(3.47) B, = Cy(1) —Cs(7)
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This will naturally satisfy the continuity of ®; conditions. Paralleling the derivations of
equations (13.30))43.32)), we substitute the above equations for By into the second boundary
condition in Egs. (3.38)-(3.40) and find that the three coefficients Cj, must satisfy the three

equations,

Yul o . ;
sinh&r 0 /sinh (& — m)7

(3.48) C1(7) [y coth &g — coth (§g — m)7] = Ca(T)

o K1 o h h
[ e D dr [ ) ST ST 1, 7y
0 0

. . ul —.
sinh &y7 sinh r7 sinh &y7

K'(n,7)

sinh 71

sin 50
coshn — cos &

+ Vpi /OOO 7C3(T) dr + (Vpr — %l)2( ] /OOO Co(T)K'(n, 7)dT

25/2

(3.49) = T(%l — ’ypl)/ T sin
0

sinh (7 — &)1

cosh 7t

K'(n,7)dr,

o K'(n,T) > coshmr  cosh (& —m)7,
L O gt ) O G + e e e

sin (§o + )
2(coshn —cos (§ + 7

[e'e) Kl ’
o / O EA UL M
0

sinh 77

M /000 Cs(T)K'(n, 7)dr

(3.50)

25/2 *  sinhé&r
:T(’ypl—l)/o Tsmacoshm'Kl(n’T)dT’

where K'(n,7) = P!, , ; (coshn). Here we have used the identity,

(3.51)

sinhpsing 22 /°° S (T = )T (n,7)dr.
0

(coshn —cos&)®2 3 cosh w7
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This identity can be easily derived by taking the derivative with respect to n of the Lebedev
formula (3.19)). As with the normal field case, we solve the above systems of equations
for Cp numerically. Note that we have retained similar notation in solving the applied
normal field and tangential field case and we expect that the context of the discussion

will eliminate any potential confusion (between normal and tangential field).

3.2.3. Solving integral equations

To solve the integral equations for both the normal and tangential field cases above, we
apply the generalized inverse Mehler transform in Appendix [B]

For the normal field case the inverse transform is applied to equations —.
From the resulting equations, eliminating C; by using and with some algebraic

manipulation, we obtain the coupled system of integral equations,

(3.52) CoAai(7) + C3Az1(7) = Si(7) + (Yur — 7pl)/ Co(T)VA(T, T)dT,
0

(353) CQAQQ(T) + CgAgQ(T) = 52(7') + (]_ — ’Ypl) / C3(’7’)VVQ<7~', T)d7~'
0

See Appendix [C] for the detailed results including the definitions of Vj and Sj.
Equations — are a system of two linear Fredholm integral equations of the
second kind for the unknown coefficients C, and C3. A solution is found computationally by
discretizing the integrals using the trapezoidal rule and solving the resulting discretized
system of equations. Let T} be the truncation point of 7 and 7 > 1, and T, be the
truncation point of 7. The term in righthand side is a triple integral in the first quadrant.
Since we require the functions C;,Cs and Cs decays sufficiently fast and the fact that

Legendre function K°(n,7) = P°, Javir(coshn) also decays exponentially when n — oo,
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the truncation error is small at large enough 7. and 7). Numerical checks are done to
ensure convergence (see Appendix D[) The unknown coefficient C; can be found from Eq.

(3.48) after Co and Cj are found. The perturbation potentials @, are then determined by

using Eqs. (3.14])), (3.23))-(3.25)).

The tangential field problem is solved in a similar way by applying the transform Eq.

to Bq. (E10)-(E50)

YuC1(7) — Co(7)[ypr coth T + 74y coth §o7]

sinh &7
1

sl G

2°/2 sinh (1 — &)
3 cosh 7

2tanh 71 . < . ~
WSIH&)/O Cg(T)Ull(T,T)dT,

=(Yu — ’sz)
(3.54) + (Yt = Vi)

and

— C3(7)[—p coth T + coth (§y — 7)7]

1 G+ /OOO Ca(T)Uy (7, 7)d7,
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> K'(n,m)K'(n,7)
o  coshn —cosé&

> K'(n,m)K'(n,7)
o  coshn -+ coséy

(3.56) UL(F,7) =

sinh ndn,

(3.57) U7, 7) = sinh ndn.

Combinding Eqs. (3.48)), (3.54)) and (3.55)), the tangential field problem can be solved

in a numerical manner similar to the normal field problem.

3.3. Computational Results: Induced Potential Lines

Computation results for the applied normal and tangential field cases are presented
here. The parameters which affect the potential solution are the contact angle a;, and the
ratios v, and 7.

Figure 3.3 and fig. show the equipotential lines of several different scenarios under
a given parameter set. For o = 7/2, v, = 4 and v,, = 1/2, we see in Figure
that a particle in an applied normal field behaves like a dipole, while for 7,, = 2, in
Figure [3.3p, the quadrupole nature of the perturbation field is apparent. Results for
the same parameters are given for the applied tangential field case in fig. as Ypu 18
increased. In fig. the potential in Eq. is plotted without the cos# dependence.
This quadrupole contribution is explicitly derived in Section |3.6] where we calculate the

far field behavior of the potential.

3.4. Electric Field Near the Contact Line

To study the local behavior of the electric field near the contact line (79, 0), we consider

the limit n — co. Here we only provide deatils for the case of the applied normal field.



7

Figure 3.3. Applied normal electric field. Equal potential lines of @, a = 7/2, v, = 4.
(a) vpr = 1/2. (b) yp = 2, for better demonstration, smaller potential level is used. Select
values of the potential are noted on each figure.

Figure 3.4. Applied tangential electric field. Equal potential lines of ®;, a = /2,
Yui = 4. () vpr = 1/2. (b) v = 2, for better demonstration, smaller potential level is
used. Select values of the potential are noted on each figure.

Denote the solution to system Eqs. (3.7)-(3.13) as,
(3.58) (1, §) = +/coshn — cos EW(1), €).

Since the potential is finite at the contact line, it follows that as n — oo, Wg(n,§)
satisfies following equation and boundary conditions,

02Uy, N oV, N Uy N 0?2,
on? on 4 0&?

(3.59) =0,
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where k = u, [, p. And,

(3.60) W, =0, atz=0,

(3.61) U, =0, até=¢&,

(3.62) U=, até&=¢&+r,
and,

(3.63) %laa_‘l;u = 8@_\? at 2 =0,

(3.64) vpzaa—q;p = %zaa—\? at § = &o,
(3.65) »y,,l%—\l;” - aa—\? at € = & + .

This suggests a solution near the contact line in the form W) = Dge™2 4 1y(n, £).

We look for ¢y (n,£) as a separable function of n and . The result which satisfies the

continuity of potential Eq.(3.60))-(3.62)) is

_ 1/, S0 (G0 — sin v
(3.66) Wy = e TV2ND, sin &yv D sinfoy]’
_(c12-ump . Sin (o + T — v sin (€ — 2m)v
(367) wl =€ n[Dl sin (60 - 7T>y 3 sin (&]'_ 7]')1/ )
(3.68) gy = et 12-mpp, S T = p sin(E =G
sin v sin v

Recall that £ = 0 on the 2, side of the planar interface while & = 27 on the €; side of
the planar interface.

The separation parameter v > 0 is determined by the other three boundary conditions.

Substituting the local solution Eq. (3.66))-(3.68) into Eqgs. (3.63)-(3.65]), we obtain three

homogeneous linear equations for the coefficients D, Do, D3. A non-trivial solution of the
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3 x 3 linear system requires the following determinant must be zero,

(3.69)
—u1 cot &g + cot (& — m)v Yl €SC &gV —csc(§ —m)v
—Yu1 €SC &g Yui €Ot oV 4 Y1 cOt TV —Ypl CSC TV = 0.
—csc (&g — m)v Ypl CSC TV cot (§o — m)v — yp cot T

Eq. determines the separation parameter v, and therefore the singular behavior
of the electric field as a function of the v ratios and a = m — §. There are multiple real
solutions of Eq. but the smallest solution is always in the interval [3,1]. This
implies an integrable singularity of the normal electric field (see Eq. ) Figure
shows the behavior of the smallest v from Eq. as a function of the contact angle «
for different values of 7,; when 7, = 1. It is interesting to note that as a increases from
0, the value of v first decreases from v = 1, reaches a minimum, and finally approaches
one as « tends to 180°.

First let us consider the limit where ~,, — o0, e.g., when the upper fluid is a perfect

conductor. In this limiting case the determinant (3.69)) reduces to
(3.70) cot(§y — m)v — vy cot v = 0.

This is consistent with the results of [62] and the monotonically decreasing behavior of v
shown in Figure Note this asymptotic result implies that v tends to 1 as a =7 — &
tends to zero, and it implies that v tends to 1/2 as « tends to 180°, indicating a singular
limit as illustrated in Figure |3.5]

We note when &, = 7/2, the solution of v becomes identical to the solution in checker-

board geometry [64), [65] when the conductivities in the left half plane are the same, where
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v satisfies,

_ 2
(3.71) cosm(l—v)=1-2A% A?= YoV = Vu) |
2(vu + 1) (yu + 710) (717 + )

Once the potential in the neighborhood of the contact line is known, we find the electric
field by taking the gradient of the potential and then letting 1 tend to infinity. We need
to only consider the electric field in the upper fluid, and for ease of presentation we only
look for the singular behavior of Eu along z = 0. Suppose we write Eu = F.Z+ E,7 along
z=0.

1 0 1 ov
3.72 Bl 9% b ey 19320
( ) ’ =0 Yal az | =0 Val (COS 77 ) ag |£—07

using Eq. (3.66) with only the smallest v € [1

5.1], and the definition of the toroidal

coordinate system Eq. (3.6)), we obtain at leading order for large 7
(3.73) E.|mg ~ ca(v)e" ~ & () (r /1o — 1)V

Here ¢,(v) and é,(v) are coefficients which do not depend on 7, and note that from Eq.
that as 7 — oo, then r — rg. Since v is between 1/2 and 1, the singularity in the
normal electric field is integrable.

The above asymptotic analysis allows us to also find the local behavior of the electric

field E,. at the contact line as n — oo,
DO (1-v)n DQ 7“/7’0 -1 vl
(374) ET’Z—O ~ 7 - VD1€ ~ 7 - VD1 s —

Unlike the studies done by Danov and Kralchevsky [22], [62], [66] which are in the limit

where v,;, — o0, i.e., the upper fluid is a perfect conductor with E, = 0 along the
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interface, we find here that the tangential electric field is nonzero along the interface and
it is singular at the contact line.

The local behavior of the electric field along z = 0 at the contact line can also be
investigated in the applied tangential field case by a similar analysis. Although the so-
lution in this case does depend on the azimuthal angle #, the singular behavior does
not and the local dependence on r at the contact line is exactly the same as the re-
sults above. The assumption of setting z = 0 can be relaxed and the functional depen-
dence on position (r/ro — 1)*~! in Eq. (3.72)-(3.74) can be shown to simply change to
[(2/10)? + (r/ro — 1)? /4]~ 172,

0.95

09| Yur = 2
0.85

0.8 Yur = 4

N 0.75F
0.7
N
0.65 N
S N
0.6F RN Yur = 50
N
o 200

0.55r Yul = OO T I = T

0.5 1 1 1 1 1 1 1 1 \\

0 20 40 60 80 100 120 140 160 180
o (deg)
Figure 3.5. v vs. « for different values of ~y, with v, = 1. Here « is given in

degrees. The ~y,; — oo limit recovers the case considered in the study done by Danov
and Kralchevsky.
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3.5. Electric Force on An Isolated Particle

Here we calculate the total force exerted on the particle by the electric field. Details
are only given for the applied normal field case. The applied tangential field case is similar
in derivation. The calculation involves integration of the Maxwell stress tensor over the
surface of the particle. This tensor depends on the dielectric constants, €;(k = u, 1), and
the electric field on the particle surface. For the sake of brevity, we illustrate the approach
on the case of perfect dielectric media, v = €. The derivation for the leaky dielectrics is
similar..

It should be noted that an alternative approach in finding the force on the particle
was used by Danov & Kralchevsky [22] for the special case of a nonpolar/water (perfect
conductor) interface. In that work, the integral of the Maxwell Stress tensor over the par-
ticle surface was replaced by an integral along the fluid interface by using the Divergence
theorem. This approach could be used in the case of perfect dielectrics, v = €. However,
the approach is inapplicable in the case of leaky dielectric, v = ¢ because of nonzero

induced charge at the fluid interface.

3.5.1. Applied Normal Electric Field

From symmetry, the net force on the particle is only in the vertical direction. The total
force on the particle, F = F! + F¥, is calculated by integrating the total pressure on the

particle surface S = .S, U S;.

(3.75) FF = —// P*dS,
Sk
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where k = [, u. The pressures P* in each fluid media is given by the sum of the Maxwell

stress tensor £* and the base pressure pjoo,
k k €k 2 €k
(3.76) P" = pocl = B = (proo + o= VoI = =V Vipy.
8T 47

The force F* is assumed to be dimensionless and the unit of force is coF2a®, where ¢,
is the vacuum permittivity. The constant dimensionless pressure is derived by balancing

the pressure at the flat (and particle-free) fluid-fluid interface and is given by

€y €] . +5
877")/2[ {7 = Dico D,

where pro are constants and dp is the pressure jump from the lower to the upper surface
due to the presence of the electric field. Since the constant pressure contribution integrates

to zero over S, the total force on the particle can be written as just an integral of dp over

S, plus the Maxwell stress tensor over the particle interfaces,

(3.78)

€u €u €] €1
F=— V2T - - L V1 — L .
/Su{ép—l— 87T|Vgou] 47TV30UV30U}dS /Sl{8ﬂ|Vg0l| 47TV<,01V901}CZS

The surface integrals on the right hand side of will be calculated numerically on the
particle interfaces( trapezoidal rule for £ = &;, and &, + ) using the solution from Section
4. Since there is only a component of force in the z-direction, introduce ¢F° =F - e, as
the z component of the force, where e, is the unit vector in the z direction.

Figure (a) shows the force coefficients F° varying with ¢, when a is 90 degrees.
We find that F¢ is monotonically decreasing with €,;. The force is positive (upward) for
small €,;, while it becomes negative as €, increases. This force is usually referred to as

electro-dipping if it is directed to the region of larger dielectric constant. As expected, for
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ey = 1, the net force on the particle is zero independent of the value of €. Figure (b)
illustrates the dependence of the force on the contact angle. Note the non-monotonic

behavior and also note that both a positive and negative force can be found.

0.3 T (?) T 0.3

T (b) T

20 40 60 80 20 40 60 80 100 120 140 160
€pl «

Figure 3.6. In applied normal field. Here v = €. (a) FS vs. €y, when €, =
1,2,4,16,100. a = 1/2. (b) FS vs. a. e =4, ey = 1/4,1,2,4,16.

3.5.2. Applied Tangential Electric Field

While it is obvious from symmetry considerations that there is no net tangential force
on a particle in an applied normal electric field, a tangential force might appear to be
possible in the tangentially applied field case. Given the tangential field in x direction as
in (section , it is straightforward to show that there is no force effect in the tangential
direction for a single particle, no matter what materials are chosen or the contact angle.
This is due to the symmetry of the field and the particle geometry.

When an applied tangential field in in the x direction, the electric potential is given

by (3.33). The force on the particle is given by (3.75) along with (3.76]). By symmetry,

the next force in the y direction must be zero. The force in the x direction on the upper
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part of the particle, F' can be written as

(3.79) = / / PUdS - & = / / [P{ing + Plns + Plng) dA,
Su Su

where the unit normal to the particle interface is n = (ny,ng,n3) and dS = ndA is the
area element. From (3.76) the components of the tensor P* are given by

0o, 0o,

U U Y FuN2 2 2
v €y od,. 09,
w _ €u 0o, 09,

(3.82) Pl = 151+ 5152

Notice from Eqgs. and that ¢, and ®, are odd about the z-axis, i.e.,
Op(x,y,2) = —Pr(—2z,y,2). This implies that Py is even, while P and P53 are odd.
Since the particle is a sphere, n; is odd about the z-axis, while ny and njz are even.
Together these imply that F* = 0, and a similar derivation gives F' = 0.

However, there is a nonzero force in the normal direction which is calculated by using
eq. , note that now dp = 0. The normal force coefficient F¢ is plotted in Figure
for some typical values of the parameters. Note in Figure that now, for small €, the
force in downward, and increases to a net positive force as ¢, increases. The behavior
of the force as a function of « is plotted in Figure and we see that the qualitative
behavior is similar to the applied normal field case, except now the mean values of F°

will increase with €, as opposed to the mean decreasing of FS observed in the applied

normal field case of Figure [3.6h.
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Figure 3.7. In applied tangential field with v = €. (a) F° vs. €y, when €, =
1,4,16,100. a = 7/2. (b) FS vs. . €w =4, e = 1/4,1,2, 4, 16.

3.6. Far-field Asymptotic Expansion of Potentials

In order to study the collective dynamics of many particles on an interface under an
applied electric field, the electric interaction between the particles must be understood.
Computationally, we could extend the results of the previous section to the many particle
case but this would be a challenging numerical computation. A more common approach
is to assume that the particles are far apart, and then to use the far-field asymptotic
expansion of the potentials of each particle to calculate the force on a particular particle.
This many body force approximation is typically calculated in the far-field approximation
by determining the two-particle interaction force and then using this to determine the
total force on the particle. The two-body force is calculated in the next section. Here
we first calculate the far-field asymptotic expansion for the electric potential of a single
particle on an interface.

For a particle located near the origin of the cylindrical coordinate system, our interest

is to find the asymptotic behavior of the potential as r — oo with 2z order one, i.e., close
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to the particle. In terms of the toroidal coordinate system, this implies that both £ and

n tend to zero (see Eq. [3.6)).

3.6.1. Applied Normal field

Consider first the applied normal field case. Our aim is to find the far field expansion
(0 <n<1land 0 < ¢ < 1) of the perturbed potential ®. Here we give the details only
for the upper potential &, as defined by Eq. . In terms of our transformed toroidal
coordinate system, this potential is given by the integral along with where
the coefficients C; and Cy are determined numerically as outlined in Section 2.

Begin by expanding K°(n, ) as 7 — 0. This is done by finding a power series solution

about 1 = 0 of the associated Legendre differential equation in terms of 1 . The result is
(3.83) K%n,7) ~1 — (1/16 + 72/4)n* + O(n*), n — 0.

The expansion is valid for any fixed 7. Using (3.83)) in Eq. (3.14) we find that ®, can be

approximated as,

(3.84) ®,, ~+/coshn — COSS/OTO B, (&, 7)[1 — (1/16 + 72 /4)n*|dT.

The truncated part of the integral decays exponentially with 7.
For fixed T we can also expand B, in Eq. (3.23)) as £ — 0 (i.e. near interface z = 0)

(3.85)
sinh (7 — &)7

B, ~Ci+ & |—Citcoth&yr + (Co + (1 — 1/%1)23/27 sin «v
cosh 1

)T esch&or|
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with truncation error at O(£?). Substitute Eq. (3.85)) into (3.84) and using the inverse of

the toroidal coordinates,

i, r*+ (2 —isina)? 1
3.86 =—1 = -
(3:86) ¢ 2 nr2+(z+z'sina)2’

22 + (r +sina)?
22+ (r —sina)?’

In
we obtain the far field expansion of ®, when R = v/72 + 22 — oo and z ~ O(1):

Notice here that we write the answer in terms of R and z, not r. The coefficients C}* are

calculated as below,

C¥ = 21/2sin? a/ [—Cy7 coth &oT
0

sinh (7 — &)

. 1—-1 2327 si
(3.88) + (Cy + ( /)27 7T sin oshr

)T csch &oT]dT
(3.89) O = \/2sin’ oz/oo(}L — 72)Cy(7)dr.
0

These coefficients are found numerically.

Paralleling the above analysis in the lower fluid, we obtain,

z
(3.90) Py ~ Cgﬁ

—+Cﬁ£§4—0(3%.
Using the boundary condition (3.2)) it is straightforward to show that C¥ = C} /v, and
C% = C!. Note that because there is no net charge on the particle the O(R™1) terms do
not contribute in the above expansions.

Eqgs. and show that in the far-field, the leading order potential has two
contributions: a dipole aligned with the applied electric field, given by the C} term, and

a quadrupole contribution, given by the C¥ term.
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In fig. [3.8{(a)(b) we plot C% as a function of the v ratios. In fig. [3.8(a) we plot C} as a
function of v, for several values of 7,;. Notice that C! decreases monotonically with Vpl-
When 7, is small, e.g., in a leaky dielectric this implies that the particle is less conductive
than the surrounding fluids, we find that the effective far field dipole coefficient is positive,
which indicates that the induced dipole is antiparallel to the applied field. With increasing
Ypi, the induced dipole flips sign and becomes parallel to the applied field. Here C} is
often referred to the excess dipole moment which is induced by the external field on the
particle. This changing behavior of the dipole is illustrated for both of these cases in
fig. , i.e. the induced dipolar fields in the lower fluid in fig. |3.3{(b) are in the opposite
direction of fig. 3.3(a). Finally note that as 7, — oo, the dimensionless dipole coefficient
in the lower fluid asymptotes to a finite limit, similar to the behavior when ~,; = 1. Also
we find that C{ = 0.5 for 7,, = 0 for all v,; when o = /2. In fig.[3.8(b) we plot C} vs. v,
for fixed values of 7,;. There we see the non-monotonic behavior of C’é with ~,; implied
in fig. [3.8((a), plus the asymptotic behavior with increasing =,; implied in fig. [3.8(a).

In fig. E(C)(d), we plot C} as a function of 7. Recall, C! = C¥ corresponds to
the quadrupole moment contribution at the same order as the dipole. When ~,;, = 1,
the solution can be exactly found and there is no quadrupole, the potential is purely
dipolar, otherwise Cjy is non-monotonic with 7,; and 7,;. Note that the magnitude of the
quadrupole effect is much less than the dipolar effect for a = 7/2, implying that it will
have only a small effect on the interaction force between particles when the particle is
centered at the fluid interface.

In fig. we plot C} and C! as a function of the contact angle . Notice that when

1 < Y < Yu, L. from the curve of v, = 2 in fig. [3.9(a), we observe that the far field
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Yur = 1,4,16,100, (d) C% vs. vu, when v, = 1,4,16, 100.

(a)

........ =1
— = Yu=4

Yu = 16
— Yul = 100/ 4

20 25 30

=

........ Yur =1

— = =4
Yur = 16

— Yu = 100

0.005

-0.005
-0.01
. -0.015
-0.02

0.025[% &
0.0}
-0.035}
0.0,

(b)

Yul

(a) CL vs.

90

potential dipole coefficient C} will flip sign when the particle emerges from the lower

fluid into the upper fluid. This phenomenon was observed previously in a limiting case

[22] where v,;, — oo. In fig. [3.9(a) the dashed lines are the approximating function

Cla(a) = mg + (my — mg)V () where my is the value of C} at o = 0, m, is the value

Cl at o = 180°, and V(a) = sin*(a/2)(3 — 2sin*(«/2)) is proportional to the volume

of the particle in the lower fluid as a function of a. Note that for the plots shown, this

approximation does well in approximating the o dependence of C}. The approximation

works well for a wide range of parameters but will beging to fail when the behavior of CY

is no longer monotonic, e.g., see the «, = 16 plot in fig. . Our computations imply
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this is true for large values of v, and 7. In fig. [3.9(b) the quadrupole coefficient C} is
generally small compared to C% when o = 7/2. However away from 7/2 (off-centered),

the magnitude of quadrupole moment increases and becomes nonnegligible.

Figure 3.9. (Normal field) (a) C% vs. « in degrees, when v, = 1/4,1/2,1,2,4,16,
~Yur = 4. The solid lines are numerical results while the broken lines at the approximate
solutions C 4. (b) C% vs. « in degrees, when 7, = 1/4,1/2,1,2,4,16, v, = 4.

3.6.2. Applied Tangential Field

Paralleling the derivation of the previous subsection but now identifying the power series
expansion of K | the far-field asymptotic expansion for the induced potential in an applied

tangential field has the general form:

o/ iy

—1. L

m+ +O(R™).

The coefficients C#* and C! are given by,

(3.92)

Cl=0Cy = —\/53111204/0 (}l +72)Cy (7)dT
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(3.93)
Cl = C¥ = V/2sin? a/o [g(i +7%) + %(i + 7%)%C () dT
(3.94)

Cl = 7 CF = —2/25sin’ o /Ooo(i + 73 [~Cy7 coth (& — )T + Cs7 csch (& — 7)7]dT.

The first term in Eq. is a tangential dipole potential, i.e. a dipole aligned
horizontally with a higher order decaying effect. Since C = C%, the far-field expansions
in both the upper and lower fluid are identical at leading order and the particle can be
regard as a single dipole. The C¥ term is a quadrupole term. From the boundary condition
Eq. it must satisfy C! = ~,C% The C¥ term is from the octupole contribution.

The quadrupole and octupole contributions both come at the same order in our far field

expansion because of our assumptions on R and z.

3.7. Interaction of Widely Separated Particles

In the previous section we calculated the far-field behavior of the electric potential.
Here we use these results to determine the force between two widely spaced identical
particles resting on a fluid interface. Assume that particle 1 is centered at (0,0, — cos «)
as shown in fig. [3.10]and that an identical particle2 is located a distance Ry (dimensionless
units) along the interface with Ry > 1, see fig. . We seek to determine the applied
horizontal force on particle 1 due to the presence of particle 2 by integrating the total
Maxwell stress 3 over the particle 1 interface S*. We are only interested in the components

of the force in the direction horizontal to the interface, i.e., F¥ex + F¥e,, where ey and
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ey are unit vectors in the x and y directions, respectively. This allows us to write

(3.95) Fm—F-em—// 3dS - e,
S1
for m = z,y. Set F™ = F" + F™ were F]" only includes the integration of eq. (3.95)

along the S}, k = u, [, portion of the S* interface.

z

Q (Rg cos 3, Ry sin 3, — cos a)
- Ry, 0, —cosa
/3@: ' Ro j

Figure 3.10. Particle locations in inter-particle force calculation. Normal
field: assume the second particle centered at (Ry, 0, — cos «v), without losing
any generality. Tangential field: assume the second particle centered at
(Rg cos 3, Ry sin 3, — cos «).

There is no contribution to the horizontal force from the constant pressure pyo in Eq.
. The total electric stress in Eq. accounts for the presence of both particles
along the interface. In the widely spaced situation considered here (R > 1), at leading
order, the potential used to calculate the stress is simply the sum of the applied field on

particle 1 (Section plus the perturbation field from particle 2 (Section |3.6)).
3.7.1. Applied Normal Field

Without loss of generality, assume that the center of particle 2 is located at (Ry, 0, — cos a),

see fig. [3.10, By symmetry we need only consider the x component of the force as given

by eq. (3.95).
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From Eq. (3.95)), the force components in the x direction on particle 1 can be written

as

or

27
(3.96) Fy :(—1)”/ / (—r coseg—;E’fl — rsin@Z—;Z’fz +r
o Jo

where £ = &, and n = 0 for £ = u on the upper surface of particle 1, and £ = & + 7 and
n = 1 for kK = [ on the lower surface in the above integral. The components of the Maxwell
stress tensor X¥ for k = u, [ in Eq.(3.96) are given by Eq.(3.76) where the potentials on

the upper and lower surface of particle 1 are given by

CY+Clz

(3.97) ou =2/ + Puy + g
Cl+Clz
(3.98) 1=z By

Here @y, is the electric perturbation potential on particle 1 given by Eq. (3.14]), and we

have used the leading order contribution at O(R™3) of the potential from particle 2 on

particle 1 as given by eq. (3.87)) and eq. (3.90)),

z
(3.99) ~Ch— =t C!f o k=l

where now R = /(z — Ro)> + 3> + 22 >> 1.
With this information, we can now compute the horizontal force F}/ for k = u,l. At
this point we find it convenient to expand R in Egs. (3.97)) and (3.98) for large Ry and then

substitute into Eq. . This allows us to write X, = X

Oz]

=R+ 5k Ryt -

2,13
The O(1) in Ry term in (3.96) integrates to zero as noted in Section 5, i.e., a particle in
an applied normal field does not feel any horizontal force on the interface. We also find

that the O(R,®) term integrates to zero. The first nonzero contribution to ([3.96)) occurs

at O(Ry*). At this order, the Z’;ﬁij contributions to the stress tensor in the upper fluid
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are:

v 3eu | 0P, WOy 4, 0Py
(3.100) Yo =-— T {C’ (1/yu + 9% Jx — Cy ——— g z—Cf——— 8x },

3 3CI)U1 a®u1
3.101 Yoy = Cy —
1oy s, = {o e el

3 ua®u,1 m a(I)ul
prs {C Oz 4G 0z

(3.102) Sy =

+ 1/7ul)z + Cu(

0P, 1

The components of the horizontal force on the upper part of the particle 1 interface can

be found by plugging eqgs. (3.100) to (3.102) into eq. (3.96)), and integrating. A similar

calculation can also be done for the lower part of particle 1.
A non-dimensional inter-particle force coefficient FZ can now be defined by summing

the upper and lower forces on particle 1,

T T T T
(3.103) F* = F* 4 FF = 4R4f

Figure shows the force coefficients F* with fixed ~;, values and increasing ~,,, when
a = 27/3. In Figure we consider the dielectric case where v = e. We find that FZ
remains negative (repulsive) for all values considered. The force decreases in magnitude
with increasing v,;, reaches zero, and then continues increasing in magnitude. Notice that
FL =0 for ey = €p = 1, i.e., where you have a homogeneous material. Also note that
it is also possible for FZ = 0 when 7,; # 1, since as noted in Figure [3.8h, C% will vanish
for finite values of 7,;. In this case the quadrupole terms determine the leading order
behavior of the force and the contribution will occur at O(Ry®), this will not be discussed
further here.

In Figure we consider the leakly dielectric case where v = ¢ is varied but the

dielectric constants appearing in the force definition in Eq. (3.78)) are set as €,/¢; = 1.
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0.2

€pl

Figure 3.11. (Normal field) FZ vs. vy, o = 27/3. (a) v =€, € = 2,4,16. (b) v =0,
oul = 2,4,16 and €,; = 1 is used for all cases.

Note that in the leakly dielectric case of Figure we can find reasonable values of o
which makes the total force attractive, FZ > 0 at order O(R;*). This happens when the
quadrupole contribution occurring in the potential of eq. becomes dominant.
When v = ¢, here we prive that the C¥ terms in eq. do not contribute to the
inter-particle force Fj7. This follows because there is zero net charge on the interface of a

dielectric.

The contribution of Cy terms in egs. (3.100) to (3.102)) substituted back to eq. (3.96))

F* =g, // Em,dS + q/ SflnldS
Su S

can be written as

w _ 3C¥ 0%, 0Py 0Py | _ 3CL 0P 9911 0P
where &} = 4 (550, dy ’ 0z +1/7yw) and & = (5, dy 0 0z +1).
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Because V - £F = 0, by using divergence theorem, we obtain

F™ = —¢, / £',dS — € / Elnyds,
Iy I

where [, and [; are actually the same fluid-fluid interface from the three-phase contact

line to infinite far away, with n, = —n; = e,. Thus,

0P, 1 l// 0P, 4
Fx = — u 2 1 ) 1 .
€, Cy //Iu( B + 1/7,)dS + ¢C, ]l( P + 1)nydS

We know that C} = C} and 8?;’1 = 8;1;;’1/%1 at z = 0. Thus when v = €, we get

F* =0.
In this case, paralleling the calculation in [22], it can be found analytically that the
leading order force between a pair of wide-separated particles is a dipole-dipole interaction

and the inter-particle force can now be identified as

a(Ch)” + eu(Cy)?
SR

(3.104) F*=-3

Note that this result is independent of €, and « since these parameters will only change the
total force by influencing the effective induced dipole moments, i.e. C5. Equation (3.104)
is consistent with the special case considered in [22]. In should be noted that even in
the leakly dielectric case where v = o, eq. is a good approximation when the
quadrupole coefficients are much smaller than dipole coefficients, such as when o = 7/2

shown in fig. [3.9|
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3.7.2. Applied Tangential Field

When the electric field is applied tangential to the fluid interface and parallel to the x-axis,
the force on particle 1 depends not only on the distance between the two particles, R, but
on the location of particle 2 relative to the direction of the applied field. The interaction
force will have components in both the z and y direction (an electric torque will also exist
in this case). To make this more definite, assume that particle 1 is again centered at
(0,0, — cos «v), while particle 2 is centered at (Rgcos 3, Rysin 3, — cos o), where (3 is the
angle in the x — y plane measured from the z-axis and to the plane through the particle
centers and perpendicular to the z — y plane, see fig. [3.10, with 8 > 0 if both z and y are
positive.

The interaction force F* in the z-direction is again calculated from eq. but
now using in the Maxwell stress a potential which is the sum of the far field potential
of particle 2 given by eq. plus the potential eq. of a single particle in an
applied tangential field. To get the leading order behavior in Ry of F* both the R~3 and

R terms in eq. (3.91)) need to be retained in the approximation. Note that here we

set R = /(z — Rocos8)2+ (y — Rosin8)2 + 22 >> 1. The constant offset in z-direction
will not affect the result.

The force in y direction is

o oo 0z 0z or
3.105 FY =(-1 ”/ / —rcos—Xk — rsin@—xk + r—xk.)dnd,
( ) k (—1) ; ; ( an 21 an 22 an 23) Ui

where again £ = &, and n = 0 for k = u on the upper surface of particle 1, and £ =&y + 7

and n =1 for k = [ on the lower surface in the above integral.
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As in the previous section, the Maxwell tensor can be expanded in Ry and we find that

the leading order nonzero contribution to the interaction force from particle 2 is given by,

SGkC 8(I)k 1 8(I)k 1 (9<I>k 1 8<I>k 1 8(I)k 1
Zk — 2 o s 4 R , ,
2,11 167 { Ez By Y+ P z] cos f + 5(x + o + Dy y) cos 33
(3.106)
— [ag);’lx —(1+ 6;{;;1) |(sin 8 + 5sin 35) } + Ekc 8?;1 os 3,
3e,Ck 6@ 0P 0P 0P
koo 3aly by kL Bl ko
Yoo = 16m { y+3 By x]cos 5+ 5] o r—(1+ e )y] cos 3
(3.107)
0Py 1 0Py o, . .
+[(1+ e )z + By y](smﬁ+5sm3ﬁ)},
36 C’ 8@ 0o 0Py, 1
ko 2%V k1 k,1
Y513 = { e )z +3 5 x]cos B+ 5 P L2 cos 38
(3.108)
0Py . . erCk oL
P y(sin B+ 5sin33)} — g (1+ e ) cos 3,
BGkC 8¢>k 1 8q>k 1 8<I>k 1 8<I>k 1 GQDk 1
Zk‘ — 2 . , 4 , , ,
2,22 167 { )x By y+ P z] cos 4 5(x + 9 " + 3y y) cos 33
(3.100)
8<I>k,1 8(13k EkC 8<I>k1
— 9 r—(1+ pe Ly ](smﬁ—l—5sm$5}+ o 0s 3,
3e,C¥ 6<I> (3<I>
oo 9otkby k:l k1 _ . .
Y03 = T6m {( 8y z) cos 3 5 8 (smﬁ—i—’f)smi’)ﬂ)}
(3.110)
. Gké!f 8@;6,1
i oy cos f3.

From eqs. (3.106]) to (3.110)), we see that only the dipole (C¥) and quadrupole (C¥) terms

contribute to the integration of the forces at the leading order of O(Ry*).
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Substitute egs. (3.106)) to (3.110]) into eq. (3.96) and eq. (3.105)) and sum up the forces

on the upper and lower surface. Consider only the total force due to the dipole-dipole
interactions, i.e., the C} terms in the above. Write the # and y components of this

dipole-dipole force as Fy and F}/, respectively. This allows us to write,

(3.111)  F7 = 4€08 B+ Fl gco83p), Fj = Flysinf + FL  sin3p),

4R4( 4R4(
where we have factored out the § dependence. Specifically, F7,, Fis 4, Foy, and Fi

are dipolar force coefficients independent of the particle align angle 5. From eqs. (13.106))
o (3.110), it can be proved in Appendix [F| that Fz5 ; = ch, Fha= 5.7-"Id and F/, =

%fgd. Rewriting the force components in the axial direction with respect to the particle

centers, we obtain,

aFL, 2 aFL, 4
v ’d(g—l—QCOSQﬂ), Fg:l 424

3.112 it =

Thus the maximum dipole interaction F§* in axial direction direction with respect to [ is
obtained when 8 = 0 or m. The maximum in the perpendicular direction F)} is obtained
at =2 or 2.

As with the applied normal field case of Section 7.1, the quadrupole does not contribute
to the leading order inter-particle force when we set v = e. Only the dipole-dipole
interaction at the leading order occurs with the force exponents as,

2 ~2
3C3 1+ 3cos2p), F;_E?)C sin 23,

A1 F9* =
(3 3) d 2R4< RO

where € = (€, + €)/2 is the average dielectric constants of the two fluid material and

Cy = CY = C¥. This result is equivalent to the classical result for a general dipole-dipole
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interaction [33), 67]. We have another proving of |3.113| using an analogy of the method

in [23], in Appendix [E]

In the leaky dielectric case there is a non-zero quadrupole contribution at leading

order in the force, i.e., O(R;*). From Equations (3.106) to (3.110]), we observe that the

quadrupole interaction terms (i.e., those with C¥) are all proportional to cos 3. These

terms do not contribute to the force in the y direction but there is a force contribution in

the x direction. Denote this quadrupole contribution to the force as F7 and write

T €] T
(3.114) Fy = r%qu cos f3.
Note that here when v = € and with £F = f—j}:(ag’;’l ,0, — %k

at z =0 and C§ = C} /v, we still obtain F¥ = 0.

5.+ 1), because

25 30

0P,1 _ 0Py

oz oz

Figure 3.12. (Tangential field) F. 4 (solid lines) and F., (dashed lines) vs. o,; when

oul = 2,4,16. o = /2 and €,; = 1 is used.
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Combinding this result with eq. the total force in the z-direction can be written
as I'* = Fj + F} = ¢ [3(.7-“2% + F*.,) cos B+ BFE. 4cos 35} /12R3. Figure plots
the two force coefficients F.,; and F., as a function of o, for several values of o,;, when
a = 7/2 in the leaky dielectric case, i.e., when v = 0. Notice that the magnitude of the
dipole force contribution and quadrupole force contribution can be of the same order for
small values of 0,;, but when the particle becomes more conductive, i.e. o, >> 0y, the
dipolar interaction becomes dominant, and estimates of the inter-particle force using only
dipole interactions becomes a reasonable approximation. But for less conductive particles,

the quadrupole contribution to the force cannot be ignored.



103

CHAPTER 4

Electrohydrodynamic assembly of colloidal particles on a drop
interface

4.1. Introduction

Emulsions of particle-coated drops (so called Pickering emulsions [1l, 2]) are widely
used in the pharmaceutical, food, personal care and many other industries [3]. Colloi-
dosomes, which are microcapsules with shells made of colloid particles [4], are used for
drug delivery due to the great degree of control of the shell permeability [5]. Colloidal
particles get trapped at interfaces between immiscible (e.g., oil/water) fluids [6] (since the
energy to detach a particle adsorbed at an interface exceeds the thermal energy by the
thousands) and at high packing density form a shell enapsulating the drop that stabilizes
emulsions against coalescence and enables selective permeability [4, [7, 8], 9, 10]. Col-
loids at low surface coverage, however, do not form static structures, but instead assemble
dynamically [11], 12], T3], 14]. For example, a uniform electric field was found to induce
various patterns such as an equatorial belt, pole-to-pole chains or a band of dynamic
vortices [11}, [12]. The latter intriguing phenomenon has not been explained thus far and
motivates our study.

The collective dynamics of colloidal particles adsorbed at the interface of a drop in
the presence of an electric field presents a challenging problem. The presence of the
interface strongly modifies the electrostatic and hydrodynamic interactions between the

particles, and introduces new interactions such as the classic capillary attraction (Cheerios
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effect)[I5]. The latter arises from local deformation of the interface (e.g., if the particle
has weight) [16, 17, 18], 19, 20]. The interfacial distortions increase the interfacial
area and thus raise the interfacial free energy; one way of minimizing this effect is to
bring the particles together so that their menisci overlap. The electrostatic interaction
between charged particles in the absence of electric field [21] or in the presence of electric
field [22, 23] can significantly differ from the particle interactions in a homogeneous
medium. Our previous work showed that depending on the particles and suspending
fluid conductivities, the far-field interaction between interface-trapped particles may get
significant contribution from the electric-field induced particle quadrupole and overcome
the dipole-dipole interaction. Particle hydrodynamics at interfaces is also highly nontrivial
as shown by studies of the motion of an isolated particle [54), 55, (68|, 69, [70, [71] or
simulations of many particles [72, [73, [74].

In previous work we used the effective moment method to study the dynamics of
particles in a homogeneous fluid but in an applied non-uniform electric field. Here we
generalize this approach to determine the collective motion and assembly of colloidal
spheres trapped at a drop interface in a uniform applied electric field. Our aim is to
use this model to simulate the dynamics seen in recent experiments on particle covered
drops [11], 12] and to systematically show the impact of particle concentration and field
strength on the dynamics. The model presented here accounts for the electric field driven
flow within the drop and suspending fluid, particle-particle electrostatic interaction, and
the particle motion and rotation due to the induced flow and the applied electric field. The
impact of particle concentration and electric field strength on the collective motions of the

particles is investigated. We also present simulations illustrating the effect of changing
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particle coverage and applied field strength to the observed clustering phenomenon near

the equator of the drop.

4.2. Problem Formulation

A drop placed in an electric field polarizes if its permittivity ¢; and conductivity
o4 are different than the suspending fluid permittivity €; and conductivity oy. Finite
conductivity, even if very low, enables the passage of electric current and electrical charge
accumulates at the drop interface. The electric field acting on this induced surface charge
creates shear electric stress that drag the fluids into motion. In the case of a uniform DC
electric field of strength Ej, the fluid undergoes axisymmetric straining flow about the

drop. For a spherical drop of radius Ry, the surface velocity is [25]

OE3 Roeq (1 - £22) )
L7 sin 26%.

2
10 (24 2) (g + pa)

where 6 is the spherical polar angle measured from the direction of the applied uniform

(4.1) uy,” =

electric field (see Fig. . Here p1y and pg4 are the viscosity of the suspending fluid and
drop, respectively. This flow field is directed either from pole to equator or equator to pole
depending on the relative magnitude of the drop and suspending fluid charge relaxation
time, 24 and ZL.
€4 €f
Particles adsorbed at the drop interface are advected by the flow and if the flow is
from pole to equator, i.e., ‘Z—: < Z—]’:, particles are expected to accumulate at the drop
equator. Hence, the band formation observed in the experiments [11, 12] is likely driven

by the electrohydrodynamic flow. However, particles also polarize in the electric field and

interact electrostatically, which typically results in chaining [11], 12} [75, [76].
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To study the complex interplay of flow advection and dielectrophoretic motion on the
collective dynamics of particles, we develop a model under several assumptions. Drop
shape remains spherical, i.e., the electric capillary number Ca = e;E3Ry/v < 1, where
~ the surface tension. We only consider particle motions tangential to the drop surface,
i.e., in the normal direction all forces exerted on a particle are balanced. This is a
reasonable assumption given the large surface energy needed to remove a particle from
the interface, ~ yma?sin? ©, where © is the contact angle at the interface of the three-
phase line between the two fluids and the particle, and a is the particle radius. Since
the particles are small, interfacial deformation due to particle weight is negligible ( Bond
number Bo = a?Apg/y < 1, where Ap is the density difference, and g the acceleration

due to gravity). The problem geometry is sketched in Figure [4.1]

Particles (0, €,)
with radius a

(04, €ds pha)

(O-f76f7,uf)

Figure 4.1. Sketch of the problem: Colloidal spheres with radius a are trapped at the
interface of a drop with radius Ry, a/Rg << 1. The dielectric constants of the particles,
drop, and suspending fluid are €,, €4, and €f, conductivities are o, 04, and o¢, and
the viscosities of the drop and suspending fluids are (4, 1, respectively. A uniform DC
electric field E is applied globally. n and t are unit normal and tangential vectors on the
drop surface.

Hereafter, all variables are nondimensionalized (noted by a tilde) using the radius of the

drop Ry, the field strength Ej, a characteristic applied stress 7. = £;E3, and the properties
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of the suspending fluid. Accordingly, the time scale for the electrohydrodynamic flow is
tha = pty/T.. The flow velocity scale is u. = Ro7./jis.

We utilize the model of N neutral particles subjected to an applied electric field in
a homogeneous medium developed in chapter 2 The evolution of the induced electric

dipole and quadrupole of particle i (i = 1,..., N) are

B, - [ _ I - 1 _RR,Q
L0 x |P; “E Sl y O I vk il
dt ; X 1+€cm < GP+Z <R§’J J + QV | RZ] |5 ))]

(4.2) - J#i R
= ~ 1 -~ 1_R.R.:0Q;
—D|P; + oum <_Ea,,+z <~_3H.Pj N Nw))] |
- J#i Rij 2 | Rij [°
and
O sym
dQ; 0O O / = 1 ~
i {Q X Qi+ 2e,V (—Eap+ Zﬁﬂ P, ] }
J#L T
(4.3) /
~ B 1 N
- D QZ + Qo—émv <_Eap + Z TH : P]) ,
J#L T ]
where
(4.4) M.P, = P, — 3(P, - Ry Ry,

Here sym denotes Af;’m = A +AL~ and superscript 7' denotes transpose. The interparticle
distance vector from particle ¢ to particle j is defined as f{ij = X; — X; where x; is the
position of the " particle. The vector €, is the rotation rate of particle i. The constants

in the above equation are defined by

&€  O0p—Om €t 26y

Oen = —————  Tomw =
7 cm mw
€p + 26,

€em )
op + 20,

op+ 20,



108

and
, €p—€m , Op—Om , _2€p+36m
Ecm_Qe + 3¢, Ucm_20 + 30, me_Qa + 30,
p m p m p m

The interface at which the particles are trapped separates fluids with different prop-
erties. We assume that the particles are instead in a homogeneous medium with effective
properties fu, = (ftg + ptf)/2, om = (04 + 0¢)/2 and €, = (¢4 + €5)/2. The parameters
with the subscripts cm are sometimes referred to as the Clausius-Mossotti factors while
the parameters with the subscripts mw are the Maxwell-Wagner times which measure in
the absence of rotation the times for the dipole and quadrupole moments to relax toward
a steady state. Note here the evolution of higher order moments can be obtained in a sim-
ilar way. This analysis assumed that the ratio v = a/d of the particle radius a to mean
inter-particle distance d is small and of the same order as the ratio d/R, of the mean
inter-particle distance to the drop radius Ry. In chapter [2] we used this assumption to
ensure that the accuracy of the above electrostatic force model for the particle dynamics
entered at the same order of accuracy as the hydrodynamic model below. This requires
the assumption that the length scale over which changes in the local electric field strength
varies along the particle is given by Ry. The latter assumption is certainly reasonable
given the the local electric field varies from being tangent to the drop interface near the
equator to normal to the interface at the poles of the drop.

Particle ¢ translates with velocity u; and rotates with rate ﬁz in response to the

electrostatic forces, the global flows, and the flows generated by neighboring particles.

o - 6(5
4400 dl d2 d3 rep
w,=u"+F"+F°+F"+ E Fij + E 8Rfj

J#i JFi
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nJ n] X Rw 6 1 2 =i pd2 a3
Jsﬁz 4
6 1 2

(4.5) +§< 0 Rg)((Fdl +F®? 1+ F%®) . Ry)Ryj),
ij

where f{ij is the unit vector in the f{ij direction and from Equation (4.1, u® = Bsin(26;)t

is the electrohydrodynamic flow induced about the drop. The rotation vector is given by

L T 3 - . . G6F!+F24+FB) xRy,
_ mE j E B \D j j j ij
(4.6) Q; =T! +Z —pm7 — 557 (17 - Rij)Ry; T :
J#i t K v
with
(4.7)
a1 _ 23 (3
F; :gpi'VEap(Xi)a
. 2 o~ .
FP =% 7 [P Ri)Pj + (P - Ry)Pi + (P - Pj)Ry; — 5(P; - Ryj)(Pi - Ryj) Ry,
i

j

~ 1~ ~ re C0(Re - D
F;'B :§QZ : Vanp(Xi)a F7 = = —Ce 0y Q)Rij'
The dimensionless electric torque is
(4.8)

TE —

)

N —

o B N 1~ 1 ~ ﬁijﬁ'ij : Qj
(Pi % Buylxs) + (Qi - V) x Buy) = 5Pi x> (| B T R

JF#i
1 1 ~
i(Qz ) Z| ~ 3H'Pja

j#i ij ’

and f‘:;p is the assumed interparticle replusive force. Chapter |2 assumed a polynomial in
the separation distance between particles with a sharp cut off for large separations. Here

we have chosen a continuous form of the repulsive force which is easier to program and
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accomplishes the same task. The non-dimensional coefficients in the above equations are

Efa'd
9Ryey T eqos 15} E? E?
B = X o4\2 Mm — ) C= ) D) _122 - BR _}2% )
10ae, (2 + E) Ha + fir 6ma%e,, By \ Ef Es
tehd Hm tehd Hm
D = T - E2 ’ D' = / - E2+! :
MW EmIgTyw Tvw  EmLoTyw

Here ER is a reference applied electric field.

Particle rotation is induced by the flow and electric field. In a uniform applied electric
field, particles in a homogeneous fluid can rotate above a threshold electric field due to the
Quincke effect [28]. The critical field strength for an isolated particle as been calculated
for both uniform [33], [47] and nonuniform electric field strengths in chapter For a

uniform field it is given by

24t
(4.9) E, = \/ a .
Gmew(ecm - Ucm)

Our aim is to simulate the experimental results of Ouriemi and Vlahovska [12], [77] and

to make more general statements about the effects of particle number and electric field
on a partially coated drop. To this end, we focus on polyethylene particles on a silicon
oil drop in castor oil. With this in mind, we set €, = 2.25¢y, €5 = 2.8¢¢, and €; = 4.7¢o,
where € is the permittivity of free space. In addition we set pg = 0.05 Pas, uy = 0.69
Pas, o4 = 3.6 x 1072 S/m, oy = 3.8 x 1071 §/m, and we set o, ~ 0. This allows us
to set 0, = —1/2 and o/, = —1/3. If more conductive metals (silver or aluminum) are
considered we set 0., = 1 and o, = 1/2. In addition, we have set Er = 200 V/mm,
a = 50um, Ry = 2.5mm, and g = 1. We have introduced the damping factor y into
the definition of the parameter B. One can think of this as representing the effect of

the applied flow on the particle dynamics for our complex problem beyond what can be
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expected for a single particle in a homogeneous flow. In our calculations we have set
X = 1/20, more will be said later about this choice.

Since the particle motions are restricted to a spherical surface, we need to finally
project the translational vector velocity in the tangential direction. Using spherical coor-
dinates 6 (polar angle measured from the z axis) and ¢ (azimuthal angle), the trajectory

equation (in dimensionless coordinates) is given by,

4. )

Wi (w0

o (u; - 0)

dp; 1 ~
dt  sin#; (u; - ),

where 6§ and q; are unit vectors in the 6 and ¢ directions, respectively. This completes the

description of our model.

4.3. Simulation Results

The model proposed in the previous section consists of a system of 2N ordinary dif-
ferential equations for the particle positions along the spherical drop interface, 6;, ¢;,
1=1,...,N, the 3N ODE’s for the components for each particle dipole moment P;, and
5N ODE'’s for the independent components of the quadrupole moment Qj;, giving a total
of 10N ODE’s to solve. Note that Q; is symmetric with zero trace. In addition, the
rotation vector €2; and the electric torque I'; must be calculated for each particle. Each
ODE at particle ¢ includes a contribution from each of the other particles. Our solution
approach was to solve this system using the Runge-Kutta-Fehlberg (RKF) adaptive time
stepping method on a GPU parallel computing system. This proved to be a very efficient

approach which allowed for shared memory, and the simultaneous solution of the ODEs
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on each of the GPU’s cores. The error tolerance was set to 10~ with an initial time step
of 1074

The low conductive particle case will be considered in Sections[4.3.1{4.3.3] In this case
Qunicke motion is possible since €., — 0¢n = —0.154 + 0.5 = 0.346 > 0. In Section m
we consider the high particle conductivity case where €.,, — ¢, = —0.154 — 1.0 = —1.154

and by equation there is no critical electric field strength for Quincke motion.

4.3.1. Introductory Examples

Figure 4.2. 512 particles on a spherical drop. The particle size is for illustrative pur-
posed. Large particle are on the near face of the 3D sphere while small particles are
projections from the rear of the sphere. a. Initial random distribution. b. Particle distri-
bution at ¢ =ty with Ey = 200V/mm. Red particles are rotating clockwise, blue particles
are rotating counter-clockwise.c .Particle distribution at ¢t =ty with Ey = 100V/mm
All parameter values are given in the above sections except for the strength of the
applied electric field Ey and N the number of particles. Solutions as a function of each of
these parameters will be given below. Ey will be given in dimensional units of Volts/mm.

Initially the particles are randomly distributed on the surface of the spherical drop. An

example of an initial distribution is given in Fig. [£.2h. Different initial data give slight
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differences in the overall quantitive dynamics but not in the qualitative dynamics, e.g., how
a solution with a given set of parameter values will look at an instant in time. Besides the
particle positions the initial values of the dipole and quadrupole moments were set to zero.
All runs were ran out to ¢ty = 15000 dimensionless time units. Other times were tested
but this dimensionless time appeared to give reasonable and consistent predictions for the
range of parameters considered here. Note that the scaling implies that the dimensional
time is proportional to ¢ divided by the applied electric field strength squared, i.e., E3.
Hence results presented below for Ey = 400V /mm are presented at a dimensional time
four times earlier than results for £y = 200V/mm. Our choice of ¢; was taken so that the
results presented for the largest applied fields appeared to have stabilized into a quasi-
steady state (there are still random fluctuations) at the time the results are presented.
Figure shows the particle positions on the drop surface at time ¢y for N = 512
particles and an applied field of Ey = 200V/mm. Since the strength of the applied field is
greater than the critical field for Quincke rotation, i.e., Fy > FE., we expect the particles
to rotate. The sign of the scalar ¢ = lez -1, indicates the rotation of each particle relative
to the normal of the interface. To represent this rotation we color each particle either red
( ¢ > 0) for a clockwise rotation or blue (( < 0) for a counter-clockwise rotation. Note
that the particles have evolved into a oscillatory belt like structure around the equator of
the drop. Although particles with different rotations are scattered about the band, there
appears to be a clustering of particles with the same rotation about the normal to the
drop interface. A time evolution of the initial data evolves in 3 stages: (1) the applied flow
field forces all the particles to move towards the equator and form a belt like structure.

The initial particle rotation is determined by Equation [£.6] Since the initial dipole and
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quadrupole moments are assumed to be zero, the initial rotation in this model depends
on the random initial location of each particle and the inter-particle repulsive force given
in Equation 4.7} Because of this the particle rotations appear to be randomly distributed
around the equator; (2) once the uniform belt is formed there is an oscillation of the
belt about the equator with a random distribution of particle rotations; (3) the particles
begin to cluster into regions with similar rotations as illustrated in Fig. [4.2b. This is a
very dynamic belt which is continuously evolving both on the particle scale with particles
moving between clusters and changing the sign of ¢, plus evolving on the scale of the drop
radius with cluster moving around the diameter of the drop. Different initial data could
result in a different specific picture of the particles at a given instant in time, but the
qualitative dynamics over long times is similar. The amplitude and period of oscillation
is clearly the most striking visual observation for the figure. How the strength of the field
and particle number impact these quantities will be investigated below.

Figure . shows the particle positions on the drop surface at time ¢y for N = 512
particles and an applied field of Ey = 100V /mm. The strength of the applied field is below
the critical field for Quincke rotation. Because of this the particles appear to form periodic
and line structures near the equator in their steady state. The dynamic pictures show
some particle motion with particles occasionally moving between neighboring strictures,
but the overall shape is retained in time. The particles still have a colored rotation
because we apply the color due to the sign of ( and not its magnitude, but it is small
and can be ignored. Notice that where clusters of particles exist there is a hexagonal like
packing. The width and the interparticle spacing is dependent of the applied electric field

strength Fy which directly controls the strength of the applied flow field, and the number
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of particles N. It might be expected that a stronger applied flow field would compress

the particles, even if there was significant rotation.

Figure 4.3. Particle distribution at ¢t = t; for N = 512 particles with E = 200V/mm.
The damping parameter y = 1.0.

In our model the strength of the applied flow field is controlled by the damping factor
X- We have set x = 1/20 in all reported results because with this value our computa-
tional results come closest to reproducing the experimental results reported in the work
of Ouriemi and Vlahovska [12], [77]. To illustrate this in Figure we plot the particle
positions on the drop surface at time ¢y for N = 512 particles and an applied field of
Ey =200V /mm, but with a large damping factor of y = 1. Notice that unlike the results
in Figure for x = 1/20, the particles are now strongly confined to a belt about the
equator of width approximately 3 particles in depth. This belt is in a (quasi-) steady
state with little particle motion. The particles rotate but because of the strength of the
flow there is little spacial motion. This steady shape with a hexagonal particle packing
is similar to the low applied field strength case presented in figure but unlike that

case the particles are forced into a more narrow width belt. Although we admit that the
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choice of x is somewhat arbitrary, chosen to reproduce as best as possible the predictions
of a given set of experiments, we do claim that with this choice of damping parameter,
the overall qualitative behavior of a partially coated drop with Fy and N is determined.

Additional research is needed to relate x to the experimental parameters.

4.3.2. Impact of Particle Coverage and Electric Field

Figure 4.4. Ey = 200V /mm on a spherical drop. Red particles are rotating clockwise,
blue particles are rotating counter-clockwise. a. N = 256, ¢ = ty. b. .N = 1024
particles, t = ty. ¢ .N = 2048 particles, t = ty.

Examples of changing the number of particles N along the interface are given in
Figure for N = 256 and in Figure for N = 1024 both with Ey = 200V /mm. In
Figure[d.4h we find that decreasing the particle density allows for clusters of particles with
similar rotations to occur. This is similar to the experimental observations of Ouriemi
and Vlahovska [12, [77] for low particle coverage. Comparing to the N = 512 case shown
in Figure we might have expected a continuous belt but the decrease in particle
number and the fact that we have not changed the applied force from the flow field, since

it depends in Fjy, has allowed for clusters of the same rotation, and height similar to those
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in Figure to exist. Increasing the particle number to N = 1024 appears to have
two effects. The particles still appear in a continuous band as in the N = 512 case, but
the wavelength of the band oscillation appears to have increased, and clustering of the
particles along the sides of the bands is more noticeable. The distribution of particles now
appears to be evenly distributed. Both of these cases are very dynamic, with the clusters
in the V = 256 under constant rotation, and the band in the N = 1024 case doing an
oscillatory motion.

As the number of particles continues to increase, the integrity of the belt structure
degrades. An example is given in Figure for N = 2048 and Ey, = 200V/mm. At
this field strength, oscillations and particle circulation was observed for the lower values
of N, but now, because of the large number of particles a steady state structure can be
observed in regions. As the particles appear to collect in a region the hexagonal like
structure appears in spots but fault lines are observed where there is a slight rotation of
the basic structure. These fault lines are expected to be caused by the curvature of the
drop surface since a uniform packing of the particles is not allowed as we increase from
the equator to the poles. We also see the thinning of the belt in regions with an active
transport of particles. This is just a snapshot in time but what is clear is that a steady
state oscillatory like belt structure is not observed. It is possible that such a structure
could exist if the calculation were continued further in time, but we have not observed
it. Because of this, we limit any general conclusion below to the behavior of the particle
belts to cases where N is less than or equal to 1024. A more improved model may be

necessary to make general conclusions about higher density partially coated drops.
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Figure 4.5. Particle distribution at ¢ = ¢; for N = 512 particles with Ey = 400V/mm

Increasing the electric field strength can be expected to decrease the amplitude of the
oscillation because it increases the applied flow strength. This is illustrated in Figure [4.5
where N = 512 and E, = 400V /mm and should be compared to the results in Figure
for Ey = 200V/mm. There also appears to be a slight change in the particle belt
period. These results are typical for our model with other values of particle number V.
Care needs to be taken in increasing the applied electric field strength in our model. It
has been observed experimentally that as the applied field strength increases, the drop
becomes unstable and can deviate significantly from the steady spherical shape assumed
here. Examples can be found in the experimental results of Ouriemi and Vlahovska
[12), [77] where both steady shape deformations and wobbling drops are illustrated. In
the Ouriemi and Vlahovska study of silicon oil drops in castor oil, v = 4.5mN/m. They
considered partially coated drops for 0 < Ca < 5, where for the small values of Ca

they observed steady state spherical drop shapes, while for slightly larger values the
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drops became oblate and prolate steady shapes up to Ca ~ 1.5. For larger values of
Ca the drops became unstable and started to wobble. In our analysis, using the values
for silicon oil drops in castor oil we have that for Ey between 100V /mm and 400V /mm,
that 0.23 < Ca < 3.70. Hence while we can expect the spherical drop approximation
to be good for the Ey = 100V/mm (Ca = 0.23) or Ey = 200V/mm (Ca = 0.92) cases
discussed above, for Fy = 400V /mm (Ca = 3.70) the drop is probably unstable and we
present these results primarily to illustrate what to expect with the particle dynamics as

the applied electric field is increased.

4.3.3. Impact of External Field Strength

The above results give us a qualitative picture of how varying the applied electric field and
the number of particles impact the dynamics of the belt of particles along the equator
of the drop. To get a more quantitative behavior we examine next how both applied
electric field and particle number impact the belt width and the number of peaks (the
wavelength) along the equatorial belt.

The amplitude of the oscillation Ay can be simply defined as the angle between the
maximum distance of all particles along the z—direction minus the minimum z value.
Clearly the answer will depend on the time selected for this measurement. Our approach
was to average this measurement over an interval of saved time snapshots, approximately
one unit in time. Since the Runge-Kutta-Fehlberg (RKF) is an adaptive time stepping
method with the time step variable, the results ( a snapshot) were usually saved at times
slightly larger than one unit, and hence there were less that 15000 particle time snapshots
saved per run. To compute Ay the first £, = 5000 snapshots were ignored, and the rest

up to t; were included in the averaging. Increasing ¢, did have some effect on the average
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Ay but the variation was within the error presented in the plots below. An average over a
minimum of 20 runs were done for each Ey and N value for different random initial data.

The error bars in the plots below are a result of these different cases.
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Figure 4.6. Amplitude of the angle of oscillation Ay in radians as a function of electric
field strength Ey for N = 512 and 1014 particles.

In Figure {4.6| we plot Ay as a function of Fy for both N = 512 and N = 1024. The
plots were made using the Matlab function boxplot with the central mark indicating the
median, and the bottom and top edges of the box indicating the 25th and 75th percentiles,
respectively. Although some variation exists in the data, the trend is obvious. As noted
earlier, Fy = 100V /mm is below the Quincke threshold E. and we get a tight packing of
the particles about the equator. As FEj is increased above E,. the belt begins to oscillate
and Ay suddenly increases. Further increase in Ej decreases the amplitude of oscillation.

This is expected since the the magnitude of the applied flow field increases with F,. We
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also find that increasing N increases Ay, which may be expected since more particles are

trying to collect about the equator.
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Figure 4.7. Wave number of maximum amplitude A, as a function of electric field
strength Ey for 512 and 1014 particles

The wavelength of the belt oscillation is another quantity of interest. Although we
could visually estimate this value from the snapshot of the particle distribution at time
ts, we decided to find an average value in a manner similar to how the average Ay was
calculated. The same data sets and times were analyzed as for Ay. At each time snapshot,
a curve for the average shape of the belt was found as follows. The drop was divided into
80 sections in the ¢ direction of size 27/80. In each section the average particle height was
found. If no particles were within a section, the average was set to 0. These points were
Fourier transformed and the wave number with the maximum amplitude was identified,

A,. Asin the calculation of Ay this was an average value determined for all time snapshots
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greater than 5000, and these values were averaged over 20 runs with random initial data.
The results as a function of Ey and for N = 512 and 1024 as plotted in figure [£.7 The
low value of Ey = 100V/mm was not plotted since it formed an approximately uniform
belt.

Figure [4.7 suggests that the wavelength of oscillation is insensitive to Ey but it does
depend on N. In particular, a smaller value of N gives a higher wavenumber, or smaller

wavelength. This is consistent with the visual results presented in Figures and [4.4]

4.3.4. Very Conductive Particles

An example of a highly conductive particle case is presented in Figure at time ¢y for
N = 512 and Ey = 200V/mm. In this case Qunicke motion is not predicted and we
do not observe it. We do find particle chaining along the equation. This is an expected
phenomena since now the polarization of each particle is parallel to the direction of the
applied electric field. Depending on the applied field strength increasing particle density
either lengthens the chain length or adds to the number of chains along the equator. There
is some observed particle dynamics at these long times with chains growing or shortening.
Some of this dynamics is due to numerical noise in the calculations, and some is due to

the quasi-stability of a particular chain.

4.4. Conclusion

A model was developed to simulate the collective dynamics of colloids trapped at
the interface of a drop placed in a uniform DC electric field. It was assumed that the
particles were constrained to move on a sphere, representing the drop, and replaced the

two-phase drop-suspending fluid system by an effective medium with properties that were
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Figure 4.8. Steady state 512 particle distribution. High conductivity. Eq = 200V /m

the average of the drop and suspending fluid. The model accounted for the electric field
driven flow within the drop and suspending fluid, particle-particle electrostatic inter-
action, and the particle motion and rotation due to the induced flow and the applied
electric field. The electrostatic interactions are computed by approximating the particles
by dipoles and quadrupoles. The hydrodynamic interactions are accounted by reflections
accurate to O(d/Ry)* in the ratio between the interparticle separation d and the drop
radius Ry. Despite our modeling simplifications, the model captures the experimentally
observed particle assemblies such as chains, bands and dynamic vortices around the equa-
tor. Specifically we found that the model predicts the formation of chains in the case of
conducting particles and an undulating band around the equator in the case of dielec-
tric particles. In the case of non-conducting particles, we showed that in the presence
of Quincke rotation, the amplitude of the undulations of the observed equatorial particle

belt increases with particle concentration but decreases with electric field strength, and
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that the wavelength of the undulations appears independent of the applied field strength.
Our simulations also show that with increasing particle coverage or applied field strength
isolated particle clusters become continuous belts with possible rotating clusters within
the belts. Given that the strength of the hydrodynamic Taylor flow increases with electric
field strength, the belt formation is not unexpected as the field strength is increased.
Although the model seems to qualitatively capture the observed dynamics of the ex-
periments, improvements are needed for quantitative predictions. For example, a better
modeling of the electrohydrodynamic force interaction between particles which accounts
for the change in both fluid and electric properties across the fluid interface could impact
specific predictions. Allowing for drop deformation due to the applied field could have a
significant impact on the predictions with increasing electric field strength. Also missing
here is the impact of the three phase contact line at the particle-fluid-fluid intersection.

Future work will focus on these and other improvements in the modeling.
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CHAPTER 5

Conclusion

To study the electrohydrodynamic behaviours of colloidal spheres in different fluid
media and under different electric field, in Chapter [2] we start with a model to investigate
the electrc-driven dynamics of particles in homogeneous fluid. Our theory is built on
the Taylor-Melcher leaky dielectric model, which assumes ohmic conduction in the bulk
and creeping flow. Considering an applied field with spatial variations much larger than
the inter-particle spacing and the radius of the spheres, particle polarization is approx-
imated by the dipole and quadrupole moments. We focus on an applied linear electric
field in which case the approximation is exact. For the steady state of single sphere, we
identify a necessary condition for when the nonuniform field induces Quincke rotation.
We find that the threshold for electorotation in a linear field is lower that in the uni-
form field case. Increasing the electric field strength, makes the particle dynamics more
complex: while Quincke electrorotation is characterized by steady spinning around the
particle center, in stronger fields time-dependent orbiting motion around the minimum
field location is observed. Then we generalize the model to consider multi-particle sim-
ulations in spatially slowly varying applied electric fields. The electrostatic interactions
between particles include dipole-dipole and dipole-quadrupole interactions which are nat-
urally introduced from the dielecropheritc force calculation. Our numerical calculations
show intricate trajectories in the case of pairs, and chain-like assemblies in the case of

many particles.
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In Chapter [3| we analyze the electric forces on stationary spherical particles trapped
at a fluid-fluid interface, under either a normal or tangential uniform electric field. We
formulate the original electrostatic problem into integral equations for the electric poten-
tial by transforming into toroidal coordinates and then applying the Mehler-Fock integral
transform. The resulting equations are solved numerically and asymptotically. We find
that the particle experiences only a normal force in both cases. The analysis of the local
field in the neighborhood of the contact line shows that the same integrable singularity
occurs in both cases. In order to determine the interaction force between two particles
resting on the interface, we consider the limit of widely separated particles, i.e., the dis-
tance between them is much larger than their radii. As a first step, we identify the far
field asymptotic behavior of the electric potential of the first particle in the neighborhood
of the second particle. The leading order behavior includes both dipole and quadrupole
contributions. Once the dipole and quadrupole terms are known, the far field interaction
force between two particles is found and shown to depend on the interparticle distance
as Ry*. The force coefficients can be found analytically in the perfect dielectric case,
but must the be calculated numerically for the leaky dielectric case. We show that the
leading order force between particles is always repulsive for perfect dielectrics and gov-
erned by dipole-dipole interactions. We also show that for leaky dielectric particles the
force can be attractive when the quadrupole terms are significant. However, in many
cases when the force between leaky dielectric particles is repulsive, we show that it can
be well-approximated by only dipole-dipole interactions.

In Chapter [4, we built a model to simulate the collective dynamics of colloids trapped

at the interface of a drop placed in a uniform DC electric field. We generalize the multipole
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approach in previous chapters to calculate the forces between particles and determine the
collective motion and assembly of colloidal spheres trapped at a drop interface in a uniform
applied electric field. The electrostatic interactions are computed by approximating the
particles by dipoles and quadrupoles. The hydrodynamic interactions are accounted by
reflections accurate to O(d/Ry)?* in the ratio between the interparticle separation d and
the drop radius Ry. The model captures the experimentally observed particle assemblies
such as chains, bands and dynamic vortices around the equator. Specifically we found
that the model predicts the formation of chains in the case of conducting particles and
an undulating band around the equator in the case of dielectric particles. In the case
of non-conducting particles, we showed that in the presence of Quincke rotation, the
amplitude of the undulations of the observed equatorial particle belt increases with particle
concentration but decreases with electric field strength, and that the wavelength of the
undulations appears independent of the applied field strength. Our simulations also show
that with increasing particle coverage or applied field strength isolated particle clusters
become continuous belts with possible rotating clusters within the belts. Given that the
strength of the hydrodynamic Taylor flow increases with electric field strength, the belt
formation is not unexpected as the field strength is increased.

Allowing for drop deformation due to the applied field could have a significant impact
on the predictions with increasing electric field strength. Also missing in the study of
Chapter |4]is the impact of the three phase contact line at the particle-fluid-fluid intersec-

tion. Future work will focus on these improvements in the modeling.



1]

[7]

128

References

W. Ramsden. Separation of solids in the surface-layers of solutions and suspensions
(observations of surface-membranes, bubbles, emulsions, and mechanical coagulation)

- preliminary account. Proc. R. Soc. London, 72:156-164, 1903.

S.U.. Pickering. Emulsions. J. Chem. Soc. Trans.., 19:2001-2021, 1907.

J. Wu and G.-H.. Ma. Recent studies of pickering emulsions: Particles make the

difference. Small, 12(34):4633-4648, 2016.

A. D. Dinsmore, M. F. Hsu, M. G. Nikolaides, M. Marquez, A. R. Bausch, and D. A.
Weitz. Colloidosomes: Selectively permeable capsules composed of colloidal particles.

Science, 298:1006—-1009, 2002.

A. F. Routha Q. Sun, J-F. Chen. Coated colloidosomes as novel drug delivery carriers.

Expert Opinion on Drug Delivery, 16:903-906, 2019.

P. B. Binks. Particles as surfactants - similarities and differences. Current Opinion

in Colloid & Interface Science, 7:21-41, 2002.

P. Aussillous and D Quere. Liquid marbles. Nature, 411:924-927, 2001.




8]

[10]

[11]

[12]

[13]

[14]

[15]

129

R. Aveyard, B. P. Binks, and J. H. Clint. Emulsions stabilised solely by colloidal

particles. Advances in Colloid and Interface Science, 100:503-546, 2003.

E. Dickinson. Food emulsions and foams: Stabilization by particles. Current Opinion

in Colloid and Interface Science, 15:40—-49, 2010.

A. Jozefczak 7. Rozynek. Patchy colloidosomes - an emerging class of structure.

European Physical Journal-Special Topics, 225:741-756, 2016.

Paul Dommersnes, Zbigniew Rozynek, Alexander Mikkelsen, Rene Castberg, Knut
Kjerstad, Kjetil Hersvik, and Jon Otto Fossum. Active structuring of colloidal armor

on liquid drops. Nature Communications, 4:2066, 2013.

Malika Ouriemi and Petia M. Vlahovska. Electrohydrodynamics of particle-covered

drops. Journal of Fluid Mechanics, 751:106-120, jul 2014.

Zbigniew Rozynek, Alexander Mikkelsen, Paul Dommersnes, and Jon Otto Fossum.

Electroformation of Janus and patchy capsules. Nature Comm., 5, MAY 2014.

A. Mikkelsen Z. Rozynek, K. Khobaib. Opening and closing of particle shells on

droplets via electric fields and its applications. ACS Applied Materials & Interfaces,

11:22840-22850, 2019.

M. Oettel and S. Dietrich. Colloidal interactions at fluid interfaces. Langmuir,

24(4):1425-1441, 2008. PMID: 18179271.



[16]

[17]

[18]

[19]

[20]

130

PA Kralchevsky and ND Denkov. Capillary forces and structuring in layers of col-

loid particles. Current Opinion in Colloid and Interface Science, 6(4):383-401, AUG

2001.

P. A. Kralchevsky and K. Nagayama. Lateral capillary forces between partially im-

mersed bodies. In Particles at Fluid Interfaces and Membranes, pages 287-350. El-

sevier, Netherlands, 2001.

Lorenzo Botto, Eric P. Lewandowski, Marcello Cavallaro, Jr., and Kathleen J. Stebe.
Capillary interactions between anisotropic particles. Soft Matter, 8(39):9957-9971,

2012.

Venkateshwar Rao Dugyala, Santosh V. Daware, and Madivala G. Basavaraj. Shape
anisotropic colloids: synthesis, packing behavior, evaporation driven assembly, and

their application in emulsion stabilization. Soft Matter, 9(29):6711-6725, 2013.

Marcello Cavallaro, Jr., Lorenzo Botto, Eric P. Lewandowski, Marisa Wang, and
Kathleen J. Stebe. Curvature-driven capillary migration and assembly of rod-like

particles. PNAS, 108(52):20923-20928, DEC 27 2011.

N. C. Christov P. A. Kralchevsky M. P. Boneva, K. D. Danov. Attraction between
particles at a liquid interface due to the interplay of gravity- and electric-field-induced

interfacial deformations. Langmuir, 25:9129-9139, 2009.



[22]

[23]

[24]

[25]

[26]

28]

[29]

131

Krassimir D. Danov and Peter A. Kralchevsky. Forces acting on dielectric colloidal
spheres at a water /nonpolar-fluid interface in an external electric field. 1. uncharged

particles. Journal of Colloid and Interface Science, 405:278-290, 2013.

Krassimir D. Danov and Peter A. Kralchevsky. Forces acting on dielectric colloidal
spheres at a water/nonpolar fluid interface in an external electric field. 2. charged

particles. Journal of Colloid and Interface Science, 405:269-277, 2013.

G. I. Taylor. Disintegration of water drops in an electric field. Proc. Royal Soc. A,

280(1382):383-397, 1964.

Geoffrey Taylor. Studies in Electrohydrodynamics. I. The Circulation Produced in

a Drop by Electrical Field. Proceedings of the Royal Society of London. Series A.

Mathematical and Physical Sciences, 291(1425):159 LP — 166, apr 1966.

J.”R. Melcher and G."I. Taylor. Electrohydrodynamics: A Review of the Role of

Interfacial Shear Stresses. Annual Review of Fluid Mechanics, 1:111-146, 1969.

D. A. Saville. Electrohydrodynamics: The Taylor-Melcher leaky dielectric model.

Annu. Rev. Fluid Mech., 29:27-64, 1997.

G. Quincke. Ueber rotation em im constanten electrischen felde. Ann. Phys. Chem.,

59:417, 1896.

A Cebers, E Lemaire, and L Lobry. Electrohydrodynamic instabilities and orientation

of dielectric ellipsoids in low-conducting fluids. Phys. Rev. E, 63(1):16301, dec 2000.



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

132

E Lemaire and L Lobry. Chaotic behavior in electro-rotation. Physica A: Statistical

Mechanics and its Applications, 314(1-4):663-671, nov 2002.

Yu. Dolinsky and T Elperin. Electrorotation of a leaky dielectric spheroid immersed

in a viscous fluid. Phys. Rev. E, 80(6):66607, dec 2009.

Q. Brosseau, G. Hickey, and P. M. Vlahovska. Electrohydrodynamic quincke rotation

of an ellipsoid. Phys. Rev. Fluids, 2:014101, 2017.

D. Das and D. Saintillan. Electrohydrodynamic interaction of spherical particles un-
der

Quincke rotation. Phys. Rev. E, 87(4), APR 29 2013.

Yu. Dolinsky and T. Elperin. Dipole interaction of the Quincke rotating particles.

PHYSICAL REVIEW E, 85(2, 2), FEB 27 2012.

E. Lushi and P. M. Vlahovska. Periodic and chaotic orbits of micro-rotors in creeping

flows. Journal of Nonlinear Science, 25:1111-1123, 2015.

Antoine Bricard, Jean-baptiste Caussin, Nicolas Desreumaux, Olivier Dauchot, and

Denis Bartolo. Emergence of macroscopic directed motion in populations of motile

colloids. Nature, 503(7474):95-98, 2013.

Antoine Bricard, Jean-baptiste Caussin, Debasish Das, Charles Savoie, Vijayakumar
Chikkadi, Kyohei Shitara, Oleksandr Chepizhko, Fernando Peruani, David Saintil-

lan, and Denis Bartolo. Emergent vortices in populations of colloidal rollers. Nature

Communications, 6:1-8, 2015.




[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

133

M. Belovs and A. Cebers. Relaxation of polar order in suspensions with Quincke

effect. Phys. Rev. E, 89(5), MAY 20 2014.

K. Yeo, E. Lushi, and P. M. Vlahovska. Collective dynamics in a binary mixture of

hydrodynamically coupled microrotors. Phys. Rev. Lett., 114:188301, 2015.

Kyongmin Yeo, Enkeleida Lushi, and Petia M. Vlahovska. Dynamics of inert spheres

in active suspensions of micro-rotors. Soft Matter, 12(25):5645-5652, 2016.

Gasper Kokot, David Piet, George M. Whitesides, Igor S. Aranson, and Alexey
Snezhko. Emergence of reconfigurable wires and spinners via dynamic self-assembly.

Scientific reports, 5, MAR 26 2015.

Alexey Snezhko. Complex collective dynamics of active torque-driven colloids at in-

terfaces. Current Opinion Coloid and Interface Sci., 21(SI):65-75, FEB 2016.

A. Cebers. Bistability and “negative” viscosity for a suspension of insulating particles

in an electric field. Phys. Rev. Lett., 92(3):034501, Jan 2004.

E Lemaire, L Lobry, N Pannacci, and F Peters. Viscosity of an electro-rheological

suspension with internal rotations. Journal of Rheology, 52(3):769-783, may 2008.

H-F. Huang, M. Zahn, and E. Lemaire. Negative electrorheological responses of
micro-polar fluids in the finite spin viscosity small spin velocity limit. i. couette

flow geometries. J. Electrostatics, 69:442-455, 2011.




[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

134

N. Pannacci, E. Lemaire, and L. Lobry. Dc conductivity of a suspension of insulating

particles with internal rotation. Eur. Phys. J. E, 28:411-417, 2009.

Thomas B. Jones. Quincke Rotation of Spheres. IEEE Transactions on Industry

Applications, 1A-20(4):845-849, 1984.

I Turcu. Electric field induced rotation of spheres. Journal of Physics A: Mathematical

and General, 20(11):3301, 1987.

H.”A. Pohl. The Motion and Precipitation of Suspensoids in Divergent Electric

Fields. Journal of Applied Physics, 22:869-871, jul 1951.

T B Jones and Masao Washizu. Multipolar dielectrophoretic and electrorotation the-

ory. Journal of Electrostatics, 37(1):121-134, 1996.

T B Jones. Basic theory of dielectrophoresis and electrorotation. IEEE Engineering

in Medicine and Biology Magazine, 22(6):33-42, nov 2003.

S. Kim and S. J. Karrila. Microhydrodynamics: Principles and Selected Applications.

Butterworth-Heinemann, 1991.

Kyongmin Yeo and Martin R Maxey. Simulation of concentrated suspensions us-

ing the force-coupling method. Journal of Computational Physics, 229(6):2401-2421,

2010.

C. Pozrikidis. Particle motion near and inside an interface. J Fluid Mech., 575:333—

357, 2007.



[55]

[56]

[57]

[58]

[59]

[60]

[61]

135

A. Dorr and S. Hardt. Driven particles at fluid interfaces acting as capillary dipoles.

Journal of Fluid Mechanics, 770:5-26, May 2015.

A. Dorr, S. Hardt, H. Masoud, and H.A. Stone. Drag and diffusion coefficients of

a spherical particle attached to a fluid-fluid interface. J. Fluid Mech., 790:607-618,

2016.

M. G. Nikolaides, A. R. Bausch, M. F. Hsu, A. D. Dinsmore, M. P. Brenner, C. Gay,
and D. A. Weitz. Electric-field-induced capillary attraction between like-charged par-

ticles at liquid interfaces. Nature, 420(6913):299-301, 11 2002.

F Bresme and M Oettel. Nanoparticles at fluid interfaces. Journal of Physics:

Condensed Matter, 19(41):413101, 2007.

Paul Dommersnes, Zbigniew Rozynek, Alexander Mikkelsen, Rene Castberg, Knut
Kjerstad, Kjetil Hersvik, and Jon Otto Fossum. Active structuring of colloidal armour

on liquid drops. 4:2066 EP —, 06 2013.

Malika Ouriemi and Petia M. Vlahovska. Electrohydrodynamics of particle-covered

drops. Journal of Fluid Mechanics, 751:106-120, 2014.

Alexander Mikkelsen, Jarosaaw Wojciechowski, Michal Rajaak, Juraj Kurimskae,
Khobaib Khobaib, Ahmet Kertmen, and Zbigniew Rozynek. Electric field-driven

assembly of sulfonated polystyrene microspheres. Materials, 10(4), 2017.



[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

136

Krassimir D. Danov and Peter A. Kralchevsky. Electric forces induced by a charged

colloid particle attached to the water-nonpolar fluid interface. Journal of Colloid and

Interface Science, 298(1):213-231, 2006.

E. Lac and G. M. Homsy. Axisymmetric deformation and stability of a viscous drop

in a steady electric field. J. Fluid. Mech, 590:239-264, 2007.

R V Craster and Yu V Obnosov. Four-phase checkerboard composites. SIAM Journal

on Applied Mathematics, 61(6):1839-1856, 2001.

R. V. Craster and Yu V. Obnosov. Checkerboard composites with separated phases.

Journal of Mathematical Physics, 42(11):5379-5388, 2001.

Krassimir D Danov, Peter A Kralchevsky, and Mariana P Boneva. Electrodipping
force acting on solid particles at a fluid interface. Langmuir, 20(15):6139-6151, jul

2004.

Y. Hu, P.M. Vlahovska, and M.J. Miksis. Colloidal particle electrorotation in a

nonuniform electric field. Phys. Rev. E, 97, 2018.

R K. D. Danov, R. Dimova. Viscous drag of a solid sphere straddling a spherical or

flat surface. Phys. Fluids, 12:2711-2722, 2000.

M. Yeganeh Mohsen C. Maldarelli A. Dani, G. Keiser. Hydrodynamics of particles

at an oil-water interface. Langmuir, 31:13290-13302, 2015.



[70]

[71]

[72]

[73]

[74]

137

H. Masoud H. A. Stone A. Doerr, S. Hardt. Drag and diffusion coefficients of a spher-

ical particle attached to a fluid-fluid interface. Journal of Fluid Mechanics, 790:607—

618, 2016.

J. Hemauer J. J. Feng J.-C. Loudet, M. Qiu. Drag force on a particle straddling a

fluid interface: Influence of interfacial deformations. European Physical Journal E,

43:16, 2020.

D. D. Joseph P. Singh. Fluid dynamics of floating particles. J. Fluid Mech., 530:31-80,

2005.

J. Harting F. Jansen. From bijels to pickering emulsions: A lattice boltzmann study.

Phys. Rev. E, 83:046707, 2011.

J. Harting A. M. de Jong M. W. J. Prins S. Cappelli, Q. Xie. Dynamic wetting:

status and prospective of single particle based experiments and simulations. New

Biotechnology, 32:420-432, 2015.

S. Nudurupati, M. Janjua, P. Singh, and N. Aubry. Electrohydrodynamic removal of

particles from drop surfaces. Phys. Rev. E, 80:010402R, 2009.

Edison Amah, Kinnari Shah, Ian Fischer, and Pushpendra Singh. Electrohydrody-
namic manipulation of particles adsorbed on the surface of a drop. Soft Matter,

12:1663-1673, 2016.

M. Ouriemi and P. M. Vlahovska. Electrohydrodynamic deformation and rotation of

a particle-coated drop. Langmuir, 31:6298-6305, 2015.



138

APPENDIX A

Symmetries of the multipole moments

To satisfy the electric Laplace equation, the higher order multipole moments in the
expansion of Eq. retains certain symmetry properties and make the leaky-dielectric
boundary equation Eq. separable.

Using the symmetry of the quadrupole moment, Q = QT, the trace of the cross

product term € x Q in Eq. will be

tr(Q x Q) = €% Qu
= 25031 — Q3Q21 + 23Q12 — 21Q32 + 21Q23 — Q213

(A.1) = 0.
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APPENDIX B

Mehler-Fock Integral Transform

The generalized Mehler-Fock integral transform pair of a function B(u) [62], defined

on 1 <wu < o0, is given by
BY) B = [P

I 1 L N
(B.2) C(r) = —7 sinh 77 F(§ —k+ ZT)F(§ —k— m’)/l B(u)Pfl/QHT(u)du.

Here C(7) is the transformed (or image) function defined on 0 < 7 < oo. Pfl/QHT(u) is
the associated Legendre function of the first kind with complex index —1/2 + i7.

In all of our calculations we will set the argument of C as u = coshn. For the normal
applied electric field problem, we need & = 0. Thus the inverse Mehler-Fock integral

transform to determine C(7) is
(B.3) C(7) = T tanh 7TT/O B(cosh n)P?l/QHT(cosh n) sinhn dn.

For the tangential electric field, we take £k = 1 and obtain

4T

(B.4) C(r) = 5g

tanh 7T7'/ B(cosh n)Pil/Q_H-T(COSh n)sinhn dn.
0
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APPENDIX C

Functions in The Integral Equations of Section [3.2.3]

These functions are needed in the definition of equations (3.52))-(3.53)).

B tanh 77

~ K, 1)K (0, 7)
(C.l) Vl(Ta T) - 2 sin &o 0 cosh?? —coséy

sinh ndn,

tanh 77 * K%n,7)K°(n,7)
: T,T) = i 7 ’ inh
(C.2) Vo(7, 7) 5 sin (&o + ) S —y sinh ndn,
23/2 sinh (7 — &y)7 cosh (m — &y)7
Si(7) = T(l ~wleot&o coshmr 27 cosh 7t ]
+ (Yur — 1)23/27—Smh (r = &) coth {1

cosh 7t
Yt Sinh (7 — &o)T
cosh 77 sinh? &7 [y, coth &7 — coth (& — 7)7]

+ 23/2(1 — Yul)T

* _sinh (7 —&)T o\ .

C.3 = 1232 T STy 2 g,

(©3) + [ = 02 T R
23/2 sinh &o7 cosh &7

= 2 (Y — )]~ cot —2
5(7) 3 (e = 1) = €0t (&0 + ) cosh w7 TCOSh7T7'

1
(C.4) + 2%2(1 — y)7

cosh 77 sinh &7 [y, coth &7 — coth (& — 7)7]’

A21 (7_> _ Yul
sinh? &,7[— coth (£ — 7)T + ~u coth &7

(C.5) — (Ypr coth 7 + 7,y coth &y7),



_ Vpl
Az (7) = Yo Sinh w7
1
(C.6) - = - ,
sinh &7 sinh (§y — m)7[— coth (§y — )7 + 7 coth &oT]
1
A p—
2(7) sinh &7 sinh (§y — m)7[— coth (§y — )T + 7 coth oT]
(C.7) S

Vi Sinh 77’
1
sinh? (& — 7)7[— coth (& — 7)T + Y coth &7]

Aza(7) = —

(C.8) + (yp cothmr — coth (§ — m)7).
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APPENDIX D

Convergence tests on the numerical solution of far-field
coefficients for Chapter

In this study, equations — are solved using uniformly spaced discretization
and the calculation of the far-field coefficients in eqs. and are also calcu-
lated using uniform trapezoidal rule. Here we provide a convergence investigation on the
far-field coefficient C% at specific configurations. Note that even though it is difficult and
tedious to conduct the numerical convergence on all parameter set, we assume the con-
vergence results are valid for all interested configuration. And further convergence test
can be conducted in the same way.

Suppose o = 7/2, vy = 4 and we use 100 7,; values uniformly distributed in [0, 30].
Denote the solution vector of C} as V', and Vj is the best solution we obtain using the
smallest grid size.

Table D.1. Convergence with respect to the grid size A7. Integration upper

bound 7 = 60.
Solution vector | At [|Vi — V4]
Vi 1/25 | 0.7760 x 103
Vs 1/50 | 0.0260 x 10~3
Vs 1/100 | 0.0008 x 103
Vi 1/200 NA

The convergence of table with respect to At is fast and nearly to the 5th power.
The rate in table with respect to the upper bound 7y is slower but the absolute error

is much smaller and could be negligible.
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Table D.2. Convergence with respect to the integration upper bound 7.

AT = 1/200.
Solution vector | 7 (Vi = Vol|
Vs 15 | 3.1834 x 10~ 8
Ve 30 | 2.7332 x 1078
Vy 60 | 1.8380 x 1078
)2 120 NA

Therefore in our study we choose 7y = 60 and A7 = 0.005 and converged solutions

are guaranteed.
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APPENDIX E

Proving [3.113| using an analogy of the method by Danov and
Kralchevsky, when v = ¢, in a tangential field

In order to prove [3.113| analytically correct at the leading order when v = €, we

rearrange the coordinate system as shown in fig. [E.J]

Bs By

B4 A‘% 51 AQ

e
7 (R, /2,0, — cos av)

(—Ro/2,0, — cos a)

Ay Ay

Figure E.1. Two widely separated particles at (—Rg/2,0,—cosa) and
(Ro/2,0,—cosa), where Ry >> 1. A general tangential field (parallel to
x — y plane) is imposed in the entire space. For simplicity, we assume the
gradient of the applied potential V¢, inclines at an angle § with respect
to the line connecting particle centers, as shown above. Parallel auxiliary
planes are used for the derivation of inter-particle force.

Without losing any generality, assume the applied potential is ¢, = x cos 8 + ysin 5.
Note that this setup is essentially equivalent to fig.|3.10]and does not change the expression

of the inter-particle forces.
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The electric forces on particle 1 at (—Ry/2,0, — cosa) can be calculated by

(E.1) F;,g_// $dS - e,
Sy

for m = x,y and n = u,l. We firstly look at the force in x direction. In eq. ,
this force corresponds to F'** . The Maxwell tensor X is defined the same as the force
calculations before. Near the surface of particle 1, suppose the total potential above and
below x —y plane are ¢, and ¢;, respectively. Because V-3 = 0, using divergence theorem

in the volume enclosed by the auxiliary cube A;AsA3A, — B1ByB3 By, we obtain,

F;:// 5dS - ey,
S
= — // ZlgdA+ // ElgdA
A1,2,34/51 B1,23.4
— // 212dA+// ZleA
A1,4B1a Az3B2 3
(B.2) - / / SdA + / / S1dA,
A3,4B3 4 A12B1,2

where S7 is the intersection region of particle 1 and = — y plane. A; and B; denote the
vertices of each integration rectangular.

Because the particles are assumed far away from each other (i.e. Ry >> 1), the
integration sides are also situated far from the particles. Hence ;3 vanishes on B2 3.4.
Moreover, because Y12 = cos #sin 3 on both A; 4B; 4 and Ay 3853, the integrations on

these two sides cancel each other. On A;234/S5;, when v = ¢, the total potential at

the flat interface must satisfy aa% = % and eulaéiz“ = %. Hence XYy = fﬁ%% =
i—;%% = %!, When we sum up the upper and lower contributions, they cancel each

other.
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Rewrite the potential at A;2B12 as ¢ = ¢, + ¢, where ¢ is disturbance potential

induced by particles. Now the integrations contributing to the force are,

Fro / / S dA + / / SdA.
A3 433 4 Al 231,2
0% 2 IPavy 0049
— dA
//B P - (- (52

o ) 2¢ - G = (A

00 06, . 00 06,
(E.3) /DQMBlz GO0+ 2eos 55 — (R = 2sin B — ()P0
Similarly,
o 8¢ 0 3¢ 0
(E.4) //%a—+ a—+csﬁ JdA

Since particles are widely separated, we assume the induced potential at A; 2B, 2 is a

superposition of the far field potentials of the two particles,
(E.5) " ~ o1 + d5,

where k = u, [ and at the leading order

= = +RO/2 i .
(E.6) ¢h ~ C% cos ﬁ% + C¥ sin Rii{”
and
7 A R0/2 k Y
(E.7) on NCkCOSB——FC -,
2 2 R2 R%

and Ry = \/(z + R0/2)> +y* +y?, Ry = \/(z — R0/2) + y* + y2.
Substitute egs. (E.5) to (E.7) into eqgs. (E.3) and (E.4) and summing up the con-

tributions from upper and lower surface, we obtain the analytic expression of particle
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interaction in z and y directions. At the nonzero leading order (O(R;*)) the forces are,

€u -+ €] 3(02)2
2 2Rl

~ \2
(1+3c0s28), Fv— a3, oy

E. F* =
(ES) > R

Note that higher order expansions in egs. (E.6) and (E.7) do not contribute at the order

O(Ry*). In spite of a difference in setting up the coordinate system, Equation (E.8) is

equivalent to eq. (3.113)).
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APPENDIX F
Proving F% , = g]:czd when v = € in Chapter
We call

_ (vk k k
Wes = (Zc3,117 Ec3,127 Ec3,13)a

_ k k k
WC - (Ec,lh 2c,127 20,13)7

are the contributions depending on cos 33 and cos ( in egs. (3.106) to (3.108)), respectively.

Then,

Fiza=4eu // ch-dS+// Wes - dS),
u Sl

Ffd:4(eu,/ Wc-dS+/ W, - dS).
S, S

S

Figure F.1. Geometry of applying divergence theorem.
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Note that W.3 and W, are continuously differentiable in the whole space. Applying

divergence theorem (see fig. |[F.1J),

// Wc3 : dS == // (v : WCB)dV + / ch . eZdA
u u SO
(9<I>k 1 82<I>k71 (92<I>k 1
///u ox x&t}Z Ty 8x8y>+

2P d d 2P
0 k,l_l_a k,l_ 0? k1)+5$85 g’l]dV—}—
z

ox 8178
/)55 %’“
So
82<I>k 1 az@kg aQ‘I)k,l
_5///u 922 3y? +x 5.2 )dV
// 3 ko1
ilf
So

= / / 58(1)’“1di.
So 82
. And

// WC~dS:// (V~WC)dV—i—/ W, -e,dA
Su # So

8q>k1 0*®y, 4 32@; 1 0*®y, 4 D*®y 4
///u ox e 0x? )~ 8m8y e 0z0x o Oy? +

82®k1 a(bkl aq)kl 8@k1 62¢k1
1 ) ) )
(x 900y +1+ 8m) +z + 3x |dV+

ox 020z ) 072
// 38¢k’1di
So 0z
. 8 (I)kl 82(1314371 82<I>k71
3///u 0x? Oy? T 022 Jav
/ / a‘P“di
So
B 0Py, 1
_//503 5, xdA.

5(x

41+
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From a similar proof, we have fsz Wes - dS = g fsz W, -dS. Thus

)
F£’7d:§f§d.

Following the same calculation, we can also obtain Fj , = 2 FZ, and Ff, = 3 FZ,
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